18. SHORT GAPS BETWEEN PRIMES.

In this section we shall prove that the gap between two consecutive primes of size x can
be much smaller than the average, log x:
Our goal is to show that if p; = 2 < ps = 3 < ... is the sequence of prime numbers
then
liminf 2ol —Pr g,
i logpy
Researchers had had little success in showing that there are gaps between consecutive
primes that are significantly smaller than the average. However a simple recent method of
Goldston, Pintz and Yildirim counts primes in short intervals with simple weighting func-
tions, which themselves can be easily estimated using the Bombieri-Vinogradov theorem,
and implies the above. Using deeper techniques the method can be used to prove that
there are infinitely many pairs of consecutive primes for which

Pn+1 — Pn < (10gpn)1/2+6~

The Elliott-Halberstam conjecture states that, for any A > 0, we have

L
o) " (loga)A

for any Q@ < z'~¢. We saw in chapter 13 that this holds for Q@ < z/2/(logz)? by the
Bombieri-Vinogradov theorem. We warm up for our main result with another striking
result of Goldston, Pintz and Yildirim:

Theorem 18.1. Suppose that (18.1) holds for Q = 2, for some fized 6 > %. Then there
are infinitely many pairs of consecutive primes p, < pp41 such that p,+1 — pn < 20.

One can improve the 20 here to 16 using other methods. If (18.1) holds for Q = z, for
any fixed 6 > % then there are infinitely many pairs of consecutive primes p,, < p,41 for
which p,y1 —pn <o 1.

Actually we prove somewhat more than Theorem 18.1: Let H be a set of linear forms
{a;jx +b; :i=1,2,... k} where bja; # a;b; if i # j; and define Py(n) := Hf:i(am + b;).
Let vy (p) denote the number of distinct residue classes n (mod p) for which p divides
Py(n), and extend this definition to v (d) for squarefree integers d by multiplicativity.

Define the singular series
—k
1 VH (P))
S(H) = 1—- 1——
-10-;) (-7

P

If 6(H) # 0 then H is called admissible. Thus H is admissible if and only if v4(p) < p for
all p.

(18.1) max
<o »0=1

0(:'6’ q, a) -
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Proposition 18.2. Suppose that (18.1) holds for Q = z°, for some fived 6 > %. Then
for any admissible T-tuple H, there are infinitely many n such that at least two members
of H|I:n are prime.

To deduce Theorem 18.1 from Proposition 18.2 note that
{z —10,z — 8,z — 4,z — 2,z + 2,2 + 8,2 + 10}

is an admissible 7-tuple with each a; = 1 (and |b; — b1| as small as possible).

For any non-zero integer b whose prime factors are all > 11, the set {210ix +b: 1 € I}
is admissible for any set, I, of seven distinct integers. Taking I = {1,2,3,4,5,6,7} we
deduce that there exists r/s > 1 with 1 < s < r < 7 such that there are infinitely many
pairs of primes p,q for which (p —b)/(q —b) = r/s. Taking I = {m’ : 0 < i < 6} for
some integer m > 1 we deduce that there exists j,1 < j < 6 such that there are infinitely
many pairs of primes p,q for which (p —b)/(q — b) = m? (for example p — 1 = 2/(q¢ — 1)
for infinitely many pairs of primes p, ¢ where j = 1,2,3,4,5 or 6.). There are, presumably,
many other such consequences of Proposition 18.2 to be found.

The main result of this chapter is the following:

Theorem 18.3. For any fixed € > 0 there are infinitely many pairs of consecutive primes
Pn < Pn+1 for which ppy1 — pn < €logp,. In other words

lim inf Pnt1 —Pn _ 0.
n—oo  logpy

18.2. PROOF OF THE MAIN RESULTS. Define

1 R\ B+
Ar(n; M, 0) = () d|PZ( )M(d) <log E) :
2 (n

d<R

Our results rest on the following estimates:

Proposition 18.4. Suppose H is admissible with |H| = k, and apx + by € H; and let
h := max;{|a;|,|bi|}. For R < NY2/(log N)** and h < RO with R,N — oo, and any
integer £ > 0, we have

oo R)F+2¢
Z Ar(n;H, 0)? = <2€£> %(G(H) + o(1))N.
n<N

If (18.1) holds with Q = R?, and h < R® with R, N — oo, and for any integer £ > 0, we
have

Z Ar(n;H, 0)*I(agn + bo)

n<N

(% N 2) Uog )" o 40) + o (1),

04+1) (k+20+1)!
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Note that if agn+bg is a prime then Ag(n;H,¢) = Agr(n; HU{apz+bo},£) by definition.

