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Preface

The main goal of this book is to introduce beginning graduate students
to analytic number theory. In addition, large parts of it are suitable for
advanced undergraduate students with a good grasp of analytic techniques.

Throughout, the emphasis has been put on exposing the main ideas
rather than providing the most general results known. Any student wishing
to do serious research in analytic number theory should broaden and deepen
their knowledge by consulting some of the several excellent research-level
books on the subject. Examples include: the books of Davenport [31] and
of Montgomery-Vaughan [146] for classical multiplicative number theory;
Tenenbaum’s book [I72] for probabilistic number theory and the saddle-
point method; the book by Iwaniec-Kowalski [114] for the general theory of
L-functions, of modular forms and of exponential sums; Montgomery’s book
[144] for the harmonic analytic aspects of analytic number theory; and the
book of Friedlander-Iwaniec [59] for sieve methods.

Using the book

The book borrows the structure of Davenport’s masterpiece Multiplicative
Number Theory with several short- to medium-length chapters. Each chap-
ter is accompanied by various exercises. Some of them aim to exemplify
the concepts discussed, while others are used to guide the students to self-
discover certain more advanced topics. A star next to an exercise indicates
that its solution requires total mastery of the material.

The contents of the book are naturally divided into six parts as indicated
in the table of contents. The first two parts study elementary and classical
complex-analytic methods. They could thus serve as the manual for an

vii
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viii Preface

introductory graduate course to analytic number theory. The last three
parts of the book are devoted to the theory of sieves: Part M presents the
basic elements of the theory of the small sieve, whereas Part [Bl explores the
method of bilinear sums and develops the large sieve. These techniques
are then combined in Part [ to study the spacing distribution of prime
numbers and prove some of the recent spectacular results about small and
large gaps between primes. Finally, Part [ studies multiplicative functions
and the anatomy of integers, and serves as a bridge between the complex-
analytic techniques and the more elementary theory of sieves. Topics from
it could be presented either in the end of an introductory course to analytic
number theory (Chapter most appropriately), or in the beginning of a
more advanced course on sieves (the most relevant material is contained in
Chapters [[4] and [I5], as well as in Theorem [I6.1]).

Certain portions of the book can be used as a reference for an under-
graduate course. More precisely, Chapters [IH8 can serve as the core of such
a course, followed by a selection of topics from Chapters [[4] [[5] 7] and 211

A short guide to the main theorems of the book. Below is a list of
the main results proven and of their prerequisites.

Chebyshev’s and Mertens’ estimates are presented in Chapters 2] and B]
respectively. Their proofs rest on the material contained in Part [

The landmark Prime Number Theorem is proven in Chapter 8 Under-
standing it requires a good grasp of all preceding chapters.

The Siegel-Walfisz theorem, which is a uniform version of the Prime
Number Theorem for arithmetic progressions, is presented in Chapter 121
Its proof builds on all of the material preceding it.

The Landau-Selberg-Delange method is a key tool in the study of mul-
tiplicative functions. It is presented in Chapter I3l Appreciating its proof
requires a firm understanding of Chapters [IHg] for the main analytic tools,
as well as of Chapter [12] for dealing with uniformity issues.

The foundations of probabilistic number theory are explained in Chapters
and [[6] where the Erdds-Kac theorem and the Sathe-Selberg theorem are
proven. The main prerequisites can be found in Part [Il and in Chapter [I4l
In addition, Chapter [[3] is needed for the Sathe-Selberg theorem.

The Fundamental Lemma of Sieve Theory is proven in Chapter Its
proof uses ideas and techniques from Part [Il and Chapters [4HI7

Vinogradov’s method, one of the foundations of modern analytic number

theory, is presented in Chapter 23l It builds on the material of Chapters
MHI2 and
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The Hardy-Littlewood circle method is presented in Chapter It is
used to detect additive patterns among the primes and, more specifically, to
count ternary arithmetic progressions all of whose members are primes.

The Bombieri- Vinogradov theorem, often called the “Generalized Rie-
mann Hypothesis on average”, is established in Chapter Understanding
its proof requires mastery of Vinogradov’s method (Chapter 23]) and of the
large sieve (Chapter 25]).

Linnik’s theorem provides a very strong bound on the least prime in an
arithmetic progression. It is proven in Chapter and its prerequisites are

Chapters [THI2], I7H20, 22H23] and

The breakthrough of Zhang-Maynard-Tao about the existence of infin-
itely many bounded gaps between primes is presented in Chapter Its
proof requires a firm understanding of the Fundamental Lemma of Sieve
Theory (Chapter [19)), of Selberg’s sieve (Chapter 21]) and of the Bombieri-
Vinogradov theorem (Chapter 20]).

The recent developments about large gaps between primes of Ford-Green-
Konyagin-Tao and Maynard are presented in Chapter Understanding
them necessitates knowledge of the same concepts as the proof of the exis-
tence of bounded gaps between primes, with the addition of the results on
smooth numbers presented in Chapters [[4] and [I6l

Maier discovered in 1985 that the distribution of prime numbers has
certain unexpected irregularities. His results are presented in Chapter B0l
and they assume knowledge of Linnik’s theorem (and of its prerequisites), as
well as of Buchstab’s function (see Chapter [I4] and, more precisely, Theorem

14.4).
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Notation

Throughout the book, we make use of some standard and some less
standard notation. We list here the most important conventions.

The symbols N, Z, Q, R and C denote the sets of natural numbers (we
do not include zero in N), integers, rational numbers, real numbers and
complex numbers, respectively. Furthermore, given an integer n > 1, we
write Z/nZ for the set of residues mod n, as well as (Z/nZ)* for the set of
reduced residues mod n.

We write P to indicate a probability measure, and E[X] and V[X] for
the expectation and the variance, respectively, of a random variable X.

Given a set of real numbers A and a parameter y, we write A<, for the
set of numbers a € A that are < y; similarly for As,, A>,, A<,. We also
write |A| or #A for the cardinality of A, whichever is more convenient.

The letter p always denotes a prime, and the letter n always denotes an
integer (usually, a natural number). We write d|n to mean that d divides n,
and that pan to mean that p* is the exact power of p dividing n. Lastly,
d|n® means that all prime factors of d appear in the factorization of n too.

When we write (a,b), we might mean the open interval with endpoints
a and b, the pair of a and b, or the greatest common divisor of the integers
a and b. The meaning will always be clear from the context. Similarly, the
symbol [a, b] will sometimes denote the closed interval with endpoints a and
b, and some other times the least common multiple of the integers a and b.

We write PT(n) and P~(n) to denote the largest and smallest prime
factors of n, respectively, with the convention that PT(1) = 1 and P~ (1) =
o0o. Given a parameter y and an integer n > 1, we say that n is y-smooth
if all its prime factors are < y (i.e., if PT(n) < y). The set of y-smooth

X1
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xii Notation

numbers is denoted by S(y). Lastly, we say that n is y-rough if all its prime
factors are > y (i.e., if P~ (n) > y). Equivalently, (n,P(y)) = 1, where
P(y) = [Ty P-

The symbol log denotes the natural logarithm (base e). We also let
li(z) = [, dt/logt denote the logarithmic integral.

Given z € R, we write |z for its integer part (defined to equal max Z,
and also called the “floor” of z), [x] for the “ceiling” of z (defined to equal
minZs,) and {z} for the fractional part of = (defined to equal x — |x]).

Given o € R, we write ||a|| to denote its distance from the nearest
integer. On the other hand, if v is a bilinear form, then ||¢|| denotes its
norm (see Chapter 20). Finally, if ¥ € C" or f : N — C is an arithmetic
function, we write ||7||2 and || f||2 for their /2-norm.

The symbol C*(X), where X C R and k € Zso U {00}, denotes the set
of functions f : X — C whose first & derivatives exist and are continuous.

We write 1 to denote the indicator function of a set or of an event E.
For example, 1jg ;] denotes the indicator function of the interval [0, 1] and
L(n,10=1 denotes the indicator function of the event that n is coprime to 10.
In particular, 1p will denote the indicator function of the set of primes.

The letter s will usually denote a complex number, in which case we
denote its real part by o and its imaginary part by ¢ following Riemann’s
original notation that has now become standard. In addition, non-trivial
zeroes of the Riemann zeta function and of Dirichlet L-functions will be
denoted by p = B + iy. Notice that we also use the letter v for the Euler-
Mascheroni constant, whereas p(u) will also refer to the Dickman-de Bruijn
function. The precise meaning of each letter will be clear from the context.

We employ frequently the usual asymptotic notation f = O(g), f < g,
f=g, f~gand f =o0(g), whose precise definition is given in Chapter [Il

Finally, we list below some other symbols and the page of their definition:

lp(n) kil ¢(s) 7(n) 33
B(u) 150 0(x) 3] m(n) (k € N) 33
e(x) 102 A(n) 37 Tx(n) (k € C) 131
g(x) A(n) 237 o(n) a
li(z) Eﬂ N(n)  B37 Xo(n) i
L(s, x) A o) x(n) 6,
P(y) il A (n) 239 Y(z)
PE(n) p(n) U(z;q,a)
S(A,P) m(x) il W(zx,x)
S(y) b m(2;q,0) M V(z,y)
I'(s) i p(u) w(n), Qn) 4]
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And then there were
infinitely many

Ever since Euclid’s proof of the infinitude of prime numbers, the distri-
bution of these fundamental objects has fascinated mathematicians. Unlike
other special sets of integers that have a very regular structure, such as
the set of perfect squares, the primes do not follow any apparent pattern.
Consequently, guessing the exact location of the nth smallest prime number
seems to be an impossible challenge as n grows to be larger and largerﬂ

Since the sequence of primes appears to be so chaotic, we can set the
more modest goal of understanding what is the approximate location of the
nth smallest prime, which we denote by p,,. Equivalently, we seek a good
approximation for the counting function of prime numbers

m(x) == #{p < x}.

Indeed, we have that w(p,) = n, so that any approximation of 7 (z) can be
immediately translated to an approximation of p,, and vice versa.

The study of the distribution of primes preoccupied the young Gauss.
After examining tables of large primes, he observed that their density around
x is about 1/log z. Translated into the language of Calculus, this means that
a good approximation for 7(x) is given by the logarithmic integral

T ode
li = —_—
i@) /2 logt

1Even the simpler question of deciding whether a given large integer is prime was proven to
be a very hard challenge. It was only in 2004 that Agrawal, Kayal and Saxena [I] constructed
a deterministic algorithm that solves this problem in polynomial time without relying on any
unproven conjectures.

1

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



2 And then there were infinitely many

Using L’Hoépital’s rule, we find that

I
lim o) _

z—oo x/logx

so that Gauss’s guess implies that m(x) is approximately equal to x/logx
for large . Symbolically, we write

(0.1) m(z) ~ —

~ log (z = o)

meaning that the ratio of these two functions tends to 1 as x — co. This
notation will be discussed in greater length in Chapter Il Equivalently,
Gauss’s guess (O] says that p, ~ nlogn as n — oo.

It took more than a century to prove Gauss’s conjecture for 7(x). The
path to the proof was outlined by his student Riemann in his epoque mak-
ing mémoire Uber die Anzahl der Primzahlen unter einer gegebenen Grésse
published in 1859. In this work, Riemann explained how 7(x) is intimately
connected to analytic properties of the function

=1
((s) = s
n=1
now called the Riemann zeta function. He then proposed a program whose
completion would lead to a profound understanding of the distribution of
prime numbers. In particular, it would establish the existence of a constant
¢ > 0 such that

(0.2) |7(z) —li(z)| < ev/zlogz  forall z>2

a very strong form of confirmation of Gauss’s guess. By 1895, Hadamard [81]
and von Mangoldt [136] had proved rigorously all but one steps in Riemann’s
master plan. The last step however remains elusive to this date. It is the
famous Riemann Hypothesis that we will discuss in Chapter[8l Nevertheless,
in 1896, Hadamard [83] and de la Vallée Poussin [I75] proved a weak form
of the Riemann Hypothesis that was strong enough to lead to a proof of
Gauss’s conjecture, now called the Prime Number Theorem.

Prime Number Theorem. As x — oo, we have that w(x) ~ x/logx.

We will give the proof of this fundamental result in Chapter [8

Except for the size of 7(x), there are many other interesting questions
about prime numbers that concern the existence of various patterns among
them. To understand such patterns, we assume a probabilistic point of view.

Indeed, the absence of structure in the sequence of primes might lead one
to expect that they behave as if they were random objects. Specifically, in
1936 Cramér proposed to model the statistical properties of prime numbers
as follows: we consider a sequence of random variables (X1, X9, X3,...) that
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And then there were infinitely many 3

we think of as a model of the indicator function of the primes. That is to say,
X, models the event that a “randomly chosen” integer n is prime. Hence
X, must be a Bernoulli random variable (i.e., it only takes the values 0 and
1). In addition, Gauss’s guess that the density of primes around z is 1/ log
can be interpreted to mean that the chances of a random integer n being
prime are about 1/logn. We thus take

(0.3) P(X,=1)=1/logn (n>3),

so that P(X,, = 0) = 1 — 1/logn, and we set for completion X; = 0 and
Xy = 1. Finally, since knowledge of the primality of some integer n does
not seem to offer much information about the primality of another integer
n/, we assume that the random variables X,, are independent of each other.

The sequence (X,,)52, is called Cramér’s model. It naturally gives rise
to the set of “random primes” {n € N: X,, = 1}. We denote its elements
by P; < P, < ---. By construction, it easily follows that P, ~ nlogn with
probability 1 as n — oo, that is to say, if we fix € > 0 and take n large in
terms of e, then |P, —nlogn| < enlogn with probability 1. Actually, more

is true: the analogue of 7(z) is the random variable

M(z) = #{P, <z} =) Xn.

n<e

E[11( —1+Z—

3<n<x

We have that

which is essentially a Riemann sum of the logarithmic integral li(z). In
fact, a consequence of Theorem [[LI0] below is that |E[II(x)] — li(z)] < 10.
Similarly, the independence of the random variables X,, implies that

ZV log:c

n<T

as x — 00. Applying the law of the iterated logarithm [I17], we find that
1(z) —li(z)| < /(2 + ) V[II(2)] log log(V[II()])
~ /(2 + ¢)z(loglog x)/log

almost surely as x — 0o, where ¢ is any fixed positive real number. Compar-
ing this inequality with (0.2]), we see that II(z), which is the random model
of 7(x), satisfies the Riemann Hypothesis with probability 1.

(0.4)

If primes really do behave like a sequence of random variables such as
(Xn)o2, then we should be able to find all sorts of patterns among them.
For example, there should be many primes of the form 4n+1, or of the form
n? 4+ 1. Moreover, the mutual independence of the variables X, suggests
that we should be able to make several integers prime simultaneously. For
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4 And then there were infinitely many

example, there should be infinitely many n such that the integers n and
n + 2 are both primes, in which case they are called a pair of twin primes.
Similarly, the triplet (n,2n + 1,172 4+ 6) should have prime coordinates in-
finitely often. Ome should be careful not to take such arguments too far:
the integers n and n 4+ 1 can be simultaneously prime only when n = 2,
because at least one of them is even. More subtly, if n > 3, then we cannot
make n and n? + 2 simultaneously prime, because n = £1 (mod 3) and thus
n? +2 = 0(mod3). In Chapter [T, we will see a way to modify Cramér’s
model so that it takes into account such “local” (i.e., involving congruences)
obstructions to primality.

Despite the limitations of Cramér’s model, all indications we have so far
support the hypothesis that primes behave as if they were random. Through-
out this book, we will present various results that are in accordance with
this hypothesis. Specifically, in Chapter [2] we will prove that there are
infinitely many primes of the form 4n + 1. More generally, we will prove
that every arithmetic progression gn + a contains infinitely many primes, as
long as the obvious necessary condition that a and ¢ are coprime holds. As
a matter of fact, we will show that primes are equidistributed among these
reduced arithmetic progressions.

Prime Number Theorem for arithmetic progressions. Let g > 3, and
let o(q) = #(Z/qZ)* be Euler’s totient function. If (a,q) =1, then
x

m(x;q,a) == #{pgx:pza(modq)}ww

Tog 7 (x — 00).

On the other hand, it is not known to this day whether there are infinitely
many pairs of twin primes. We do have two partial substitutes of this
conjecture: Chen [24,25] proved that there are infinitely many primes p
such that p+ 2 is the product of at most two primes. We will prove a weaker
version of Chen’s theorem in Chapter [[8 In addition, Zhang [188] proved
that there is some h € N such that the tuple (n,n+1,...,n+h) contains at
least two primes for infinitely many integers n. Maynard [138] and Tao [171]
improved this result by showing that for each m there is some h = h(m) such
that the tuple (n,n+1,...,n+ h) contains at least m primes for infinitely
many n. We will present the results of Zhang-Maynard-Tao in Chapter

Substantial progress has also been made on the existence of arbitrarily
long arithmetic progressions among primes: in 2008, Green and Tao [77]
proved that for each k > 2, there are infinitely many integers n and d such
that the numbers n, n + d, ..., n + kd are all primes. We will prove the
case k = 2 of this result in Chapter (that essentially goes back to work
of I. M. Vinogradov).

On the contrary, prime values of non-linear polynomials remain a mys-
tery: there is not a single example of a univariate polynomial of degree
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And then there were infinitely many 5

at least 2 that provably takes prime values infinitely often. However, we
have robust methods of bounding from above the frequency with which a
given polynomial takes prime values, as we will see in Chapter 9 In ad-
dition, there has been significant progress in multivariate polynomials in
recent years, starting with the work of Friedlander and Iwaniec [58] and of
Heath-Brown [08], and continuing with its extensions due to Heath-Brown,
Li, Maynard and Moroz [99-101],[141].

As the above discussion shows, our knowledge about primes is rather
sporadic, and the deeper and more complex properties of these fundamental
objects seem to escape us despite the collective efforts of mathematicians
since the time of Euclid. Proving that prime numbers behave pseudoran-
domly and can be located inside interesting arithmetic sequences is one of
the holy grails of analytic number theory. The purpose of this book is to
present some of our best tools towards this grand goal.

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.
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Part 1

First principles
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Chapter 1

Asymptotic estimates

The functions we encounter in number theory are often irregular. It is
then desirable to approximate them by simpler functions that are easier to
analyze. As an example, consider the function f(z) that counts the number
of integers in the interval [1, z] with = > 1. We can easily see that f is a step
function with jumps of length 1 at all integers. This function may be written
in terms of a more familiar function: the integer part of z, denoted by |x].
This is the unique integer satisfying the inequalities |z] < z < |z| + 1. Tt
is then clear that f(z) = |z], whence f(z) = z + E(z) for some function
E(x) that is bounded by 1 in absolute value. We have thus approximated
the step function f(z) = |x] by the smooth function z, and the remainder
term in this approximation is a bounded function. We express this via the
asymptotic formula

(1.1) 2] =2+ O(1).

In general, given complex-valued functions f, g and h, and a subset I of
their domain of definition, we write

(1.2) f(x) = g(x) + O(h(z))  (z€l)

and read “f(z) equals g(x) plus big-Oh of h(z)” if there is a constant ¢ =
c(f,g,I) such that

|f(x) —g(x)| < c-h(x) foreach z € I.

We will often refer to g(z) as the main term of (L2), and to O(h(x)) as the
remainder term or error term. In addition, we will often call the constant ¢
absolute to mean that it does not depend on the argument of the functions
f,g and h, nor on various other parameters that might be present.

8
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1. Asymptotic estimates 9

Notice that in (L)) the difference z — |z] is the fractional part of x,
denoted by {x}. However, it turns out that it is often simpler to ignore the
exact value of the remainder term and to only keep track of the fact that it
is a bounded function. Suppose, for example, that we want to approximate
the expression Y, . [nv2]. Applying ([LI) to each of the [x] summands,
we find that

(1.3) > nv2] => " (nv2+0(1) =v2) n+0(),

since the total error is the sum of |z| functions of size O(1). On the other
hand, we know that 1 +2+--- 4+ N = N(N + 1)/2. Applying this with
N = |z| = 2+ O(1), we conclude that

_ (z+0Q1)) - (z+0(1)) V2
> V2| =v2- 5 +0(a;)_7x2+0(x)

n<e
for x > 1, since O(x) + O(z) + O(1) = O(x) when = > 1. Indeed, the
notation O(x) + O(x) + O(1) denotes a sum fi(z) + fa(x) + f3(z) for which
there are absolute constants c1, ¢z, c3 > 0 such that | f;(z)| < ¢z for j =1,2
and |f3(z)| < c3. Hence, |fi(x) + fa(x) + fa(x)] < (1 + ca+ c3)x for = > 1.

Remark 1.1. As we see in the above example, the power of the asymptotic
notation is that it allows us to turn inequalities into equalities and it is
thus amenable to algebraic manipulations. Beware though that the rules of
addition and multiplication change when we use asymptotic notation. For
example, O(1)4+0O(1) = O(1), since the sum of two bounded functions is also
bounded. Similarly, we have O(1)-O(1) = O(1) and O(1)—O(1) = O(1). On
the other hand, if we sum an unbounded number of bounded functions (as
in (I3))), the error term must reflect this by growing linearly in the number
of summands. O

The asymptotic notation also allows us to compare the order of magni-
tude of different functions: if

(1.4) f(x) =0(g(x))  (z€l),

we say that “f has smaller or equal order of magnitude than g in I”. Often,
we express this relation using Vinogradov’s notation

flz) <g(x)  (zel),
which has the exact same meaning as (L.4).
If f(z) < g(z) and g(z) < f(x) for x € I, we write

flz) =g(x)  (zel)

and we say that “f and ¢ have the same order of magnitude in I”.
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10 1. Asymptotic estimates

Remark 1.2. The range I in which we compare the functions is important.
For instance, v/z < = when z > 1, but < /= when z € [0, 1]. O

Remark 1.3. Sometimes, the functions f and g we are comparing depend
on various parameters. It is then possible that the implied constant in the
estimate f(z) < g(x) depends on these parameters. If so, we will indicate
this dependence by a subscript. For instance, for each fixed £ > 0, we have

logzr <. «° (x >1). O

There are two more related definitions of asymptotic notation that will
be important throughout this book and they concern the limiting behavior
of functions. We write

flz) ~g(x) (z—z9) <= lim —/= =1,

where zg € R = RU {—00, 400} and g is non-zero in an open neighborhood
of xg. Under the same assumptions, we also introduce the notation

f(x)=o(g(z)) (x—=x0) <<= lim =2 =0
or, for brevity,
f(@) = 0amsmo(g(z)) = lim ===

Notice that if f(x) = o(g(x)) as + — xp, then f(x) has genuinely smaller
order of magnitude than g(x) in the vicinity of zg.

We give below some examples to illustrate the use of the above asymp-
totic notation.

Example 1.4. Often we have a composite expression that we want to eval-
uate asymptotically, such as log|x]. Since |z| = x + O(1), the Mean Value
Theorem implies that

1
log |z] =logz + O(1) - -
for some ¢ between |x] and x. Thus
log || =logz+0O(1/z) (z>1). O

Example 1.5. A simple application of the Mean Value Theorem is some-
times not sufficient because we need more precision in our approximation.
We may then employ Taylor’s theorem. For example, we have

B logz log?x log®
Vx+10gx_‘/§+2\/5_8x3/2+0< x5/2) (@>1). -
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Summation by parts 11

Example 1.6. The asymptotic notation can also be used to obtain as-
ymptotic expansions of integrals that cannot be computed in terms of el-
ementary functions. As an example, we analyze the logarithmic integral
li(z) = [, dy/logy. We integrate by parts repeatedly to find that

li(z) = —2

- logy z:2 _/2 yd(lo;y)

T |
= —+0(1 +/ d
log x M) 5 log?y Y

x x T dy
=—+——+0(1 +2/
logz  log?x (1) 5 logdy
x x (N -1z dy

+-+ +0 1+N!/ —
N() y lOgN+1y

x as ¢ — oo by L’Hopital’s rule, so we arrive

- logz  log?x logh z

The last integral is ~ x/ log™ **
at the asymptotic formula
li(z) T T 2z - (N -1l n ( )
1 x f— ... _— e —
logz  log?z log’x log" N (log z)N+1

for x > 2. O

Summation by parts

Many theorems of analytic number theory can be phrased as asymptotic
estimates for the summatory function of a sequence (ay)s>; of complex
numbers. This is the function

A(z) = Z (s
n<x

where x € R>;. For instance, if a, = 1p(n) (the indicator function of prime
numbers), then its summatory function A(z) is the counting function of
prime numbers 7(x).

The simplest case is when a,, = f(n), with f € C*(]0, +o0)). If f does
not vary too rapidly, it is reasonable to expect that

F(n) ~ / : F(t)dt, whence 3 f(n) ~ /Ox F(t)dt.

n<x

To make the above heuristic rigorous, we examine how close f(n) is to
fgil f(t)dt. We begin by writing

fo - [ swae= [ (1) - s
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12 1. Asymptotic estimates

For any constant ¢, we have dt = d(¢ — ¢). Integrating by parts yields that

n

[ =~ - 1= ) - -+ [ - o

n—1
If we take ¢ = n — 1, the “Side term” (n—1—¢)(f(n—1) — f(n)) vanishes.
Since we also have that t—(n—1)={t} for t € [n—1,n), we conclude that

/f dt+/ £(6){t}dt.

Summing the above identity formula over n = M + 1, M + 2,..., N, where
M < N are two integers, we arrive at the Fuler-Maclaurin summation
formula:

(1.5) /f dt+/ PO {trde.

M<n<N

The first integral is the expected main term and the second term will be
smaller if f’ is of smaller order of magnitude than f, which is a quantitative
way of saying that f does not vary too rapidly.

We demonstrate the versatility of the Euler-Mclaurin summation for-
mula with a few examples. When f(t) = t?, we have

‘/ONf'(t){t}dt‘ = /0N2t{t}dt‘ g/ONztdt:Nz

Consequently,
N N N N3
> n= / t2dt +/ 2t{t}dt = — + O(N?).
0 0 3
n=1
2

This should be compared with the well-known exact formula 22;1 n =
N(N+1)(2N+1)/6. However, it would be rather hard to guess such an exact
formula for the sum Zfl\;l n'% (though, see Exercise [[3). Nevertheless,
adapting the above argument implies readily that

- 100 _ N 100
= O(N).

A good exercise on the Euler-Maclaurin summation formula is to check that
ARy}
(1.6) > = =logN+0(1) ~logN (N — o0),
n=1 n
which is an estimate on the rate of divergence of the harmonic series. A
more precise formula will be proven in Theorem [L.T1] below.
The Euler-Maclaurin summation formula is a special case of a general
identity. To prove this generalization, we introduce a tool called summation
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Summation by parts 13

by parts or partial summation, which is a discrete analogue of integration
by parts. As it will become clear throughout this book, partial summation
is one of the main workhorses of analytic number theory. It allows us to
pass from estimates on A(x) = ) . a, to estimates for general sums of
the form » .. anf(n) with f a continuously differentiable function. The
case when a, = 1 for all n, for which A(x) = |z] = 2 4+ O(1), corresponds
to the Kuler-Maclaurin formula.

