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Abstract: We give a variety of estimates for the number of in-
tegers, free of large prime factors, in arithmetic progressions. In
particular we show that we get approximately the same number of
integers up to x that are composed only of primes < y in each arith-
metic progression (mod q), provided that ¢ < y for some small fixed
e > 0; this extends the ranges for x and ¢ of previous estimates.

1. Introduction.

Let U(x,y) be the number of integers < x that are free of prime factors > y, ¥, (z, y)
be the number of such integers that are also coprime to ¢, and ¥(x,y; a, q) be the number
of such integers in the congruence class a ( mod ¢). Good estimates for these functions have
many applications in number theory (for instance, to bounds for the least quadratic non—
residue (modp) [Bg], to Waring’s problem [Va], to finding large gaps between primes [Ra]
and to analysis of factoring algorithms [Po]), as well as being interesting in of themselves,

and so have been extensively investigated.

Recently Hildebrand and Tenenbaum [HT] have provided a good estimate for ¥(z,y)
for all x > y > 2, and a similar method works for ¥,(z, y); however their method applies
to ¥(zx,y;a,q) only when ¢ is considerably smaller than y. In general one expects that, for

sufficiently large z,

(1.1) U(z,y;a,q) ~ LZ1GIE)

¢(q)
* The author is supported, in part, by the National Science Foundation (grant number

DMS-8610730)




2 Andrew Granville

whenever a is coprime to ¢, provided that the primes < y generate the full multiplicative
group of units (modgq). Buchstab [Bu] proved such a result when ¢ and u(: = log z/log y)
are fixed; and extensions of this, for ¢ up to a fixed power of log y, are considered in [LF]
and [No]. Recently Fouvry and Tenenbaum [FT] have shown that the estimate

(1.2) U(z,y;a,q) = % {1 + o(exp(—c\/@)) }

holds uniformly for
(1.3) y > 2, x >y > exp(c(log log x)?),

and all ¢ up to any fixed power of log z; they also gave a similar estimate (which implies
(1.1)) for all ¢ < exp(ey/logy). As one might guess from these ranges for ¢, the methods
used to obtain these estimates depend on an understanding of the distribution of zeros of
Dirichlet L-functions (mod ¢). Here we avoid this difficulty and so increase the ranges in

which (1.1) is known to hold:

Theorem 1. Fix N > 0. The estimate

(1.4) V(@ y;0,q) = %{HOGSEZ)}

holds uniformly in the range

(1.5) (a,q) =1, x>y > 2, q < min {z,y"}.

Note that (1.5) only provides a non—trivial lower bound for ¥(z,y; a,q) if ¢ < y© for

some sufficiently small ¢ > 0.

Fouvry and Tenenbaum also showed that (1.1) holds, in a certain ‘average’ sense, in
a much wider range than (1.5); specifically, that there exists a value of B > 0, such that if
log y > log zlog log log x/log log = then (1.1) holds for almost all ¢ < w1/2/log By for all a
coprime to g. We use their theorem to obtain a result for the same values of ¢ and y, but

now for all sufficiently large 2 (independent of y):
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Theorem 2. For each A > 0 there exist constants B = B(A) > 0 and C = C(A) > 0,

such that the estimate

U
1.6 max max |U(2',y;a,q) — ——22 T A
o =5 ST @)= ( ) ¢(q) log *y

holds uniformly for

(1.7) y > 100, 1< Q <exp(Clogy loglogy/logloglogy), = > Q%log?Q.

Theorem 1 provides a non—trivial lower bound for ¥(z, y; a, ¢) only when ¢ is less than
a sufficiently small power of y. By using a recent result of Balog and Pomerance we can

extend the range for ¢ at the expense of a weaker error term:

Theorem 3. Fix N in the range 0 < N < 4/3 and € > 0. The estimate

1
L8 U(z,y5a,q) < —Vy(z,y
) ( ) ¢(q) o(%:9)
holds uniformly in the range
(19) (a,9) =1, y>2, ¢ <y", = > max {y*>, yg*/**°}.

We may also obtain a strong upper bound for ¥(z, y; a, ¢) in a much wider range than

in Theorem 1, which can be used to improve a result of Friedlander [Fr].

Theorem 4. There exists a constant ¢ > 0 such that the inequality

(1.10) U(z,y;a,q) < CM / min (‘I/q(xl,y)>

#(q) g<a’<gmax {y,log 2q} @x’

holds for all positive integers q and all x > q.

Acknowledgements: The anonymous referee has made a number of penetrating and in-

teresting observations, which have significantly improved and greatly simplified this paper.
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Conrey for his illustrative observation used in section 4, and also Professors Fouvry, Moree,

Norton and Tenenbaum for their comments.