We will indicate the proof of this in section 18.5, after showing how such a result can
be applied. We will work out many of the details of the proof (though we will not go into
the details of how the theorem holds uniformly in A as claimed).

18.2. DEDUCTION OF THE MAIN RESULTS FROM THE KEY PROPOSITION. By Proposition
18.4 for £ > 0 and R = NY/2=</* we have

2N k
S: = Z (Zﬁ(am+ bi) — 10g3N> Ar(n;H,0)?

n=N+1 \i=1
20 + 2\ (log R)F+2¢+1
04+1) (k+20+1)
2k 2 +1 (log R)**2¢ /20
= =l S N
(k+2£+1 (+1 (k+20)! \ ¢ S(H)

k 0+1/2 (log R)¥+2¢ /20
> 29 -1 — _ N1 N.
_(k+2£+1 v 2 6) ot 200 \ ¢ SN log3

(G(H) + o(1))N —log 3N (%) (log R)*+2

¢ ) ran ST +o)N

log R — {1+ 0(1)}10g3N)

The term inside the brackets is greater than a positive constant (for e sufficiently small)

provided £ +2k€ +1 %—1/12 - 29 > 1. Evidently one can choose such k and ¢ for any v > %; in
particular one can take £ = 1 and k = 7 when ¢ > 20/21. Thus we deduce Proposition

18.2.

In fact, by the Cauchy-Schwarz inequality, one can show that the number of such n < N
is > N/(log N)¢ for some constant C.

Exercises

18.2a. Suppose that the Elliott-Halberstam conjecture holds for some 9 > 1/2. Show that there exists an
integer k, not much larger than 1/(260 — 1), such that for any admissible k-tuple H, there are infinitely
many n for which at least two members of H|z:n are prime.

The Bombieri-Vinogradov theorem allows us to take any 8 < 1/2 in the above argument
so, after exercise 18.2a, we see that we just fail to prove unconditionally that there are
bounded gaps between consecutive primes. The question therefore becomes as to how we
can “win an €’. The idea of Goldston, Pintz and Yildirim is to look for prime values
amongst forms agx + by that do not belong to H. These each contribute much less to
S (by a factor of clog N) than the forms in H but one wins that needed € by taking
enough of them. So now let F be a larger set of K forms a;x + b;, containing H, with
h = maxy <i<k {|ail, [bi]}-

Using the second part of the key proposition with H replaced by H U {a;x +b;}, as well
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as k by k+ 1 and ¢ by ¢ — 1 (as discussed just after the statement) we obtain

2N K
Sy 1= Z (Z Y(a;n + b;) — log 3N> Ag(n;H, 0)?,

n=N+1 \i=1

K 2N
=S+ Z Z Ar(n;H, 0?9 (an + b;)

i=k+1n=N+1

K o k+2¢
=S+ Z (Qf> %(G(H U{a;z +bi}) +o(1))N

Therefore taking § = 1/2 and ¢ = [Vk/2] with k > 5¢~2 we obtain that

K
5 (log R)k+2¢ /20
—_— N | > x4+ 0;}) —2 log 3N
SH/( Gt 200 \ ¢ _i;ﬂG(HU{am—l— }) —2e6(H)log 3

Now define & (F) to be the mean value of &(H) taken over all k-term subsets H of F.
Then the average of the last equation over all such H is

(K — k>6k+1(f) — QEGk(f) log 3N.

Now when a;x + b; = x + i for each i, Gallagher proved that &;(F) ~ 1 as K — oo, for
each fixed k (see Lemma 18.9 below). Therefore the last displayed equation is > elog 3N
for K = [4elog3N]. Thus there exists n, N < n < 2N such that there are at least two
primes amongst {n +1i:1 < i < 4elog3N} (once N is sufficiently large), and the result
follows letting € — 0; that is we have proved Theorem 18.3.

18.3. LEMMAS.
Lemma 18.6. (a) We have

Y 1=uw(d) (% + 0(1)) .

N<n<2N
d| Py (n)

(b) Fiz A > 0. We also have, for d < (log N)4,

. N N
X, et =05+ (o)

N<n<2N
d| Py (n)

where v}, (p) = v (p) — 1 for each prime p, and v}, (d) is multiplicative in d.

