11. THE PRIME NUMBER THEOREM
FOR ARITHMETIC PROGRESSIONS

11.1. REPRESENTATIONS OF L(s,x). Let x be a character mod q. We have

E x(n)z" = T 2 E x(n)x

Using (7.9.2) we obtain

P)L(s, ) = 3 s = Y x(n) / 2 (log )" da

1 g—1

— n—1 1 -1 s—ld )
| == 3 x(ma" " (loga)"ds
This proves that L(s,x) is analytic on the whole of C.

Exercises

11.1a. If x is a primitive, real, non-principal character mod g then the gth Fekete polynomial is defined as
fq(t) =317 Ox(n)t" By noting that (logz~1)*~!/z(1 —2%) > 0if 0 < z < 1 and s € R, prove that if
fq(t) has no zeros with ¢ € [0, 1] then neither does L(s, x).

11.2. A FUNCTIONAL EQUATION FOR DIRICHLET L-FUNCTIONS WITH Y (—1) = 1. Define
w(zx,x) == Znezx(n)e*”"%/q. By (3.5.1) and (9.2.1), and then taking m = gn — a,

qg—1
_ — —mn?z/q+2iman/ — —7(gn—a)?/qz
;X(@)Ze ! ! W Z Ze . !

nez a=0 nez

_Trmz/qx — \/q/_x w(l/l’,%)a

Q

mEZ
as x(—1) = 1. Therefore, by changing x to x/q in (7.9.3), and proceeding as in section 9.2,

21 ge = (1)1 () 20 = [ {steton + Y2 v}

T 9(X) x

Thus £(s, x) is analytic, and hence this provides the analytic continuation of L(s,x) to
the whole complex plane. Therefore if €, := ,/q/g(X) (so that |e,| = 1 by section 3.5) we
deduce that

(11.2.2) §(1 = 5,X) = ex&(s, x)-
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For Re(s) < 0 we know that L(1 — s,%) # 0 and so £(1 — s,X) # 0. Therefore, by
(11.2.2), L(s,x) has zeros in this region only at the (simple) poles of T’ (%), that is at
s=0,-2,—4,—6,. ...

11.3. A FUNCTIONAL EQUATION FOR DIRICHLET L-FUNCTIONS WITH x(—1) = —1.
Define w(z,x) := >,cz X(n)ne‘”"2x/q. By (3.5.1) and (9.2.2), taking m = gn —a as in
section 11.2, and using that x(—1) = —1 we obtain

q'/?

Therefore, by changing x to #/q and s to s + 1 in (7.9.3), and proceeding as above,
(11.3.1)

§ls,x) = (%)Sgl I <S—;1) L(s,x) = /100 {x%W(CC,X) —l-exxl%s w(x,y)} %

where €, :=i,/q/g(X). Therefore (11.2.2) holds and the only zeros of L(s,) in the region
Re(s) < 0 are simple zeros at s = —1,—3,—5,....

11.4. PROPERTIES OF £(s, x). One can develop a theory for £(s, x) that is very similar to
that developed for £(s) in section 9.5. Indeed we obtain a product exactly as in (9.5.1) for
£(s,x), and a representation in (9.5.2). The analogy to (9.5.3) is

(11.4.1) M:A;Jr > (1 +1),

L(s, x) Lo NS TP P

where if x(—1) = 1 we have L(0,x) = 0 so we denote this term in the sum as 1/s, and
A=A+ 35 - 5 log(4), plus log2 if x(—1) = —1. When trying to imitate the proof
of (9.5.4) we find that we have, from (11.2.2), if £(p, x) = 0 then {(1 — p,X) = 0 and so
&(1 —p,x) = 0. One can then deduce that

Re(Ay) =— ) _ Re(l),

como=0 NP

and again note that this gives that Re(A4,) < 0. We will see in exercise 11.4a that the
value of A, depends heavily on the value of L'(1,X)/L(1,%) which may be large if there is
a zero of L(s,x) with s close to 1. Inserting this last equation into (11.4.1), and proceeding
as we did in (9.6.3), yields

L'(s,x) 1 1
11.4.2 — — ) =1 —1 1) — — .
( ) Re(L(ij) og]s|+2 ogq+ O(1) E Re p—
p: L(p,x)=0
0<Re(p)<1

As in section 9.6, if we take s = o + it with o > 1 then each Re (Lp) > (0 and so

S—

(11.4.3) ~Re (LL/((SS’;(;) < log([t| + 2) + %logq +0(1).
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This is true for primitive y and can be extended to imprimitive but non-principal y at a
cost of an extra O(loglog q) on the right side of (11.4.3)— see exercise 11.4b.

