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For more than 300 years Fermat’s Last Theorem bas tantalised scholars and
amateurs alike. Yesterday a shy British professor quietly delivered the answer
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N THE EVENT the 40-year-old

mathemetician strung out the

suspense to the last. He had

spoken for over two-and-a-half

hours and covered the four
blackboards in the lecture theatre
several times before he turned to
one of them a little after 10.30am
yesterday and wrote a few lines of
algebraic script.

By then most of the 100 or so
scholars gathered at the Isaac New-
ton Institute in Cambridge did not
need to see them to realise what he
was claiming but the effect was nev-
ertheless electrifying. “He just said
‘I will stop here’,” said co Bom-
bieri, a professor of mathematics at
Princeton University and winner of
the coveted Fields Medal, the mathe-
matical equivalent of the Nobel
Prize. ‘“There were a few seconds of
silence and then the audience burst
into tremendous applause as the
truth started seeping in.”

The truth was that perhaps the
most enduring and perplexing un-
solved problem in mathematics had
finally submitted fo an ingenious as-
sault by the Princeton-based British
mathematician. At the end of the
three-part lecture, unprepossesingly
entitled “Modular forms, elliptic
curves and Galois representations”,
he calmly announced that he had
proved Fermat’s Last Theorem.

Of all scholars, mathematicians
are perhaps the least given to shows
of emotion about their work. They
know too well that what looks like a
theory today can be reduced to a
handful of moderately good ideas
under the close analysis of a rival
the next day. But the mood at the
institute, opened a little under a
year ago to conduct brainstorming
sessions on major mathematical
problems, was triumphant. At a
small reception held after the lec-
ture, Peter Goddard, the institute’s
deputy director, broke out a few
bottles of cham e,

Within hours the university had
issued a comprehensive statement
including a beginner’s guide to Fer-
mat’'s Last Theorem. The press
release was subtitled (with less exag-

ration than most exercises in pub-

¢ relations) “Mathematical result
of the century”.

Fermat's Last Theorem lies in the
rarified territory of Number Theory,
on the face of it one of the most
recondite and other-worldly prov-
inces of mathematics. The agenda
for the week-long conference at
which Wiles was speaking offers few
toe-holds to the layman. Yesterday's
. list, for example, announced that U
Jannsen would be discussing “rigid-
ity of K-cohomology”. Today at
11.30)am W Messing will deliver
some remarks on “the f-ness of the
image of the Abel-Jacoli map”.

Although Wiles’s lectures appear

under a similarly inaccessible title,
the real appeal of Fermat's Last

Summing up. . . Professor Wiles enters the athematical maze

Fermat’s Theorem for beginners

The arithmetical equation 9+ 16 =25 could also be written as
3* +4*=5%, Similarly, 25+ 144= 169 could be written as

5*+12*=13*

In general terms, both of these could be expressed as

x"+y"=2",

Fermat’s Last Theorem says if n is a whole number larger than
two, and x, y and 2 are all whole numbers larger than zero, the

equation has no solution.

For example, if n=3, it is impossible to find any whole numbers
for x, y and z which would fit the equation x2+ y*=2°,

Experiments by trial and error, using various values for n
suggest that Fermat's Last Theorem is probably true. But the
number of possible values for n is infinite, which is one reason
why proving the truth of the theorem defeated mathematicians

for so long.

Theorem lies in its apparent simplic-
ity. Its origins can be traced back to
ancient Greece and that schoolboy's
staple, Pythagoras’s Theorem. That
is, in any triangle which contains a
right-angle, the square of the length
of the hypotenuse is equal to the
sum of the squares of the lengths of
the other two sides. (In mathemati-
cal notation, z?=x2+y?, where 2 is
the length of the hypotenuse and x
and y are the lengths of the other
two sides.) R

This rule allowed the ancient
Greeks to construct an accurate
right-angle. The idea was simply to
cut pieces of rope of lengths x, ¥ and

z units, pull the ropes taut (holding
the ends together) and, bingo, a
right-angle. For this to be practical
they needed x, ¥ and z to each be
whole numbers; and the example
52=32+4% gufficed for their pur-
poses. Other examples that they
recorded included 13?=5%+12? and
even 81612 = 49612 + 6480°.