To make the passage from A(z) to >, _, <, anf(n), we use the theory
of Riemann-Stieltjes integration (see Appendix [Al): note that A(x) is a step
function that is continuous from the right and that has jumps of length a,
at each integer n. For any continuous f, Theorem [A|(f) implies that

(1.7) anf(n / f(t)dA(t
y<n<z
where the right-hand side is a Riemann-Stieltjes integral. If we further as-
sume that f is continuously differentiable and integrate by parts (see The-
orem [AJl(d)), we arrive at the formula
/ At

(1.8) > anf(n) =
y<n<z

Remark 1.7. A more elementary way to prove (.§)) that avoids the use of

Riemann-Stieltjes integrals is to use Abel’s summation formula: if (ay)S2

and (b,)52; are two sequences of complex numbers, then

n=1

N N N
(1.9) 3 anbs = Anbnﬂ‘n:M 3 Aubasr — ba)
n=M-+1 n=M+1

for all integers M > N > 1, where A, = A(n) = >_7_; a;. Indeed, this can
be proven by noticing that

N N N N-1
Z anb, = Z (An - Anfl)bn = Z Apby, — Z Anbn+1-
n=M-+1 n=M-+1 n=M-+1 n=M

In the special case when b, = f(n), we have that

n+1
Ap(boss — by) = / A (2)dz

because A(x) = Ay, when x € [n,n + 1). Together with (LL9), this leads us
to ([L8). We leave the details as an exercise. O

Example 1.8. For reasons we will explain later, we often count primes with
a logarithmic weight. To this end, we define Chebyshev’s theta function

= Zlogp.

psT
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14 1. Asymptotic estimates

We may use relation (L8] to go back and forth between 7(z) and 6(z): we
have

O(x) = /f(logy)dw(y) = m(z)logz — /x Mdy.

1Y
Similarly, using that 7(z) = > 5 . ,<, 1 for each € > 0, we have

Tl 0() /m 0(y)
- A0(y) = 2L [ Yy,
() /2 logy ) logz ' Jy ylogly "’

Note that we replaced 27 by 2 in the rightmost integral, which is justified
by the fact fab, f= fab f for any function f that is Riemann-integrable on
the interval [a, b]. O

Often, we have at our disposal an asymptotic formula of the form
(1.10) A(x) = M(z) + R(z) for all z > x,

where M (z) is a continuously differentiable main term that approximates
A(x), and R(z) is the remainder term to this approximation. For instance,
when a, =1 for all n, we have A(z) = |z] = = — {z}. Another important
example is when a,, is the indicator function of the primes for which A(z) =
m(x). We then write

(1.11) n(z) =li(z) + R(z),

with the Prime Number Theorem being equivalent to the estimate R(z) =
o(xz/logx) as x — oo, and with the Riemann Hypothesis yielding the much

stronger estimate R(z) = O(y/zlogx) (see (0.2)).
For z > y > zy, relations (L7) and (ILI0) imply that

S anf(n / £t R(1))

y<n<z
/f t)M'(t dt+/f t)dR(t

(1.12) / P ar+ B o) - /ZR(t)f'(t)dt,
Yy

t=y

where we successively applied parts (b), (e) and (d) of Theorem [A.T]

Example 1.9. Write 7(z) = li(x) + R(z) as in (LII). Applying (L.I2) with
an =1p(n), f(n) =logn, z = x and y = 1, we find that

O(z) =x— 1+ R(x)logx — /193 @dt.

If for large ¢ the remainder R(t) is much smaller than li(t) ~ t/logt, we see
that a good approximation to 0(z) is given by x (see Exercise [L.71). O
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Summation by parts 15

Recall that A(z) = |z| when a,, = 1 for all n. Writing A(z) =z — {z},
we find that (I.12)) implies the following generalization of (LH).

Theorem 1.10 (Euler-Maclaurin summation formula). If f € C([y, 2]),

" S fn / F(t)dt — {111 () / [

y<n<z
In particular, if f € CY([1,+00)), then for every x >

> stn) = 1 / F(t)dt — {w} f(a / {1t

We give two important applications of the Euler-Maclaurin formula. We
start with an estimate of the growth of the harmonic series that sharpens
the estimate in (LG). The symbol + in its statement denotes the Fuler-
Mascheroni constant that is defined by

(1.13) y=1- / {;—Q}dt = 0.57721....
1

Theorem 1.11. For x > 1, we have

D

n<x

zlogx—I—v—l—O(%).

S|

Proof. By Theorem D:E)L we have that
t
Z / S {x} " }dt
n<x 1

Since 0 < {t}/t* < 1/t%, the integral [“{t}t~2dt converges absolutely. In
addition, fl dt/t = log x. We may thus write

Z%—logx—i-(l—/loo{ti?}dt)—%—1—/;0%(175-

n<x

Moreover, we have the inequalities

1 o > 1
o<l g og/ @dtg/ a_1
x T L 12 N

which complete the proof of the theorem. O

A more involved application of Theorem [[LT{ is given in Stirling’s ap-
proximation for the factorial function.

Theorem 1.12 (Stirling’s formula). For n € N, we have

nl = (2)"Vamn (1+0(1/n)).

(&

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



16 1. Asymptotic estimates

Proof. Taking logarithms and applying the Euler-Maclaurin formula, we
find that

n n nofy
log(n!) = Zlogj = /1 logzdz +1logl — {n}logn +/1 %dt
j=1

n
t
:nlogn—n+1+/ {—t}dt,
1
since n € N here and thus {n} = 0. Next, set

F(z) = /0 “() - 1/2)at.

Since {t} —1/2 is a 1-periodic function of mean 0 over a complete period,
we find that F' is also 1-periodic. In particular, F'(n) = 0 for all n € N, and
F(z) = 0(1) for all z > 1. Integration by parts implies that

" {t} logn /” {t} —1/2 logn  F(t)n /" F(t)
—dt = dt = —=dt
/]: t 2 + 1 t 2 + t t=1 + 1 t2

logn " E(t)
= dt.
2 /1 2

(Justify why we can integrate by parts even though F' is not differentiable
everywhere.) The integral floo F(t)t=2dt converges absolutely by the esti-
mate F(t) = O(1) and its tails satisfy the bound

< F(t) < | F(t)] <dt 1
—=dt| < —dt — = —.
< [P [ =,

This proves that
log(n!) = (n+1/2)logn —n+c+0O(1/n), where c=1+ /
1

F(t
LIOFN
t2
Since e91/") = 1 4 O(1/n) by Taylor’s theorem, the proof will be complete
provided that we can show that e¢ = v/27. Establishing this identity requires
different means outlined in Exercise 1.11 below. Alternatively, see Theorem
.13 U

The saddle-point method

One of the most useful methods for obtaining asymptotic evaluations of in-
tegrals is the saddle-point method I In its simplest form that we present here
it is also called Laplace’s method and it is used to evaluate asymptotically
integrals of the form ff ef, where f : [a,b] — R is a function. In practice,
f depends on some parameters and our goal is to estimate f; el in terms of
these parameters.

1Other names for it are “method of the steepest descent” and “stationary-phase method”.
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The saddle-point method 17

If f has a unique maximum in [a, b], say at ¢, then we may expect that
most of the mass of the integral fab e/ @ dx comes from values of z around
c. If ¢ € (a,b) and f is a smooth function, then c is a stationary point of f,
that is to say, f’(¢) = 0. Moreover, if f”(c) does not vanish, then it must
be negative by the maximality of f(c). Using quadratic approximation, we

find that
"
1@~ 1)~ T oy
so that we might expect that
b
(1.14) / @) dg ~ / Ol —0? /2,

The integrand on the right-hand side of the above formula decays fast when
x moves away from c. Hence, it seems reasonable to expect that

b [e%S)
/ Oy ~ / ef -1 @@= /24y — oF©). /27 TF7()],

where we used the identity [p e /2du = \/2r.

There are various subtleties and technicalities that we left out of the
above discussion. Rather than trying to prove an abstract and general the-
orem that establishes rigorously the above formula, we demonstrate how to
handle all the necessary details in a concrete example.

Our goal is to study the asymptotic behavior of Euler’s Gamma function
that is defined for Re(s) > 0 by the formula

F(s):/ e %t
0

This function extends the usual factorial function. Indeed, noticing that
e”" = (—e*) and integrating by parts, we deduce the functional equation

of the Gamma function
(1.15) I(s+1) =sI'(s),

valid whenever Re(s) > 0. Iterating this formula implies that I'(n + 1) = n!
for all n € Z>o. Moreover, (LIH) can be used to meromorphically continue
I" to the entire complex plane: applying it n + 1 times, we deduce that

I'(s+n+1)

(1.16) I(s) = s(s+1)---(s+n)’

which can be taken as the definition of I' for Re(s) > —n — 1. It is clear
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18 1. Asymptotic estimates

from this formula that the only singularities of I' are simple poles at 0, —1,
—2, ... with ress—_, I'(s) = (—1)”/n!E

Let us now use the saddle-point method to estimate I'(s) when s > 1.
We note that

r 1 1 [
(1.17) I'(s) = L+ 1) = —/ e/ @dz,  where f(z) = —z+ slogz.
S S Jo

We have f/(x) = —1+ s/x and f”’(z) = —s/x?. In particular, the function
f has a unique maximum in the positive reals at x = s. If we can show that
the integral in (LI7) is dominated by values of = very close to s and carry
out the argument leading to (LI4]), we will deduce that

I'(s) ~ (s/e)’\/2nm/s,
which is a generalization of Stirling’s formula for the factorial function.

In order to establish the above formula rigorously, we begin by showing
that we may truncate the range of integration in (L.I7) to values of x that
are very close to s. This is done in two stages.

First, we show we can discard the portion of the integral over [2s, +00)
at the cost of a small error term. Indeed, for each x > 2s, we have f'(x) <
—1/2. Hence, the Mean Value Theorem implies that f(z) < f(2s) — (z —
2s)/2. Consequently,

/OO ef(x)dx < Qef(QS) — 2€f(s)+(log2—1)s’
2

S

and thus

S

2s
I(s) = 1/ e/ @ dz 4 O(ef ) 5/4).
0

Next, we show we can discard the portion of the integral over E := {x €
(0,2s] : |z —s| > s*/3}. Indeed, for all € E, Taylor’s theorem implies there
is some ¢ € (0,2s] such that f(z) = f(s) + (x — s)f'(s) + (x — 5)2f"(c)/2.
We have f/(c) = —s/c® < —1/(4s) and (z — s)? > s*/3. Therefore,

2s
/ et </ F =84y = 95 (551178,
E 0

In conclusion, we have the asymptotic formula

(1.18) T(s) =+ / eF@ g 1 O(efo)=5"/110)
S J|x—s|<s2/3

2Recall that a function f that is analytic in the punctured disk {z € C: 0 < |z —a| < r}
has a Laurent series expansion f(z) = >, c; cn(z —a)™ about a. Its residue at a is defined to be
c—1 and is denoted by res;—q f(z). If there is an integer m > 1 such that c_,, # 0 and ¢, = 0 for
n < —m, then we say that f has a pole of order m at a. The pole is called simple when m = 1.
A simple way to check whether f has a simple pole at a is to compute lim,_,4(z — a) f(z). If this
limit exists and is non-zero, then f has a simple pole at z = a of residue c_1 = lim.q(2—a) f(2).
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The saddle-point method 19

Consider now the portion of the integral with |2 — s| < s?/3. For such
x, we have f"(x) = 2s/23 = O(1/s?) and thus

F(@) = slog(s/e) — T O(Iw - sl3>

2s 52
by Taylor’s theorem. Consequently,
el (@) — (5/6)Se—(x—8)2/25+0(|w—8|3/82)

= (s/e)*e”@9/25(1 1 O(|jx — s*/s?)),

where we used the formula e’ = 1 + O(4) for bounded values of §, a con-
sequence of the Mean Value Theorem. We make the change of variables
x = s+ yy/s to find that

/ SO = (s/eva [ e Oy V).

|z—s|<s2/3 |y|<s1/6

Since [ e v*/2dy = /27 and Jz ly|3e~¥"/2dy < oo, we conclude that

(1.19) / @y = (s/e)s\/g(\/Zw—R—l—O(l/\/E)),
|z—s|<s2/3

where

R:= / eV 2dy < / e W2y = 4102,
ly|>st/6 ly|>st/6

Together with (I.I8]), the above estimates imply that
(1.20) [(s) = (s/e)*/2n/s (1 +O(1/V/s))  (s=2),

thus generalizing Theorem [[.12], only with a weaker error term.

The above formula can be further extended to complex values of s and
the error term can be improved.

Theorem 1.13 (Stirling’s formula IT). Fiz § > 0. Uniformly for s € C with
|s| > 1 and |arg(s)| < m — 0, we have that

[(s) = (s/e)’v/2m/s (1 + O(1/]s])).
Proof. For general complex values of s, the function f(z) = —z + slogz
does not have a stationary point on the semiline R>g. One approach to
proving the theorem is to employ Cauchy’s residue theorem to write

1
I'(s) = - / e *z%dz,
L

S

where L is the semiline { z € C: z = As, A > 0} traversed from 0 to co. The
new contour contains the stationary point z = s and we could use the ideas
leading to (L20) to estimate I'(s). This is rather complicated in practice
(and an excellent exercise). Instead, we use a trick.
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20 1. Asymptotic estimates

We begin by noticing that

L I'(s+n+1)
(1.21) I'(s) —nlglolo D Gt

We will use the method of proof of (L.20) to show that
(1.22) [(s+n+1)~e "n*"V2rn  (n — 00).

For the purposes of proving ([.22)), s is considered fixed. We then have

F'n+s+1)= / e ¥ dr + O(/ e_xxUJr”dx)
\x—n|<n2/3 ‘x_n|>n2/3
= / e T2 T dr 4 0y 00 (7 (n/€)" /1),
|z—n|<n2/3

where we bounded the error term using a variant of (ILI8)) with n+o in place
of s. For the main term, we note that z* ~ n® when |z — n| < n?/3. On the
other hand, we may estimate the integral of e *z" over x € [n—n2/3, n—l—n2/3]
using (LI9)) (with n in place of s). This proves ([22]).

Now, combining (L2I)) and (I22]), we arrive at the formula

/2 n
(1.23) logI'(s) = lim ((s +n)logn —n + log ;m — g log(s +j)>.
j=1

n—o0

We employ the Fuler-Maclaurin formula to estimate the sum over j:

Zlog(s—i—j)—/ log(s + z)dz + ﬂdac
= 0 0 S+

log(s +n) —log s
2

= (s+n)log(s+n) —slogs —n +
L2
0 s+

If we set F/(z) = [; ({z} —1/2)dz < 1 and integrate by parts as in the proof
of Theorem [[L.T2, we find that

log(s +n) —logs
2

Zlog(s—l—j) = (s+n)log(s+n)—slogs—n+
j=1

+/o 5t e

Inserting the above formula into (I.23) yields that

log(27/s) /Oo F(x)
— 4 ————=dx.
0

logI'(s) = slogs — s+ 5 TESE
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FExercises 21

It remains to show that the integral on the right-hand side of the above
equality is < 1/|s|. Indeed, if s = o 4 it with o > 0, then |z + s| < |z| + |s],

so that Fa) . .
o T o
——dxr < / ——dr <« —.
/0 (5 +z)? o (z+]s])? ||

Finally, if s = o + it with o < 0, then our assumption that |arg(s)| <7 —40
implies that |o| <5 |t| and thus |s| < [¢t| + |o| =<5 [t|. Hence

/°° F@) e < /°° da </25 d:c+/°° o _ 1
T o T e e X 5 ) AR
0o (s+x)? o (x—la])2+t2 = Jy a)s (2/2)? ]

which completes the proof. O

We conclude our discussion on the Gamma function by proving that it
can be represented by an infinite product. (See Exercise[[.14l for the rigorous
definition of convergence of infinite products.)

Theorem 1.14. For all s € C, we have that

O | e I
n=1

1+s/n 1+s/n

s/n

n=1

In particular, I' does not have any zeroes.

Proof. By (L2])) and (I22)) with N in place of n, we have that
N s
NINs 1 1
I'(s) = lim = — lim H x <n - ) )

_N;m5(5+1)"'(S+N) gNlﬁxoonzls—i—n n

and the first equality follows. Finally, the second equality follows by noticing
that Hfzvzl(l +1/n)=(N+1)~e? HnN:1 e/ by Theorem [l O

Exercises

Exercise 1.1. Consider the following functions:

fi(z) = xl/loglogz7 fa2(x) = e\/m’ fa(z) = (logx)A, fa(z) = \/57
Jole) =€ Jolw) = qos @)= s ful@) = logloga,

where A is a fixed positive real number. Order the functions in terms of their
order of magnitude as * — oo, namely find a permutation ¢ € Sg such that
fa(l)(‘r) < fo(?)(x) <KL fa'(8)(x) when z — oc.

Exercise 1.2. Show the following asymptotic estimates:
(a) log(1+8) =46+ O(8?) for 6 € [-1/2,1/2].

() Vz+1=+x+0(1/yz) for x > 1.

(c) € =14 0(6) for |§] < 1.
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22 1. Asymptotic estimates

(d) If p > 1, then >

e) Let p € (0,1) and consider a sequence (a,, )52 ; such that 0 < a,,+1 < pa,, for
P ) q n=1 + P

all n > 1. Then
Z ap =p AN -

n>N

1/nP <, x'7P for all z > 1.

n>x

Exercise 1.3. Show that there is a polynomial Py of degree k + 1 and of leading
coefficient 1/(k + 1) such that

N
> nF =P(N) forall NeN,
n=1

[Hint: Use Abel’s summation formula (L) and induction on k.]

Exercise 1.4.
(a) Prove that
2
S vi-loniowm s
n<x
(b) Prove that there is some constant ¢ such that

Z%:2\/E+c+o(%) (z > 1).

n<x
Exercise 1.5.
(a) If f: Ry1 — Ry is decreasing, then show that
(o) o0
[ sma<Y sm< [ foa @,
I.wJJ"l n>x \.xJ

(b) Prove that

1 1 1
— < < 6>0, z>2
dz° Z nitd = §(x —1)° ( ©>2)
n>x
and )

logz <y — <141 >1).

ogx nz;w - + logx (x>=1)
Exercise 1.6. A number n is called square-full if p?|n for all primes p|n.

(a) Show that n is square-full if and only if it can be written as n = a?b? for some

integers a, b.
(b) Prove that #{n <  : n is square-full } < /= for z > 1.

Exercise 1.7. Define Chebyshev’s psi function
d(z) =) logp.
ph<e
(a) Prove that |¢p(x) — 0(z)| < /zlogz for all z > 1.

(b) Prove that the asymptotic relations w(z) ~ z/logx, 6(x) ~ x and ¥(z) ~ x
are equivalent as z — co.
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(c) Prove that the asymptotic estimates m(x) = li(z) + O(v/zlogx), 0(z) = = +
O(y/zlog® z) and 9 (z) = 2 +O(y/x log® x) are equivalent in the range = € Rxo.

(d) Fix ¢ > 0. Prove that the estimates m(z) = li(z) + O(ze~¢VI°e?) f(z) =
T+ O(ze~ V8% log ) and ¥ (x) = z + O(ze~*VI°8% log z) are equivalent in the
range * € R>o.

Exercise 1.8. Let (a,,)52; be a sequence of complex numbers, and define

Zan and L(z) = tn

log T~

n<w

to be its mean value and its logarithmic mean value, respectively.
(a) If lim, ,oo M(x) = ¢, then show that lim,_,. L(z) = £ as well.

(b*) Construct a sequence of a,, € [0, 1] for which L(z) tends to a limit as  — oo,
whereas M (z) does not.

Exercise 1.9. Here we study the asymptotic behavior of a Poisson distribution of
parameter A — oo. Throughout we fix € > 0 and ¢ > 2.

(a) Recall Exercise [2(e), and let Q(u) = ulogu — u + 1. Show that:

o~ QA

—A\n
(i) Zen'/\ e \/X ifl+e<u<c;

e~ M\ efQ(u))\

i = ife<u<l—e.
(i) Z p A ife<u €

o<n<uA

(b) For fixed @ < 8 and A — oo, show that

) DA / Yty
n! V2T Ja

AavV/A<n< A8V

[Hint: First, prove the estimate e *A"/n! ~ (21 A)~1/2e=("=2%/2X when n =
A+ O(VA) and A — 00.]

Exercise 1.10. This exercise generalizes the proof of Theorem
We define the sequence of the Bernoulli polynomials By, () and of the Bernoulli
numbers B,, as follows: we let Bo(x) = By = 1, By = —1/2 and Bl( ) =z + Bj.
We then let By(x) = B + Zfo Bj(z)dx, where By is such that fo By(z)dz = 0,
that is to say, By = 1/6 and By(z) = 132 —xz+1/6. In general assuming we have
defined B, (z ), we let Bpi1(x) = Bpy1 + (n+1) fo t)dt, where B, is such
that fo 1 (z)de = 0.
(a) For n # 1, show that B,(1) = B,(0) = B,,. Conclude that the function z —
By, ({z}) is 1-periodic and continuous. In addition, show that [ By, ({t})dt =
(Bny1({z}) = Bpg1)/(n+1) foralln > 1 and € R.
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24 1. Asymptotic estimates

(b) Given integers a < b and k > 1, and a smooth function f, prove that

/ e dx+Z B (v gy — 1))

1 Br({zx T
+(_1)k+ L k({ }k?' ( )de

a<n<b

(¢) Let m € Z and k € N. Show that
1
; k!
B —27rzm;Ed _ _]-m )
/0 k(z)e v #0 (2mim)*
[Hint: Use part (b) when m # O.] Conclude that

27rzmx

Bi({z}) = oL Z for k > 2

d) For k > 1, show that Bsiq = 0 and
+
B = CUIOH S~ 1 (RGN

92k—1 2k m2k 92k—1 2k
m2>1

() Show that By (x) = Y1 _ (%) Bu—ka” for n > 0, and deduce that B, (z + 1) =
By (z) + na™~ ! for n > 1.

(f) Prove the recursion formula B, = —(n + 1)~} Zié ("IN Bpsi—k for n > 1
and deduce from it that |B,| < (4/5)"n!.

(g) Consider the generating series F(z,z) = > - B,(z)z"/nl. Prove that 0F/0x
= zF, as well as that F'(z,1)—F(z,0) = z. Deduce that F(z,z) = e**z/(e*—1).

(h) Show that F(z,0) 4 2/2=z/(e* — 1) + z/2 is an even function and give a new
proof that By, 1 =0 forn > 1.

(i) Noticing that z/(e* —1) =1/(1+ >, 2" /(n+ 1)!), give an explicit formula
for B,,.

Exercise 1.11% (a) For each n € Zxg, let I, := foﬂ/z(cos x)"dz. Show that
T 1-3---(2k—1) 2.4 (2k)

S S d I =\

2 T 2.4---(2k) an T 2k + 1)

(b) Show that I,41 ~ I, as n — oco. [Hint: Show that most of the mass of the
integral defining I,, is concentrated around = = 0.]
(c) If ¢ is the constant from the proof of Theorem [[I2] show that e® = /2.

(d) Use the saddle-point method to prove that I,, ~ y/7/(2n).

Iz, =

Exercise 1.12. Fix § > 0, and let s € C with |s| > 1 and |arg(s)| < 7 — 0.
(a) If s = o +it, prove that

‘F(S)| =5 |S|071/26707\targ(5)\.

In particular, if |o| < C and [t| > 1, then |T'(s)| x¢ |t|7~/2e="I1/2,
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(b) Show that
(I"/T)(s) =logs — 1/(2s) + O(1/|s|*).
[Hint: If f(s) = log (I'(s)(e/s)*(s/2m)}/?) and € is small enough in terms of ,
then f/(s) = (2mi)~* 3§|Z\:€\SI 272f(s+2)dz <o 5 1/]s]%]

Exercise 1.13. For all s € C, show the reflection and the duplication formula of
the Gamma function:
™
I(s)I'(1—s)=—— and I(2s)=n"Y22270(s)(s + 1/2).
(1 =3) = s and T(s) =7 (5)0(s +1/2)
[Hint: Show that I'(s)I'(1 — s)sin(ws) and 4°T'(s)I'(s + 1/2)/T'(2s) are entire, 1-
periodic and bounded functions.]

Exercise 1.14. Given a sequence (a,)>2; C C, consider the infinite product

[1°°,(1 + a,) and the partial products Py x = [T_,; (1 + an). We then define
the following notions:

o [0, (1+ay) diverges to zero if imy_,o0 Par,ny = 0 for all M € Zx;.

e [[72,(14 ay) converges (conditionally) if there is some p # 0 and some
M e Z)l such that imy_oc Pr, v = p. We then define Hzozl(l + an) =

D Hf{:—ll(l +ay,) and say that [])2; (1+a,) converges to p HiV[:_ll(l +an).

o [17°,(1+ ay) converges absolutely if T]7~,(1 + |ay|) converges.
(a) Check that the definition of conditional convergence of [[ 2 (1 + a,) does not
depend on the choice of M. [Hint: Verify first that if [],5,(1 + a;,) converges,
then 1+ a,, # 0 for all sufficiently large n.]

(b) Assume that []°7,(1+a,) converges. Show that [[ 7, (1+a,) = 0 if and only
if there is some n such that 1 + a,, = 0.

(c) Show that if [])~,(1+ a,) converges, then lim,_, a, = 0.

(d) Show that []°Z,(1 + a,) converges if and only if for each £ > 0 there is an
integer N = N(e) such that |Py, n, — 1] <& for No > N; > N.
[Hint: Use Cauchy’s criterion for the convergence of sequences.]

(e) Show that if [ 7, (1+a,) converges absolutely, then it also converges condition-
ally. [Hint: Expand [0 v, (1+a,)—1 and compare it with [T)2 . (1+]a,[)—1.]

f) Show that [[°—,(1 + a,) converges absolutely if and only if so does the series
n=1

>0 | an. [Hint: In both cases lim,,_,oo an, = 0, whence |a,|/2 < log(1+]a,|) <
|an| for large n.)

(g) Show that [] 7, (1 + a,) converges if and only if there is some N € Zx such
that |a,| <1 for n > N and the series Y ° \ log(1 + a,) converges, where log
denotes the principal branch of the logarithm (i.e., logz € R for > 0), as
follows:

1) Note that if either []>7 (1 4+ a,) or >~ a, converges, the sequence
(an)22, converges to 0. Conclude that in either case there is Ny € Z34
such that Re(1+ ay,) > 0 and |a,| < 1 for n > Np.

2) Set Sy, N, = giNl log(1+4ay,) for No > Ny > Ny, where Ny is as above.
Show that there are integers ky, n, such that log Py, n, = Sn,,n, +
27T’L‘kN17N2 for Ng 2 N1 2 No.
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26 1. Asymptotic estimates

3) Assume that lim, o, a, = 0. Show that there is some N € Zxy, such
that [Sny, N, — SNy, Ny+1] < 7 and |log P, n, — log PN, ny4+1] < m for
N2 > N; > N|. Use induction on N» to conclude that kn, N, = 0 for
No >N, > N,
4) Prove the equivalence stated in part (g).
(h) Show that if Y7, |a,|? < oo, then the product [, (1+a,) converges if and
only if the series Zzozl a, converges.
(i) Assume that a, # —1 for all n. Is it possible that []°~, (1 + a,) diverges and
>0 | an converges? Is it possible that []° (1 + a,) converges and Y~ a,

n=1
diverges?
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Chapter 2

Combinatorial ways to
count primes

Perhaps the oldest way of counting primes is the sieve of Eratosthenes.
Named after the ancient Greek mathematician Eratosthenes of Cyrene, it
is an algorithm that determines all primes up to a given threshold z. In
its core lies the fact that any composite integer n > 1 has a prime divisor
p < v/n. The steps of the algorithm are:

(1) List all integers in [2, z].
(2) Circle the number 2 and delete all proper multiples of it.
)

(3) Find the smallest n € [3,/x] that has not been deleted nor circled yet
and circle it. If such an n does not exist, circle all integers that have not
been deleted yet and terminate the algorithm.