Exercises

11.4a.a) Show that eBx = Equ/zL(l,Y) if x(—1) =1, and = ex(q/7)L(1,%) if x(—1) = —1.

b) SO AX = 5,(07X)/£(OaX) = _5/(17Y)/§(1aY) = _% IOg(q/ﬂ-)—i_ % _L/(L?)/L(LYL plus 10g2 if X(_l) =
—1.

11.4b. Show that if ¥ (mod gq) is induced by % # 1 and Re(s) > 1 then LL((SS”;)) - LL((SS”f)) <>l 1;%{’ <
loglog q.

11.5. ZERO-FREE REGIONS FOR L(s,x). The arguments of sections 9.6 to 9.8 are easily
generalized to L(s,x) for a fixed character y. However in many applications one wants
results in which the zero-free regions depend on the modulus ¢ of y:

Theorem 11.5. There exists a constant ¢ > 0 such that if x is a non-principal character
mod q then there is at most one zero 3+ iy of L(s,x) inside the region

N A CEE))

If such a zero exists that it is simple and real (that is, v = 0), and x is a real character of
order 2.

Proof. As x is non-principal character so ¢ > 3. The analogy to (9.6.4) is

/ / . , . 5
0<_3Re(E@X0)) _yge(El@ttX) _ g, (Llot2it,X7)N
L(U7 XO) L(U—I—zt,x) L(U—I— QZt,XQ)

Assume that L(8 + iy,x) = 0 and take t = . Let £ := 5log(|t| + 2) + 3logq and
o=1+1/2L. TIf x®> # xo then by using (9.6.3) and proceeding as in section 9.6, though
now using (11.4.2) and (11.4.3), we obtain

4 3

< 1).
U_ﬁ_0_1+£+0()

Therefore 3 < 1—1/(14£) +O(1/L£3?). If x* = xo we can make use the estimates of section
9.6 for the third term, introducing an additional Re(aflim) = (07‘1’)31#1“72. Ifly| >0-1
then this additional term is < 1/5(c — 1), so the above becomes

4 < 16
o—p0 = 5(c—1)

and we obtain 8 <1 —3/(74L) + O(1/L£?)).
Now suppose that x is real and 0 < |y| < 1/2L, so that we also have the zero 3 — i.
Let 0 = 1+ 1/4L so that |y| < |0 — 3|/2. Then (11.4.2) yields for s = o

+L+0(1),

8 200 -8) 1 1
ﬂa—@<iw—ﬁy+72_ReQﬁﬁﬁﬁv+a—ﬁ+W)
L'(o,x) ('(o.x) £ 1L
’wa> o) T TOW=g g oW,

1
’+§10gq+0(1) <
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and therefore 8 < 1 —67/(500L) + O(1/L?).

Finally suppose that y is real and v = 0, and we have two zeros § < (. We can
immediately replace 8/5(c — ) by 2/(0 — /) in the inequality obtained in the previous
case, and so at least as good a result follows.

Exercises
11.5a. Show that the proof of Theorem 11.5 yields constant ¢ = 1/124 provided g+ || is sufficiently large.

11.6. APPROXIMATIONS TO L'(s,x)/L(s,x). Following the method of section 9.7 we
deduce from (11.4.2) that

1 1
11.6.1 — <1 t| + 2 —1 O(1).
(11.6.1) > oo Sl +2)+ 5lorg+0()
p: L(B+iv,x)=0
0<B<1

We deduce that there are < 8(|t| + 2) + 4logq + O(1) zeros [ + iy for which [t — | < 2.
Therefore for s = o + it with ¢ bounded, we have

L'(s,x) 1
(11.6.2) L) > ——| < (6 —0)(2log([t| +2) +logq) + O(1)
X)L =5 TP
[t—v[<2