One of the great intellectual mas-
terpieces of the ancient Greek world
was Diophantus's Arithmetic. This
work, available in Latin translation
in the 17th century, was an impor-
tant inspiration for the scientific
renaissance of that period, read by
Fermat, Descartes, Newton and

others. Fermat, a jurist from Tou-
louse, studied mathematics as g
hobby. He did not formally publish
his work but rather disseminated
his ideas in letters, challenging
others to match andfor admire his
understanding.

Fermat was evidently inspired by
the Arithmetic and made many
notes in the margin of his copy.
After his death, his son Samuel pub-
lished these notes and among them
was the following tantalising com-
ment, beside the description of Py-

ras’s Theorem: “. . . it is impos-
sible for a cube to be written as a
sum of two cubes or a fourth power
to be written as a sum of two fourth
powers or, in general, for any num-
ber which is a power greater than
the second to be written as a sum of
two like powers. I have a truly mar-
vellous demonstration of this propo-
sition which this margin is too nar-
row to contain”

The assertion amounted to a claim
about equations of the same type as

ras's Theorem. In mathe-
matical notation it stated that one
cannot find whole numbers x, y, 2
and n, where n is bigger than 2, for
which z"=x"+y". Whether Fermat
was being overly optimistic about
his “marvellous demonstration” we
shall probably never know — it was
never found — but his argument has
not been reproduced in the interven-
ing three-and-a-half centuries, de-
spite no shortage of effort to do so.

His seductively simple assertion is
known as Fermat's Last Theorem.
Substantial prizes have been offered
for its solution (the largest, the
Wolfskhel Prize, was rendered triv-
ial by the German hyper-inflation of
the 1920s). The great mathemati-
cians of history have been in two
minds as to whether to work on it.
Ernst Kummer, the German math-
ematician of the last century who
did so much to establish modern al-
gebra, wrote that Fermat's Last
Theorem is “more of a joke than a
pinnacle of science”, yet his most
{mportant work originated in his
failed attempts to prove it. Fermat's
Last Theorem is the question math-
ematicians love to hate: it is really
only one example of an equation,
and then not particularly relevant in
a general study of equations. On the
other hand, there is no denying its
charm and simplicity. “It's not a
crucial result of the kind that people
have been using for years without
being able to prove,” Judith Fields, a
historian of mathematics at Imperial
College, London, says. ‘“But a lot of
Number Theory theorems have a
rather beautiful simplicity about
them and this is a particularly
simple one. It looks as if you ought
to be able to prove it, damn it.”

The theory’s simplicity meant that
as many amateurs as professionals
were attracted to the challenge of
providing an unassailable proof.
Every few years for most of the last
century the newspapers have
reported yet another purported
proof, which is subsequently found
to be lacking in some way. Until the

i



e

fr Tou-
atils _as
ly publié
issemipAted
chall#nging
adnfiire his

inspired by
1ade many
f his copy’
samuel pud

mong them
dising fcom-
tien K _Py-
. itis impos-
/ritten as a
rth powe

“two fo!

T any nym-
reater fhan
as a g&m of
1 Jy mar-
" this\propo-
| i8 too DAr-

dtoacle h
ume typg/as
In mdthe-
«d that one
Jersix, y, 2
in 2, for
1er e 4
dstic abopt
tration’ /we
w — f'was
zumght has
1e piterven-
ityries, de-
tondo-s0-
assertion ig
t Theore,
een offofed
argest/ the
dered triv-
inflation of
masiemati-
x*n w0
~vork on j
man maf]
ntury fho
modefn al-
nat’
oke than /A
t his mbst
ted i his
t. Fofmat’s
tiofi math-
itlspreajly
equatjon,
relevghit in
ns. ¢n the
lenying its
It’'s™not a
hat pegple
s without
h Figlds, a
it I perie
ut d'lot ¢
1s have/a
ity apout
wticdlarly
youlolight
1it”
neant tiat
fessignals
allenfe of
e [proof.
of the last
:irs Have
urported
itly found
Until the

E1

P

iy sheere )

last decade the question seemed un-
assailable. To be sure, many inter-
esting approaches have been pro-
posed, persuading us of the truth of
Fermat’s Last Theorem, but without
providing a proof that can be
checked in every case. One such
“proof” is known to work for every
exponent n up to 4,000,000: that is,
for every number n up to four mil-
lion there are no whole numbers x, y
and z for which z"=x"+3" has solu-
tions. However this method of proof
involves an individual computer
verification for each n, and so will
not give the result for every possible
value of n. In 1983, a young German

== - R

mathematician, Gerd Faltings, took
another great step toward a proof,
showing that for any given n greater
than two there is only a finite num-
ber of whole number solutions to
Z"=x"+y™ however, it seems un-
likely that his methods can be modi-
fied to actually show that there are
no solutions.