(4) Delete all proper multiples of n and return to step (3).

It is clear that after the termination of the algorithm the circled integers
will be exactly the primes < xz. The algorithm of Eratosthenes is called a
“sieve” because the only integers that “do not pass through it”, that is to
say, are not deleted at any stage of the algorithm, are the primes < .

The idea of Eratosthenes was further developed by Legendre, who used
it to write down a formula for 7(x). Indeed, an integer n € (y/z, x] is prime
if and only if it has no prime factors < \/x. We thus arrive at the formula

(2.1) w(2) = #{n <z (n, P(Vz)) = 1} + O(Va),
where we recall that

Py =]]»r

PY

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



28 2. Combinatorial ways to count primes

Consider the more general problem of estimating the number of integers
< x that are coprime to some integer m. Since (n + m,m) = (n,m), the
condition that n and m are coprime is m-periodic. In particular, every
interval of length m contains the same number of integers n coprime to m.
This number is given by Euler’s totient function

em):=#{1<n<m: (n,m)=1}=#(Z/mZ)*,

where (Z/mZ)* denotes the group of reduced residues mod m. We will give
a formula for the number of integers < x that are coprime to m in terms
of p(m), but first we establish some fundamental properties of the totient
function.

The Chinese Remainder Theorem implies the group isomorphism
(Z)abZ)* = (Z)aZ)* x (Z]VZ)* whenever (a,b) = 1.

We infer from this relation that ¢(ab) = ¢(a)p(b) whenever (a,b) = 1. Any
function f : N — C satisfying the functional equation

(2.2) f(ab) = f(a)f(b) whenever (a,b) =1

and the condition f(1) = 1 is called multiplicative. 1f (Z2) holds for all
a,b € N without any restrictions on their greatest common divisor, then f is
called completely multiplicative. Thus we see that ¢ is multiplicative but not
completely multiplicative (for example, p(4) = 2 but ¢(2) = 1). Iterating

22) with f = ¢ implies that
pm) =[] o).

pk{lm

Hence calculating ¢(m) is reduced to finding its value on prime powers. The
latter is easier, since the condition (n,p*) = 1 simplifies to the condition
p 1 n. Consequently,

e =pF —#{1<n<pF ipn} =pF —pFL

We thus deduce the formula
p(m) _ 1
m 1|_[ (1 p)'
plm

Now, we go back to the problem of estimating the counting function of
integers coprime to m. As we already discussed, periodicity implies that
each interval of length m contains exactly ¢(m) of such integers. If N is the
unique integer satisfying the inequalities Nm < x < (N + 1)m, then

N-p(m) < #{n<w:(nm)=1} < (N+1)-p(m).
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2. Combinatorial ways to count primes 29

Noticing that N = [z/m] = x/m + O(1), we find that
#{n<a: (n,m) =1} = (/m+0(1)) - p(m)

(2.3) —[[(1- %) +O(p(m)).
plm

The remainder term in the above estimate can be improved significantly.
To do so, we reappraise the sieve of Eratosthenes-Legendre from a purely
combinatorial point of view: we have

(2.4) #{ngfc:(n,m)zl}z#ﬂ{né:ﬂ:p{n}.
plm
We apply the inclusion-exclusion principle to rewrite the right-hand side as

(25)  #({n<w:ptn}=#n<a) -3 #{n<z:pn)

plm plm

+ ) #n<e:ppn}yF--

p<p’
p,p'|m

(2:6) = L) =Y la/p)+ D la/w0)) F -
plm p<p’
p.p'Im

The above formula has 2#{I"™} summands—one for each choice of a subset
of the distinct prime factors of m. The quantity #{p|m} will reoccur several
times throughout the book, so we give it a name:

(2.7) w(m) = #{plm}, aswellas Q(m):= Y k.
pFlm
Inserting the approximation |y| =y + O(1) into (2.8) and noticing that

1_Zl+ L/¢...:H<1_1)

p , Pp p
P plm
yields:
Theorem 2.1. For x > 1 and m € N, we have
1
#{n<z:(nm) =1} =2 (1——)—1—02‘“(’”).
s (rm) =1} == ] (1) +0)

Remark 2.2. The above theorem has a natural probabilistic interpretation:
for n to be coprime to m, we must have that p t n for each p|m. The chances
that a randomly chosen integer n is a multiple of p are about 1/p: indeed,
we have #{n < z : p|n} = |z/p] ~ x/p as x — o0, so we see that a
1/p proportion of integers are divisible by p. But then, the chances that
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30 2. Combinatorial ways to count primes

an integer is not divisible by p are 1 — 1/p. Assuming that divisibility
by different primes are independent events, we are led to expect that the
chances that an integer is coprime to x are about Hp‘m(l —1/p), as proven
in Theorem 2.1l when z and m are in appropriate ranges. We will return to
this probabilistic heuristic in Chapter O

In order to appreciate the strength of Theorem 1] in the context of the
sieve of Eratosthenes, we need to understand the product J[,,,(1 —1/p)
when m = P(y/x). The following lemma establishes an upper bound that
is sharp up to a multiplicative constant (cf. Theorem [3.4]). The idea of its
proof goes back to Euler and will play a fundamental role in counting primes
throughout the book.

Lemma 2.3. For each x > 2,

H (1 B ]_1)> S loé:c'

p<zx

Proof. Instead of bounding the product from above, we consider its recip-

rocal N . .

H(l—;) :H(1+§+F+m)'

p<zT p<T
Expanding the rightmost product, we see that the summands are in one-
to-one correspondence with products of the form 1/(pj* - - - p?"), where p; <
«+- < pr <z and a; > 1 (the empty product with » = 0 is also permitted).
By the Fundamental Theorem of Arithmetic, this means that the summands
can be reindexed as 1/n, where the variable n runs over all integers that
only have prime factors < z, that is to say, the set of x-smooth integers. In
particular, this includes all integers n < x, so that

M) oyl e s [ e
p némn n<z V" t

p<T

as claimed. N

Combining relation ([2.1]), Theorem 2.1 and Lemma [2.3] it seems like we
can prove that 7(z) < 2z/logz. However, this is wishful thinking because
the error term in Theorem 2] becomes way too big when m = P(y/z):
we have w(m) = m(y/r), which we expect to be of size < /z/logz. The
underlying reason for the failure of Theorem 2] in estimating 7 (x) is that
relation (2.6]) has an enormous number of terms. As we will see in Theorem
3.4((c), this is not a mere technicality: the function « ], (1 —1/p), which
is the alleged main term in Theorem 2. JJwhen m = P(y/x ), is not asymptotic
to m(x) as  — oo.
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Chebyshev’s estimate 31

Even though the above discussion puts a cap on our expectations, the
sieve of Eratosthenes-Legendre can still be used to prove that primes are
sparse. The fundamental observation, made by Legendre, is that since we
are only after an upper bound for m(z), we may use the simple inequality

m(z) <#{n<z:(n Ply) =1} +y,

where y is a parameter at our disposal. This inequality follows by noticing
that every prime p > y is coprime to P(y). We then use Theorem 2] to
find that

1
(2.8) n(z) <o [T (1-2) + 0y +27).
Py p
To bound the right-hand side, we apply Lemma 2.3l Taking y = log x yields
x

2.9 _.
(2.9) ) < loglog x

Despite the fact that the above estimate is rather weak compared to
what we expect to be the truth, at least it demonstrates that approximately
100% of the integers are composite (see also Exercise [Z3]). On the other
hand, taking logarithms in Lemma [2.3] and using Taylor’s expansion for the
function log(1 — ) when || < 1/2, we find that

Z ! > loglogz — O(1)

p<T

for all z > 3, which shows that primes are not too sparse.

Chebyshev’s estimate

In 1852, Chebyshev discovered a completely different way to count primes
and vastly improve (Z9). His argument was simplified significantly by Erdés.
The key observation is that the central binomial coefficient (27:‘) is an integer
that is divisible by all primes p € (n,2n]. Indeed,

<2n> _20@2n—1)---(n+1)

n n!

Y

so if p € (n,2n], then p divides the numerator and is coprime to the denom-
inator. Thus p| (2:) for all p € (n,2n], as claimed. But then the product of
all such primes divides (27:‘), and we deduce that

() 56)-e

n<p<2n 7=0
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32 2. Combinatorial ways to count primes

The rightmost inequality is almost sharp, since Stirling’s formula implies
that (2:) = 4" /y/n. Taking logarithms and recalling the definition of (z)
in Example [[.§], we find that

0(2n) —0(n) = Z logp < nlog4

n<p<2n

for all n € N. Applying the above inequality with n = 27, 0 < j < k, and
summing telescopically implies that

9(2%) < 2" 1og 4.
For each x > 1, there is k € N such that k=1 < 7 < 2]‘7, whence
0(z) < 0(2%) < 2" log4 < 4zlog4 < 6.

We may pass from the above inequality to an upper bound for 7(z) using
partial summation, as in Example for all z > 2, we have

0 r 9 6 * 6
m(r) = (x)+/ (y§ dy < — +/ Zdy<< T
logz /o ylog”y logz /o log”y log x
An analogous lower bound can also be established by studying the prime

factorization of (27,7) The details of the proof are outlined in Exercise 2.10
This leads us to:

Theorem 2.4 (Chebyshev’s estimate). For x > 2, we have
T

m(x) < gz

Exercises

Exercise 2.1. Let f be an arithmetic function. Show the following:
(a) f is multiplicative if and only if f(n) =[] f(p*) for all n € N.

(b) f is completely multiplicative if and only if f(n) = Hpknn f(p)k for all n € N.

pF|ln

Exercise 2.2. A function f: N — C is called additive if
flmn) = f(m)+ f(n) whenever (m,n) = 1.
Show that the functions w and €2, defined in ([2.71), are additive.

Exercise 2.3. For x > y > 3, prove that

< )
#Hr<p<Lartyt < Toglogy

Exercise 2.4 (The square-free sieve).

(a) Modify the sieve of Eratosthenes-Legendre to prove that

#{n<x:nis square—free}:w~H(1—]%>—Q—O(\/E) (x> 1).
P
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(b) Provethat [, (1-1/p?) = 6/n*. [Hint: Show [, (1-1/p*) "' =3, 50, 1/n%
where S(y) = {n € N:p|n = p <y} is the set of y-smooth numbers, and use
Exercise [LT0(d) with k£ = 1.]

Exercise 2.5. Let f(n) = #{(n1,n2) € N? : [n1,n3] = n}, where [n1,ns] is the

least common multiple of n; and ny. Show that f is multiplicative and evaluate it

at prime powers.

Exercise 2.6. Set f(n) = ¢(n)/n, and let {n;}32, be the sequence of values n at
which f attains a “record low”, that is to say, n; = 1 and, for k > 2, ny is defined
as the smallest integer > nyp_1 with f(ng) < f(n) for all n < ng. (For example,
ny = 2 and ng = 6.) Find a general formula for ny and f(ny).

Exercise 2.7. Recall the definition of Chebyshev’s psi function from Exercise [[L71
Show that |(z) — 0(z)| < /z for x > 1.

Exercise 2.8. Let p; < pa < --- denote the sequence of primes, and let P, =
p1p2 - - - pi denote the kth primorial. The validity of the Prime Number Theorem
can be assumed in solving this exercise.

(a) Show that py ~ klogk and log P, ~ klogk as k — oc.

(b) Show that w(n) < logn/loglogn as n — oco. [Hint: What can you say about
w(n) if n < Pg7)
(¢) Show that

$N H (1—1)2 H (1—1) (n — 00).

pln p<logn
p<logn

Exercise 2.9. Let 7(n) = #{d|n} be the divisor function and, more generally,
Tk(n) = #{(dlv '7dk) € Nk tdy dk = TL}
(a) Show that 7 is multiplicative.
(b) For each prime power p®, show that
k< m(p®) < min{k?, (a +1)*1}.
Conclude that k() < 7,(n) < min{k%™) 7(n)k~1}.
(c¢) For each prime power p®, show the exact formula
e fatk—1
(d) Assuming the Prime Number Theorem, find a sequence of integers n such that
Te(n) = k(t+e()logn/loglogn [[1int: How can you create an integer with lots
of divisors?]

(e) Fory > 1, let Q(n;y) =5 a. Show that

p*n, P>y
Q(n;y) < logn/logy.
(f) Show that
Tr(n) < H (a+ 1)1 H E* < (2logn 4 1)*k—Dy . glogn/logy

p*|In p*ln
Py P>y
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34 2. Combinatorial ways to count primes

Choose y appropriately to conclude that

Tk(n) < n(log k+o0(1))/loglogn

(n — ).
Exercise 2.10. Prove the lower bound in Theorem 2.4] as follows:

(a) If vy(m) denotes the p-adic valuation of m, that is to say, the highest power of
p that divides m, show that

vp(nt) = [n/p").
k>1
(b) Show that |2z] — 2 |z] is a 1-periodic function taking only the values 0 and 1.

Conclude that )
n
< (2 7r(2n).
(%) <

(c) Prove that w(z) > z/logx for z > 2.
Exercise 2.11 (Nair [147]). Let

1
In:/ 2"(1—x)"dx and M, =lem[n+1,n+2,...,2n+1].
0

a) Prove that I,, - M,, is a non-negative integer.

(a)

(b) Prove that I, <47 ™.

(¢) Prove that M, < (2n + 1)7Gn+1),

(d) Deduce a new proof of the lower bound 7 (x) > x/logx for x > 2.

Exercise 2.12¥ Find the average value of the greatest common divisor of a and b
asymptotically, as a and b range over all integers up to x.
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Chapter 3

The Dirichlet
convolution

The combinatorics of the sieve of Eratosthenes are naturally encoded in
the Mébius function that is denoted by p and defined by

(n) {(—1)k if n is square-free and has k distinct prime factors,
pu(n) =

0 otherwise.

The Mobius function can be easily seen to be multiplicative. Its connection
to the sieve of Eratosthenes is revealed by observing that, since a natural
number n equals 1 if and only if it has no prime factors, the inclusion-
exclusion principle implies that

(3.1) It =13 L+ Y Ly Fooo= > pld).
p p<p’ din

This formula is known as the Mdbius inversion formula. Applying it with
(n,m) in place of n, and noticing that d|(n,m) if and only if d|n and d|m,
leads us to (2.6). The M&bius inversion formula sits naturally inside a general
framework that we develop in this chapter.

The ring of arithmetic functions

We say that f is an arithmetic function if it is of the form f: N — C. We
write A for the set of all arithmetic functions. Given f,g € A, we define
their Dirichlet convolution f * g to be the arithmetic function defined by

(fxg)(n) =Y fla)gb) = f(d)g(n/d) =" f(n/d)g(d).
dln

ab=n dn

35
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36 3. The Dirichlet convolution

The triplet (A, +, *) is a commutative unitary ring whose unit is the function
d(n) := 1p=1. In this set-up, the Mobius inversion formula states that pu is
the Dirichlet inverse of the constant function 1, that is to say, its inverse with
respect to the operation of the Dirichlet convolution. In general, a function
f possesses a Dirichlet inverse if and only if f(1) # 0. In particular, all
multiplicative functions are invertible in this ring.

Note that the Dirichlet convolution preserves multiplicativity: if f and
g are multiplicative, then so is f % g. It can also be shown that if f is
multiplicative, then so is its Dirichlet inverse. In particular, the operation x
renders the set of multiplicative functions an abelian group.

Proving the above affirmations about the Dirichlet convolution is a good
exercise.

Convolution identities

As we will see shortly, an important technique for estimating averages of
various arithmetic functions f has as its starting point a decomposition of f
as the Dirichlet convolution of two simpler arithmetic functions. With this
in mind, we study here some important examples of such decompositions.

One of the most classical convolution identities concerns the divisor func-
tion, for which we have

7(n) = #{d|n} = (1 * 1)(n).

This formula can be generalized to all higher-order divisor functions, which
we defined and studied in Exercise 2.9 by noticing that

me(n) = #{(dy,...,dp) eNF i dy - djy=n} = (1L x---x1)(n).
k times

A related identity allows us to rewrite the “sum-of-divisors function”
o(n) = Zd = (id * 1)(n),
djn
where “id” denotes here the identity function on N, that is to say, id(n) = n.
A less obvious example of a convolution identity is
(3.2) © = pu*id.

There are two ways to prove ([B8.2): either we observe that both sides are
multiplicative and compare them at prime powers, or we use that

pn)= > > u(d).

1<n<m d|n, d|m

Interchanging the order of summation yields (3.2]).
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Dirichlet’s hyperbola method 37

Finally, it is possible to write down a convolution identity for (a close rel-
ative of ) the indicator function of primes that encapsulates the Fundamental
Theorem of Arithmetic. We start by expressing n in its prime factors, say
n = Hpa||n p%, and then take logarithms. This yields the formula

logn = Z alogp = Zlogp

pln pFn
because if p?||n, then p¥|n for k € {1,...,a}. We have thus proven that
(3.3) log = 1% A,

A(n) logp if n = pF for some prime p and some integer k > 1,
n) =
0 otherwise

is von Mangoldt’s function, which is a very convenient weighted variant of
the indicator function of the sequence of primes. As a matter of fact, due
to the identity (B.3)), it is often easier to obtain results about primes by
working with the summatory function of A, i.e., Chebyshev’s psi function
(see Exercise[LT), instead of w(x). We may then pass to 7(z) using Exercise
2.7 and the discussion in Examples [[L8 and

Remark 3.1. Guessing relations (8.2) and (8.3)) is far from trivial. In the
next chapter, we will see a more systematic method of obtaining convolution
identities. Using it will explain (.2) and ([B.3]) in a more intuitive way. O

Dirichlet’s hyperbola method

When an arithmetic function f is the Dirichlet convolution of two simpler
functions g and h, we can estimate its partial sums using what we already
know about the partial sums of ¢ and h. The starting point is the identity

(3.4) Do)=Y gla)rd) = gla)h(b).
n<w n<x ab=n ab<z

There are several ways to rearrange the right-hand side of ([8.4]). An obvious
one is to fix a and sum over b. This leads us to the formula

Yoy = "gla) Y hb).

n<e as® b<z/a

The above arrangement of the summation is particularly effective when g is
either supported on small integers a, or when g has small partial sums. We
illustrate the details by estimating the partial sums of the totient function.
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38 3. The Dirichlet convolution

Theorem 3.2. For x > 2, we have

32
ng(n) =3 + O(zlogz).

n<x

Proof. In the identity ¢ = p *id, we note that the functions ¢ and id are
much bigger in modulus than p. We thus rearrange the sum as

D en) =Y pla) Y b
n<x a<z b<z/a

We have >, b= y%/2 + O(y) by the Euler-Maclaurin summation formula
(Theorem [[.10]), whence

2
S o) = 3 la) (g + Olafa)) = Z“ Voo y ),
n<x aszT a<zx

where we used the triangle inequality to bound the error term. The sum
over a in the main term equals ¢ + O(Y_,., 1/a%) = ¢+ O(1/z) with ¢ =
> a1 #(a)/a?, whereas the sum over a in the error term is < Y, 1/a <
logz. To complete the proof, it remains to prove that ¢ = 6/72. This
identity is a special case of relation (£12]) that we will prove in the next
chapter. See also Exercise B.8 O

a<x

Let us now use the above ideas to estimate ) . 7(n): we have

Zr(n) Zl*l ZZl

n<e n<e asz b<z/a

The innermost sum equals x/a + O(1), whence

1
7(n) =2 —+0(x) =zlogx + O(x),
HZ@ (n) (; —+0(2) ()
by Theorem [L.TTl This is a genuine asymptotic formula, but the error
term is only slightly smaller than the main term and we would like to
do better. Reexamining our argument, we see that the approximation
> b<z/al = @/a+ O(1) is not very good for large values of a. Instead,
for large a, it would have been much better to switch the roles of a and b, by
fixing b and summing first over a instead. More formally, given parameters
A, B > 1 with AB = x, we can rearrange the sum as follows:

ey =D 1= 14> 1=> 3 1+> >

n<x ab<zx ab<z ab<zx a<Ab<z/a b<B A<a<z/b
a<A a>A

We write the rightmost sum over a as }°, ;1 = >, 4 1 to find that

(35 Yrm=> Y 1+3 Y1 (X 1)(X1).

n<x a<Ab<z/a b<Ba<z/b a<A b<B
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Mertens’ three estimates 39

The estimate »_ _. 1=y + O(1) implies that

ny

Y r(n)=> (x/a+0(1)+ > (x/b+0(1)) — (A+O(1))(B + O(1)).

n<x a<A b<B

Gathering all remainder terms, we rewrite the above formula as

Zr(n):ngrZ%—ABJrO(AJrB).

n<w a<A b<z

Applying Theorem [L.TT] twice and recalling that AB = z, we deduce that

> 7(n) = z(log(AB) + 2y + O(1/A + 1/B)) — AB+ O(A + B)

n<x

=zlogz+ (2y — 1)z + O(A+ B).
The optimal choice is A = B = \/x, which yields Dirichlet’s famous estimate:

Theorem 3.3. For x > 1, we have

Z 7(n) =xlogx + (2y — 1)z + O(Vx).

n<e

The method of proof of Theorem [3.3] is called Dirichlet’s hyperbola
method. Its name is justified by a geometric reappraisal of it. The sum
> ab<e 1 counts the number of lattice points (a,b) € N x N below the hy-
perbola ab = x. The way we rearranged this sum corresponds to writ-
ing the range of (a,b) as X UY, where X = {(a,b) € N?> : a < A} and
Y = {(a,b) € N? : b < B}. We then use inclusion-exclusion to infer that

Y rln) =X UY|=[X[+ Y] - [XNY],

n<x

which is relation (3.3]). Dirichlet’s hyperbola method is a key tool in analytic
number theory and we will encounter it several times in this book.

Mertens’ three estimates

We conclude this chapter with an application of the above circle of ideas to
the theory of primes due to Mertens. Using the convolution identity (3.3]),
he discovered in 1872, several years before the Prime Number Theorem was
established, a way to estimate various sums over primes.
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40 3. The Dirichlet convolution

Theorem 3.4 (Mertens’ three estimates). For x > 2 we have:

@) 382 _iogr 1 0(1);

p<zT

1
(b) Z — =loglogz + c+ O(1/logx), where c is a constant;

© TI(-3) =50+ 00/1080).
o P log

Proof. First, we prove (a). On the one hand, the identity log = A1 yields
Zlogn = ZA(a) Z 1= ZA(a) (x/a+0O(1)) = .CCZ Ala) + O(z)
n<x asx b<z/a asx asx a ’

where the error term was bounded using Chebyshev’s estimate (Theorem
2.4). Since }_,_k o Aa)/a = O(1), we conclude that

Zlogn = xz loip + O(1).

n<x p<z

On the other hand, we know that

Zlogn = zlogx — z + O(log x)

n<x
by partial summation. This completes the proof of Mertens’ first estimate.

To prove (b), we use (a) and partial summation. More precisely, let

1
> %P —loga + R(z),

Pz

so that R(x) = O(1). We then have

1 o1 logp /’” 1 /’” 1
- = —d = dt ——dR(t).
Zp / logt Z P 5 tlogt + 59— logt ®)

psT p<t

The first integral on the right-hand side equals loglogx — loglog 2. In the
second integral, we integrate by parts to find that

R@) RE) | [* R()

1
Z— = loglogx — loglog 2 +

ot logxz  log?2 o tlog?t
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FExercises 41

Since R(27) = —log2 and the integral [;° R(t)/(tlog?t)dt converges abso-
lutely by the estimate R(t) < 1, we conclude that

1 oo
Z_ =loglogx 4+ c+ IR(J:) —/ R(t) dt
p x

ogx t log2 t

p<T

=loglogx + ¢+ O(1/log x)
with ¢ = —loglog2 + 1+ [;° R(t)/(tlog® t)dt.

Finally, we prove (c). Using Taylor’s theorem, we can write log(l —x) =
—z — f(x), where f(z) = O(2?) when |z| < 1/2. In particular,

logH (l—%) :—Zl/p—Zf(l/p)-

p<szT p<zT p<z

The series ), f(1/p) converges and its tail satisfies the estimate

> f(t/p) =2 0(1/p*) = O(1/x).

p>x p>x
Together with part (b), this yields the estimate
1
(3.6) logH (1— —) = —loglogz — k + O(1/logx),
psT p

where 1 :=c+ ), f(1/p). It remains to show that x = . This is proven
using information about the analytic behavior of the Riemann zeta function
around the point 1 (see Exercise [5.4)). O

Remark 3.5. Theorem B.4](c) implies that the alleged main term in The-
orem 2I] when m = P(\/z) is ~ e Yx/log\/x = 2e "z/logz as x — .
But 2¢77 = 1.12291... > 1, so we cannot have that m(z) ~ 2e~7z/logz,
for this would contradict Theorem [3.4)(a) by partial summation. O

Corollary 3.6. Asn — oo, we have
p(n) 2 e "n/loglogn.

Proof. This follows by Exercise [2Z8(c) and Theorem B.4](c). O

Exercises

Exercise 3.1. Let f be an arithmetic function. Prove that it has a Dirichlet
inverse ¢ if and only if f(1) # 0, in which case g can be calculated recursively by

the formula g(n) = —f(1)~* 2, a>1 1 (@)g(n/d).

Exercise 3.2. Let A and M denote the set of arithmetic and multiplicative func-
tions, respectively. Prove that (A, +,#) is a unitary commutative ring and that
(M, %) is an abelian group.
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42 3. The Dirichlet convolution

Exercise 3.3. Determine which of the following arithmetic functions are multi-
plicative:

AM)=n;  fao(n)=logn;  fs(n) =p2(n); fuln) = d;
d|

fs(n) =m13(n); fo(n)= (—1)n_1 ;o fr(n) = 1(n,30)=1; fs(n) =p(n)/n.
Exercise 3.4. Let f be a multiplicative function and g its Dirichlet inverse.
(a) For a prime p, calculate g(p) and g(p?) in terms of the values of f.
(b) If f is completely multiplicative, show that g = uf.
Exercise 3.5. Prove the following variants of the Mobius inversion formula:
(a) Show that f =1xg if and only if g = p * f.

(b) If f = 1% g, then show that g(p*) = f(p¥) — f(p*~!) for all primes p and all
integers k > 1.

(c) Let F,G :Rx; — C. Prove that F(x)
if G(z) =3, ¢, n(n)F(z/n) for all x
Exercise 3.6. For x > 1, show that >° . u(n)|z/n] =1, and deduce that

P

n<e

= <o G(x/n) for all z > 1 if and only
> 1.

Exercise 3.7. For each k € N, we define the kth generalized von Mangoldt function
to be A = 1 % logk. Prove the following statements:

(a) AT = AR 1og +AKR) % A,
(b) Ay is supported on integers n with < k distinct prime factors.
(¢) If n =p;---pg for some distinct primes p1,...,px, then
AW (n) = k!(logp1) - - - (log py.).
(d) 0 < A®(n) < 28 (logn)* for each n € N,
Exercise 3.8. Find f such that p? =1 f, and deduce that
#{n <z :n is square-free } = cx + O(v/x) (x > 1),
where ¢ = >"°7 | ju(n)/n?. Then, use Exercise 24 to prove that ¢ = 6/72.
Exercise 3.9. Show that there are constants c1, ¢y € R such that
Zw(n) =zloglogz + cix + O(x/logx) (x = 3);
n<a

Zﬂ(n) = zloglogz + cox + O(x/log x) (x > 3).

n<x
Conclude that, if £ : N — Ry is such that lim, . £(n) = oo, then #{n < x :
Qn) 2 w(n) +£(n) } = 0z—oo(x).