Notation: Throughout ¢ and ¢ are taken to be absolute positive constants; however,
they may change value from one proof to another. If d is coprime with ¢ then we define
m(z;q,a/d) (or ¥(z,y;a/d,q)) to be the number of primes < z (or the number of integers <

x that are free of prime factors > y), which belong to the arithmetic progression a/d ( mod

q)-

2. The key idea.

The function ¥(x,y) has been extensively investigated (see [No] for a review up to

1971): In 1930, Dickman [Di] showed that for any fixed u > 0,
(2.1) U(z,y) ~ap(u)  (z—o0, y=a'/")

where p(u), the Dickman function, equals 1 for 0 < u < 1, and is the continuous solution

of the differential difference equation up’(u) 4+ p(u — 1) =0 for u > 1.
In 1951 de Bruijn [dB], by carefully treating Buchstab’s equation

U(z,y) = V(2 + Y ‘If(g,p>

z<p<y
p prime

as an approximate functional equation for zp(u) (that is with ¥(z,y) replaced by xp(u)),

gave the estimate

(2.2) U(x,y) = zp(u) {1 +0. (M) }

log y

for u = log /log y, when z > y > exp((log 2)%/8+¢), for any fixed £ > 0.
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Recently Hildebrand [H1] considered instead the equation

Tt
(2.3) U(z,y)logx = / Mdt—{— Z W(%,y)logp
1 t pM <z p
p<y

as an approximate functional equation for zp(u), and proved (2.2) in the much wider range
(2.4) x> 2, T >y > exp (c(log log w)5/3+€> ,

for any fixed ¢ > 0.

Any such method has the limitation that the approximation involved (that is, of the
functional equation for ¥(z,y) serving as an approximate functional equation for zp(u))
gets worse as u gets larger, and so limits the range of u for which (2.1) is provable.
In fact, both De Bruijn’s and Hildebrand’s results depend on the size of the error term
in the Prime Number Theorem (to determine the accuracy of the approximation); and
Hildebrand has even shown ([H2]) that (2.3) holds for all y > log *"“z if and only if the
Riemann Hypothesis is true. However we do not believe that (2.1) can hold uniformly for

y = log *"°z, for any fixed ¢ > 0.

The main new idea in this paper is that we establish a functional identity for
U(z,y;a,q), which remains valid when we replace each term of the form ¥ (¢,y;b, q) with
ﬁlpq(t, y). This has the benefit that if we consider this functional identity for ¥(z, y; a, q)
as an approximate functional equation for ﬁ\Pq(m, y), then we lose nothing in this ap-
proximation. In Proposition 1 below we show that this means that we can reduce the

question of establishing (1.1) for all > z, to that of establishing (1.1) in an interval of

the form zg < z < 7.

Thanks to a suggestion by the anonymous referee, our proof of this is entirely elemen-

tary, and so we shall prove a generalization of the result indicated above:

Suppose that P is a set of primes, each < y, none of which divide the positive integer
q. Define ¥(z, P) to be the number of integers < x whose prime factors all belong to the

set P, and ¥(z, P;a, q) to be the number of such integers that are congruent to a (mod ¢).



6 Andrew Granville

Let G = G(q, P) be the multiplicative subgroup of (Z/qZ)* generated by the primes in P;
note that ¥(x, P;a,q) # 0 for some z if and only if a € G. In general one expects that,
for sufficiently large =z,

U(z, P)

foralla € G
G

(2.5) U(z, P;a,q) ~

We shall prove the following result:

Proposition 1. There exists a constant ¢ > 0 such that for any non—empty set of primes
P, each <y, none of which divide the positive integer q, and any A > 0, zg = y“°, x1 =

y"t > 2xo > 4, with w; = min {uy, |P|}, we have

U(z, P;a,q) U(2', P;b,q)
il Sl At et B VAN N DS — = — A
U(z, P) ‘ = xorizéml U(z, P) +
|P|(up + 1)logy
2.6 v P:b AU P
(2.6) T e, Py |52 V@, Pib )+ Al(zo, P)

for all x > z¢ and a € G = G(q, P).

Typically, we apply Proposition 1 with A equal to its ‘expected value’, 1/|G|. If
ug < |P| then, in order to deduce (2.5) for all z > z(, a € G from Proposition 1, we must
be able to choose x; so that ¥(xq, P) |Pllogy = o(¥(x1, P)), and also so that (2.5) holds
for all 29 <z < 21, a € G. To deduce (1.1) we just consider the case where P is the set of
all primes < y that do not divide ¢. This essentially describes the main ideas behind our

results.