Wiles's approach to Fermat's Last
Theorem comes from a somewhat
different direction, with rather dif-
ferent types of ideas. It all began in
1955, with a question posed by the
Japanese mathematician Yutaka
Taniyama: Could one explain the
properties of elliptic curves, equa-

Pierre de Fermat . . . ‘A truly
marvellous demonstration’
MARY EVANS PICTURE LIBRARY

tions of the form y*=x°+ax+ b with
a and b given whole numbers in
terms of a few well-chosen curves,
That is, is there some very special
class of equations that in some way
encapsulate everything there is to
know about our elliptic curves?

More work by Andre Weil, brother
of the philosopher Simone Weil and
Goro Shimura, a Japanese math-
ematician produced an esoteric
answer dubbed the Shimura-Tan-
iyama-Weil conjecture. There the
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matter stood until 1986 when Ger-
hard Frey from Saarbriicken made
the most surprising and innovative
link between this very abstract con-
jecture and Fermat's Last Theorem.
When it had been reinforced by the
work of two other mathematicians,
it showed that a counter-example to
Fermat's Last Theorem would di-
rectly contradict the Shimura-Tan-
iyama-Weil conjecture.

Enter Andrew Wiles. Slightly-buiit
and bespectacled, he had studied
mathematics at Oxford before mov-
ing to Cambridge to work on a PhD.
He quickly impressed his supervi-
sor, Professor John Coates. “He did
wonderful work as a research stu-
dent and proved a very spectacular
result in his thesis.” He was offered
a research fellowship at Clare Col-
lege but within a year had been
lured to Harvard, where he contin-
ued his research and taught until
moving to Princeton as a full profes-
sor in the early 1980s. A few years
later he was awarded a Royal Soci-
ety research professorship but he
was quickly sucked back down the
brain drain, returning to Princeton.

His reputation as one of the deep-
est pure mathematicians of his gen-
eration had already been secured by
a number of important break-
throughs, including his part in prov-
ing a theory known as The Main
Conjecture of Iwasawa. This week
he showed that he has proved the
Shimura-Taniyama-Weil conjecture
for an important class of examples,
including those relevant to proving
Fermat's Last Theorem. His work
can be viewed as a blend of arithme-
tic and geometry, and has its origins
back in Diophantus’s Arithmetic.
However he employs the latest ideas
from a score of different flelds using
concepts credited to mathematicians
from Britain, France, Germany,
Italy, Japan, the United States, Can-
ada, Russia and Colombid. Few sus-
pected that their work might have
this kind of application.

HERE are probably no more

than half a dozen people in

the world capable of fully

understanding all the de-
tails of what Wiles has done, all but
one of them present at the Isaac
Newton Institute this week. Some
had guessed the implication of his
reasoning as he began to outline his
theory in his one-hour talks on Mon-
day and Tuesday. But Wiles gave
precious little away. Until the last
moment not even his closest asso-
ciates knew how much he would
claim in his final lecture.

“He's an extremely careful math-
ematician who does not make rash
statements,” Bombieri says. “The
conclusion is the crown jewel of a
theory but in his last talk he still
needed to perform some difficult
tricks, little miracles even.”

Given the enormous complexity of
his work it could take several
months to be certain that every de-
tail Wiles relies upon, from such an
array of areas, is correct.

Yesterday however, some of the
world’s leading mathematicians
were toasting Wileswith unusual
gusto. “It is a beautiful and not too
difficult argument,” Bombieri says.
“I have to admit that some parts of
the proof I can follow and others I
have a more superficial understand-
ing of but the whole structure of the
proof is very tight and very solid.”

But as the global mathematical
grapevine buzzed with the news from
Cambridge there were a few sighs of
disappointment. At approximately
1,000 pages long Wiles’s proof was
never going to fit into the margin of
any text book. As one scholar put it:
“Many of us, while hailing Wiles's
magnificent achievement, yearn for
Fermat to have been correct . . . for
the truly marvellous, and presum-
ably comparatively straightforward,
proof to be recovered.”

Andrew Granville is associate
professor of mathematics at the
University of Georgia