Exercise 3.10. Prove that, for every fixed integer k > 3, there is a polynomial Py
of degree k — 1 and of leading coefficient 1/(k — 1)! such that

> 7i(n) =z Pe(logz) + Op(z' %) (z>1).

n<x
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Exercise 3.11. Let S denote the set of square-full integers (see Exercise for
their definition).

(a) Show that 1s(n) =" 24—, #*(b).
(b) Show that there are constants c1,co € R such that
#SN[1, 2] = c1a'/? + coz'/® + O(21/°).
Exercise 3.12.
(a) Show that 2 = 1% u? and deduce that there is a constant ¢ such that
Z 2¢(") — 67 2z logx 4 cx + O(x?/3) (x > 2).
n<x

(b*) Prove that the error term in (a) can be improved to O(y/z log z).
Exercise 3.13. Estimate the sums Zpgz(logp)’“/p and >0, 1/p?.

Exercise 3.14F Prove that the Prime Number Theorem is equivalent to the exis-
tence of a constant ¢ such that

1
(3.7 Z 8P _ logz + c+0(1) (z — 0).
PST

Exercise 3.15* (Landau [124]). Recall the notation §(n) = 1,—;. This exercise
proves that the Prime Number Theorem is equivalent to the estimate

(3.8) Z p(n) =o(z) (x— 00).
n<x

(a) (i) Show that —plog = pu* (A —1)+9.

(ii) Assuming the Prime Number Theorem, prove ([B.8). [Hint: Prove first

that >, ., p(n)logn = o(zlogr) as x — oo.]
(b) Let f(n) =logn — 7(n) + 2v.
(i) Show that A — 1= pux* f — 2v4.
(ii) Show that > . f(n) </ for z > 1.
(iii) Assuming (B8], prove the Prime Number Theorem.

Exercise 3.167
(a) Prove there is a choice of constants ¢, co for which anm(log2 n — 273(n) —
c17(n) — ¢3) < x2/3 uniformly for = > 1.

(b) Recall the function Ay = p * log? from Exercise Bl Prove that it satisfies the
estimate > . As(z) = 2zlogz + O(x) for > 1, and conclude that

n<x
Y(x)logz + Z W(z/p)logp =2xlogz + O(x) (z=1).
p<T
(¢) Show that
limsup(¢y(z)/z) + hxrr_lgéf(z/}(:v)/x) =2.

T—r 00

In particular, if lim,_, o ¥ (z)/2 exists, then it must equal 1.

Exercise 3.17¥ Show that the Prime Number Theorem is equivalent to the relation
oo mw(n)/n = 0. [Hint: Exercises and [3.151]
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Chapter 4

Dirichlet series

The ubiquity and importance of convolution identities in analytic num-
ber theory calls for a systematic way of discovering them. We can obtain a
very satisfactory answer to this problem by developing the theory of Dirichlet
series: to each arithmetic function f, we associate the generating function

=25
n=1

called the Dirichlet series of f. We do not concern ourselves with the con-
vergence of this series for now, an issue that we will address in the end of
the chapter. Rather, we treat F'(s) as a formal infinite series.

We write D for the set of formal Dirichlet series. If G(s) = > 2 ; g(n)/n®
is another element of D, then we define

F(s)+G(s) = Z W and F(s)G(s) := Z %7
— n=1

with the latter definition motivated by the formal calculation

oy SRS RS - S s

b=1 a,b>1 ab=n

Evidently, the triplet (D, +,-) forms a ring that is isomorphic to the ring
of arithmetic functions (A, 4, *). Hence, the study of the ring of arithmetic
functions is equivalent to that of formal Dirichlet series.

In view of the above discussion, if we are given the functions f and g
with Dirichlet series F' and G, respectively, then the function h solving the
identity f = g * h is the unique arithmetic function whose Dirichlet series
is the quotient F'/G. Hence, we are faced with the problem of inverting G.

44
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4. Dirichlet series 45

When ¢ is multiplicative, this problem has a particularly elegant solution.
The reason is that in this case G satisfies the formal identity

(4.2) igflvz):H(1+g(p)+g(p2)+_”>’
n=1

S 2s
p p p
called the Fuler product of G. Before we discuss the formal proof of (4.2I),
note that it allows us to invert G rather easily, since the factors of its Euler
product are Taylor series in z = p~% (see Example [£.3] below). Moreover,
we can estimate the coefficients of 1/G using Cauchy’s residue theorem (see

Exercise [4.10).

To see (A2)), we expand its right-hand side. We then obtain a formal
sum of all products of the form

gt) - g(pfr)
Py prr)*
where p1, ..., p, are distinct prime numbers, a1, ..., a, € Z>1 and r € Z>y.
By multiplicativity, the numerator can be written as g(pj*---p$). The
Fundamental Theorem of Arithmetic implies that the products p{*---p&
are in one-to-one correspondence with all natural numbers. This gives a
formal proof of (A.2]). A rigorous version will be given in the next section.

)

Example 4.1. The most important Dirichlet series is arguably the Riemann
zeta function

)=

ns’
n=1

We will study it in great detail in Part 2l For now, note that

(4.3) <<s>=1;[(1+]§+%+-..):1p1(1_i)1.

pS
To compute the inverse of ((s), we use the sequence of formal identities

(4.4) %:];[(1—1%): @

n>1

This formula can be considered as an analytic version of the Mobius inversion

formula (B.1]). O
Example 4.2. An alternative way of proving (3.2)) is by noticing that
p(n) p—1 plp-1) pp-1)
n>1 nS pS p S p S

_Hps—l_Hll—l/ps -1 -

Lp—p —1/pst ¢(s)
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46 4. Dirichlet series

Example 4.3. Let f be a multiplicative function. We will calculate its
Dirichlet inverse g using (£2)). We write F(s) and G(s) for the formal
Dirichlet series of f and g, respectively. Since (f * g)(n) = 1,=1, the factors
in the Euler product of F(s)G(s) must all be equal to 1. Namely, we have

kas gfs stzf

k>0 >0 m>0 k+l=m
Thus
s ) =1 D (S I)
‘ ‘ P k ‘
20 s + 2k S ’ =1 k>1 ’

Expanding the jth power and regrouping the summands according to the
power of p® in the denominator, we find that

Y4
(4.6) g =D (=17 DT FEM) - F M),
j=1

ki+4kj=L
k1,..,kj>1

Since the above calculations are purely formal, it might be reassuring to
verify them in a more direct way. Indeed, using induction on ¢ and the fact
that ZkM:mf(pk)g(pé) = 0 for m > 1 yields a proof of (46, even in the
case when F'(s) and G(s) converge nowhere. O

Example 4.4. Taking logarithms formally in (£3]), we find that

log ((s Zlog (1 — —) Z Z k‘pks

p k=1

By formal differentiation, we are led to the formal identity

(4.7) = Z 1°gp

p k>1

The right-hand side is the Dirichlet series of von Mangoldt’s function A we
saw in the previous chapter. On the other hand, we have the formal identity

—C/(S) _ Z logn'

nS

n=1
We thus guess that the left-hand side of (4.7) is the Dirichlet series of px*log.
This leads us to the convolution identity

(4.8) A = px*log.
Moébius inversion thus yields
(4.9) log = 1% A.

This is relation (B.3]), which we proved in a more combinatorial way before.
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Notice that we also have the variant of (48]
(4.10) A=—-1xplog.

This formula can be proven using Mébius inversion:

Zu )log(n/d) = Z,u ) log d.

din dn

Alternatively, we can also see ({.I0) by formally differentiating 1/¢. O

In conclusion, we can use formal manipulations of Dirichlet series to
guess various convolution identities, which we can then also verify in a more
direct way.

Analytic properties of Dirichlet series

We conclude this chapter with a study of the convergence of general Dirichlet
series y_°, f(n)/n®. Following Riemann’s notation, we always write

s = o +1it.

Note that [n*| = n?. Thus, if f(n) = O(n?), then Y °°, f(n)/n® con-
verges absolutely for ¢ > 6 4+ 1. Moreover, for each fixed € > 0, it converges
uniformly for ¢ > 6 + 1+ . Hence, it defines a holomorphic function in the
half-plane o > 6 + 1.

This simple argument can be vastly generalized: Dirichlet series converge
in half-planes of the form ¢ > « and they define holomorphic functions in
their domain of convergence.

Theorem 4.5. Let F(s) = > .2, f(n)/n® be a Dirichlet series. If F(s)
converges for some complexr number sy = oo + itg, then F(s) converges
uniformly in compact subsets of the half-plane o > oo. In particular, it
defines a holomorphic function there.

Proof. The proof is easier when the convergence at sy is absolute, so we
first give it in this case. Note that |f(n)/n®| = |f(n)|/n? < |f(n)|/n° if
o > 0p. Weierstrass’s criterion then implies that the series >, f(n)/n®
converges absolutely and uniformly for ¢ > oy.

We now give the proof of the general case that is more delicate. We
set g(n) = f(n)/n* and note that it suffices to show that the Dirichlet
series G(s) = 51 g(n)n™° = F(s + s0) defines an analytic function in the
half-plane o > 0. For all M > N > 1, partial summation implies that

1

(4.11) Z g = s +5/ Z xs+1

N<n<M N<n<M N<n<zx
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48 4. Dirichlet series

Since Y7, g(n) converges, for each & we can find some Ny such that

S g(n)‘ <e  (M>N3=N).
N<n<M
As a consequence, we have

ZM

N<n<M

elsl

M
<€+|s|/N %dwés—k (M =N > Ny, o>0).

This clearly proves that, viewed as a series of functions, > > g(n)/n®
converges uniformly in compact subsets of the half-plane o > 0. Indeed, if
K is such a compact set, then there are numbers é > 0 and B > 1 such that
o >0 and |s| < B for all s € K. The analyticity of G follows readily. O

The above theorem naturally leads us to attach to a Dirichlet series
F(s) =32, f(n)/n® the quantity
0. = 0.(F) :==inf{ o € R: 3t € R such that F(o + it) converges },

called the abscissa of convergence of F'. Theorem implies that F' defines
a holomorphic function in the half-plane ¢ > o.. We further define the
abscissa of absolute convergence of F' by

04 = 04(F) :=inf{o € R: F(0) converges absolutely }.

For example, if F = (, then 0. = g, = 1. The properties of o, and o, are
studied in the exercises.

A lot of the formal calculations we saw earlier can be rigorously justified
when the involved Dirichlet series converge absolutely. For example, this is
true for relation (d.1]). In particular, we may rigorously prove that

(4.12) a1

n® o ((s)
where Re(s) > 1. Taking s = 2 yields a more direct proof of the identity
S0 u(n)/n* = 6/n% that we saw in Exercise 3.8

Similarly, the Euler product representation of Dirichlet series of mul-
tiplicative functions can be rigorously proven in their domain of absolute
convergence. Firstly, let us consider the case of the Riemann zeta function.
If Re(s) > 1, then the absolute convergence of the series } -~ n~° allows
us to sum its terms in any order. In particular, if we let N (y,k) = {n € N:
p’Iln = p<yandv <k}, then

n=1

— 3 3 —-s __ . . —s —92g o ks
¢(s) = ylglolo klglolo Z n %= lim lim | |Q+p*+p =+ +p ™).
neN (y,k) p<y

This establishes relation (£3) when Re(s) > 1.
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The above argument can be easily generalized. We leave the details as
an exercise. (It is highly recommended to first solve Exercise [[.14])

Theorem 4.6. Let f be a multiplicative function and s € C. The series
Yonry f(n)/n® converges absolutely if and only if so does the double series
dop Dkt f(")/p*s. When they both converge absolutely, we have

Zlfés>_H(1+f<p>+%+“_)‘

S
p p

Remark 4.7. (a) It is important to emphasize here that the assump-
tion of absolute convergence is crucial to represent a Dirichlet series of
a multiplicative function as an Euler product. For example, the func-
tion f(n) = (—1)""! is multiplicative. Its Dirichlet series F(s) converges
absolutely for o > 1 and conditionally for ¢ > 0 by (@II) with ¢ =
f, since > . f(n) = O(1) for all z > 1. However, its Euler product
(1 —1/25 —1/2%5 — ) Lo (T +1/p" + 1/p® + ---) diverges to oo for
s € (0,1], because >, 1/p = oo by Theorem B.4(b).

(b) Knowing that F'(s) can be written as an absolutely convergent Euler
product at some point s makes it very easy to check whether F'(s) vanishes:
we simply need to check whether one of the factors vanishes (see Exercise
[LI4(b)). For example, since ((s) = [],(1 — 1/p*)~! for o > 1, we have that
C(s) #0 for o > 1. As we will see in the next chapter, the location of the
zeroes of ( is intimately related to the distribution of prime numbers. [

Exercises

Exercise 4.1. (a) Find f and g such that o = ¢ * f and ¢/id =1 x g.
(b) Use ([@3) and (EB) to calculate the Dirichlet inverses of u?, 2% and .

Exercise 4.2. If f and g are Dirichlet inverses of each other, then find a non-
recursive formula for the values of ¢ in terms of the values of f.

Exercise 4.3. Let F(s) =>_, -, f(n)/n® be a Dirichlet series, and let o, and o,
be its abscissas of convergence and of absolute convergence, respectively.

(a) Prove that o, < 0, < o+ 1.

(b) Prove that 0. < 400 if and only if there is # € R such that f(n) = O(n?) for
all n € N.

Exercise 4.4. Compute the Dirichlet series associated to the functions fi, ..., fs
from Exercise B3} your answer could be given in terms of {. Then, determine their
abscissas of convergence and of absolute convergence.

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



50 4. Dirichlet series

Exercise 4.5. Show that there is a constant § € (0,1) and a polynomial P of
degree 3 and of leading coefficient 1/72 such that

Z 7%(n) = zP(logz) + O(?).
n<x
[Hint: Write 72 = 74 % f and use Exercise B.101]
Exercise 4.6. Let f be an arithmetic function, and let F'(s) be its formal Dirichlet

series. Define f/(n) := —f(n)logn, and let F’(s) be its Dirichlet series. Prove that
(fxg) =f'+g+ f*g and (FG) = F'G+ FG".

Exercise 4.7. Let f be a multiplicative function with formal Dirichlet series F,
and define Ay via the convolution identity

flog =Afx f.
(a) Prove that the formal Dirichlet series of Ay is —F'/F.

(b) Prove that Ay is supported on prime powers, and that Ay(p) = f(p) log p for all
primes p. [Hint: If F = Hp E, is the Euler product of F', we have the formal
identity F'/F =Y., E}/E,.]

(c) Calculate Ay when f is completely multiplicative.

(d) Calculate Ay when F(s) =[] (1 - 1/p*)~F@),

Exercise 4.8. Let F(s) =Y " f(n)/n® be a Dirichlet series with abscissa of con-
vergence 0. < +00. Prove that the abscissa of convergence for the series of deriva-
tives — >0 | f(n)(logn)/n® is also o.. Deduce that F'(s)=—13">° | f(n)(logn)/n®
when Re(s) > o..

Exercise 4.9. If F'(s) = >_ -, f(n)/n® and G(s) = >_, 5, g(n)/n® converge and
are equal in the half-plane Re(s) > «, then prove that f = g.

Exercise 4.10. Let f be a multiplicative function, and let g be its Dirichlet inverse.

Fix a prime p and assume that there is some M > 0 such that |f(p*)| < M* for all
ke Z)l.

(a) Show that the power series >, f(p*)zF converges absolutely for |z| < 1/M
and does not vanish for |z| < 1/(2M).
(b) If 0 <7 < 1/(2M), then show that
& 1 1 dz
)= 5w f[iﬂ:r L)z + A2+
(c) Let € > 0. Prove that g(p*) < ar (2M + €)* for all k € Z3.
(d) When f(n) = (—=1)""1, compute g(p*) for all primes p. What do you observe
when you compare g(p*) with the estimate of part (c)?

Exercise 4.11¥ Let F(s) = Y .2, f(n)/n® and G(s) = Y.~ g(n)/n® be two
Dirichlet series with F(s)G(s) = 1. If F has abscissa of convergence < 400, is it
true that G also has abscissa of convergence < +00?
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Chapter 5

An explicit formula for
counting primes

So far, we have seen various ways of counting primes using combinatorial
devices. We now introduce a different approach that transforms the problem
of estimating 7(z) into a problem in complex analysis. The key idea is to
package the primes all together and form an appropriate generating function.

Given an arithmetic function f, the most common generating function
attached to f is arguably its power series

= f(n)z"
n>1

This series converges to a holomorphic function in a disk |z| < R. Moreover,
f(n) can be recovered from A(z) via Cauchy’s residue formula that implies

(5.1) f(n)—%m%_ fn(ﬁdz (neN, 0<r <R).

We apply (B.1) when f = 1p, the indicator function of the sequence of
primes. The associated power series is

Q(z) = Z 2P.

p

Summing (5.1)) for n = 0,1,..., N when f = 1p yields the inversion formula

1 2)(1 — 2N+
(5:2) Y 1= Y 3 }[l_ zn+1 - = Q,(Zl\z-f-l(l_z))dz

p<N 0<n<N |2|=r

for any r € (0,1). Hence, a good understanding of the analytic behavior of
Q(z) can lead us to precise estimates for the counting function of the primes.

92
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5. An explicit formula for counting primes 53

The above strategy arrives quickly at a dead end because it is not clear
how to control the function Q(z) without already knowing a lot about
primes. As a matter of fact, the same objection can be raised for any
generating function associated to the sequence of primes: how is it possible
to determine its asymptotic behavior without already having a good grasp
of the distribution of primes?

To break the vicious cycle, we analyze Q(z) more closely. This function
is naturally tied to the additive structure of the sequence of prime numbers.
For example, note that

Q(Z)k _ Z R ng(n)zn,

P1,--Pk n=0

where gi(n) is the number of ways to write n as the sum of k primes.
However, primes are multiplicative objects, so it is more natural to study
them from a multiplicative point of view. To this end, we observe that the
logarithmic function is a group isomorphism from (Rsq, x) to (R,+). We
are thus naturally led to consider the generating function

2 : zlogp'
p

This is no longer a power series because the exponents are not integers.

Note that 287 = pl°82 Working with the complex logarithm causes
technical difficulties. For this reason, we make the change of variables s =
—log z, so that our generating function becomes the Dirichlet series

P(s) = Z Z%

In view of Mertens’ second estimate (Theorem [B.4)), this Dirichlet series has
abscissa of convergence 1. In particular, Theorem tells us that it defines
a holomorphic function in the half-plane Re(s) > 1.

Let us now consider the kth power of &: we have

1 ri(n)
k k
PO D Gy 2w
P1y++5Pk nz1
where ri(n) is the number of ways to write n as the product of k primes.
In particular, r; is supported on integers with < k prime factors. In com-

parison, before we had no control over the support of g;. We thus see right
away that Z7(s) has better properties than Q(z).

Taking the above argument one step further, Euler proved that Z(s)
can be written in terms of the Riemann zeta function ((s) = > 7, 1/n®,
which is for N what Z(s) is for the sequence of primes. The key is Euler’s
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product formula
C@=TI(1-3)"  ®e(s)>1)

that we proved in the previous chapter. Taking logarithms, we infer that

(5.3) log¢(s) =Y m;m =2 @

p m=1 m=1

which provides the link between &2 and (. The above formula is the starting
point of analytic number theory, as it relates the function &, for which we
knew nothing about, to the function {. The latter is significantly simpler
because it is defined as a summation over all integers, a very regular set. It
thus seems plausible that we can obtain good estimates for & via this link.

As in the case of the function Q(z) and the inversion formula (5.2]), we
want to find a passage from Z(s) to m(z) =3 ., 1. We start by writing

(5.4) P(s) = /1 " e (a) = s /0 (@)

Hence, we see that the function #(—s)/(—s) is the Mellin transform of the
function m(x). (A brief introduction to the necessary theory of the Mellin
transform is given in the last section of Appendix[Bl) Mellin inversion allows
us to go from (B54) to the formula

1 is prim 1
(5.5) Dol = P () ds,

p<z 21 (a) S

where f(a) f(s)ds denotes the principal value of fRe(S):a f(s), namely

(5.6) o f(s)ds = Tlgréo Re(s)=a f(s)ds.
| Im(s)|<T
Indeed, to see (B.5]), we apply Theorem [B.4] (whose hypotheses are met here

with a1 = —o0 and ag = —1) and then make the change of variables s — —s.

Jumping into the void

The inversion formula (5.5) expresses m(z) in terms of the Riemann zeta
function. However, it is not that useful as it stands for the estimation of
m(x). Indeed, we expect that there are about x/logz primes < z. On the
other hand, we have |2°| = 2 on the right side of (5.5]). Since o > 1, the size
of x* is bigger than the expected main term. This means that if we are to
extract an asymptotic estimate for w(z) from (5.5), we must understand the
integrand in a way that is precise enough to establish significant cancellation
among the different parts of the range of integration. Obtaining such sharp
estimates on & without already controlling 7 (z) seems impossible.
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The meromorphic continuation of 55

It thus seems that we have again reached an impasse. Riemann though
had a brilliant idea to circumvent it. He realized that ((s) can be extended
in a canonical way to values of s outside its domain of convergence usin
the theory of analytic and meromorphic continuation of complex analysis@
We do not need to delve too deeply into this theory; as we will see shortly,
the special structure of ¢ allows us to meromorphically continue i to C
relatively easily. The extension we obtain has only one singularity: a simple
pole of residue 1 at s = 1. Such an extension must be unique by the identity
principle. Thus ( really is well-defined over C. Using this fact and Cauchy’s
residue theorem, we can then replace the line of integration in (5.5) by a
new contour that reaches to the left of the vertical line Re(s) = 1, where z*
becomes of smaller magnitude than . Hence, we can hope to obtain bounds
for this new integral that are of genuinely smaller order than z/logx. The
main term to the approximation of m(z) will arise from the singularities in
the region encircled by the old and the new contour of integration. The
end result of this calculation will be a formula for m(z) in terms of the
singularities of &2.

We devote the rest of this chapter to making the above discussion more
precise and to laying Riemann’s idea on rigorous mathematical grounds.

The meromorphic continuation of (

Perhaps the simplest way of meromorphically continuing ¢ is to use the
Euler-Maclaurin formula. Indeed, when Re(s) > 1, ((s) is defined as the
sum of the smooth function 1/n® over n > 1, so Theorem [[.T0l implies that

(5.7) ((s) = / {i}l ay.

The integral on the right side converges absolutely for Re(s) > 0 because
{y} is bounded. Thus, the right side of (5.7)) supplies a meromorphic con-
tinuation of ¢ to the half-plane Re(s) > 0. The only singularity of ¢ in this
half-plane is a simple pole at s = 1 of residue 1 (a reflection of the divergence
of the harmonic series > >~ 1/n).

More generally, Exercise [LI0(b) implies that
k {—

k—1 0o .
RN o TR S
7=0

11n fact, this theory was partly pioneered by Riemann himself.

2The YouTube channel 3BluelBrown has an excellent video about the meromorphic contin-
uation of ¢ that is called “Visualizing the Riemann hypothesis and analytic continuation”. The
video is located at the web address https://www.youtube.com/watch?v=sDONjbwqlYw.
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for Re(s) > 1. Since the right side is meromorphic for Re(s) > —k + 1 with
only a simple pole at s = 1 of residue 1, so is (. Letting k — oo establishes
the alleged meromorphic continuation of ¢ to the entire complex plane.

Let us now examine what the above discussion tells us about the analytic
character of &. We start from relation (B.3). Since ), -, Z(ms)/m =
Yomsa,p L/ (mp™) = O(1) for Re(s) > 1, we find that &(s) = log ((s)+O(1)
for Re(s) > 1. In particular, &(s) ~ —log(s — 1) as s — 1, that is to
say, Z(s) has a logarithmic singularity at s = 1. This type of singularity
prohibits us from extending &2 to an analytic function around s = 1. In
particular, we cannot apply Cauchy’s residue theorem to an integral of the
form [ (Z(s)x®/s)ds, where C' is a closed contour going around 1. For this
reason, extracting the main term for m(z) from (5.5)) is a bit hard (though
certainly possible as Riemann himself explained in his 1859 manuscript).

The above obstacle is merely of a technical nature. To overcome it,
recall that the asymptotic behavior of 7(z) can be extracted from that of
Chebyshev’s theta and psi functions

O(x) = Zlogp and P(x) = Z A(n).
p<T n<x
Indeed, we saw in Examples and how to go back and forth between
m(x) and 6(z). In addition, Chebyshev’s functions are very close to each
other in virtue of Exercise [2.7] which implies that

6(x) — (@) < Ve (z>2).

Therefore, instead of estimating (), we may work with ¢ (x). We need an
analogue of formula (5.5) for this function.

In general, a straightforward adaptation of the proof of (5.5 implies the
following generalization: if f is an arithmetic function whose Dirichlet series
F converges absolutely in the half-plane Re(s) > 1, then

S

(59) 3 fm)+ @) _ 1 /()F(s)x—ds (@>1, a>1).

This general identity is called the Perron inversion formula.

We apply (5.9) with f = A whose summatory function is Chebyshev’s psi
function. The associated Dirichlet series is —¢’/¢. Since ¢ is meromorphic
over C, so is —¢’/¢. They both have a simple pole of residue 1 at s = 1.
Moreover, if z is a zero of ¢ multiplicity m, then ¢’/ has a simple pole of
residue m at s = z. Indeed, we may write ((s) = (s—z)™g(s) with g analytic
and non-zero in a neighborhood of z. Hence, (¢'/{)(s) =m/(s—2)+(4'/g)(s)
and ¢’'/g is analytic around z. This implies that

(5.10) ress—(¢'/¢)(s) = m.
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As we will see in the next chapter, the zeroes of ( fall under two cat-
egories: the trivial zeroes, which are located at —2,—4,—6,..., and the
non-trivial zeroes, which are located in the strip 0 < Re(s) < 1. We denote
a generic non-trivial zero byﬁ p= L0+ 1.

Remarkably, there is an ezplicit formula for ¥ (x) in terms of the non-
trivial zeroes of the Riemann zeta function

Theorem 5.1. For all x,T > 2, we have

2
(5.11) w(w):w—l%T%+O<M+logx>,

where the sum runs over the non-trivial zeroes of ( with each zero repeated
as many times as its multiplicity.

Before we explain why Theorem [5.1] is true, let us momentarily pause
and make a few comments about it. This astonishing result reveals that
primes, an elementary arithmetic object, have a “dual” complex-analytic
object associated to them: the zeroes of (. These two objects of seemingly
unrelated nature are interconnected in a fundamental way: the main term
on the right-hand side of (G.I1) approximates ¢ (x) better and better as
T — oo, similarly to the Fourier expansion of a periodic function. Hence,
the zeroes of ( encode in principle everything we need to know about the
distribution of primes (and vice versa). We may think of the zeroes as
“frequencies” with which the counting function of prime numbers resonates.
For this reason, they are of fundamental importance in mathematics.

Theorem [£.1] will play a key role in the proof of the Prime Number
Theorem. Indeed, to establish the asymptotic formula ¢ (x) ~ z, it suffices
to bound ZM <7 ”/p and prove that it is of negligible size compared to

x. Since |z°| = 2, this essentially reduces the Prime Number Theorem to
showing that [ is a bit less than 1 for all zeroes of (.

Cauchy’s residue theorem and the explicit formula

Let us now give a rough sketch of the proof of Theorem .1l The complete
details will be given in Chapter[R] after having developed the necessary tools.