3. The Proof of Proposition 1.

We start by giving functional equations for ¥(x, P;a,q) and ¥(z, P), analogous to
Hildebrand’s equation (2.3): The idea is to evaluate > log n in two different

n<xz, n=a ( mod gq)
p|n=pEP
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ways. First by partial summation, and second by writing each logn as > log p, and then

pmn

swapping the order of summation. This leads to the identity

. m\IJ(t’P;a’q) T . a
(3.1) U(z, P;a,q)logx = / fdth Z \If(—m,P,p— )logp

. peEP,p™ <z P
Summing (3.1) over all integers a € G we get
T(t, P
(3.2) U(z, P)logz = / ¥dt + Z \IJ(%,P)logp :
1 pEPpm <=z p

Notice that (3.2) is just (3.1) with each term of the form U(t, P;b, q) replaced by ¥(¢, P).

Lemma 1. For q and P as above, and any real k > 1, we have

1 k
Wy P) 23— |PV(, )

Proof: Replacing z by 2y* in (3.2) we obtain
k
eyt Pllog (zy*) > > W(Z,P)logp > (e, P)Y logp Y. 1,
pEP,pm<yk P pPEP m: pm<yk

which gives the result as ) 1> %klog y/log p.
m: pm <yk

Lemma 2. For q and P as above, and any positive real u, we have

1 1
; (u+1)¥(yvte, P) u¥(y*, P)

Proof: We begin by proving this when 1 < |P| < 4. First note that the result for
0 < u <1 comes from the result for « > 1 by missing out the first term in the sum and

noting that @ < 4. Now, it is easy to establish that ¥(z, P) < [[ cp }Zgi holds uniformly

for x > y. Therefore

1 = log p logp _
Z (u+4)T(yuti, P) plngogy 1‘2; (u—}—z )P+ H  loga © W(x, P)’

120



8 Andrew Granville

for u > 1, and the result follows as u < 4.

So now assume that |P| > 5. Let uyp = u and for each j > 0, let k; be the smallest
integer > 20u;/|P| and uj41 = u;j + k;. Lemma 1 implies that ¥(y“i+*, P) > 2¥(y"i, P),
and so U(y%, P) > 290 (y*, P) for all j > 0. Thus

1 Uir1 — Uj 1 k.
; (u+0)T(yuti, P) = jzz(:) w;U(yss, P) ~ U(yw, P) Z u; 2

and the result follows as each k;/u; < 1/u; +1/|P| < 1/a.

The Proof of Proposition 1: The general form of this argument owes much to the

proofs in [H1]. Define, for each z > 1,

U (z, P;a,q)
U(z, P)

- )\‘, and I'"(z) = Tj(z) = max T(2)

ro<lz' <z

for each x > z(. By subtracting A times (3.2) from (3.1), where a € G is selected so that

|V (z, P;a,q) — AV(z, P)| is maximal, we have, for x > 2z,

r U(t, P
['(z)¥(z, P)logz < / F(t)%dt + Z F(im) 1\ (%,P) logp +
o pePpm<z/zy P p
+ Hy(x; P),

where H,(x, P) equals the contribution of those terms ¥(¢, P;a,q) with ¢ < z in (3.1)
plus A times the contribution of those terms ¥(¢, P) with ¢t < ¢ in (3.2). Now, using the

trivial inequalities
U(t,P;a,q) < ¥(xg,P;a,q) and ¥(t,P) < W(xq, P) for all t < xq,

we find that

o dt
Hy(z; P) < {max U(zg, P; b, q)+)\\If(a:O,P)} / - + Z log p
1

beG
pEP, x/xo<pm<x

< {rlr)leaéc U(zg, P;b,q) + A\V(xo, P)} (|IP| + 1log (zoy),
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a constant, independent of , which we will henceforth denote by h,. Inserting this estimate

into the inequality above, we obtain, for x > 2z,

[(z)¥(z, P)logz < T'(z/2) /I \I[(tt’P)dt + Z W(pim,P) logp » +

0 peP, pm<z/xzg
+ (T*(2) ~ T*(2/2)) // YEP) gy 4 b,
(3.3) <I'(x/2)¥(z, P)logx + (I'"(x) —T*(x/2))¥(z, P)log2 + h,

by (3.2) and the trivial inequality

/ Mdt < \If(x,P)/ e _ U(z, P)log 2.
z/2 t xz/2 t

For x > 4 we get, by dividing (3.3) through by ¥(z, P)log «,

log 2 h
r < I'(z/2 M(z) —T"(z/2 1
(@) < Ta2) + ([ -T2 ES + G
(3.4) < 1I‘*(aj/2) + 1F*(gv) + _he
' -2 2 U (z, P)logz’
85 fopz < 3-