Proof. To see (a) note that for each m (mod d) with d|Py(m) we get N/d + O(1) values
of n =m (mod d) with N < n < 2N (and these are the values of n for which d|Py(n)).
The number of such m is vy(d).

For (b), if we take this same sum where 1 < d < N < n with the additional condition
that n + hg is prime with hg € H then d cannot divide n + hg; so for each prime p the
number of possibilities for m (mod d) is v,(d). The result then follows from the Siegel-
Walfisz theorem.
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Lemma 18.7. (Variant of Perron’s formula) For any fized ¢ > 0 we have

1 z° {o, if 0<z<1

18.2 — —ds =
(18.2) 270 J (e sFH1 i L(logz)* if z>1,

Proof. Exercise 18.3a

Lemma 18.8. Suppose that G(s1,s2) is a double Dirichlet series which is absolutely con-
vergent when Re(s1), Re(sy) > —1/2, and suppose also that G(0,0) # 0. Then

k s1+s k+2¢

;/ G5, 52) C(1+ 81+ s2) Rs1+s2 dsrdsy (%)G(O,O)M.
(2mi)? J1y J) C(1 4 51)*¢(1 + s2)F (s189)kFeHL 4 (k + 20)!
Sketch of Proof. Let £ denote the contour given by s = —m + it: by section
9.6 we know that there are no zeros of ((1+ s) on or to the right of £ and so that there
are good bounds for ¢, 1/¢ and ¢’/( in this region. The (difficult) exercise is to bound the
contribution of all of the contours to the error terms in this proof.

To compute the above integral write w = 51452 and s = s; and let F(s,w) = G(s,w—s),
so that we have

1 w ¢(1 4 w)* RY
<%ﬂ%ﬁ4ml4q”’)¢a+@%u+w—$wdw—@wﬁﬂ

We move the s-contour to the left to £. The only residue is the pole at s = 0 which
¢(1 4 w)*RY dw,

contributes
1 / 1 6° H(s,w)
270 J (o) €1 08° \ (w —8)F1 )|

writing H(s,w) = F(s,w)/((s¢(1 + 8))((w — 5)¢{(1 + w — s)))*¥ which is analytic in this
domain, and equals

S if“ﬁH“W”
21 w=(2) i—0 14 Z'

We now move the contour over w to the left to £, so that the main term comes from
the unique pole at w = 0, and contributes

3 (ze - @> H(0,0)%9) a,, (log R)"

dsdw.

(w¢(1 +w))*

w
hrzi 1t dw.

s=0

o ilg! m!  n!
i+j+m+n=k+24
1<t

where H(0,0)(7) = (%)i (%)j H(s,w)|S:0 weo» and we have written (w((1 + w))F =

Y >0 a;w'. The largest power of log R comes from the term with i = 0 and thus we get a
main term of

’ log R)E+2¢ ! log R)F+2¢
@)H(o,o)%(wdl +w)* |,y = @)G(O’O)%

since lim,, o w((1 + w) = 1.
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Lemma 18.9. (Gallagher) For any integer k < \/loglog N we have

1 k?
D ey o= (i)
HC{1,...,N}

|H|=Fk

Proof. Let y = clog N for some constant ¢ < 1, and define

oo (3] (-2),

conon=T1(-3)"(-2) (5242

P>y

Therefore log(&(H) /&, (H) < 3, K /P> +32, D plb;—bs >y %. Now 0 < |b; —b;| < N?

so that there are < 2log N/logy such primes p for each pair ¢ and j. Thus, in total, we
2 log N k2

have < ylogy k ylogy < loglog N *

Let m = Hpgy p which is = N¢t°() by the prime number theorem; the value of Sy (H)

depends only upon the value of the elements of H (mod m). Therefore

B> Sm= > - Y 6N

so that

HC{I ..... N} h1,..., hke{l,...,N} hl,...,hke{l ..... N}
|H|=k h;=h; for some i#j
N k
= | — 1 kQNk_l 21 k
(h+owm) X e+ 0N 2log)

hl,...,hke{l,...,m}

since each S, (H) < (2logy)*. By the Chinese Remainder Theorem we have

% 3 &,H) =[] % 3 (1_%)’€ (1_vnp(p))

hl,...,hke{l ..... N} p<y hl,...,hke{l,...,p}

Now (for the sum over all possible hy,..., hy € {1,...,p})

SRR D DD DD DI S

h a (mod p) a (mod p) )
a#h; for all 4 hi#a for all %

Combining the above estimates yields the result.