We present the argument in a more general context. Recall the Perron
inversion formula (5.9]), valid for any arithmetic function f whose Dirichlet
series F' converges absolutely to the right of the line Re(s) = 1. Similarly to

3The letter v here is not to be confused with Euler-Mascheroni’s constant defined by (CI13).
This ambiguous notation is customary in the literature.

4The contribution of the trivial zeroes has been absorbed into the error term. There is an
even more precise version of the explicit formula that takes into account trivial zeroes (see Exercise
[BZ(a) and |31}, Chapter 17]). The version stated in Theorem [5]]is sufficient for most applications.
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¢ and (’/¢, the Dirichlet series F' of many interesting arithmetic functions
can be meromorphically continued to a half-plane Re(s) > ap with ag < 1.
In this case, the integral on the right-hand side of (£.9) can be studied using
complex analysis as we explain below.

Fix o/ € (ap,1)\{0} such that F'(s) has no poles when Re(s) = /. Such
an o always exists because F' has at most countably many singularities in
any given open region. Moreover, let 7' = T'(z) be large enough so that

I.S
(5.12) > fn) =5 /Re(s)a F(s)—ds + B,
n<w | Im(s)|<T
with B = o(}_, <, [f(n)]). The existence of such a T' is guaranteed by (£.0).
Furthermore, similarly to o/, the parameter T' can be chosen in such a way
that F' has no singularities on the lines Im(s) = £7..

Let C} denote the contour of integration in (5.12]), that is to say, the line
segment from o — i7" to a+1iT. We write symbolically Cy = [ —iT, a+iT.
We deform ' to a new contour of integration consisting of the line segments
Cy=la—iT,o —iT], Cy = [o/ —iT,o/ +iT] and Cy = [/ +iT, a+iT] (see
Figure 5.0]). We denote this new contour by Cy + C3 + C’4E We claim that

1 x® 1 x® F(s)x®

1 i F ds= — F(s)—d s=w >
(5.13) 27 Jo (S)s s j 27 Jo, (S)s s+Zres

where the rightmost sum runs over all singularities of F'(s)/s in Q := {s €
C:d <o <a,lt| <T}. Indeed, the integrand F(s)z®/s is meromorphic
in Q and analytic in an open neighborhood of the boundary 0f2. Since
00 = C1 — Cy — C3 — Cy when traversed counterclockwise, Cauchy’s residue
theorem implies that

1 s F 5
— F(s)x—ds = Z reSs—y Fls)a?

21t Ja0 S ” 5
This proves our claim that (5.I3) holds.
Combining (5.12) and (5.13), we infer that

D fn) = rese—y F(Z)ws +E+R,

n<x w

R= ) ; /

2<j 242
We think of R as an error term because |z°/s| < 27 /|t|, so that the integrand
F(s)x®/s is small on Cy U Cy because |t| = T is large, and it is also small on

where

5In general, if C, C’ are two contours with a given orientation, then C' 4+ C’ denotes the
contour that first traces C' and then C’ in their respective orientation. Furthermore, —C' is the
contour C traced in the opposite orientation.
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A
Cy
R s yo-m1 24T
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el
—2 =il oo cmond 2 —iT
Co

Figure 5.1. The poles of ((s)((s—)((s+1/2+27)/s inside the rectangle
defined by the points +2 4+ iT".

C5 because 0 = o/ < 1. In reality, we also need bounds on F(s) to estimate
R. Such estimates can be a bit tricky to obtain outside the region of absolute
convergence. We will see methods of establishing them in Chapters[@l [ and

i

Assuming that R is indeed negligible, we are led to the guesstimate

F(s)z®

(5.14) f(n) ~ reSg—y ———.
Té w isapo%zof F(s)/s 5
o' <Re(w)<a, | Im(w)|<T

Combining this heuristic with (5.10) explains why (z) should be closely
approximated by the sum z — Z‘ <r &” /p from Theorem [5.Il The rigorous
proof of Theorem [5.] will be given in Chapter [, after having developed
further the theory of the Riemann zeta function (in Chapter [l and of the
Perron inversion formula (in Chapter [[). We will then use the explicit
formula for ¢ (x) together with a bound on the zeroes of ¢ to establish the
Prime Number Theorem in Chapter [8

We conclude this chapter with some examples that showcase the utility
and versatility of the ideas presented above.

Example 5.2. As a toy example, consider the function f = 1. We then
have that F' = (, whose only singularity is a simple pole of residue 1 at
s = 1. Thus, the only singularity of {(s)x®/s in the half-plane Re(s) > 0
is a simple pole of residue z at s = 1. This leads us to the prediction that
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En@ 1 ~ z. This is of course true, since we know by elementary methods
that Y~ _ 1=z + O(1). O

n<x

Remark 5.3. In general, if F' has a simple pole of residue r,, at a point w
that is different than the origin, then

F(s)z®  ryaz®

S w

TeSg—qy

We can generalize this calculation further: if F' has a pole of order m at
w # 0, then there are coefficients ¢y 0, Cw,1,-- -, Cwm—1 € C such that

F(s)x®

s
Indeed, let F(s)/s = awm/(s —w)™ 4+ +aw1/(s —w) + 3,50 buw,j(s — w)
be the Laurent expansion of F(s)/s about s = w. In addition, we have
the Taylor series expansion z° = 2%} . (s — w)’ (logz)’ /§!. Hence, the
claimed formula for ress—,, (F(s)x®/s) holds with ¢y, j = @, j+1/7!. O

IeSg—qy, =% (cw,m_l(log x)m_l + cw,m—2(log x)m_2 4+ 4 Cw,(])-

Example 5.4. Consider the divisor function 7, for which we have the con-
volution identity 7 = 1 % 1. Thus, its Dirichlet series is ((s)?, which has a
meromorphic continuation to C with its only pole being a double pole of
order 2 at s = 1. In view of relation (5.14)) and Remark [5.3] we are led to
predict that there are coefficients ¢y, c; € C such that

ZT(H) ~ cizlogx + cox.

n<e
To calculate ¢y and ¢, note that ((s) = 1/(s — 1) + v + O(|]s — 1]) for
|s — 1| < 1/2 by Exercise 5.2, whereas 1/s =1 — (s — 1)+ O(|s — 1/?). Hence

¢ 1 2y -1
s (s—1)2  s-—1

+0(1),

which implies that ¢; = 1 and ¢g = 2y — 1. This agrees with Theorem
B3 O

Example 5.5. Let f be the indicator function of square-full integers (see
Exercise [[LO). In Exercise B.I1] we saw that the partial sums of f up to z
have an asymptotic expansion with two main terms, of size /2 and z/3,
respectively. These terms can be guessed using (5.14)): the multiplicativity
of f implies that its Dirichlet series equals

B 11 _ C(25)¢(3s)
(5.15) F(s)-l}<1+@+ﬁ+...>_—c(6s)

for Re(s) > 1. Since ¢ has a meromorphic continuation to C, so does F'. In
addition, the only singularities of F' in the half-plane Re(s) > 1/6 are simple
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poles at the points s = 1/2 and s = 1/3. They both arise from the simple
pole of ¢ at s = 1. Relation (5.14]) then leads us to the prediction that

#{n < x:n square-full } ~ Cgéi)xl/? + %xl/g. O
Exercises

Exercise 5.1. Prove that

((s) = = 21_5+1 Z:l (_Z):f (Re(s) > 0).

Exercise 5.2. When 0 < |s — 1| < 1, show the following estimates:
1
((s) = P +7+0(s—1));

log((s) = —log(s =) +7- (s = 1) + O(|s = 1) (s ¢ [~1,0]);
¢ 1
> (s) = ——— —1)).
S(5) =~ +7+0(s ~ 1)
Exercise 5.3. Use (B.14) to predict the main term in the asymptotic formulas for

anm logn, Znéz (P(TL), Znéx lu’2 (n)7 Znéz 73 (n) and Znéx T(n)z‘ Compa’re your
prediction with Theorems[[.12]and 3.2}, and Exercises B.8] B. 10 and (L8] respectively.

Exercise 5.4* Complete the proof of Theorem B4c) as follows:
(a) Uniformly for x > 2 and ¢ € (0, 1], prove that
1

Zlog (1 - _) Zlog ( 1+5/logw) +O(€)

Pz p<Lx
(b) Uniformly for z > 2 and € € (0, 1], prove that

1 e 1
Zlog( 1+5/10g1> __/E Tdu+0<logx>'
p>x
[Hint: Taylor’s theorem.|

(¢) Deduce that the constant in (8) is £ = [;~ u=!(e™" — 1jo,1(u))du. [Hint: Use
Exercise 5.2 to rewrite log C(1+¢/logz).]

(d) Prove that v = [~ u™!(1jg,1(u) — e *)du.
[Hint: Note that v = limy_,o0(—log N + fol(l + x4+ 2V Hdz) and let
z=1—u/N.]
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Chapter 6

The Riemann zeta
function

The explicit formula (5.I1) underlines the central role of the Riemann
zeta function and of its zeroes in the study of prime numbers. We thus
undertake a careful study of ¢ in this chapter.

The functional equation

One of the most fundamental properties of { discovered by Riemann himself
is that it possesses a symmetry with respect to the vertical line Re(s) = 1/2.
This symmetry is depicted in the functional equation of : for all s € C, we
have

(6.1) = 20(2)¢(s) = a0 (22 e(1 - ),

where I' is Euler’s Gamma function. We can also rewrite (6.1]) ad

T(s/2)

Using Exercise [L13] we find two alternative expressions for A:

(6.3) A(s) = 25717% /(T(s) cos(ms/2)) = 257°'T'(1 — s) sin(ms/2).

(6.2)  ((s) = A(s)C(1—s), where A(s) =

As we saw in Chapter I the Gamma function is very well understood.
Hence it suffices to study ¢ in the half-plane Re(s) > 1/2 and then use the
functional equation to pass to the entire complex plane.

1In the literature, the function X is usually denoted by x. Since we have reserved the letter
x for Dirichlet characters, we use the letter A, which is the first letter of the Greek word Aéyoc
that means ratio.

62
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The functional equation 63

Let us now show (G.I)). In the process of doing so, we will see another
proof of the meromorphic continuation of ¢ to C

At the heart of the proof of (6.I)) lies the Poisson summation formula
(Theorem [B3). Let f : R — C be as in Theorem [B.3] that is to say,
f € C*R) and f9)(z) < 1/2% for |z| > 1 and j € {0,1,2}, so that its

Fourier transform
= / f(z)e 2m& dy
R

satisfies the bound f(£) < 1/€2 for |¢| > 1. Assume further that f is even
and consider its Mellin transform

- [ @ taa,
0

which is well defined for 0 < Re(s) < 2. The change of variables © — nz
implies that

n °F(s / f(nx)z*1da.
Summing this formula over all n > 1 when 1 < Re(s) < 2, we find that
(6.4) C(s)F(s) = / S¢(x)z*~tdx with St(x) = Zf(m?)
0 n=1

Next, we use Poisson’s summation formula (B.3]) to deduce that

F(0) + 251/z)

F0)+284(x) = fna) = Zf(n/x>: I

neZ nGZ

since f and fare even. We then split the range of integration on the right
side of (64) as (1, +00)U[0, 1]. We also make the change of variables z — 1/x
to the portion over [0,1]. We thus find that

C(s)F(s) = /100 S¢(z)z*tdx + /100 Sp(1/x)z™*1da

_ > 225 ldr > "J,‘CC(I_S)_I T f(O) _f(o)
_/1 Sy () d+/1 S+(a) o+ g s - 52

In order to symmetrize the above formula, we choose f(z) = 2¢~ ™ that is
self-dual, that is to say, f = f. For this choice of f, we have that

F(s) = 2/ e 25y = 77_5/2/ e Yy 2 dy = 77971 (s/2),
0 0

so that
—s/2p( 3 _ > s—1 > (1—s)—1 1
s F<2)C(s) /1 S(z)x dav—k/1 S(x)x dx+8(5_1)
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64 6. The Riemann zeta function

with S(z) = 2307, e~™2*  The right-hand side of the above formula is
clearly an analytic function for s € C except for simple poles at s = 1 and at
s = 0. It is also invariant with respect to the change of variables s — 1 — s,
thus proving the functional equation (6.1]). Since I' does not vanish in C
(see Corollary [[LT4)) and has a simple pole at s = 0, we also deduce the
meromorphic continuation of ¢ to C with its sole singularity being a simple
pole at s = 1.

The zeroes of ( and the Riemann Hypothesis

Let us now discuss the zeroes of the Riemann zeta function that are inti-
mately related to the distribution of primes.

When Re(s) > 1, we know that ((s) is given by an absolutely convergent
Euler product whose factors do not vanish. In particular, {(s) # 0 (see
Remark [ 7(b)). In addition, Theorem [[.T4] implies that I does not vanish
at all in C. As a consequence, the left-hand side of the functional equation
(61) is non-zero for Re(s) > 1. Hence, the right-hand side of (6.I]) must
also not vanish in the same region. Equivalently, (s)['(s/2) # 0 for Re(s) <
0. However, note that I'(s/2) has simple poles at the points —2,—4,....
Hence, ¢ must have simple zeroes at —2, —4, ..., and no other zeroes when
Re(s) < 0. The pole of I' at 0 does not induce a zero of (, because it is
counterbalanced by the pole of ¢ at 1. In fact, ((0) = —1/2 by Exercise [6.3]

As we mentioned in Chapter [l the zeroes of ¢ at the negative even
integers are called trivial. All other zeroes lie in the strip 0 < Re(s) < 1 and
are called non-trivial. We denote them by p = 4 i. These are the zeroes
appearing on the right-hand side of the functional equation (5.I1]). For this
reason, the strip 0 < Re(s) < 1 is called the critical strip.

The functional equation and the obvious symmetry ¢(5) = ((s) imply
that if p is a non-trivial zero of {, then so are the numbers p, 1 —p and 1 —p.
In his 1859 mémoire, Riemann postulated that all non-trivial zeroes of ( lie
on the line Re(s) = 1/2, which is the line of symmetry of (. We thus refer
to this line as the critical line. Riemann’s conjecture is known today as the
Riemann Hypothesis.

The Riemann Hypothesis is a very important conjecture because it offers
us unparalleled control on the distribution of primes. To explain this claim,
we go back to the explicit formula (5.11]). If p = 1/2 + i~y for all non-trivial
zeroes of ¢, then

1/2+1’y

1/2+z*y

L1/2
>

’ IvI<T
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The order of magnitude of 65

As we will prove later (see Lemma [82(a)), the number of zeroes with |y| €
[n,n+ 1] is < log(n + 2), so that

pl/2+iy 1 2
‘ > en Y log(n+2) _ 1210027
/ + o<n<T n

[vI<T

(6.5)

Taking T' = x establishes the remarkably accurate estimate
(6.6) (@) = 2+ O(VT log? z)

uniformly for all z > 2. By partial summation (see Exercise [[L7]), this is
equivalent to having that

(6.7) n(z) = li(z) + O(v/z log ac)
uniformly for all x > 2, where we recall that li(z f2 dt/logt.

Juxtaposing (6.7) and (0.4]), we see that under the Riemann Hypothesis
the distribution of primes is as close to being “random” as we could hope
for (up to factors of log z and loglogx). In fact, Exercise B.2c) shows that
we cannot replace \/x by a smaller power of z in ([6.7)), thus making (6.7
“the best of all possible worlds”.

In contrast, the best known version of the Prime Number Theorem estab-
lishes (6.7) with a much weaker error of size z exp(—c(log 2)3/° /(log log z:)'/%)
[114, Corollary 8.30]. In Chapter[8, we will show (6.7]) with a remainder term
of size x exp(—cy/logx) by proving that ¢ does not vanish too close to the
line Re(s) = 1.

Remarkably, (6.0) (and hence ([6.7))) is equivalent to the Riemann Hy-
pothesis: indeed, let ¢(x) = = + E(z) and apply (LI2) with a, = A(n),
f(n)=1/n°, y=1and z — 400 to find that

!/ o0

—%(s) = s 1 f(ffdu (Re(s) > 1).
But if F(u) = O(y/ulog®u) for u > 2, the right-hand side of the above
formula is meromorphic for Re(s) > 1/2, thus providing a meromorphic
continuation of —¢’/¢ to the half-plane Re(s) > 1/2, with the only pole
located at s = 1. In particular, ¢ does not vanish in this half-plane. By
the functional equation (6.1), it cannot vanish in the half-plane Re(s) < 1/2
either, and the Riemann Hypothesis follows. We have thus established:

Theorem 6.1. The Riemann Hypothesis is true if and only if ([6.8) holds.

The order of magnitude of (

In the previous chapter, we gave a rough outline of the proof of the explicit
formula for ¢ (z). More generally, we saw how to estimate the partial sums
of an arithmetic function f in terms of the singularities of its Dirichlet series
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66 6. The Riemann zeta function

F. A crucial technical step that we set aside in this discussion is the need
to bound F past its region of absolute convergence. We explain here how
to do this when F' = (. In Chapter B we will develop additional tools that
will also allow us to handle the quotient ¢’/¢ and establish Theorem [5.11

So, let us suppose that we are given some s € C. We then want to
understand the size of ((s). The functional equation (6.2]) and Exercise [[L.12}
imply that

(6.8) ()] =c [¢(L=s)|-[t]*77 (=C <o <1/2 [t >1).

Hence, it suffices to bound |((s)| when Re(s) > 1/2.

When Re(s) > 1, this is relatively easy: since ( is given by an absolutely
convergent Euler product on this half-plane, we have

(6.9) 1/¢(0) < [¢(o +it)] < (o).

Indeed, this follows by noticing that 1 — |z| < |1/(1 —2)| < 1/(1 —|z|) when
|z| < 1. In particular, we conclude that |((s)| <. 1 for o > 1+ . We then
also find by (E638) that |{(s)| = ¢ |t|'/2=7 for o € [-C, —¢].

On the other hand, bounding ¢ inside the critical strip 0 < Re(s) < 1
is much harder. It turns out we can use the information we have out-
side the critical strip to extrapolate a bound for { inside it. This uses the
Phragmén-Lindeldf principle [I59, Chapter 12], which is a generalization of
the maximum modulus principle.

Theorem 6.2. Let f be a function that is analytic in an open neighborhood
of the wvertical strip an < Re(s) < awo, and for which there is an absolute
constant C' such that f(s) < exp{[t|°} when a1 < Re(s) < aa. Assume
further that f(o; +it) < (14 [t|)% for j =1,2 and all t € R.

Given o € [a1,az], there is a unique u € [0, 1] such that o = uaq + (1 —
u)ag. We then have

flo+it) < (14 [t)uortO-wlz (R

We postpone the proof of this theorem momentarily because it is a bit
technical and use it to study (. In fact, because of the pole of  at s = 1, we
work instead with the function f(s) = (s — 1)((s) that is entire. Note that
f grows at most polynomially in |¢], that is to say, f(s) <o (1 + [t])°M), as
it can be readily seen by relation (5.8). Since ((1+¢+it) <. 1 and {(—¢+
it) <. |t|/?* for |t| > 1, Theorem 6.2 implies that ((s) < |t|(1=7F)/2 for
—e<o<1l+¢eand |t| > 1.

To summarize the above discussion, we have shown the following result.
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Theorem 6.3. Fize >0 and C > 1. For s = o + it with o > —C and
|t| > 1, we have

1 ifo>1+e¢,
C(s) e R [t|0-ot9/2 if —e<o<1+e,
|t|1/2= if —C<o<—¢

Motivated by the above theorem, we define

. log |((o + it)|
6.10 l(o) =limsup ——=
(6.10) (@) It/ =00 log ||

for each o € R, that is to say, /(o) is the smallest number such that
(o +it)] <eo [t1F (It 2 1)

for each fixed € > 0. The discussion in the beginning of the section implies
that (o) =0 for o > 1, that £(0) = 1/2 — o for 0 < 0 and that

lo)=1/2—0c+{(1—0).

Furthermore, Theorem [6.2] implies that £(o) is a convex function. In partic-
ular, it is continuous (see Exercise [6.7)), so that (1) = 0 and ¢(0) = 1/2. It

is believed that
if
(o) = 0 if o
1/2—0 if0

This is known as the Lindeldf hypothesis.

/2,
<1/2.

//\ \\/

The convexity of ¢(o) reduces the Lindelof hypothesis to the case when
o=1/2. Any improvement of the exponent 1/4 in the estimate {(1/2+it) <.
|t|*/4t¢ of Theorem is called a subconvezity estimate. In turn, this is
essentially equivalent to proving that the sum » . n n® is small compared
to x (i.e., it “exhibits cancellation”) when z is in the vicinity of [¢|'/? (see
formula (TI8))). The current record is ¢(1/2) < 13/84 ~ 0.154 due to

Bourgain [16].

Proof of Theorem By a linear change of variables, we may assume
that ;1 = 0 and as = 1, so that our goal is to show that f(o + it) <
(1 + |t])(I=9)01+e02  In addition, we may assume that 6,68y > 0; otherwise,
we replace f(s) by f(s)(s+ 1)¥ for a large integer k.

To study f at height ¢, we consider the function f(z + it) with 0 <
Re(z) < 1. We further normalize f(z + it) to be bounded on the boundary
of the strip 0 < Re(z) < 1 by letting

gi(2) 1= fz +it) J[(1+ [¢))I20F=02 . (o 4 1)N],
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68 6. The Riemann zeta function

where N = max{[0],[02]}. Indeed, note that
lge(iy)] < (L4t +yD™ [+ )™ - (1 +[y)V] <1
for y € R, by our assumption that N > 6; > 0. Similarly, |g:(1 + iy)| < 1.
We have shown that ¢; is uniformly bounded on the boundary of the

strip 0 < Re(z) < 1. If we knew its maximum occurred on this boundary,
the theorem would readily follow, since

(6.11) [fo+it)] <2V (L +[e)I =% gy (o)) (0< o< ).

The main idea of the Phragmén-Lindel6f principle is to construct an aux-
iliary function which is bounded and whose maximum does occur on the
boundary of the strip 0 < Re(z) < 1. To this end, we let

he(=) = exple(e™/1 4 ),
where € > 0 is fixed for the moment. If z = x + iy, then note that
Re(e™/* 4 e7™/4) = cos(ma/4)(e7 ™/ 4 e/ > W/ )\ /2

for x € [0,1] and y € R. Our assumption that f(z + it) < exp{|t + y|°}
implies that the function g;/h. is bounded. In fact, we have |(g;/he)(z +
iy)| < 1 for all x € [0, 1], as long as y is large enough in terms of € and ¢ (we
suppress the dependence on C, since we consider it fixed).

Let Y = Y(e,t) be such that |(g:/he)(z +iy)] < 1 for y > Y and
x € [0,1]. For each T > Y, we consider the rectangle Ry with vertices +iT
and 1+ ¢T. Note that g;/h. is uniformly bounded on the boundary of Rp
(independently of €, t and T'). The maximum modulus principle implies that
(g¢/he)(z) < 1 for all z € Ryp. Letting T'— oo, we find that ¢:(2) < he(z)
for all z in the strip 0 < Re(z) < 1, uniformly in ¢t € R and £ > 0. We then
let ¢ — 07 to deduce that g;(z) < 1, uniformly in ¢. Hence, the theorem
readily follows by (G.ITI). O

Exercises

Exercise 6.1. Show that the Riemann Hypothesis is equivalent to knowing that
Re(p) < 1/2 for all non-trivial zeroes p.

Exercise 6.2. Show that () < 0 when -2 < o < 1.
Exercise 6.3. Prove that {(—n) = (—=1)"Bp41/(n + 1) for n > 0. [Hint: Exercise

Exercise 6.4. Use (6.1 and Theorem [[.T4] to show that
¢ ¢ 11 1 1 1
S(s)+>(1—s8)==+— I ( -2).
C(S)+C( s) s—’_l—s—’—ﬁy—'_ng—’—Z 2n+s+2n+1—s n

n>=1

Conclude that (¢'/{)(0) = log(2n) and ¢'(0) = —log(27)/2.
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Exercise 6.5. For t € R, leiﬁ
¥(t) = argl'(1/4 +it/2) — t(logm) /2.
Show that Hardy’s function Z(t) := e’ ((1/2 + it) is real valued.
Exercise 6.6. Let 0 € (0,1) be such that >° . u(n) =O(x %) for all z > 1. Prove
that ((s) # 0 for Re(s) > 6.

Exercise 6.7. Prove that a convex function f : [a,b] — R is continuous. [Hint:
For each x € [a,b], show that the ratio (f(y ) f(@)/(y — x) is increasing as a
function of y € [a,b] \ {z}.]

Exercise 6.8. Prove that the function ¢(¢) is non-negative and decreasing.
Exercise 6.9. Let f(s) be a bounded analytic function in an open neighborhood of

the strip 0 < Re(s) < 1. If M,, = sup, | f(o + it)|, then show that M, < My~ 7 M7 .
[Hint: Consider f.(s) = f(s)Mg "M */(1 +es).]

Exercise 6.10. When 07 = —1 and 07 = 1, show that we may relax the condition
f(s) < exp{|t|®} in Theorem to |f(s)| < exp{AePM}, where A > 0 and
0 < B < /2. Furthermore, show that we cannot take B > w/2. [Hint: Consider
the function f(s) = exp{cos(ws/2)}.]

2Since I'(s) does not vanish and is analytic for Re(s) > 0, we may define log I'(s) for Re(s) > 0.
We take the branch that is real valued for s > 0. Then argI'(s) = ImlogI'(s), as usual.
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Chapter 7

The Perron inversion
formula

If f is an arithmetic function whose Dirichlet series F' can be meromor-
phically continued past its domain of absolute convergence, then we expect
that the asymptotic behavior of the partial sums of f is determined by the
singularities of F', as described in the guesstimate (5.14). The main goal of
this chapter is to justify this heuristic.

In our discussion of Perron’s inversion formula in Chapter Bl we ignored
a subtle technical issue: the choice of the parameter 1" used to truncate the
integral f )x*/s)ds and approximate it by [ o jfj<r(F'(s)2%/s)ds. In
practice, 1t is 1mp0rtant to have a quantitative form of Perron’s inversion
formula (5.9]) that allows us to choose 1" as an appropriate function of z. To
do so, we approach (5.9]) from a slightly different point of view.

The key observation is that

x Nf . 1 =1
Zf(n) —zelNJ \Y) Zf )d(n/x) with o(y) = 10<y<1+yT'
n<x n>1
The Mellin transform of § is fooo 5(y)y*~tdy = 1/s, so that

xeNf (z/n)°
(7.1) > fn)+ Zf 27”/() —ds

n<x

for each @ > 1 (or, even, for a > 0). The next natural step is to interchange
the order of summation and integration, which would yield (£.9). It is hard
to justify this step directly because the integrals on the right side of (Z.I]) do
not converge absolutely. We discuss two ways to circumvent this problem.

70
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7. The Perron inversion formula 71

The first method: Truncating Perron’s integral. Instead of using the
exact formula d(y) = (1/2mi) f(a)(yfs/s)ds with @ > 0, we can use the
following truncated form of it that offers substantial technical flexibility.

Lemma 7.1. Uniformly fory >0, a >0 and T > 1, we have

1 Y s — {10<y<1 +0(y~/max{1,T|logyl}) ify#1,

2—7Ti Re(s)=a g 1/2+O(a/T) ify=1.

| Im(s)|<T

We postpone the proof of the above result till the end of the chapter.
Note that if »_ -, |f(n)]/n® converges for some o > 0, then Lemma [T.]]

implies
lyenf 1 z° a
(7.2) ) f(n) GN Loenf(@) _ = 5= [ e(syma F(5)ds + 06" R),
n<z | Im(s)|<T
where

n)|
r= Zn"‘max{l T|log £|}

The error term can be bounded if f does not grow too fast, thus yielding a
quantitative version of (5.9) as follows.