11.7. ON THE NUMBER OF ZEROS OF L(s, x). Suppose that x is a primitive character mod
q, and let N (T, x) denote that number of zeros of L(s, x) inside C' := {s: 0 < Re(s) <
1, =T < 1Im(s) < T}.! Our approach will be more-or-less that of section 9.8, with a few
minor differences: We use the contour with corners at g — 1T, % + 4T, —% + 4T, —% —aT
so as to avoid possible zeros at —1 or —2; we now have one trivial zero inside the contour
(at 0 or —1). The contribution of the left half of the contour is the same as the right half
since arg(§(1 — 3, x)) = —arg(ey) — arg(&(s, x)) by (11.2.2), and thus the change in each
half, as one goes round the contour, is the same. Next, applying Stirling’s formula, etc.,
as in section 9.8, we obtain for any 7" > 0

2‘?;) = X(gl) +8(T,x) + 0 (TLH) ,

where S(T, x) := 5 (arg L(5 +iT, x) — arg L(3 — T, x)). Now, using (11.6.2) we see that
S(T,x) < logqT (as in the proof of (9.8.3)), and therefore

T

N(T, %) = —log (

11.7.1
( ) 5

1
2

1 T qT
(11.7.2) 5 N(T,x) = Py log <%> + O(log qT).

IWe cannot just restrict to 0 < Im(s) < T since there is no reason now for zeros to be symmetric in
the real axis.
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11.8. THE EXPLICIT FORMULA. We will obtain an explicit formula for

(11.8.1) U(z,x):= Y,  x(@™)logp,
p prime, m>1
p"LSﬂ?

for each Dirichlet character xy (mod ¢), since then we have

1 —
(11.8.2) U(x;q,a) = Z logp = @ X (gojd . X(a)¥(z, x).

p prime, m>1
p™=a (mod q)

We proceed as in section 10.1 but now with L’/L in place of ¢'/¢. In analogy to (10.1.2)
we have the explicit formula when y is primitive and ¢ > 2, if x is not a prime power and
x > 2 then

(11.8.3) U(z,x) =— Z o Cy — %log(x —-1)— @ log(z + 1),

p: L(p,x)=0 p
0<Re(p)<1

for an appropriate constant c¢,. The key differences in the calculations are that the x term
disappears because there is no pole at s = 0; if y(—1) = —1 then the trivial zeros appear
at the negative odd integers; and if xy(—1) = 1 there is now a double zero at s = 0, leaving
a residue of log x.

We again seek to replace this by a sum over zeros up to a given height 7', using Propo-
sition 7.6. The analogous proof works since |L'(o + iT,x)/L(c + iT,x)| < (logqT)? if
—1 <0 <2by (11.6.1) and (11.6.2), and is < 1/|s+n|+1logq|s| if ¢ < —1, and —n is the
nearest trivial zero of L(p, x) to s, using the functional equation (11.2.2). We deduce that

P z(log ¢T")(log x
(11.8.3) U(z,x) =— E ——Cx—f—O( (log ¢T')(los )—i—logx :
T
p: L(p,x)=0
0<Re(p)<1
—T<Im(p)<T

This formula is surprisingly useless, as it stands, since we need to determine a bound on
¢y before we can know how large x must be before this gives a good estimate. Working
through the earliest steps of the argument we find that

CX:O(l)_Z(%_FQ%p)'

p

If p = o + it then this term in the sum is < 1/¢2, so that the sum over p with [¢| > 1
is < loggq by (11.7.2). Since each |2 — p| > 1 the sum of these terms with [t| < 1 is
< logq by the sentence after (11.6.1); similarly we get a bound < (log q)? for the terms
with 1 > |p| > 1/logq. By Theorem 11.5 and the symmetry of zeros because of the
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functional equation, we know that there is at most one zero that has not been included
in such considerations, and if such a zero exists then y is real, and the zero is real and
simple. We will denote it by 1 — 3 so that (3 is also a zero with 3 > 1 — ¢/log q. Therefore
our formula becomes for x > g and z > T,

T A | z(log qT)(log :1:))
11.8.4 v = — ————+40 .
(118.4) == 3 TG (B

where the terms involving (3 are there only if there exists some 5 € B(T') \ B'(T), where

<o<1-—
logqT — 7= log qT"’

B’(T):I{pzaﬂv: C(p) =0, —TSyST},

7P —1

and c is as in Theorem 11.5. We show in exercise 11.8a that the term may be

-7
omitted in (11.8.4) when x > ¢, e?°T to obtain

P P log ¢T')(1
(11.8.5) U(r)=— 3 %_%+O(aﬁ( oqu)(ogx))_

peEB’(T)

Exercises )
—1

1—
11.8a. Show that if z > e2¢T then Txe/logT < z and deduce that the wf

7 term in (11.8.4) may be

subsumed into the error term.