Exercises
18.3a. Prove Lemma 18.7.
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18.3b. Show that the contributions of the integrands on the final contours in Lemma 18.8 are indeed
acceptable.

18.3c. Do the “combining” at the end of the proof of Lemma 18.9

18.4. PROOF OF PROPOSITION 18.4. We will write “~” to indicate an error term that
will be considered a little later. In the first part we have

R B R\ FH
Z Ar(n;H, 0)? k:—f—E'Q Z (logg> (log;> Z 1

S desh N<n<2N
[dve“PH(n)
k+¢ k42
N R R
log — log —
k:+£|2 Z ](H)[d,6]<0gd> <0ge)
d,e<R
ple) Vg, (H) R R
’ dsids
2m /1) /l)de>1 dst 652 [d, e] Sllc+£+1 S]2g—|—£+1 1452

v H) ]_ 1 1 R81+82
~ (2mi)? 1-== <_ + - )) dsyds
(27TZ)2 /(1) /(1) ];[ ( P Pt P32 p81+82 (8182)k+€+1 1¢4o2

C(l + S1 + Sg)k R81+s2

= G(s1, dsid
(2ri)? /(1> 0 CCL ) ET S YT 4 ) (srsgyrert o1

where

(1—— 1 1
p
G(Sl’SQ):H \F L\ ’
N (S (s

which is absolutely convergent when Re(s1), Re(s2) > —1/2. The result follows from
lemma 18.8 since G(0,0) = &(H), after we have justified the “~”: By lemma 18.6(a), the

error term here is

RR
> N(d)zﬂ(e)zV[d,e](H)E;
de<R

(log R)2(k:—|—€)
(k+0)12

(10g R)2(k—|—£)

< (k+0)2

> ld)*u(e)* g (H) <
d,e<R

log R)2(*k+0) 2 1 2k
< RQ% 1T (1 + v, (H) (— + —2>) < R*(log R)**+9 T (1 + —)
| p<R ey P<R P

< R2 (lOg R)4k’—|—2€

and this is negligible provided R < N'1/2/(log N)2*



8 MAT6684

For the second part we have, proceeding analogously to the above,

> Ar(n;H,0)%9(n + ho)

n=N+1
R k+¢ R k+¢
k:+£ e 2 M <10g E) (log g) S O+ ho)
desh N<n<2N
[d,EHPH(n)
N R k+/4 R k42
'2 Z [d e] (H)— <10g —) <1og _)
k+£ d,e<R o([d, €]) d e
(H) - ]-) ]- 1 1 R51+52
a oo e dsd
27T'L /1) /1) p ( p — 1) pSl + p82 p31+82 (8182)k+£+1 51482
— C(1+ 51+ s9)Ft Rs1+s2
where

)

k—1
vp(H)—1
. <1_%<1)§1+p§2—ﬁ>> (1—m>
G"(s1,82) = H 1 L\
p (1 - —p1+51) (1 - p—1+52>

which is absolutely convergent when Re(s;), Re(sz) > —1/2. The result follows from
lemma 18.8 (with k£ — 1 in place of k, and ¢ + 1 in place of ¢) since G*(0,0) = &(H), after
we have justified the “~”: By lemma 18.6(b), the error term here is

(log R)>(+0) 2 N ‘
—— d H max O(N;|d,el,a) —

ST nE 2 MOl g PG = g
(log R)wﬁ%) 2 * . _ L

= —(k+£)!2 p(m)=7(m)v,, (H) a:(g}i})(zl O(N;m,a) o(m)

m<R2

The square of this sum is, using Cauchy-Schwartz and the trivial upper bound 8(N;m, a) <
(N/m)log N,

2

> 2p% (H)? S N
< QT(m) Vm( ) . . o
e u(m) m =, a:(g,lgm})czl m |B(N;m, a) d(m)

<<H< %)'Z max

O(N;m,a) — %‘Nbg]\f

a:(a,m)=1

p< R2 m<R2
2 N
< (log R)**=1"Nlog N max |B(N;m,a ——‘.
(log R) gN Y- a6 )~ S

m<R2
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Inserting this above we get that our error term is negligible provided

E max

e T2 a:(a,m)=1

. N
¢(m)| — (log N)4

9<N7m7a) -

for some A > 4k? — 6k + 3. This holds by the Bombieri-Vinogradov theorem for R <
N4 /(log N)B®); and by the Elliott-Halberstam conjecture for R < N1/27,