Theorem 7.2. Let f be an arithmetic function with Dirichlet series F(s) =
Yooy f(n)/n®. Assume there are constants A,C >0 and 6 > —1 such that

|£(n)] < Cn?(1 4 logn)? (n € N).
Forz,T >2 and a > 0+ 1+ 1/logx, we have that

a® z*(logx)**! A\
Zf /Re(s) o F(s)?d8+0(#+x (log x) ),

n<w | Im(s)|<T

the tmplied constant depends at most on A,C and 6.

We prove Theorem [7.2] at the end of the chapter, along with Lemma [7.11

The second method: Using smooth cut-offs. We now discuss an alter-
native way to obtain a quantitative form of Perron’s inversion formula. The
underlying cause for the slow decay of the integrand in Perron’s inversion
formula (5.9) is that the function ¢ is discontinuous. This is a reflection of
the uncertainty principle in harmonic analysis: the discontinuous function
J is too localized on the interval [0, 1], so its Mellin transform must have
relatively heavy tails (that is to say, it cannot decay too fast at infinity).
In order to get around this issue, we approximate § by a more delocalized
function whose Mellin transform decays faster at infinity.
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|
|
|
l
0 U 1+1T
Figure 7.1. The graph of the function ér(y).

A concrete example is provided by the function

1 if0<y <1,
or(y) =4 T+1-Ty ifl<y<1+1/T,
0 ify>1+1/T,

where T' > 1 is some large parameter that plays an analogous role to that
of the truncation point in Lemma [T.1] (see Figure [[I]). By construction, we

have
> fm) =Y firn/n)+0( > 1)),

n<T n=1 z<n<z+z/T
We then rewrite o7 in terms of its Mellin transform, which is equal to
> _ 1+1/T)5 —1
/ r(yy*tay = LEUT) :
s(s+1)/T
Notice that this is an absolutely integrable function on each line Re(s) =

a # 0, as opposed to the Mellin transform of §. In addition, Theorem [B.4]
(applied here with oy = 1 and ag = 00) implies that

1 (1+1/T)5t —1 s
5T(n/m)—2—m,/() (e /nas

for any a > 1. As a consequence,

* (141/T)5 —1
Zf " 2mi /(a) F(S)? . (s+1)/T ds

(7.3) s
o Y Im):

z<n<a+x/T

Notice that (1 + 1/7)**' — 1 ~ (s + 1)/T when s = o(T), so that the
integrands in (7.3]) and in Theorem [[.2] are asymptotically the same for small
s. In addition, the absolute convergence of the integral in (7.3) allows us to
truncate it in a very straightforward way. The larger T is, the better we can
control the error term »°, ., .7 [f(n)[, but the worse bounds we have on

the Mellin transform of é7 due to the presence of T~! in the denominator.
Consequently, we have to choose the parameter 7" in an optimal way that
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7. The Perron inversion formula 73

balances the gains and the losses. A similar situation arises when using
Lemma [.1] to truncate Perron’s formula. We will see a concrete application
of this version of Perron’s formula later, in the proof of Theorem [13.2]

Taking the above idea one step further, we approximate the sharp cut-off
function § by a smooth function ¢ € C*°(Rxg) such that

P(y) =1 fo<y<1,
(7.4) 0<d(y) <1 ifl<y<1+1/T,
o(y) =0 ify>1+1/T.

Example 7.3. A simple way to construct such a ¢ is to begm with a smooth
function g > 0 that is supported on [0, 1] and for which fo x)dr =1. We
then set gr(x) = T-g(Tx), which is supported on [0 1/T] and Whose integral

over R also equals 1, and take ¢(y f y+1/T w)dw for y > 0. Clearly
0 < o(y) < [ gr(w)dw = 1. Moreover 1f y € [0 1] then y — 1 < 0 and

y+1/T > 1/T, so that ¢(y) = 01/ r(w)dw = 1. Finally, if y > 14+ 1/T,
then y —1 > 1/T, so that ¢(y) = 0. ThlS proves that ¢ satisfies (7.4]).

Notice that for the constructed function ¢ we have
(7.5) 6™ [loo <k T
This is the typical behavior for the kth derivative of functions ¢ satisfying
([T4), since they vary by 1 in an interval of length 1/7. O

Given ¢ satisfying ([Z4)), we consider its Mellin transform

5) = /OOO o(y)y* ' dy

that converges absolutely for ¢ > 0. Integrating by parts k£ + 1 times, and
noticing that ¢**+1 is supported on [1,1 + 1/T7], we find

_1y\k+1 141/T
(76) (s = s(s +<1)1.). .+(5 ) / ¢ (y)y*trdy.

This provides a meromorphic continuation of ® to the entire complex plane.
The only potential poles are at the points s = —k for k € Z>¢ of residue

(k)
reSs— @ / (;5 kJrl dy _ QS k'(()) )

By (74), we have that ¢(0) = 1 and ¢*)(0) = 0 for k > 1, so that the only
pole is at s = 0 and its residue equals 1.

Finally, using (IZ6), we find that
B(s) < T71 - |s| 771 |0t || o - (1 4 1/T)mexto0}
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74 7. The Perron inversion formula

for |[Im(s)| > 1 and k € Z>. If ¢ satisfies (TH]), then

Tj (1+1/T)max{a,0}
‘ P 14+1/T max{c,0} —
(T7) ®(s) <k (1+1/T) 0SS s~ Tolmax{1, [s]/ T

for |t| > 1 and k € Z>¢. In particular, ®(s) starts decaying extremely fast
as soon as |s| > T, which is in accordance with the uncertainty principle.

Let us know see how we can use the above discussion to estimate the
partial sums of f. We start by observing that

S i) =Y fmstm/ny+o( > ).
n<x n>1 z<n<z+z/T

For any « > 0, Mellin’s inversion formula (Theorem [B.4]) implies that

blnfx) = o /( @) /s

If F(s) converges absolutely when Re(s) = «, then

(7.8) > f(n)g(n/z) = Z2m/ ) ds

n=1

1
= — F(s)®(s)x®ds,
21 (a)
where the change of order of summation and integration is justified by
Lebesgue’s Dominated Convergence Theorem.

Similarly to (, it is often the case that F' has a meromorphic continuation
to a half-plane ¢ > ag for some ag < a. In this case, F' usually satisfies its
own version of Theorem for any fixed ¢ > «yp, the function |F'(o + it)]
is bounded by a suitable power of |¢| when |t| — co. On the other hand,
(7)) implies that |®(o + it)| grows faster than any fixed power of |t|, so
that F(s)®(s) is absolutely integrable on any vertical line Re(s) = o/ with
o/ > ag. Using Cauchy’s residue theorem, we arrive at the formula

1 1
— F(s)®(s)x®ds = — F(s)®(s)z®ds
270 J () 27 J(ar
(7.9)
+ Z ress—y (F(8)®(s)z?),
o’ <Re(w)<a

where the sum on the last line runs over the singularities of F'(s)®(s). In-
deed, (7.9) follows by letting T' — oo in (5.13) with ®(s) in place of 1/s.

Finally, the integral on the right-hand side of (7.9) is estimated using
(T1) and analogues of Theorem [6.3 for F'(s). We give the necessary details
in the second example below.
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Two examples

We demonstrate how to use the Perron inversion formula in practice by
employing it to study the partial sums of 7, and to count square-full integers.

Averaging the divisor functions 7. We wish to estimate the summatory
function of the kth divisor function 7, where k € Z>5. We have that

> oy
n=1

which has a meromorphic continuation to C with its only singularity being
a pole of order k at s = 1. Since 1(n) < nOk(t/loglogn) for 5 > 3 by
Exercise 2.9(f), we fix ¢ > 0 and apply Theorem with § =¢/2, A=0
anda=1+¢. Wehave 1l +e>60+1+1/logx for x > e2/¢. whence

1 e T8 1t logx
(110) D m(n) = 5 Ae(s):mg(s) “ds + O ()

n<w | Im(s)|<T
uniformly for z > T > 2 and z > €%/¢. We will apply (5.13) to replace the
contour [1 +¢& —iT,1+ ¢+ ¢T] by C1 + Ca + Cs, where
Ci=[1+e—iT,a' —iT), Co=[d—iT,a+iT], C3= [ +iT,14+e+iT]
for some o/ € (0,1) to be chosen later. All implied constants in what follows
might depend on ¢, € and k.

Consider the rectangle whose vertices are the points 1 + ¢ + ¢T" and
o/ £4T. The only pole of the integrand in (.I0) inside this rectangle is at
s =1 and has order k. Consequently,

s k 1 s I+e]
E f(n) = ress—1 26 (s) + —/ C(s)® T ds+ O(w)'
opend 270 J oy 4Ca+Cy s T

Remark implies that there is a polynomial Pj of degree k — 1 and with
leading coefficient 1/(k — 1)! such that

resg—1 (2°C(s)¥/x) = - Py(log z).

We treat the integral over Cy + Co + C5 as an error term and bound it
crudely. Using Theorem[B.3, we have ¢(s) < (1+[t])1=7+)/2 for [s—1| > 1
and 0 < 0 < 1+ e. Since we also have |o/ +it] < 1+ |t| for o/ > 0, we find

T
g’ . 1ok L
—ds = t
(s) S ds z/_TC(oz + it) o it

o +it

¢ de
Co

T
<</ (1 + |t|)(1_a/+€)k/2_1$a/dt
=T

< $a’T(1—a’+€)k/2.
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76 7. The Perron inversion formula

Similarly, we have that

xS 1+e o—iT 1+¢
C(S)k ?ds = / C(o— Z'T)k ng < / T-0te)k/2=1 04,

OL,

C

(7.11) < max TUorek2-1,0
a’'<o<l+e

and the same estimate holds for the integral over C3. Assuming that T <
2%/% | the maximum in (ZII) occurs when o = 1 + .

To conclude, we have proved that

plte 1Og :C)

Z TK(n) = xPy(logx) + Ok ¢ o (a: 'p-ate)k/2 | T

n<e

The error term increases when o/ increases. Taking o/ = ¢ yields

ZTk = 2P;(logz) + O (2 E(T’“/Q—i-a:/T)loga:).
n<

k+2)

We optimize this estimate by taking T = z2/( . Replacing € by £/2, we

arrive at the following result.

Theorem 7.4. Fiz k € Z>2 and € > 0. There is a polynomial Py of degree
k —1 and of leading coefficient 1/(k — 1)! such that

> 7i(n) = aPp(log z) + Op o (a*/ FH2He) (2> 1),

n<e
Remark 7.5. Theorem [T.4] improves upon Exercise when k > 3, while
yielding a slightly weaker version of Theorem [B.3] when & = 2. Since in
its proof we took o/ very close to 0, it is tempting to examine what would
happen had we chosen o/ < 0. The calculation is a bit different now, since
IC(of + it)| <o [t|1/27® for o/ < 0 and [t| > 1. Tt turns out that this idea
does not lead to an improvement of Theorem [[.4l We leave the verification
of this claim as an exercise. O

Square-full integers. As in Example 5.5 let f be the characteristic func-
tion of square-full integers and

25)((3s)
T; — ((6s)

Theorem with § = A =0 and o = 1+ 1/logz implies that
1 ((2s5)¢(3s) =«* xlogx
Zf(x) 2w A0(8)=1+1/10gﬂ7 C(6s) s ds+ O( T )

n<e | Im(s)|<T

uniformly for x > T > 2. This formula puts us right away at a disadvantage:
the error term should really be of size O(z'/?7/T), because Y onca f(n) =<
Vx, that is to say, the parameter 6 is —1/2 on average. We could prove a
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Two examples 7

more general version of Theorem [7.2 that would allow such an improvement,
but it is significantly simpler to work instead with a smooth cut-off ¢.

Let T > 2 be a parameter that we will choose later. By Example [Z.3]
there are functions ¢* € C*(Rx¢) such that

Lpa—1yr < ¢~ <l < o7 <lpasuym,
and ||(¢*)®) || < T for each fixed k. Then
(7.12) Zf “(n/x) < Zf Zf Jo T (n/x).
n>1 n<x n>1
Let ¢ € {¢7,¢T}, and let ® denote its Mellin transform, which satisfies
([TT). We use relations (7.8]) and (.9) to find that
¢(3/2) @(1/2) 12, €(2/3) ®(/3) 13
o(n/x . r’T+ : z
2 fmeln/o) =20 =5 @) 3

1 ¢(2s)((3s) Srdds
27 (a) C(68) q)() d

(7.13) "t

for any o’ € (1/6,1/3). To ease notation, let o’ be a from now on.

To estimate the integral over the line Re(s) = «, we use Theorem to
find that

C(2S)<(38) e (1 + ‘t’)l/Q_OH_E/Q(l + |t|)1/2—3a/2+€/2 _ (1 + |t|)1—5a/2+6

for any fixed € € (0,1/2]. Finally, since Re(6s) = 6a > 1, we have |((6s)| >
1/¢(6cr) =4 1 from relation (6.9). Together with (1), this implies that

C25)CEs) (14 [t])—2e/2Hege
¢6e) max{L, [1/T}F
for any fixed £ > 0. We use the above inequality to bound the integral in

([T13): we have
T
/ C(2S)C(3S)¢(S)$sd8 <</ (1—|—|t‘)_5a/2+€$adt<<T1_5a/2+5$a,
i <o -

since we have assumed that o < 1/3. On the other hand,

C(25)¢(35) / [t P2 e 1-5a/2+
SE)S95) o (s)atds < dt < T2/ 75,
/ixel((i))l:;% ¢(6s) (s) o= (1t/T)?

assuming that ¢ < 1/2. Inserting these bounds into (T.13]), we conclude that

No(n /ey = SB2) 2(1/2) 1y ((2/3) ©(1/3) 3
;f( Jo(n/z) = =057 =5 IR

+Oa7€($aT1—5a/2+s) )

(s)x® e ak
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78 7. The Perron inversion formula

Finally, since 1jg1_1/7] < ¢ < 1jg,141/7), We have that

d(s) = /1 y*lds 4+ O(1/T) = 1/s + O(1/T)
0
for s € {1/2,1/3}, so that

S fn) Sé?)xusz Cgé?) 1/3+O< 1T/2 4 20T 5a/2+€>
n>1

for ¢ = ¢*. We optimize the error term by taking a = 1/6 + /2 and
T = 219, Together with (ZI2)) this implies the estimate

S ) 3/2) 212 4 Céz(éi))xl/ngO(xll/SBﬁ)'

This recovers the main terms of Exercise B.I11] but has a worse error term.

n<x

We thus see that even though using Perron’s inversion formula offers
an intuitive way of establishing asymptotic formulas, it is sometimes possi-
ble to prove superior results using more elementary methods. Hence, it is
important to be fluent in both ways of approaching a problem.

Truncating Perron’s integral

We conclude the chapter by proving Lemma [7.1] and Theorem [7.2

Proof of Lemma [T.1l First, we consider the case 0 < y < 1. We fix a
large A > 0 and apply (5.13) with F'(s) =1 and o/ = —A to find that

1 (1/y)° 1

— =1 I_ I I

o Rew=a 5 =1 H g Ut lo+ 0,
| Im(s)|<T

(7.14)

where I_; is the integral of y~°/s over the line segment [ —iT, —A —iT], I
is over [-A—iT, —A+iT| and I; is over [-A+iT, a+iT]. What is important
in the above formula is that the integrand is very small on the new contour
of integration: either the denominator is large (in Iy, that are supported
on the horizontal line segments [—A £i7T, a+iT7]), or the numerator is small
(in I, that is supported on the vertical line segment [—A — iT, —A + iT])
because y > 1. More concretely,

; B / AT (1/y) Ay, /a (1 _/ y—a
+1 = <K
atiT s Alol+ T T| T|logyl’

whereas it .
e [T,
—A—iT S _r A+|t]

Letting A — oo, we have Iy — 0. This proves the lemma when y < e

-1/T
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Truncating Perron’s integral 79

When e~ VT < y < 1, we use a variation of (5.13): we replace the
hne of integration L = {s € C:0 = a,|t] < T} by the circular arc

={seC:|s| =Vva?2+T? o < a} traversed clockwise. As in (T.I4),
Cauchy’s theorem implies that fL(y_S/s)ds = [-(y~*/s)ds+2mi. To bound
the integral over C, we note that |y=*/s| < y=*/T for s € C. Since the
length of C is < T, the lemma follows in this case too.

The case y > 1 is similar. However, instead of shifting the contour to the
left, we shift it to the right, so that y~%/s becomes smaller in magnitude.
No pole is encountered this time. We leave the details as an exercise.

It remains to handle the case y = 1. We argue by direct computation:

1 / ds 1 /T 1 1 a (T dt
Lo Ll L ot
2mi J Re(s)=a s 27 J, \a+it «a—it T Jo o®+t?

[ Im(s)|<T
The rightmost integral equals arctan(T'/«)/m = 1/2 4+ O(«/T'), which com-
pletes the proof of the lemma. O

Proof of Theorem Using the fact that f(n) < Cn(1 + logn)* and
([2)), we have

x_s a | 0 A
Zf /Re(s) _, F(s) . ds + Oz - E + 2" (log z)™),

USS | Im(s)|<T

where

(1 + logn)4 (14 1logn)4
F =3 s LT og £ 2 w72 a1, TTTog 1]

We write £ = E1 + Ey + E3 + E4, where E7 is the part of the sum with
|lt—n| <1, Eyiswith 1 < |x—n| < /T, E3 is with max{1l,2/T} < |z—n| <
x/2 and Ey is with | — n| > z/2.

We clearly have that F; < (logz)?/z. The sum E» has non-empty
range only when = > 7', in which case we have

Es

N

(1+1logn)* =z (logz)?
Z pltl/loge — 7 T 4
z—z/T<n<z+z/T

For the terms in the range of Fs3, we note that |log(x/n)| < |n — z|/x, by
Taylor’s expansion of the logarithm about 1, so that

(log ) (log z)*
E. ——— < —_— .
3 << Z T |n— g Z _ Z T
max{1l,z/T}<|n—z|<z/2 1<29<z/2 29<|z—n|<2i+1

Since there are < 2/ integers n with 2/ < |z — n| < 2/t we deduce that
E3 < (logx)A*1/T. Finally, for the terms in the range of F; we note that
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80 7. The Perron inversion formula

|log(x/n)| > 1, whence

A+1

1 +logn)?4 (log x)
E4 <7 Z 1+1/logm <4 T
nzl

by an application of the Euler-Maclaurin summation formula (Theorem
[LI0). (Alternatively, note that the contribution of n € [z/,277!) to Ej,
is < T~ (logz)A*(j + 1)“e~7. Summing over all j >0 proves the claimed
bound.) Putting together the above estimates implies that F < (log z)4*!/T
+ (log £)4/x, thus completing the proof of the theorem. O

Exercises

Exercise 7.1. Consider an arithmetic function f with Dirichlet series F(s) con-
verging absolutely for Re(s) = a > 0. Prove that

/Zf )y =" f(n)(1—n/z) = /@F(s)ﬁds

n<y n<x

and

/ Zf Zf )log(z/n) = eri/(a)F(S)i_QdS'

n<y n<x
[Hint: Mellin inversion for ¢(y) = 1y<1 - (1 — y) and ¢(y) = 1y<1 - log(1/y).]

Exercise 7.2. Let ¢ € C°(Rx) be compactly supported, and let ® denote its
Mellin transform.
(a) Show that ®(s) is analytic for Re(s) > 0.

(b) If ¢(y) = ¢po when y € [0,1], show that ® has a meromorphic continuation to
C whose only singularity is a simple pole of residue ¢g at s = 0.

(c) If supp(¢) C [0,m], then prove that ®(s) <y a m™>¥10} /(1 4 |s])4 for all
s € C and any fixed 4 > 1.

(d) Let f be an arithmetic function with Dirichlet series F'(s) converging absolutely
for Re(s) = a > 0. For = > 1, prove that

1
Z f(n)p(n/z) = — F(s)®(s)x*ds.
271 ()
n>1
Exercise 7.3. Let f(n) = u%(n)/¢(n) and let F(s) be its Dirichlet series.

(a) Prove that F(s) = ((s+1)G(s), where G(s) is a Dirichlet series that converges
absolutely for Re(s) > —1/2.

(b) Write G as an Euler product and calculate its logarithmic derivative G'/G.
Deduce that G(0) = 1 and G'(0) = 3= (logp)/(p* — p)-
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(¢) For 1 < T <z and o € (—1/2,0), prove that
2mi
n<w | Im(s)|<T

1 S
—logz 47+ G'(0) + —— / F(s)%ds + O((log 2)2/T),
2mt Jo s

100 = 515 frowroa g FO s+ Olog )/ T)

where C' is the sum of the contours [1/logz —iT,a —iT}], [@ — iT, o + ¢T] and
[a+4T,1/logx + iT).

(d) Use Theorem to estimate the integral over C' and deduce that

3" f(n) =logz +7+G'(0) + O.(z7>*) (2> 1)

n<e
for any fixed € > 0.

Exercise 7.4. Use Theorem and its variants to estimate }_  logn,

Y on<a u%(n) and > n<a P(n). Compare your results with those obtained by Theo-
rem [[LT2] Exercise B.8 and Theorem B.2] respectively.

Exercise 7.5. An integer n is called cube-free if there is no prime p such that p3|n.
On the other hand, an integer is called cube-full if p3|n whenever p|n. Estimate the
number of cube-free and cube-full integers in [1, z].

Exercise 7.6. Show that there is a linear polynomial L, a quadratic polynomial
Q@ and some § > 0 such that

> 22 =g Llogz)+ 0@ ™%)  (z>1)
n<x

and

ZZQ =z -Q(logz) + O(z'79) (x> 1).

n<x

Exercise 7.7* Let s = o + it with 0 <o <1 and [¢| >
(a) Forz >T >2and a =1— 0+ 1/logx, show that

1 1 z? z' 7 logx
E = ? Re(2)=a C(S—FZ)?dZ—FO(T)
n<z [ Im(2)|<T

(b) If | Im(2)| < |t|/2 and € > 0, then show that

|t|(17¢77RC(Z))/2+5 if —o< Re( )
+2) KL
C(S Z) € |t|1/27nge(z)+6 if Re(z) < —o.

(c) Let e > 0 and A > 1 be fixed. Uniformly for z > |¢|, prove that

7

(T15) 3 = (s + Oae (T o)+ 2 ).

n<
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82 7. The Perron inversion formula

Exercise 7.8 Let ¢ be as in Exercise [[2(b) with ¢y = 1.

(a) Consider s € C with 0 < ¢ < 1 and [¢| > 100, as well as z,y > 1 with
xy = [t|/27. Show that

¢ n/x s 1 :
,; =t <I>(1—s)—i—g(s)—i—%/(_3)((84—2)@(2)3: dz.

(b) Use ([@2) to write {(s+ z) = A(s+ 2)¢(1 — s — z) and deduce the approzimate
functional equation

(716) Z ¢ n/x Z ¢:(ﬁ/§y) + OA7¢(‘t|7A),
n>1 n>=1 n
where
Bi(u) = — 5 [ BEAG+ 2)l2m s

(¢) Show that X is meromorphic with its poles located at the odd positive integers
with res,—on 11 A(2) = (=1)"71227+1727 /(90! Finally, use Exercise to
show that A(a+ib) <, max{|b|,1}*/2~% when a, b € R are such that |a-+ib—k| >
1/2 for k =1,3,5,....

(d) Let @ € (—00,3/2]\ {0,1 — o}. Prove that

1
dr(u) = —— D(2)A\(s + 2)(ult|/27)*dz
211 (a)
+ ]-a>0 ' )\(8) - 1o¢>17¢7 ! 2(1)(1 - 8)(u‘t|/2ﬂ—)1_
(e) Fix ¢ > 0 and B > 0. Show that

u—B if u> [t
) 9
93 (u) e {Iﬂl/z T2 i 0 S u < [t

[Hint: When u > |t|¢, take @« = —C' in part (d) with C' big enough in terms of
¢ and B. Otherwise, take oo = 3/2.]

(f) Combine parts (b) and (e) to prove that ¢(s) <. |[t|*=9)/2* for |t| > 1 and
0 < 0 < 1, thus recovering Theorem inside the critical strip.

Exercise 7.97

(a) Let z = a + ib with a,b € R such that |a] < [b|>/? and |z — k| > 1/2 for
k=1,3,5,.... Show that

IA(2)] = (27)% max{|p|, 1}}/27.

[Hint: Use the relations A(z) = A\(Z) and A(z) = 1/A(1 — 2) to first reduce to
the case when b > 0 and @ > 1/2. When a > 1/2 and b > 1, use Exercise
CIZ noticing that |2/2|* = (b/2)%(1+ O((a/b)?))* and arg(z/2) = 7/2 —a/b+
O((a/b)?) for a < b. Similar estimates also hold for |(1 — 2)/2|* and arg((1 —

2)/2)]
(b) For s € C with 0 < ¢ < 1 and |¢| > 100, and for z,y > 1 with zy = |t|/2m,
show that
1 1 —0 —0c,,0— g
(TIT) G = Y0 A Y s + O Ty ).

n<r nLy
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[Hint: Consider ¢ € C*(Rxo) with Mellin transform ®. Assume (74) and
[T7) with T = |t|*/?~¢. For z = a + ib with |z| > [t|'/? > |a| and |b| < [t|/2,
show that

D(2)A(s + 2)([t]/27)7 <eoa [t1A1+b/t] 7 (1 + 1/T)mxt0al,
When u < 1 —2/T, use this estimate to show that

dr(u) = A(s) — 2%” /Re(z):3/2 D(2)A(s + 2)(ult]/2m)*dz + O (|t] =)

| Tm(s)| <t/

[ gpre BN +2)(ult /20 dz + Oa(lel ),

| Im(s)[<[¢]/?
since ®(2)A(s 4 z) has no poles when Re(z) > 3/2 and |Im(z)| < [¢t|*/2. Con-
clude that ¢*(u) = A(s) + O4(|t|™). On the other hand, when u > 1 + 2/T,

show that ¢*(u) <4 v~ '°|t[~"* by moving the contour to the line Re(z) =
—[t1/2]

1
211

= A(s)

Remark 7.6. When 0 < Re(s) < 1, formula (Z.I5]) allows us to approximate
((s) accurately by a sum of [¢|'*¢ terms. On the other hand, taking x = y =
VIt|/27 in (CIT), we can write ((s) as a linear combination of two much
shorter sums, each of length \/|t|/27. In particular,

. 1 Y 1 B 8
ng\/ |t‘/27T n< /|t‘/27'r
; 2 () —tl
(118 =y 2 _tlosn) g yijae)

ng\/\t|/—27r \/ﬁ
where 9(t) is defined in Exercise For this reason, formula (7.I7) has
significant applications. On a theoretical level, it is very useful when study-
ing the value distribution and the moments of (. On a practical level, it
allows us to calculate ( fast inside the critical strip. Indeed, a variation of
([I8) was used by Riemann himself to calculate the first few non-trivial
zeroes of ¢ and verify they are on the line Re(s) = 1/2. Riemann’s exact
variation of (T.I8)) was rediscovered by Siegel [164] when he was studying
Riemann’s handwritten notes at the University of Gottingen [155] and it is

known today as the Riemann-Siegel formula. For a detailed discussion of
this subject, see Chapter 7 of Edward’s book on ¢ [37]. O
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Chapter 8

The Prime Number
Theorem

Having developed the theory of the Riemann zeta function and of the
Perron inversion, we use them to establish a quantitative version of the
celebrated Prime Number Theorem.