Now assume that 2 > 4x(. For any 2’ in the range zo < 2’ < 2/2 we have

P@) < D*(2/2) < ST(/2) + 3T*()

as ['*(t) is a non—decreasing function of ¢. For any 2’ in the range /2 < 2’ < z we use

(3.4) to obtain

1 1 h
1—1 / < _F* / 2 _1—1* / q
(@) = 507@/2) + 3T + 3 Plogw

hg
x/2, P)log (x/2) ’

as I'*(t) and U(t, P) are both non—decreasing functions of ¢t. Combining these last two

< ST (@/2) + $T*(@) + 0

equations, we get

* * th
@) = T°@/2) + g Pliog @/2)
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Adding together this equation for x = 2z, 421, 8x1, ... we obtain

1 h
< * < * —
He = ) thng U(x127, P)log (127) — Fm) + 0 <ﬂ1\11(xlvp))7

for all x > xy, by Lemma 2, which is (2.6).

4. Estimates for small + — The Proofs of Theorems 1, 3 and 4.

In [Sal, Saias gave an asymptotic series for U(z, y) in the range (2.4); and the analogous
result for ¥, (z,y) was proved in [FT], for a wide range of ¢. An easy consequence of their

result is

Lemma 3. The estimate

T, (,y) ~ @w,y)

holds uniformly for any positive integer ¢ which has < log *y distinct prime factors, all of

which are < y, and any x = y*, 1/2 <u <logy.
At the end of this section we shall prove
Proposition 2. The estimate (1.4) holds uniformly for q < yl/? <o <y

Using this it is easy to give the

Proof of Theorems 1 and 4: We shall use Proposition 1 with P as the set of all primes
< y, except those dividing gq.

1/2

For ¢ > y*/* take xqg = ¢q, 1 = ¢ max {y, log 2q} and A = 0 in Proposition 1. Using

the trivial upper bound ¥(z’,y;b,q) < ’/q we obtain the bound

v, (ma y) q

W ; 1 ! 1 1 !
(w,y,a,q) < { x + (U0+ )ywO} < X

max - max ————
zo<az’'<az1 Wo(x!,y) w1 Vy(z1,y) q zo<z'<z; Uy(a',y)’
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as x1 was chosen so that (u%—jl)ymo < x1, which implies (1.10). Now, if y*/2 < ¢ < ¢V
then 21 = qy, and so Lemma 3, together with (2.2), gives the upper bound here to be
O(1/¢(q)) = O(log q/¢(q)log y), which implies (1.4) for ¢ > y'/2.

For ¢ < y'/? (so that |G| = ¢(q)), take 2o = y*/?, £, = y? and A\ = 1/¢(q). Applying
Lemma 1 for k =1 and u = 0 and 1, we get ¥(xq, P) > |P|?/8 as ¥(1, P) = 1. Moreover,
by Proposition 2,

. \I’(.’EO,P) y1/2
max U(zg, P;b,q) + AV(z0, P) < ) < oD

Thus, as |P|logy < y by the Prime Number Theorem, we obtain

|P|(ug + 1)log y {

log °y
Q P. m P
ﬂlq’( 1,P> max (2130, abvq) A (33(), )} < 1

o @y

Thus, by Proposition 1 (with (2.6) multiplied through by ¢(¢)), and Proposition 2, we get

“I’(w,y;a,Q) _1' o logg  logy _ logg

+ )
Uy(z,y)/0(q) logy  y'/? log y

for all z > y'/? and (a,q) = 1.
These estimates combine to establish both Theorems.

Remark 1: If we can obtain a particularly accurate estimate for ¥(z, y; a, ¢) in the range
y < z < 9?2 then we can improve the error term in (1.4), by Proposition 1. For instance, if
q is less than some fixed power of log y then we can apply the Siegel-Walfisz Theorem, and
so obtain the estimate (1.2) for all x > y > 2. If ¢ < exp(y/log y) then, by expressing the
terms m(z/d; q,a/d) of (4.4) below as sums over zeros of the Dirichlet L—functions (mod q),
we get a large amount of cancellation that enables us to prove a stronger estimate than
(1.4) for all x > y > 2. Such results are already obtained in [FT], and so we do not pursue
this here.