11.8b. Deduce that (11.8.5) holds for imprimitive characters as well as primitive characters.

11.9. THE PRIME NUMBER THEOREM FOR ARITHMETIC PROGRESSIONS. As in the proof
of the prime number theorem, we simply bound the sum over zeros in (11.8.4). Each
2P| < zt=¢/18dT and for the sum > pesr() 1/1pl, we have < (log q)? for the p with
|p| <1, as in the previous section, and < (log ¢T")(log T) for the p with |p| > 1 since there
are < tlog gt zeros up to height ¢ > 1. Inserting this all into (11.8.5) we obtain

’ log ¢T')(1
“I’(ﬂf,x) + %' < g1/ 18T (Jog ¢T)2 + z( quT)( 0g ).

Selecting ¢ < T := eV (¢/2198% and inserting this last estimate into (11.8.2), we obtain
that whenever (a,q) = 1 we have

x y(a) z°
(11.9.1) U(z;q,a) = m - ;Eq; F + O(a:e_\/m),

where L((3, x) = 0 as in Theorem 11.5. The main difficulty in the theory of the distribution
of primes comes from the possible existence of the zero 3. Of course we believe that 3
never exists but we are unable to rule out that possibility. We shall explore such putative
[ in detail in the next chapter.
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Let us suppose that we do have such a zero  with § > 1 — ¢/logq. By (slightly
modifying) exercise 4.7b we deduce that

1

L(1,x) = L(1,x) - L(B, ) = /ﬁ (o, x)do < C(1 - B)(log q)?

for some constant C' > 0, so that
L(1,x) ¢
11.9.2 0<1l——— <1l — ——
( ) C(logg)? Va(log q)?

by (4.7.1). Inserting this bound into (11.9.1) we deduce that if ¢ < (logz)?/(loglogx)”
then

(11.9.2) U(z:q, a) = % (1 +0 <®)) |

for any fixed A > 0. From the proof one can give values for all of the implicit constants.
The Generalized Riemann Hypothesis states that all zeros p of L(p, x) = 0 in the critical
strip satisfy Re(p) = 4. This implies that, in (11.8.5), we have

log qT')(1
(e )| < 2205 qT)? + “OBIIOET) o u/z104 g2
selecting T = /2, so that
(11.9.3) W(iq,a) = —~ + O(«"/*(log qx)?),
¢(q)
Therefore the Generalized Riemann Hypothesis implies that
(11.9.4) m(x;q,a) ~ m(2)/d(q),

holds only once z is a little bigger than ¢2 log® ¢, and with a more precise argument we can
improve this but not to better than “¢?”. However calculations reveal that (11.9.4) seems
to hold when z is just a little bigger than ¢ (rather than ¢?) and so even the Riemann
Hypothesis, and its generalizations are inadequate for giving us a precise behaviour of the
distribution of primes. This difference, between ¢ and ¢? is enormous, and one finds that
this same question, with a constant “2”, appears all over the subject.

11.10. A FINAL REMARK. If the exceptional zero (3, of the previous section, exists, suppose
that it is a zero of L(s,x) for a primitive character xy (mod m). If m does not divide ¢
then the 2°/3 term does not appear in (11.9.1). Therefore we can deduce

Theorem 11.10. Select ¢ as in Theorem 11.5. There exist constants c1,co > 0 such that
for any given x we have

x Toss
U(x;q,a) = —— + O(ze 1VI08T),
¢(q)
for all (a,q) = 1 and all ¢ < e2V1°8%  except perhaps those q that are multiples of an
exceptional modulus m. This modulus m exists only if there is a primitive character x

(mod m) and a real, simple zero B of L(s,x) =0, for which B > 1— ¢/+\/logx.