Theorem 8.1. There is a constant ¢ > 0 such that
m(z) = li(x) + O(ze~cVIo8") (x > 2).

Instead of working with 7(x), we work with Chebyshev’s function ¢ (x) =
> n<z A(n). Our first goal is to establish the explicit formula (B.11). Sub-
sequently, we will show that ((s) # 0 when Re(s) ~ 1. This will allow us to
bound the sum over zeroes in (5.11]) and obtain Theorem K]

Proving the explicit formula

In order to use the techniques of the previous chapter, we need to control
¢’'/¢ past its domain of absolute convergence. The key technical estimate is
the following lemma, whose proof we postpone till the end of the chapter.

Lemma 8.2. Let s=o0 + it € C.

(a) There are < log(|t|+2) non-trivial zeroes p = B+i7y of C with |y—t| < 1,
even when counted with multiplicity.

(b) If |s+2n| > 1/2 for all n € N, then

SO =gt Y o+ Ollos(ls]+2):

lv—tI<1

the sum runs over non-trivial zeroes of ¢ listed with their multiplicity.

84
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Proving the explicit formula 85

Proof of Theorem [5.3] Let z,T > 2. For technical reasons, we first prove
the theorem when |T'—~| > 1/log T for all p. Our starting point is Theorem
7.2l which yields the formula

1 ! log?
(8.1) w(x)_TmAe(s)=1+1/logx< CC( )) —ds + O(x 01% w+logx>

| Im(s)|<T

Next, we replace the contour of integration [1+1/logx —iT, 141/ logz—iT)
by the contour L_; + Lo + L1, where we have set L_1 = [1 4+ 1/logz —
iT,~2N — 1 — 4T, Ly = [-2N — 1 — iT,~2N — 1 + 4T} and L; = [-2N —
1+iT,1+ 1/logz + iT] for a fixed large integer N > 1. Indeed, relation
EI3) with « =14 1/logz and o = —2N — 1 implies that

Y(z) = > ress=uw <M>

—2N—-1<Re(w)<1+1/logx

aal )R

+0 (73: logT(xT) + log a:) ,

where the sum over w runs over all poles of f(s) := (=('/{)(s)z®/s in the
rectangle formed by the points 1 + 1/logx 4+ 4T and —2N — 1 +¢T. Our
next task is to locate all such poles.

The pole of ( at s = 1 induces a pole of f of residue x. Moreover, for
each zero p of ¢ of multiplicity m,, we obtain a pole of residue —m,2*/p
(see relation (B.I0) and the discussion preceding it). Finally, there is a pole
at s = 0 of residue —log(2m), and poles at s = —2n > —2N of residue
x72"/(2n) < 47", Therefore

Y(x) =2 — %Jr%(/L_lJr/LOJr/LI>4(_C//i)(s)$sds

(8.2) <t
2
Lo (x logT(mT) 4 log x> ’

where each zero p is repeated several times according to its multiplicity.

Next, we bound the contribution of the integrals over L_1 and Li. On
these integrals we have |Im(s)| = T. Recall that we have assumed that
|T —~| > 1/logT for all v. If B+ iy is a zero of (, so is § — i7, and we
deduce that [T+ | > 1/logT. We thus find that |s — p| > 1/logT for
s € Liq with o > —1. Together with Lemma [82] this implies that

!/
CC( ) < log T + Z logT < log? T

[v—t|<1
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86 8. The Prime Number Theorem

for all s € L1y with 0 > —1. When o < —1, we have the stronger bound
(¢'/¢)(s) < log T since the distance of s to the zeroes of ¢ is > 1. Conse-

quently,
/ 1+1/logx log T)22° -1 log T)z°
Li s -1 T on—1 T
log?(2T
o 2log”(@T)
T

When s € Lo, we have |s+2n| > 1 for all n € N and |s + p| > 2N + 1 for
all p. Hence, (¢'/¢)(s) < log|s|, which implies that

/ s T log(N + |t —2N-1
{2 [ Lo i)
Lo G 8 - N+ [t]
Inserting these estimates into (82) and letting N — oo completes the proof
of Theorem 5.1l when |7 — | > 1/log T for all zeroes p = 8 + i7y of C.
Finally, consider the general case. There are < logT zeroes of { in the

horizontal strip {T" < Im(s) < T+ 1}. By the pigeonhole principle, there is
T € [T, T + 1] such that |T" —~| > 1/logT’ for all zeroes. We then have

Y(x) =z — Z :E—p—l-O(M-I—logx).

TI
<t P

In addition, Lemma [R:2(b) implies that

’ Z :c_/” ‘ :clogT

r<pier P T<|“/|<T+1
This proves Theorem [5.1] for all T' > 2. O

A zero-free region and the Prime Number Theorem

In view of Theorem [5.1] the only ingredient missing from proving the Prime
Number Theorem is showing that the terms z”/p are small compared to the
expected main term x. Since |zf| = 2%, we need to prove that f is not too
close to 1, namely that a certain region is free of zeroes of (. This is precisely
the context of the next theorem.

Theorem 8.3. There is a constant ¢ > 0 such that ((s) # 0 in the region

c
>1—— .
? log(|t] +2)
Proof. Let py = [y + iy0 be a non-trivial zero of (. We need to prove that
c
8.3 1—-06p> —.
53 log (ol + 2
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A zero-free region and the Prime Number Theorem 87

First of all, since ¢ has a pole at 1, there is an absolute constant ¢ € (0, 1]
such that |pp — 1| > d. In particular, if || < /2, then 1 — By > 6/2 >
d/(4log2), so that (B3] follows in this case provided that ¢ < 6/4, as we
may certainly assume. For the rest of the proof, we assume that |yy| > 6/2.

In order to explain the idea of the proof, we consider first the extreme
case when By = 1, i.e., ((1+1i79) = 0. By the analyticity of ¢, we must have
that (0 +iv) ~a- (o0 — 1) for some a € C as 0 — 1. On the other hand,
we have 1/¢(o +iv0) = [[,(1 - 1/p°+%0), and the only way this product
can tend to infinity as ¢ — 17 is if p?° points towards —1 a lot of the time.
But then p*70 = (pi10)2 should point often towards 1, thus implying that
(o +2iv0) = T[,(1 = 1/p7+270)~1 — 00 as ¢ — 17, that is to say, ¢ should
have a pole at 1 + 2i7g. This is impossible, since vy # 0 here, and the only
pole of ( is at 1.

We formalize the above idea by introducing a family of metrics Dy (-, -),

o > 1, on the set of multiplicative functions taking values in the unit circle
that we define by

e (™) = g(p™)*logp
(8‘4) Da(f: 9)2 - 5 Z Z .

mo
p m=1 p

We think of ¢ as a parameter that will be optimized later in terms of vq.

By the triangle inequality,
Dy (1,n%70) = D, (n~10, nt0)
(8.5) < Do(n™7°, u(n)) + D (p(n), n"°)
= 2D, (pu(n), n*1°).

The above inequality is a rigorous way to see that if p"’° ~ —1 on average,
then p?7° ~ 1. We will prove though that D, (1,7n2") cannot be too small
because ( is analytic around 1+ 2ivg, whereas a zero pg = g+ iyo too close
to 1 + vy would make D, (u(n),n"°) rather small.

We start by proving a lower bound on D, (1,n%70). Since |1 — p'|? =
2(1 — Re(p~™)) for t € R, we have that

D, (1,202 = Z (1-— Re(p];::om)) logp _ _%(U) + Re (%(a + 2170)).

p7m

We evaluate the last term on the right side using Lemma R2(b). Since
|70 = /2, we have |s + 2iyp — 1] > 1. In addition, we have

1 . O'_B
Re(0+2i70—p> T (60— B2+ (290 — )2 =0
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88 8. The Prime Number Theorem

for each p = 8 +ivy. As a consequence,

/

Re (%0 +20m0)) > ~Of1og(ol +2).
Since we also have that (—('/{)(c) =1/(c — 1) + O(1) , we conclude that
Do (1,122 > —— — O(log(lol +2))

Next, we deal with Dy (u(n), n?0). Similarly to before, we have that

Y0 o C/ C/ .
Pelulon = _Z(J) ~Re <Z(U + z’yo)) +0(1)
1 iy O
ot 7—%):K1 0371 (o= T Olloellol +2))
<o i 1 o _150 + O(log(|70] +2))

by dropping all the summands except for the one with p = pg.

Combining the above estimates, we find that
1 4 4
o—1 " o0—-1 o—p
If o =1+1/(Clog(|yo| + 2)) for some large enough C, we have

35 > 4 hence 1— 8y > o1 1
, w — = .
o—1" o- f 0 7 7Clog (0| + 2)

Taking ¢ = min{d/4,1/(7C)} completes the proof of the theorem. O

+ O(log(ol +2))-

Remark 8.4. The above proof recasts a classical argument due to Mertens.
The original proof has as its starting point the relation

(8.6) 3+ 4cosf 4 cos(26) = 2(1 + cos0)* > 0,

often called the 3-4-1 inequality. Setting 6 = tmlogp and multiplying the
above inequality by p~"? log p and summing it over all p and m yields (8.5).
The proof of (8X) we presented is due to Granville and Soundararajan
[74] and fits within the framework of the theory of pretentious multiplicative
functions. A full account of this theory is given in [75]. In addition, elements
of it can be found in Chapters [I3] [4], 22 and 27 of this book. O

We are finally ready to prove the Prime Number Theorem.

Proof of Theorem B.I. We will estimate () instead; passing to m(z)
can be easily accomplished by partial summation (see Exercise [[L7)(d)).
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A bit of complex analysis 89

Combining the explicit formula (5.I1]) with Theorem B3] we find that
there is an absolute constant ¢; > 0 such that

l,l—cl/logT xlogQ T
= 0]
o) =0 3 T )
[vI<T

for any T' € [2,z]. Moreover, since ((0) # 0, we have that |p| > 1 for
all non-trivial zeroes of (. In particular, we have the estimate |p| < 1+ |v|.
Finally, arguing as in (G.5), we find that 3=, . 1/(1+[y]) < log? T. Putting
everything together, we conclude that

Y(x) =z + O (a8 T (log T)? + z(log )%/ T).
Taking T = eV!°8% completes the proof. O

A bit of complex analysis

We conclude the chapter with the promised proof of Lemma 8.2l The start-
ing point is a variation of the classical Borel-Carathéodory theorem.

Lemma 8.5. Consider a function f(z) =Y " cp2" that is analytic in the
disk [ |z| < R with f(0) =0. If Re(f(z)) < M whenever |z| = R, then

’Cn‘ < fOT’ n e Z;l.

R"
Furthermore, for k € Zxo and |z| < (1 —¢)R with 0 < e < 1, we have

8kIM
1f® ()] < RRE

Proof. Since f is analytic in the closed disk |z| < R, a compactness argu-
ment implies that it is also analytic in an open disk |z| < R’ with R' > R. In
particular, its Taylor series ) >~ c,2" converges absolutely when |z| = R.

Note that ¢y = f(0) = 0. Write ¢, = a,, + ib, so that

Re(f(Re)) =Y R'aycos(nf) — > R"bysin(nd).
n=1

n=0
Fourier inversion (or Cauchy’s residue theorem) then implies that

27
(8.7) Rhay =+ /0 Re( f(Re™)) cos(nf)dd

m
for n € Z>¢. In particular, f027r Re(f(Re?))df = ag = 0 and

1
R

21
lan] < / | Re(f(Re™))|d6

IThis means that f is analytic in an open neighborhood of the disk {z € C : |z| < R}.
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90 8. The Prime Number Theorem

for n € Z>1. Hence

1 2w ) .
Rnw/o (IRe(f(Re™))| + Re(f(Re")))do

2 [ 0 4M
= Rnx max{Re(f(Re")),0}dd < T

’an| <

A similar argument implies the same bound for |b,| and the claimed bound
on |c,| follows. For the bound on f*)(z), we simply note that |f*)(2)| <
Yok n(n—=1)(n—k+1)e,|((1 - €)R)"* for |z| < (1 — €)R, and then
insert our bound for c,. O

If f(z) =logg(z) with g(z) # 0 on some disk |z| < R, then Re(f(2)) =
log|g(z)|. Lemma [R5 then allows us to translate an upper bound on |g(z)|
to bounds on f and its derivatives. This leads us to the following lemma,
which is a generalization of the fact that a polynomial of degree d and of
bounded coefficients grows roughly like ¢?® in the unit disk |z| < 1, while
also having at most d roots there. Part (a) is due to Landau, and part (b)
is a weak quantitative form of Jensen’s formula from complex analysis.

Lemma 8.6. Assume that g(z) is analytic in the disk |z| < 4R with g(0) #
0, and let z1, ..., zx be its zeroes in the disk |z| < 2R listed with multiplicity.

(a) If M > 0 is such that |g(z)| < eM -|g(0)| when |z| = 4R, then

/

k
16M
(2) g for |z| < R.
(2) - R

(b) If M" > 0 is such that |g(z)| < eM - |g(0)| when |z| = 2R, then
(8.8) H{1<0<k: |z <R} <2M.

Proof. (a) The function G(z) = g(z)/ H§:1(Z — zy) is analytic for |z| < 4R
and non-zero for |z| < 2R. Thus f(z) := log(G(z)/G(0)) is analytic in
the disk |z| < 2R. It also vanishes at the origin. The maximum modulus
principle implies that

‘nlﬂa;%!G( 2)/G(0)] < max, G(2)/G(0)] = max,

9(2) 1 2
9(0) el_[1 z— 2

since |z¢| < 2R < |z — 24| on the circle |z| = 4R. We then bound f’(2) using
Lemma to complete the proof of part (a).

(b) We could use Jensen’s formula to prove the second part. Instead, we
give a direct proof following [146, Lemma 6.1].
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A bit of complex analysis 91

Consider the auxiliary function

k _
) = (o) [ HE22E
/=1

that is analytic for |z] < 2R. In addition, |h(z)| = |g(2)| for |z| = 2R, since
z/2R = 2R/Z for such z and thus |2R — 2Z;/2R| = |z — z¢|. The maximum
modulus principle then implies that

k

2R N

max lg(=)] > [R(0)] = |g(0)- 11 o = 19O ot IStSkilzl<R )
- =1

and the proof is complete. [l

Proof of Lemma Any set of zeroes of ( we consider in this proof is
implicitly a multiset with each zero listed as many times as its multiplicity.

(a) Notice that ((s) < 1+ |t| for |[s — 1] > 1 and o € [1/2,5] by
(5.7). Moreover, relation (5.8) with & = 3 implies that ((s) < 1+ [t
for |[s— 1] > 1 and 0 € [-3/2,1/2]. We then apply Lemma B.6(b) with
g(z) = C(2+it+ 2z)(1 + it + z) and R = 3. We note that |g(z)/g(0)] =
O(1 + [t|Y) for |z] < 4R, since 1/¢(2 + it) = O(1) by (69). Therefore, if
A={p:|p—2—it] <3}, then Lemma6|b) implies that |A| < log(2+|¢]).
Since all zeroes with |y —¢| < 1 are in A, part (a) of the lemma follows.

(b) When o > 2, the result is trivially true, since (¢'/¢)(s) = O(1) for
such s, as well as |s — p| > 1 for all zeroes with |t — | < 1 (and there are
O(log(|t| 4+ 2)) such zeroes).

Next, assume that —1 < o < 2, so that |s —2 —it] < 3. Let A’ = {p:
lp—2—it|] <6} and A” ={p:|t—~| <1} Lemmal6(a) (applied again
to g(z) = ((2+ it + z)(1 + it 4+ z) with R = 3) implies that

¢ 1 1
C(S)+s—1 p;s_p < log(2 + [t]).

Note that |s — p| > 1 when p € A’ \ A”, and there are < |A'| < log(2 + |t])
such zeroes. This completes the proof of part (b) when o € [—1,2].

Finally, assume that ¢ < —1 and |s + 2n| > 1/2 for all n € N. Then
we have |cot(ms/2)| < 1. Thus, the functional equation (6.2]) and Exercise
[[12(b) imply that

(8.9) (¢'/¢)(s) = =(¢'/¢)(1 = 5) —log |1 — s| + O(1) = O(log|s]).
This completes the proof of Lemma in all cases. O
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92 8. The Prime Number Theorem

Exercises

Exercise 8.1. Let ;7 > 2 and 7 € R.
(a) Adapt the proof of Theorem [51] to prove that

pltiT p+iT 2
ZA B Z x ' +O<m10g (ngT|+T)) +10g;v>.

147 + 4T
n<T [y+7I<T P

(b) Assuming the Riemann Hypothesis, prove that

i xl—‘riT 5
Z A(n)n'™ = 1T + O(Vxlog®(x +|7])).

n<e

Exercise 8.2.
(a) Show that if N' € Z>1 is not a prime power, then )(N) = N =3 |y N*/p—

log(27) + on—00(1). [Hint: First, prove a version of Theorem [[2 with a better
error term. (Solution in [3I, Chapter 17].)]

(b) Show that ¢ must have infinitely many non-trivial zeroes.
(¢) For each € > 0, show that there is at least one non-trivial zero p with Re(p) >

1/2 — . Conclude that we cannot have ¢(z) = x + O(x'/?7¢) for all z > 1.

Exercise 8.3.

(a) Consider ¢ and @ as in Exercise[[2[(b). For z > 1 and s € C\ {1} not coinciding
with any zero of ¢ show that

Z M = xl_sq)(l —5) — pr—s(l)(p —s)

nS

n>1 P
- ¢0§ (s) — Z T TER(—2n — s).
n=1

(b) When s = 0 and = = 1, simplify the above formula to
/ H(y)dy - Z B(p

— ¢o log(2m) / ¢ (y) log( 1—1/y)

n>1

Deduce that ¢ has infinitely many non-trivial zeroes.

Exercise 8.4. Write ¢; for the constant in Theorem B3 and let 6 = ¢1/log(|t|+2).
(a) For o > 1 —0.58; and |t| > 3, show that (¢'/¢)(s) < log? [¢].
(b) In the same range of s, improve the above bound to

(¢'/¢)(s) < log [¢].

[Hint: Prove that Re(—(¢/¢")(s)) < O(log|t|) for o > 1—46; and that (¢'/{)(1+
0 +it) < log |t|. Then, use Lemma [R5]
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(c) For 0 2 1—0.56; and [t| > 3, prove that

[log ((s)] < loglog || + O(1).
[Hint: When o < 1+ ¢, show that log ((s) = log (1 + d; +it) + O(1).]
(d) Show that a constant ¢o > 0 such that
Z p(n) < ze=2VIET (1> 9),
n<e
[Hint: Start with Theorem with @« = 1+ 1/loga, and then replace the
contour [ — iT', o + 3T by the contour
L=a—il, o —iT| + [/ —iT,a' +iT] + [ + T, +iT],
where o/ =1 — 0.567. To bound 1/¢ on L, note that |1/{| < exp{|log(|}.]

Exercise 8.5. Assume the Riemann Hypothesis and fix € € (0,1/2).
(a) Adapt the argument of Exercise [84] to prove that

(¢"/)(s), log((s) < loglt| for[t| >2,0>1/2+¢.
(b) For |t| > 2 and 0 > 1/2 + € prove that

log ((s), (¢'/¢)(s) <= (log [¢])?mex{t= 0k,
Infer the Lindelof Hypothesis. [Hint: Adapt the proof of Theorem [6.2]]

(¢) Use Exercise B3|a) to give an alternative solution to part (b). [Hint: Re-
arranging the terms in Exercise B3(a) gives an expression for (¢’'/{)(s). If
supp(¢) C [0,2], then > A(n)p(n/z)/n* < z'~7logz. On the other hand,
using an estimate of the form (Z7)), the sum over zeroes p is O, 4 (/%7 log |t).
Optimize z.)

Exercise 8.6. Prove that the Riemann Hypothesis is equivalent to:
(a) For each £ > 0, we have 9(x) = x + O.(2'/?%¢) uniformly in = > 1.
=

(b) For each & > 0, we have > __ u(n) <. z/%*¢ uniformly in z > 1.

n<z

Exercise 8.7* (|31, Chapters 11-12]). Let £(s) = n~%/2T(s/2)¢(s)s(s — 1)/2.

(a) Prove that & is entire, satisfies the functional equation £(s) = (1 — s) and
its zeroes are precisely the non-trivial zeroes of (, occurring with the same
multiplicity.

(b) Prove that |£(s)| < exp{0.5|s|log |s| + O(|s|)} for |s| = 1. [Hint: It suffices to
consider the case when Re(s) > 1/2.]

(c) Prove that the Hadamard product h(s) = ][ (1 — s/p)e®/P converges absolutely
and uniformly on compact subsets of C (see Exercise [[L.T4]). Deduce that there
is an entire function @ such that & = he©.

(d) Prove that &(s)/h(s) < exp{O(|s|log?|s|)} for |s| = 3, as follows:

(i) Let ns denote the number of zeroes of £ in the disk {z : |z —s| < 1}
counted with multiplicity. Show that n, < log]|s|.

(ii) Show that there is r € [0,1] such that all zeroes of ¢ are at distance
> 1/(2ns + 2) > 1/log|s| from the circle {z: |z —s| =1}.
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94 8. The Prime Number Theorem

(iii) Fix z on the circle |z — s| = r. If |p| > 2|2|, prove that |(1 — z/p)e*/?| =
eOU=P/1P1); if |p| < 2|2], prove that |(1 — z/p)e/?| > 1/(|s|log|s|).
(iv) If |z — s| = r, prove that &(2)/h(2) < exp{O(|s|log®|s|)}. Then use the
maximum modulus principle to bound £(s)/h(s).
(e) Use Lemma to prove that Q(s) < |s|log?|s| for |s| > 3. Conclude that
Q(s) = A+ Bs for some A,B € C. [Hint: If Q(s) = Y.~ cns™, then ¢, =
(1/27i) flz‘:RQ(s)s’”*lds for any R.]

(f) Show that e = £(0) =1/2 and B = (¢'/¢)(0) = (—v + log(4m))/2 — 1.

(g) Prove that —(&'/£)(0) = (§'/€)(1) = B+>_,(1/p+1/(1 — p)). Conclude that
Hmrooo 21, < 1/p = (v — log(4m)) /2 + 1.

Exercise 8.8*([31, Chapter 15]). Let N(T') be the number of zeroes of {(s) in the
rectangle 0 < 0 < 1, 0 < t < T, and assume that 7' does not coincide with the
ordinate of a zero.

(a) Let C be a contour that does not self-intersect, parametrized by the map ¢ :
[0,1] = C (i.e., ¢ is surjective and ¢|(o 1) injective). Moreover, let f be a
holomorphic function that is defined in an open neighborhood of C' and does
not vanish on C.

(i) Show that there is an open, simply connected domain €2 such that QNC =
C\{¢(0),6(1)} and f(s) # 0 for all s € Q. In particular, we may define
log f(s) on Q.

(ii) Define the variation of the argument of f along C by

8100 Aourg f(s) 1= (10g (6(17) ~ log S(6(07) = [ Topas
Show that Acarg f(s) = [,(f'/f)(s)ds. In particular, Acarg f(s) is

independent of the choice of ¢ and of the branch of log f.

(b) Let &(s) be as in Exercise B and let R be the rectangle with vertices 2, 24T,
—1+44T and —1, traversed counterclockwise. Prove that £(s) > 0 for s € R, as
well as that

2rN(T) = Agarg&(s).
(¢) L =12,2+4T] 4+ [2+4T,1/2+ ¢T], then prove that
Ararg&(s) = 2Ap arg&(s).
[Hint: Show that &(o + it) = £(1 — o + it).]
(d) Use Stirling’s formula to prove that

T T 3
ApargD(s/2+1) = 3 log - + % +O(1/T).
(e) Prove that Ap arg((s) = O(logT), and conclude that

T
o
[Hint: Note that log((2 4+ ¢T) = O(1). Then use Lemma to control
Afogir,1 /2441 arg ((8) ]

T
N(T) = —log 3me + O(logT).
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Chapter 9

Dirichlet characters

Having obtained a firm understanding of the frequency of occurrence of
primes, we turn to other aspects of their distribution. Specifically, we would
like to know what kind of patterns occur among them. Perhaps the simplest
such question one can ask is whether there are primes in a given arithmetic
progression a (mod ¢), that is to say, primes of the form ¢gn + a, with ¢ and
a being fixed and n varying. A natural restriction is that ¢ and ¢ must be
coprime but, other than that, there is no reason a priori why the primes
should have any preference for any particular reduced residue class mod gq.
Thus, Occam’s razor leads us to the prediction that

xT

(9.1) 7T(Qj;q’a):#{pg:E:pza(rnodq)}'\“W

Tog e (x — o0)

for each pair of fixed and coprime natural numbers a and gq.

Given the success of the Dirichlet series approach to the study of 7(x), it
is tempting to introduce the series ZpEa (mod g) 1 /p°. However, it is not ob-
vious how to analyze this function because the condition p = a (mod ¢) does
not behave well under multiplication and thus there is no obvious analogue
of (. We will circumvent this problem using the ring structure of Z/qZ.

To explain the idea, suppose we want to count primes p = 1 (mod4).
Instead of counting them on their own, we note that they have a natural
counterpart, the primes p = 3 (mod4). Since every prime p > 2 is either
1 (mod4) or 3 (mod4), we have the linear relation

m(z;4,1) + 7(x;4,3) = w(x) — 1 ~ x/logx.

Thus, instead of showing that 7(x;4,1) ~ x/(2logz), it suffices to prove
that m(x;4,1) ~ m(x;4,3) or, equivalently, that w(x;4,1) — m(z;4,3) =

95
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96 9. Dirichlet characters

o(xz/logx). We write

m(w;4,1) = w(2;4,3) =Y _e(p),

psT

where (2) = 0, e(p) = 1 if p = 1(mod4) and e(p) = —1 if p = 3 (mod 4).
The function € extends naturally to a 4-periodic function: we let £(0) =
£(2) =0, e(1) = 1 and €(3) = —1, and then define ¢(n) according to the
remainder of n mod 4. The key observation is that ¢ is completely multiplica-
tive over Z, i.e., e(mn) = g(m)e(n) for all m,n € Z. Hence the Dirichlet
series ) £(p)/p® is closely related to the logarithm of E(s) = Y72 | £(n)/n®.
Furthermore, the periodicity and multiplicativity of € allows us to get our
hands on E(s) much like we did with ((s).

Suppose now more generally that we want to study the primes in some
reduced arithmetic progression mod ¢. Instead of considering one residue
class on its own, we consider simultaneously all of them. Given complex
numbers ¢, indexed by a € (Z/qZ)*, we form the linear combination

Y cn(ziga) = f(p),

a€(Z/qZ)* PST

where f(p) = 0 if p|qg and f(p) = ¢4 if p = a(mod q) with (a,q) = 1. We
extend f to a g-periodic function over Z letting f(n) = 0 if (n,q) > 1 and
f(n) = ¢q if n = a(modq) with (a,q) = 1. We wish to find choices of
coefficients ¢, for which f is a completely multiplicative function over Z,
similarly to the function e above.

We are thus naturally led to the concept of Dirichlet characters: given
q € N, we say that the function y : Z — C is a Dirichlet character mod q if:

e Y is g-periodic;
e x(n) # 0 if and only if (n,q) = 1;
e Y is completely multiplicative over Z.