Remark 2: One reason that we are unable to estimate ¥(x, y; a, ¢) when ¢ is much larger
than y, is that we have no good method to estimate |G|. Trivially, |G| > ¥,(q,y); if this
were equality, then we’d expect that U(x,y; a,q) ~ V,(z,vy)/¥,(q,y) for each a € G, which
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'Ijq(z:y)
¢(q)

the bound in Theorem 4.

is

<\Ifq(:c’ y)/ #w’ >, evaluated at ' = ¢q. This perhaps explains the form of

Proof of Theorem 3: Recently Balog and Pomerance [BP] gave the estimate
U(z,y;a,q) = é\I/(a:,y)u*“{H”o(l)}, in the intersection of the ranges (1.3) and (1.9) for
any N < 4/3.

We shall take P to be the set of all primes < y, except those dividing g,

U(z', P;b,q)
3 5 . sy 475 Uy
ro =y r1 =y’ and A= max U2, P)

beG

in Proposition 1. From Balog and Pomerance’s result, we see that A\ is bounded above by

an absolute constant times 1/¢(q), so that the final term in (2.6) is

|P|(ug + 1)log y y¥,(y°,y) 1
w ¥ (xq, P) { (@)¥Yq(y°,y) < yo(q)’

by Lemma 3. Thus, by Proposition 1 we see that, for any x > xq and (a, q) = 1, we have

/ .
(', y;b,q) _O< 1 )> 1

vo@)) = e

max \I/(aso,P;b,q)—l—)\\I'(xo,P)} < 5

U, yia0)
Ug(z,y)  — =ose'zer Wy(a’,y)

using Balog and Pomerance’s result in the last step.

We now proceed to the proof of Proposition 2, but first we need the following easy

Lemma:

Lemma 4. For all positive integers q,

> %l = @logq+0(w(@)-

d<q, (d,q)=1

Proof: Define S(z) to be the number of integers < z, that are coprime to ¢, and let

E(x):= S(z) — @x. By partial summation we get, for x, = 2<(@),

5 é _ /1‘1 dSt(t) _ [Sit)]‘ll/2+/lq %dt

d<q, (d.q)=1 /2 /2
7 dt e E(t 7 Bt
:¢(q)+¢(q)/ dt (Q)dt+/ (Q)dt
q q Jip t 12 1 zg 1t
?(q)

— 0 (log q-+ O(l)) + O(log x4 + 1)
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using the trivial facts that E(t) <t and E(t) < z, in the last two integrals. The result

follows immediately.

Remark: The Prime Number Theorem implies that w(q) < log ¢/log log g and ¢(q)/q >
1/log log ¢, and so Lemma 4 implies

(4.1) Z é < @logq.

d<g, (d,q)=1

Proof of Proposition 2: If y'/2 < z < y then, trivially, ¥(z,;a, ¢) and ﬁﬂ’q(x,y)

can both be estimated by £ + O(1). Thus (1.4) holds as 1 < Z % for all ¢ < y'/2.

Henceforth we will assume that y < = < y?. Now, ¥(z,z;a,q) — ¥(z,y;a,q) counts
the number of integers n < x of the form n = pd where p is prime, p > y and p [q, and
d = a/p (mod ¢). We count these integers n by first considering those with p < z/z and
then the others (where z = min (¢, z/y)), so that

(42)  U(z,yia,q9) = V(z,x50,9)— Y #{d<z/p:d=a/p (mod q)}

y<p<wx/z
p prime,plg

- Y {n(z/d;q,a/d) - (/7 q,0/d)}

d<z
(d,q)=1

(note that the first sum is empty if z = z/y). Now V¥(z,x;a,q) = z/q + O(1), and
#{d<z/p:d=a/p (modq)} =2z/pg+ O(1) for any prime p that does not divide ¢. Also

T

$(q)dlog (x/qd)

for any d < z with (d,q) = 1, by the Brun-Titchmarsh Theorem; and log (z/qd) < log z

m(x/d;q,a/d) <

1/2

for any d < z, as ¢ < y'/*. Substituting these estimates into (4.2) gives

U(z,y;a,q) = g(l— Z %)4—0(7‘(‘(%)4‘ ; m>

y<p<z/z <
p prime,plg (d,q)=1

(4.3) (DY %>+o(§ iﬁii)

y<p<wz/z
p prime,plf
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by the Prime Number Theorem and (4.1). Summing this over all a coprime to ¢ with
1 < a < g—1, and then dividing by ¢(q), we see that (4.3) is also an estimate for
U, (z,y)/¢(q). Therefore

1 x logq
Fegian) = S Wole) + 0 (2 2L,
- @)

and the result follows as ¥, (x,y) = g xfory<wz< y?, by Lemma 3.

