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For each n > 2, every integral n x n matrix is the sum of at most four squares.

INTRODUCTION

Let R be a given ring, and M(n, R) the set of n x n matrices with
entries in R. For each M € M(n, R) we let k = k(M) be the minimum
number of matrices A4,,4,,...,4,e M(n,R) needed so that
M = A} + A3 + - - - + A}. Newman [3] has conjectured that if R is the
ring of rational integers then, for each n > 2, and M € M(n, R) we have
k(M) < 3.1n this paper we construct matrices 4 ;toshow that k(M) < 4;
this improves on the result of Newman [3] who showed that if
M e M(n, R) then k(M) < 7 (for n even), < 9 (for n odd). k(M) = 3 has
been confirmed for n = 2 by Carlitz [1], and for n = 3 and 4 by Griffin
and Krusemeyer [2].

In fact, by slightly altering the algorithm presented here, it is possible
to prove the following result:

Suppose that R is a ring with a 1, such that every element of the
quotient ring R/2R can be expressed as the sum of at most N squares. If
n = max(N, 3) and M € M(n, R) then M can be expressed as the sum of
four squares in M(n, R).

If R is a field then the problem of sums of squares of matrices is more
completely resolved. Griffin and Krusemeyer [2] showed that any
matrix over a field R can be expressed as the sum of three squares, and
that this is the best possible result. Richman [4] showed that the only
matrices in M(n, R) that can not be expressed as the sum of two squares
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are those of the form cl,, where c is not expressible as the sum of two
squares in R.
LEMMA 1 For any integer r there exists integers x, y, z such that r =
x* — y? + 22

Proof Ifrisevenlet z= 1;ifrisoddlet z=0,so thatt =r — z2 is
odd. Then let x = (¢t + 1)/2 and y = (t — 1)/2.

LEMMA 2 .Any 2 x 2 integer matrix is expressible as the sum of three
squares.

b i
Proof Let M = <a d) be any integer 2 x 2 matrix. For
c

a—d= Omod 2 3 mod 4 1 mod4
let
v= 0 0 1
w= 1 1 0
x= 14+ (a—-d)/2 (a—d+5)/4 (@a—d+ 3)/4
y= (a—d)/2 (a—d—3)/4 (a—d—5)4

z= d—bc—1—-y> d—bc—1—y? d — bc — y?

v b)? x 0)\? 0 1\?
M = .

(c W) +<0 y) +(z 0)
LEMMA 3 Foralln>= 2, k(-1,) = 3.

Proof Richman ([4], Theorem 6) has shown that if K is a field,
char K # 2 then cI, can be expressed as the sum of two squares of
matrices, with entries in the field, if and only if ¢ can be expressed as the
sum of two squares in the field.

Now if —1I, can be expressed as the sum of two squares, with integer
entries, then it can certainly be expressed as the sum of two squares, with
entries in the field of rationals. Thus there exist rational numbers a and b
such that —1 = a® + b?, which is clearly impossible.

Therefore the least number of squares we need to represent —1I, is 3.

Then

LEMMA 4  Forn > 3, any integer n X n matrix is expressible as the sum
of four squares.
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Proof Suppose that M is a given n X n matrix, with integer entries,
labelled m; ;. We will define an integer n + 1 x n + 1 matrix 4, and use
this to establish the result.

Now, by Lemma 1, we know that there exists integers a, ;, a ,, a3 3
such that

=

(-n* 1mi,i +(=1y.2= a%,x - a%,z + a§'3.

i=1

Define a;;=0ford<i<n+1landa;;,, =0for1 <i<n.

We now define, by induction on d, the values of a;; _,_, (ford + 2 <
isn+1,0sd<s<n—-1)andof g;;4 44, for 1<i<n-—-d,1<d<
n — 1); we do this by considering certain values of m;_, (d > 0) and
m; ;4 4(d = 1), which depend on a; ; where |i — j| < d (i.e. these values are
already known under the induction hypothesis). Let

mi;=m; — a}; (1<ig<n-1)
=m,,—a,—2 (i=n)
mii 1 =my_y— @;+a_;,_) 2<i<n)
m:‘,iwz =My — (ai,i—l.ai—l,i—z +1) B<i<n
i-1
Mg =M g— Z Aig y,i-a B<d<sn-Ld+1<i<n)
k=i—d+1
Miiv1 = Myiyy (I<sisn-—-1)
Mijes =My — 1 —a;5557(a; + Qi g,042) I<isn-2)
i+d—1
Miivg=Miiq— Z Qi O iva
k=it+1
_ai,i+d'(ai,i+ai+d,i+d) (3<d<n— 1,1 Slén—d)
Then let

i-1
QGicaor= ) (=1)"*"'mj,, (0<d<n-1,d+2<i<n+1)
j=d+1

and

Qiivager = (=1)™*mj ;.4 1<d<n-1,1<i<n-4d).
j=1

j=
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So we have completely defined the matrix A4, and each entry is an
integer. We will take a;, = a,; = 0 for each i, and we note that

an+l,n = Z (_1)"+J(m],-’ - ai.l) hand 2 — 0.

=1
We now define 4 n xjn matrices R, S, T, V as follows:
(R)ij=ai; (>]), 1 (=j-1), 0 (otherwise)
S)j=ai; (<)), 1 (i=j+1), 0 (otherwise)
(T)j=@ins1 (J=mni<n), 1 (i=j=n), 0 (otherwise)
(V)ij = Gnsr; (=mnj< n), 1 (i=j=n), 0 (otherwise).
Then, for d > 0, we have
RE+S*+T*+ V) g=myg— My
+a;i—g-1 + Gir1,i-4a
=Mii—g— Mii-q
i—1

+ Z (_ 1)i+j+ lm,,i,j—d

j=d+1
i

+ Y (=1)"mj;

j=d+1
=Mmii—gq-
Also, for d > 1, we have,
(RZ+S*+T* + Vz)i,i+d =Mirg— Miita
+ai-yiva T Qiivart
=Myivq — Mijita

i—-1

+ Z (— l)i_1+jm},j+d
j=1

:
+ Z (— l)lﬂm},ju
j=1

=M;ita-
Thus
M=R?+S8*+T?+ V2,
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From Lemmas 2 and 4 we get the following Theorem:

THEOREM Forany n > 2, any integral n X n matrix can be expressed as
the sum of four squares.

It is possible to prove Lemma 4, for n even, very easily using the
following Theorem of Newman [3, Corollary 2].

Let A be any integral n x n matrix. Then there exist integral n x n
matrices B and C such that A = B> + C? mod 2.

LEMMA 5 For any even integer n, every integral n x n matrix is
expressible as the sum of four squares.

Proof Letn=2kand M = <g

A, B, C, D are the k x k blocks.
By Newman’s Theorem there exist k x k integral matrices R, S, T
such that

B . .
be a given n x n matrix, where

A+CB—-BC—-D=R?*>—-S8%+2T.
Let U=D—1—CB—S?>— T? Then

M_032+R02+0U2+T+1 0\?
“\C 1 0 S I 0 0O T/°

In a forthcoming paper David Richman considers matrices in
commutative rings with a 1, as sums of nth powers, and proves some
remarkable results as to the number of nth powers needed. Indeed he
also proves the main theorem of this paper, though using a slightly
different construction.

After the work was completed, the author learnt that L. Vaserstein
has proved that three squares are sufficient for integer matrices.
However, as stated in the introduction, it is possible to adapt the proof
given here to many other rings (especially non-commutative rings).
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