Remark: Taking z = z/y in (4.2) we see that we need to estimate

> An(z/d;q,a/d) - 7(y;q,a/d)}.

i
Usually one attacks such estimates by first solving the corresponding problem with “xr”
replaced by “»” (that is the sum of log p over the prime powers p™ in the arithmetic
progression under consideration); and then deducing an answer to the original problem
through partial summation. Here, when ¢ is a small fixed power of y, we can obtain an
extremely accurate estimate with “7” replaced by “i”, but are unable to convert this to an
accurate estimate for the original problem. Brian Conrey gave the following explanation

for this surprising phenomenon:

[}

Take y = 1 in the sum above (when “n” is replaced by “”) to obtain

> W@/diga/d)= ) > logp

d<z d<z pm<z/d
(d)=1 (d.0)=1 pM=a/d(mod q)
= g g logp = E log n,
n<xz m n<z
n=a(mod q) p |7’L n=a(mod q)

where we take n = dp™; it is easy to estimate this sum with an error term O(log ). On
the other hand, if we do the same series of steps for m then we obtain the identity

(4.4) > wz/diga/d)= > w(n),

d<zx n<x
(d,g)=1 n=a(mod q)

which is far harder to estimate as accurately.
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This leads to the further observation that a “good” uniform estimate for ¥(z, y; a, q)

is (essentially) equivalent to a “good” uniform estimate for >  w(n), in the range
n<z
n=a(mod q)

qy < x < y?: To see this, add (4.2) for z = z/y to (4.4), and swap the order of summation
for d and p, to obtain,

U(z,y;a,q) + Z w(n) = Y(z,x;a,q) + Z #{d<z/p:d=a/p (modq)}

n<w r<y.pl4

n=a(mod q)
:17{ 1 Y
= Ty —}+O( ) ,
q Z p log y

r<y.pl4

in the range y?> > x > y for each (a,q) = 1. Summing over the arithmetic progressions
a (mod ¢q) with (a,q) = 1, and dividing through by ¢(q), we see that the right side of this

equation also serves as an estimate for

S{nen+ X wm}.

n<z
(n,g)=1

and so

\I/(:c,y;a,q)—@ \I/q(ac,y)‘ = Z (,u(n)—L Z w(n) +O( Y ) :

n=a(mod q) (n,q)=1
5. Estimates on average — The Proof of Theorem 2.

We now give an upper bound for ¥(z, P) for all x > y, using a modification of the

method of section 3.
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Lemma 5. Fix e > 0. The estimate

1
(5.1) U(z, P) < cp¥(z,y), where cp := H (1 — —)
b

p<y,p¢P

holds uniformly for all sets of primes P, each < vy, and for all x > y°.

Proof: Let zp = y° and 1 = 2yxg, so that U(z1,y) > ¥(xg,y)|P|logy, by (2.2). An
easy consequence of the Fundamental Lemma of Sieve Theory ([JR]), is that

U(z, P) < Z 1 K @az < cpz,
n<z

(n,q)=1

holds uniformly for all £ > x(, where ¢ is the product of the primes < x that are not in

the set P. This implies (5.1) for zy <z < x1, by (2.2).

For each x > z( define r(z) = ¥(z, P)/cp¥(z,y) and r*() = max r(x), so that

ro<z' <z

r*(x1) is bounded. We will proceed in a similar manner to the proof of Proposition 1:

When z > 2z, we can give an upper bound on ¥(z, P) by bounding each term of the
form W(t, P) on the right side of (3.2) in the following, trivial, way:
qj($07p) = r(xO)chI($07y)7 for1<t< Lo;

U(t,P) < < r*(x/2)cpV(t,y), for zp <t < x/2;
r*(z)epU(t,y), for z/2 <t < x.
This leads to the formula
1 * 1 * \I/(xo,y)log (x(]y)
< - 2 — Pl+1
) < 57/ + i)+ rlen)(Pl+ 1) T g

which may be compared to (3.4); and then to

(20, y)log (zoy)
U(z/2,y)log (2/2)

r*(z) < r*(z/2) + r(zo)(|P|+1)
From this we deduce that

r*(z) < r*(zy) + O(r(w0)|P|%),

which we already know to be bounded.

In order to prove Theorem 2, we shall need the following lemma which may be of

independent interest (this is based on Lemma 1 of [HB]):
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Lemma 6. For any given sequence of integers, and positive integer g, define D,(x) to
be the maximum, over those integers a that are coprime to ¢, of the absolute value of
the difference between the number of elements of the sequence < x that belong to the
congruence class a ( mod ¢) and % times the number of elements of the sequence < x that
are coprime to q. Suppose that for all fixed A > 0 there exists a constant By = B1(A) > 0

such that
x
>, Dyle) <az
q<z1/2/LB1
where, for this lemma, L:= log x. Then, for each fixed A > 0, there exists a constant

By = By(A) > 0 such that

X
Y max Dy() <a TA-
g<w1/2/LB2 ©

Proof: Let E = A+ 1, C = B;(3FE) and B = By(A):= C + E/2 + 1. Choose any
Q < x'/2/2LB and let M = [LP]. Choose integer z, < = so that D(z,) is maximized
and then take j = [x,M/x]. As there are < y/q+ 1 integers in any arithmetic progression
(mod ¢) in any interval of length y, we have D,(x,) < D,(jz/M)+ x/Mq+ 1. Therefore,
as Dy(jx/M) < x/@Q for any ¢ in the range Q) < ¢ < 2(Q), we obtain

2 M
X .
Y Dy(zg)? < ) (ﬁ) + ) > Dy(jz/M)
Q<q=2Q Q<q=2Q q iml Q<q<2Q

1,2

M
T
=5 T O Dqy(jx/M)

x? x x x2
2F + 5 M 3E < 2F
L2EQ) Q L L2EQ

<

<

by the hypothesis, as 2Q < (x/M)'/?/LC. Then, by the Cauchy-Schwarz inequality,

1/2

Z Dq(mq) < | @ Z Dq(l'q)2 < TE’

Q<q<2Q Q<q=s2Q
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and the result follows from summing over the relevant such diadic intervals up to 2Q) =

z'/2/LP>,
Using this, we can now give the

Proof of Theorem 2: In [FT], Fouvry and Tenenbaum proved that for any given E > 0
there exists a constant By = Bi(E) > 0 such that the estimate

E max

a,q)=1
g<a1/2log iz (@Y

\I/(l',y;a,q) - %‘ <E

log Ey

holds uniformly for z > y > 2. Then, by Lemma 6, for any given A’ > 0 there exists a
constant By = By(A’) > 0 such that the estimate

v
(5.2) Z max max |¥(z',y;a,q)— W‘ L AT

' <z (a,q)=1
g<1/2 Jlog B2 (a,q)

holds uniformly for =z >y > 2.

Let A" = A+3C +3 and B = 2By(A’) + 2. Let P = P, be the set of all primes <y
except those dividing ¢, and define I'y and I'; to be as in the proof of Propsition 1, with
A =1/¢(q). For any y and @ in the range (1.7) let u; = 3Clog yy/log 3y and x; = y**,
and z¢ = y* = max {Q?log ZQ, y?*1/3}.

It is well known (see [dB] for instance) that if u > 1 then log p(u) ~ —ulog u. Thus,
if z < x; then, by (2.2),

(5.3) U(z,y) > a/log?“+oWy.

Therefore (5.2) and (5.3) imply (1.6) for Q%log Q < = < z1.

Let N = [logy] and 2z; = zo(z1/20)"/N for i = 0,1,...N. By Lemma 3 and (5.2), we

Wz, .
5 Z ey ¢(q)Fq(z) < Z mz}x Fq(z)\Ilq(z,y) <A LAl,,
Q<q=2Q Q<q<2Q #SESZi log 'y
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and 50, as zj41/¥(z,y) < log *¢°Wy by (5.3), thus

(5.4)

1 N-1 .

o 2 @) < > 5 Y max  $@l(:) € e -
¢ Q<q<2Q pr Y Qoqeaq HSFSEA log ollly

Now, using Lemma 3 and (5.3) to estimate each ¥(x1, P), and also using the trivial
bounds |G| < ¢(q), |Pllogy < y and ¥(xq, P;b,q) < x9/q we obtain, for the final term
in (2.6),

|P|(uo + 1)log y {

U(zg, P) YT
U P:b
w3 e B <

1
nax 5(a) V(Y © dy

Therefore, by Lemma 5, we get that if 2o < 2/ < x then

(5.5)
Uy(,y)Ty(x') < Ty(a,y)Ti(x) < WQS(Q)FZ(@") < w (¢(Q)F;(Il)+§)’

using Proposition 1.

Now, by summing (5.5) over all ¢ in the range @ < ¢ < 2@Q, and by using (5.4) to

estimate the resulting sum, we obtain

Uy(2,y) U(z,y)
max max |¥(z',y;a,q)— 1L — 7
Q<;2Q zo<z'<z (a,q)=1 ( ) ?(q) log A+2Ho(t)y

Finally, if we sum this over suitable diadic intervals and add the result to (5.2) with
x = ¢ (in case the maximum occurs for some x < x( for some ¢ in the sum), we obtain

the Theorem.

6. Some remarks and extensions.

For any set of primes P and modulus ¢ we are able to prove that (2.5) holds once x is

sufficiently large; specifically, if z is the smallest positive integer for which ¥(z, P;a,q) > 1
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for all @ € G, then we can show that (2.5) holds for |P|logz + |P|*logy = o(log z).
We conjecture that log z < |G|logy/|P| (which leads to the range |G| + |P|?> = o(u)
in (2.5)); currently, we can only prove that log z < |G|logy (which leads to the range
|G||P| = o(u) for ¢ > y in (2.5)). In general one might expect that x can be taken to
be substantially smaller than this; but, one can construct examples where (2.5) fails to
hold with |P|log z = log . However, in such examples, P tends to be a fairly ‘thin’ set
of primes, and so one might conjecture that if P contains a ‘reasonable’ proportion of the

primes < y then (2.5) holds uniformly when log (z/z)/logy — 0o as x — cc.

An important shortcoming of the method presented here is that the error term doesn’t
shrink as x gets larger (though it doesn’t get much bigger, either). However, given that
Selberg examined similar functional equations in his elementary proof of the Prime Number
Theorem for arithmetic progressions [Se|], we might hope that a suitable modification of
the proof of Proposition 1 will allow us to improve the error term in (1.4) as u gets larger;

this viewpoint will be explored further in the sequel.

It is straightforward to prove that the estimate

(6.1) U(z,y;a,q) = %{uro (%)}

holds uniformly for all z > y > 2 with ¢ < y'/? /log 2y under the assumption of the
Generalized Riemann Hypothesis: A well known consequence of the Generalized Riemann

Hypothesis is the estimate

()

w(z;q,0) = —= + O(z'*log*qz).

o(q)

We substitute this into (4.2) with z = x/y for y'/? <z < y3/2/log®y and z = 2'/3 /log %z
for 13/2 /log 3y < x < y?, to obtain (6.1) for y'/2 < z < y2. The result then follows by
Proposition 1 with A = 1/¢(g). A similar result can be obtained by the method of [FT]
though with the restriction that y > log 2. By more careful considerations, along the

lines of [BP], we might hope to further extend the range for ¢ in which (1.1) is valid, under
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the assumption of the Generalized Riemann Hypothesis as well as certain conjectures about

Kloosterman sums.

7. Related problems.

Our iteration method can be used to attack many related questions. For instance, we

can show that

O\ log ¢
(7.1) U(z,y; x): = ; x(n) < Uy(z,y) g
pln=p<y

holds uniformly for any non-principal character x(mod ¢) in the range (1.5). This is
proved by first showing (7.1) in the range y'/? < 2 < y?, and then by establishing a result

similar to Proposition 1, which comes from comparing the identity

(LY x x m
U(z,y;x)logz = / ( . Jat + > ‘1’<p—m,y;x>x(p )log p
1

p<y,p" <z
plb

with (3.2). We thus extend the estimate ¥(z,y;x) = o(¥4(z,y)) to a much wider range
than previously known, although Theorem 4 of [FT| provides a much sharper estimate in

a limited range.

Another interesting function to examine is VU (z,y, pu):= >, p(n), where

n<xz,p|n=p<y

p(n) is the Mobius function, which plays a prominent réle in Daboussi’s recent proof of

the Prime Number Theorem [Db]. Alladi [Al] showed that
(7.2) U(z,y, p) < ¥(z,y)/log

for all z > y > exp((log x)®/%%¢), and later extended this to the range (2.4). In [H3],
Hildebrand proved a somewhat stronger estimate for y < exp((log x)'/?"), which allowed

him to extend the range of (7.2) to all x > y > 2; and Tenenbaum [T2] has recently given
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€

a superior estimate for all of the range z > y'*¢, using the saddle point method. We can

use our methods to show that W(z,y, ) < ¥(x,y)/log?y for all 2 > y? with y > 2, by
first showing this in the range 32 < z < y* (see [Al], Theorem 2), and then from a result

similar to Proposition 1, which is obtained from comparing the identity

g
U(z,y, p)logz = / LAUTITOR > \If(i,y,@logp
1 p™

t pM <z
p<y

with (2.3).

A similar method works for the corresponding sum of Liouville’s function, A\(n), and
indeed of many multiplicative functions, f(n), with values inside or on the unit circle.
Recently Hildebrand [H4] and Elliott [El] have given strong results of this type, using the

large sieve.

Our method may also be applied to Selberg’s formula [Se|, to show that if an estimate

of the form

r(zg.a) — T8 < AT@)

o(q)| —  o(q)

holds whenever (a,q) = 1 for, say, zo < x < 1, then a slightly weaker bound holds for all

T > xp.
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