As their name and the preceding discussion indicate, these objects were in-
troduced by Dirichlet in his pioneering work on primes in arithmetic progres-
sions. In the language of group theory, Dirichlet characters are in one-to-one
correspondence with group homomorphisms from (Z/qZ)* to C*, namely 1-
dimensional representations of the group (Z/qZ)*. This correspondence is
given by associating to each x the group homomorphism X : (Z/qZ)* — C*
defined by X (n (modgq)) = x(n). Basic group theory implies that X takes
values on the unit circle. In particular, |x| < 1.

As we will see in the next chapter, there are exactly ¢(q) Dirichlet char-
acters x mod ¢ and they provide an orthonormal basis for the Hilbert space
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9. Dirichlet characters 97

of functions f : (Z/qZ)* — C equipped with the inner product

gy =—— S fla

wla) coTan)”

This means that each character y introduces an independent linear relation
(9:2) > xa)r(xig.a) =Y x(p
a€(Z/qZ)* P

Moreover, the aforementioned orthonormality of the Dirichlet characters
makes it easy to invert these linear relations: we have

1 _
(9:3) m(z;q,a) = o0 (Z X(a) Y x(p

X (mod q) psT

Examining the above formula, we discover a Dirichlet character mod ¢
that stands out: the function n — 1, ,—1. We call it the principal character
mod ¢ and denote it by xg. Its contribution to m(z;q, a) equals

1 _ m(x) + O(logq)
O v(q) p@z Mql el

since there are < logq/log?2 prime divisors of g. We thus see that yo nat-
urally provides us with the conjectured main term in (0.I)). Consequently,
proving (O9.]) amounts to showing that

(9.5) D X(p) = 0soo(m(x))  for X # xo-

pP<T
To estimate the left-hand side of ([@.5]), we introduce the Dirichlet series

— x(n)

ns

L(‘S?X) =

n=1

This series is called the Dirichlet L-function associated to y. Since x is
periodic and multiplicative, the behavior of L(s,x) can be analyzed using
analogous tools to the ones used to study (. In particular, we will prove
that L(s, x) can be analytically continued to the entire complex plane when
X # Xo. For now, we note that L(s,y) converges absolutely for Re(s) >
1 because |x| < 1. In particular, the complete multiplicativity of x and
Theorem imply that

L) =T <1 B x(p))_l‘

S
p p

Taking logarithms, we find that > x(p)/p® = log L(s, x) for Re(s) > 1,
which provides the link between the sum in (@3] and L(s, x).
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98 9. Dirichlet characters

As in the proof of the Prime Number Theorem, it is more convenient to
work with the logarithmic derivative of L(s, x), for which we have

= 3 A,
n=1

Instead of }_ ., x(p) and m(z; ¢, a), we then estimate

Y, x) =Y x(mAn)  and  Y(ziga):= Y An).
n<e n<e
n=a (mod q)
To proceed with this task, we use Perron’s formula (Theorem [T.2)) to write
¥(x,x) in terms of the Dirichlet series (—L'/L)(s,x). The analogy with
the theory of 1(x) is now clear: the zeroes of L(s, x) determine the poles
of (=L'/L)(s, x) and hence the asymptotic behavior of ¢(x, x). In fact, in
Chapter [[1] we will show a generalization of the explicit formula (B.I1]):

(9.6) Yax)=— > xpp_l +o(ﬂ%2(ql’)>
IvI<T

uniformly for x > T > 2 and non-principal characters x (modgq). As in
(10D, we write p = B+ for a non-trivial zero of L(s, x), which necessarily
lies inside the critical strip 0 < Re(s) < 1. In addition, zeroes are summed
according to their multiplicities. There is a small difference though: the
function L(s,x) could have a zero at s = 0, which is the reason why the
summands in ([©@.6) are slightly modified compared to those of (5.11]).

Given (0.6), proving (@) is reduced to showing a zero-free region for
L(s, x)-

The strategy we outlined above is carried out in the subsequent three
chapters: Chapter [[0 is dedicated to the study of character theory of finite
abelian groups and its applications to Dirichlet characters, and Chapter [I1]
to the study of Dirichlet L-functions and to the proof of (0.6]). Finally, in
Chapter[I2 we prove the necessary zero-free regions for Dirichlet L-functions
to establish a uniform version of (O.1]).

Exercises

Exercise 9.1. Find all Dirichlet characters mod 2, 3, 4, 5, 8 and 15. In each case,
caleulate 3. (044 X(a) for all a =0, 1, ..., ¢ — 1, as well as Eg;(l) x(a) for all

X (mod g).

Exercise 9.2. Prove that if x is a Dirichlet character and (n, q) = 1, then |x(n)| =
1. [Hint: Show that there is some integer k such that x(n)* = 1.]
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Exercise 9.3. Let x be a Dirichlet character mod gq.
(a) Prove that x(—1) € {-1,1}.
(b) Prove that  is a real valued function if and only if x? = xo.

(¢) If x is real valued and ¢ is prime, then prove that either x = xo or x is the
Legendre symbol (-|q). [Hint: Evaluate x(n?).]

Exercise 9.4.

(a) If x; is a Dirichlet character mod ¢; for j = 1,2, then show that x = x1x2 is a
character mod [q1, go].

(b) Conversely, if y is a Dirichlet character mod ¢, and ¢ = ¢;¢2 with (g1,¢2) = 1,
construct characters y; (modg;) for j = 1,2 such that x = x1x2. [Hint: For
each n € Z, there is a unique class a (mod g) such that a = n(modgq;) and
a = 1(mod ¢z). Define x1(n) := x(a).]

(c) If p is an odd prime, we know that the group (Z/p*Z)* is cyclic for each k > 1.
Construct all Dirichlet characters mod p*.

(d) Fix k > 3. We know that for each odd n, there are unique integers a € {0,1}
and b € {0,1,...,2¥72} such that n = (—1)?5° (mod 2¥). Use this fact to
construct all Dirichlet characters mod 2*.

(e) Construct all Dirichlet characters mod ¢ and deduce that there are exactly ¢(q)
of them.

Exercise 9.5. A character x (mod q) is called faithful if x(m) = x(n) # 0 implies
that m = n (mod q). Otherwise, x is called unfaithful. If q is prime, then show that
there are p(q — 1) faithful Dirichlet characters mod g.

Exercise 9.6. Let x be a Dirichlet character mod ¢. An integer d > 1 is called a
period of x if x(m) = x(n) when m = n (modd) and (mn,q) = 1.

(a) Show that d is a period of x if and only if x(n) = 1 whenever n = 1 (mod d)
and (n,q) = 1.

(b) Show that if d, do are periods of x, then so is (dy,ds). [Hint: If m, n, k, £ € Z
are such that (mn,q) =1 and m = n + kdy + ¢da, then show that there is an
integer a such that (n + (k — ads)dy,q) = 1]

(¢) Show that there is a divisor d* > 1 of ¢ such that the set of periods of x is the
set of multiples of d*. We call d* the conductor of x.

(d) If x is faithful, show that d* = ¢, but the converse is not always true.

(e) Let x = x1x2 be as in Exercise [@4|(a) with (¢1,¢2) = 1, and let d*, d} and d}
be their conductors, respectively. Prove that d* = djd5.

Exercise 9.7. Let y be a real, non-principal character mod p* with p prime.

(a) If p > 2, prove that x(n) = (n|p) and that its conductor is p. [Hint: Use
Hensel’s lemma to study the congruence z? = n (mod p¥).]

(b) If ¢ = 8, prove there are three possibilities for x: two of conductor 8 and one
of conductor 4.

(c¢) If p=2and k > 3, then prove that x(n) = ¥ (n (mod8)), where v is one of the
three characters in part (b).
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Chapter 10

Fourier analysis on
finite abelian groups

As we saw in the previous chapter, Dirichlet characters are in correspon-
dence with group homomorphisms from (Z/qZ)* to C*. More generally, a
character of an abelian group (G,-) is a group homomorphism x : G — C*.
We write G for the set of all characters of G. The constant function 1 is
obviously a character, called the principal character of G and often denoted
by xo. All other characters are called non-principal.

The set G admits a natural group structure with the operation being
the multiplication of complex-valued functions. The group (G,-) is called
the dual group of G or the group of characters of G.

From now on, we assume that G is finite. In this case, G is also finite.
Indeed, if n = |G|, then ¢"™ = 1 from Lagrange’s theorem. In particular,
x(g)" = x(¢9™) = x(1) = 1. We infer that G is finite and that 1/x = .

The set G is a subset of the set of functions from G to C. We denote the
latter set by L?(G) because it naturally forms a Hilbert space over C with
respect to the inner product

1 _
(e B)6 = or > al9)Blg).

geG

Clearly, dim¢(L2(G)) = |G|. A fundamental property of G is that it forms
an orthonormal basis of L?(G).

We begin by showing that G is an orthonormal set, that is to say,
(X,¥)g = ly=y for all characters x,v € G. The case x = 1 follows im-
mediately by the fact that y takes values on the unit circle. On the other

100
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10. Fourier analysis on finite abelian groups 101

hand, if x # ¢ and we set & = x1), then we must prove that > gec§(g) =0.
Indeed, our assumption that y # v implies the existence of an h € G such
that £(h) # 1. Since hG = G, we have

§)Y Elg) = tlhg) =) £(g),

geG geG geG
from which we infer that (x, )¢ = |G| 2 . &(9) = 0.

Since G is an orthonormal set of L?*(G), it is an independent set. In
particular, we have |G| < dim¢(L?(G)) = |G|. To show that G is a basis of
L?(Q), it suffices to establish the relation

(10.1) G| = |al.

This relation is obvious if G is cyclic, say G = (g) of order n: in this case,
every character is uniquely determined by its value at g which, as we saw
above, must be an nth root of unity. Conversely, every nth root of unity
e?™/™ gives rise to a character y via the relation x(g7) := e?™/" so (I0.1))
follows in this case. In the general case of a finite abelian group, relation
([I0.J)) follows by writing G as the direct product of cyclic groups, say

(10.2) GX=Z/dWZ X - x L]d,Z,
and applying the following lemma whose proof is left as an exercise.
Lemma 10.1. Let (G1,-) and (Ga,-) be abelian groups with direct product

G. The function ¢ : G1 x Go — G associating the pair (x1,x2) to the
character G 3 (g1, 92) — x1(91)x2(g92) € C* is a group isomorphism.

The fact that G is an orthonormal basis of L*(G) allows us to do Fourier
analysis on G: for each f : G — C, we define the function f: G — C by

o~

(10.3) fx) = (f,x)a-

This is the Fourier transform of f and it satisfies the inversion formula

(10.4) F=Y 700 x

x€G
Specializing to the function f(g) = 14—p, where h is a given element of G,
we find that

1 _
(10.5) L= = 151 > x(g)x(h).

x€G

Finally, we have Parseval’s identity

(10.6) S P = ﬁ S 1)

xeG geG
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102 10. Fourier analysis on finite abelian groups

Indeed, since |z|? = z - Z, we have

S0P = ﬁ S Hox) S Fixn)
heG

xeG xeG 9€G

= gE 2 170 Y Tah)

gvheG XE@

and (10.6]) follows from (I0.5).

Additive and multiplicative characters mod ¢

We study now in more detail the cases when G = Z/qZ and G = (Z/q7Z)*,
the second one corresponding to Dirichlet characters. Since the operation in
Z./qZ is addition, we call the characters of this group the additive characters
mod ¢. Similarly, we also refer to Dirichlet characters, that is to say, the
characters of (Z/qZ)*, as the multiplicative characters mod q.

Since Z/qZ is a cyclic group, the discussion in the proof of (I01) implies
that the additive characters mod ¢ are the functions n — e(an/q) indexed
by a € {0,1,...,q — 1}, where we have introduced the symbol

(10.7) e(x) := ¥,
In particular, the character group of Z/qZ is canonically isomorphic to Z/qZ.

On the other hand, the construction of the multiplicative characters
mod g is explained in Exercise In addition, a more detailed discussion
is presented in [31) Chapter 4] and in [146] Section 4.2].

The Fourier transform on Z/qZ is called the additive Fourier transform
mod ¢. Using the explicit description of the character group of Z/qZ, we
may identify the additive Fourier transform of f : Z/qZ — C with the
function ]/”\: Z/qZ — C given by the formula

~ 1
flay=="%" f(n)e(~an/q).
4 nel/ql
In fact, since there is a natural correspondence between functions on Z/qZ
and g¢-periodic functions, we can think of f as a g-periodic function from Z
to C, defined for any g-periodic function f : Z — C.
Of particular importance is the interaction between additive and multi-

plicative characters. Recall that a Dirichlet character mod ¢ is a g-periodic
function. Hence, it has an additive Fourier transform mod ¢ given by

@)=~ 3 x(n)e(-an/q).

1<n<gq
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A quantity that plays a key role in the study of X is the Gauss sum

G(x) = Y x(me(n/q) = qx(~1).

1<n<q

The multiplicativity of x implies the relation

(10.8) Z x(n)e(an/q) = G(x)x(a) whenever (a,q) = 1.

1<n<q

This follows simply by making the change of variables m = an, which is
invertible mod ¢ when (a, q) = 1.

Setting Ay, = X(—=1)G(x)/q = x(—=1)G(x)/q, relation ([I0.8) can also be
written as Y (n) = A, -X(n) whenever (n, q) = 1, which evaluates the additive
Fourier transform of x at frequencies n that are coprime to ¢. In the next
section we shall see that this formula can be expanded to all frequencies
n for an important class of Dirichlet characters called primitive characters.
That is to say, when Yy is a primitive Dirichlet character mod ¢, we will show
that ¥ = A, - X. This demonstrates that primitive characters are conjugate
eigenvectors of the additive Fourier transform mod gq.

Primitive characters

Each Dirichlet character y mod ¢ naturally generates a new Dirichlet char-
acter ¢ at every modulus m that is a multiple of ¢ via the relation

f(n) - 1(n,m):1 : X(n)

We then say that x induces . Inverting our point of view, we also say that
& is a lift of .

Given a character x mod ¢, a natural question is whether it is the lift of
some character v mod d with d a proper divisor of ¢g. If this is the case, we
say that x is émprimitive and call the smallest such d the conductor of x.
On the other hand, if such a character ¥ does not exist, then we say that x
is primitive. In the latter case, we define the conductor of y to simply be
its modulus gq.

For example, the principal character xg mod ¢ is induced by the principal
character mod 1, that is to say, the constant function 1 on Z. Therefore, if
q > 1, then g is imprimitive and has conductor 1.

Being an imprimitive character y mod ¢ means that there is a proper
divisor of ¢ (i.e., d < q) that is a period of x in the sense of Exercise In
particular, the above definition of the conductor agrees with the one given
in Exercise [0.6l(c), as the following lemma shows.
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104 10. Fourier analysis on finite abelian groups

Lemma 10.2. Let x be a Dirichlet character mod q. Then, x is imprimitive
if and only if there is a proper divisor d of q such that x(m) = x(n) whenever
m =n (modd) and (mn,q) = 1.

Proof. 1t is clear that if x is induced by a character mod d, then x(m) =
x(n) whenever (mn,q) = 1 and m = n (modd). Let us now prove that the
converse statement is also true.

We define a function ¢ : Z — C as follows: if (a,d) > 1, we set ¢)(a) = 0.
On the other hand, if (a,d) = 1, we note that there is some k € Z such that
(a + kd,q) = 1. We then define ¢(a) = x(a + kd), which is independent of
the choice of k in virtue of our assumption on x. The function ¢ is clearly
a character mod d inducing x, thus proving that y is imprimitive. O

Using the above lemma, we prove the following fundamental property of
primitive characters.

Theorem 10.3. Let x be a primitive Dirichlet character modq. For all
n € Z, we have

X(n) = g5 Y X(aye(an/o).

1<a<gq

Proof. When (n,q) = 1, this follows by (I0.8)). Assume now that (n,q) =
m > 1, in which case we need to show that

" X(a)e(an/q) = 0.

1<a<q

Write n = ¢m and ¢ = dm, so that (¢,d) = 1, and note that

m d
> X(a)e(an/q) =Y " X(b+ dji)e((b+ dj)t/d)
1<a<q j=1b=1

d

m—1
e(bl/d) Y " xX(b+ dj).
b=1 7=0

So it suffices to show that

3
L

(10.9) X+ dj) =0

I
=)

for all b € {1,2,...,d}. Since x is primitive, there is some jo € Z for which
the number r = 1 + jod satisfies the relations (r,q) = 1 and x(r) # 1. (To
see this, combine Lemma and Exercise [0.0(a).) In particular, when
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reduced mod ¢, the numbers r - (b + dj) with 0 < j < are a permutation of
the numbers b + dj with 0 < j < m. Consequently,

m—1 m—1 m—1
X(r) > X(b+dj) = r(b+ dj)) :Z (b+ dj).
Jj=0 Jj=
Since x(r) # 1, relation (I0.9) follows. This completes the proof of the
theorem. g

The above theorem and Parseval’s formula (I0.6]) allow us to determine
the size of the Gauss sum for primitive Dirichlet characters.

Theorem 10.4. If x is a primitive Dirichlet character mod q, then
1G] = V-

Character sums

Notice in Theorem [[0.4] that, even though G(x) is defined as a sum of ¢(q)
complex numbers on the unit circle, its modulus equals /g, which is ap-
proximately the square-root of ¢(q) (see Corollary B.6]). This means that
the numbers x(n)e(n/q) are sufficiently randomly placed around the unit
circle so that they annihilate each other when added all together. This
kind of “square-root cancellation” is typical for averages involving Dirichlet
characters. We demonstrate it in two other settings.

We start by showing that Theorem can be used to show a general-
ization of the Poisson summation formula (Theorem [B.3)).

Theorem 10.5. Let f € C*(R) such that f9)(z) < 1/22% for j € {0,1,2}
and |x| > 1, so that f(£) < 1/€2 for |€] > 1
If x is a primitive character modq and N € R<g, then
DN —_ ~
S x(m) £/ = XEDN S 20 Fngg),
neZ g(X) neZ

Proof. It suffices to prove the theorem when N = 1. The general case
follows by noticing that the Fourier transform of z — f(z/N) is the function

¢ — NJf(N¢).

We use Theorem [10.3lto write y in terms of its additive Fourier expansion

and find that
S (0) = 5= 3 f) 3 Na)e(ana)

ne” neZ 1<a<q
1
eq) > X(a) ) f(n)e(an/q).
X 1<a<q nez
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We then apply the Poisson summation formula (Theorem [B.3) to the func-
tion g(x) = f(x)e(ax/q), whose Fourier transform is g(&§) = f(§ — a/q).

Thus
> " x(n) (_) > x@)Y fin—a/q)
nez X 1<a<q nez
- % > x-a) Y Fllan - a)/a).
X 1<a<q neL
Since x(—a) = x(qgn — a) for all n € Z, the theorem follows. O
If we let N € [1,¢q] in Theorem and we assume that supp(f) C

[0,1], then the sum } ., x(n)f(n/N) is supported on integers n € [0, N].
Since f(£) < 1/|¢[? for |¢| > 1, the dominant contribution to the dual sum
Y onez F(Nn/q) comes from integers n = O(q/N). Hence, roughly speaking,
Theorem transforms a sum of length < N to a sum of length < ¢/N.
In particular, if N > /g, then the new sum is shorter, so that bounding it
trivially yields a non-trivial bound on the sum we began with.

More precisely, since f(¢) < min{1,1/|¢|?} for all &, the sum on the
right-hand side of Theorem [10.9] is

S F(Nn/gxn) < > 1+ Z ——— < q/N.
neZ |n|<q/N |n|>q/N
Together with Theorems [10.4] and [I0.5, thls 1mphes that

(10.10) n%f (n/N)x <<7 N =/,

another occurrence of square-root cancellation, at least when N =< q.

In practice, we often need an estimate like (I0.I0) but with the integers
n € [0, N] weighted by 1 and not by the smooth weight f(n/N). Such an
estimate is provided by the Pdlya-Vinogradov inequality, which we prove
using a variation of the argument leading to Theorem

Theorem 10.6 (Pdlya-Vinogradov inequality). Let x be a non-principal
character modq. For M € R and N € R, we have

Y x(n) < /qlogg.

M<n<M+N

Proof. Since x is non-principal, we must have that ¢ > 1. We may also
assume that M, N € Z. First, we prove the theorem when x is primitive.
By Theorem [10.3] and the periodicity of x, we have

x) === ¥ x(a)e(an/q).

—q/2<a<q/2
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Summing the above formula over n € (M, M + NJ, we find
1
W01 Y =g Y Ta) > elanfo)
M<n<M+N X —q/2<a<q/2 M<n<M+N

Notice that we may assume that a # 0, since x(0) = 0. The sum of e(an/q)
over n € (M, M + N] is a geometric series with ratio of consecutive terms
e(a/q). We thus have

| S o= < g

M<n<M+N
for 1 < la] < q/2, since |1 — e(z)| = |e(—x/2) — e(x/2)] = 2|sin(7x)| >
4|x| for x € [-1/2,1/2]. Combining (I0.I1)) and (I0.I12) with the fact that
|G(X)| = /a4, we conclude that

Y | Y <o)

M<n<M+N 1<]al<q/2
This completes the proof in the case that x is primitive.

Finally, if x is induced by the primitive character ¢ (modd) with d|q,
then
X(?’L) = ¢(n)1(n,q):1 = ¢(n)1(n,q/d):1
because @ is supported on integers coprime to d. Mobius inversion then
implies that

Yo o xm= Y wm= Y dn) Y ula)

M<n<M+N M<n<M+N M<n<M+N al(n,q/d)
(n,q/d)=1
= ule) > W)
alg/d M<n<M+N
aln

In the inner sum, we write n = ma and note that (n) = ¥(a)y(m), so
that ¢(a) can be factored outside the summation. Applying the Pdlya-
Vinogradov inequality to the primitive character ¢ yields the estimate

Z x(n) < Z Vdlogd.

M<n<M+N alg/d
Every divisor a of ¢/d comes with a complementary divisor (¢/d)/a. At least
one of these divisors is < v/¢q/d, so that the total number of permissible

values of a is < 24/¢/d. (Or simply use the bound in Exercise 2.9(f).) This
completes the proof in thls case as well. O

Remark 10.7. Comparing the right-hand side in Theorem [[0.6] with that in
(10100, we see we have an extra logarithm. This is caused by the fact that we
have replaced the smooth cut-off f(n/N) by the sharp cut-off 15/ p4n7(n)-
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108 10. Fourier analysis on finite abelian groups

Indeed, in the proof of Theorem [0.6 the sum » /., cprqne(an) with
a = a/q € [-1/2,1/2] decays like 1/|a|. Had we weighted the integers
n € (M, M + N] smoothly, we would have had faster decay, say < 1/|a/|?.
Superficially, this extra logarithm seems like a technical and insignificant
matter. After all, it is of negligible size compared to ,/q. However, improving
upon the Pdlya-Vinogradov inequality is very hard and is related to some
very deep conjectures about Dirichlet characters. Paley [149] showed the
existence of an infinite set of primitive quadratic characters x for which

M(x) := sup ‘Zx(n)‘ > /qloglogq,

with ¢ denoting the conductor of x. On the other hand, Montgomery and
Vaughan proved that M(x) < /qloglog g assuming a suitable generaliza-
tion of the Riemann Hypothesis called the Generalized Riemann Hypothesis
that we will discuss in the next chapter.

Remarkably, when y has odd order g as an element of the group of Dirich-
let characters mod ¢, Granville and Soundararajan [72] showed that the
Pélya-Vinogradov inequality can be improved. Their results were sharpened
by Goldmakher [61], who established the estimate M () <, /g(logq)? for
each fixed > (g/m)sin(n/g). A further improvement of this result was
announced more recently by Lamzouri and Mangerel [123]. U

Exercises

Exercise 10.1. Show that the function
flo= > en/g)
ne(Z/qz)*

is multiplicative and calculate it.

Exercise 10.2.

(a) Calculate all primitive characters mod 3, 4, 5, 8 and 15.

(b) If ¢ is a prime, then show that there are ¢ — 2 primitive characters.

(¢) Show that a faithful character, defined in Exercise [0.5] is also primitive.
)

(d) Calculate all primitive and all faithful characters when ¢ is the product of two
distinct primes, and when ¢ = p? with p prime.

(e) If C, denotes the set of Dirichlet characters mod ¢, and Cj; denotes the set of
primitive elements of Cy, then calculate |Cg|. [Hint: Prove that [Cq| = 3=, IC5l.]

(f) Let x = x1x2 be as in Exercise[0.4(a) with (g1, ¢2) = 1. Show that x is primitive
if and only if x1 and ys are primitive.
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(g) If x is a real primitive character mod ¢, then show that ¢ = 2¥¢’, where
k € {0,2,3} and ¢ is odd and square-freely Moreover, if k € {0, 2}, then there
is exactly one real primitive character mod ¢, whereas if k = 3, then there are
exactly two real primitive characters mod gq.

Exercise 10.3. Given two primitive characters x, (mod¢) and an integer a € Z
coprime to ¢, show that

Y x(n+a)d(n) =

n€ez/ql

x(—a)h(—a)G(x)G (X))
g() '

Simplify the above expression when ¢ = x. [Hint: Use Exercise [[0.11]

Exercise 10.4* Given a non-principal character y mod ¢ and N € [1,q/2] N Z,

show that
> x(n)(1 = n|/N) < /3.
In|<N

[Hint: 32, <n (1= [n|/N)e(an) = N~1(sin(N7a)/sin(ra))?.]
Exercise 10.5% If x (mod ¢) is induced by 9 (mod d), then prove thatf]
(10.13) G0 = um)y(m)G(y)

with m = ¢q/d, as follows:

(a) For any k € Z, show that

G)= Y vlae((a+kd)/q),

1<axgq
(a+kd,q)=1

and conclude that

G600 = 3 bl@elafa) D elk/m).

1<a<q 1<k<m
(a+kd,q)=1

(b) When (a,d) = 1, show that
Do elk/m) = Lgmy—rp(me(~ad/m),

1<k<m
(a+kd,q)=1

where d is the multiplicative inverse of d (modm).
(c) When (d,m) > 1, show that both sides of (I0.I3) are zero.

(d) Assume that (d,m) = 1. If m denotes the multiplicative inverse of m (mod d),
show that d/m +m/d = 1/q(mod 1), and complete the proof of (T0.13).

IThere is an important connection between real Dirichlet characters and the theory of binary
quadratic forms, presented in Chapters 5 and 6 of Davenport’s book [31].
2See [31) p. 67] for an alternative proof.
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Chapter 11

Dirichlet L-functions

We now turn to the study of the infinite series L(s, x) = > o ; x(n)/n°,
namely the L-function corresponding to the Dirichlet character y. Since
|x| < 1, this series converges absolutely when Re(s) > 1, and for such s we
have the Euler product representation

(11.1) Lis,0) =[] (1 - X(p)>_1.

s
p p

When x # xo, the summatory function ) _ x(n) is uniformly bounded
by the Pélya-Vinogradov inequality. Partial summation then implies that
L(s, x) converges conditionally in the half-plane Re(s) > 0. It is easily seen
that L(s, x) diverges at s = 0, so that L(s, x) has abscissa of convergence 0
(but abscissa of absolute convergence 1).

We will show that L(s, x) can be extended to an entire function. More-
over, we will prove that it enjoys various special properties similar to the
ones possessed by (.

The analytic continuation and the functional equation

Notice that if x (mod ¢) is induced by the character 1) (mod d), then

(11.2) L(s,x) =[] (1 - M) - =L(s,9) [] (1 — M).

S S
g p plg p

Because of this relation, the properties of L(s, 1)) transfer (with appropriate
modifications) to L(s,x), so we often restrict our attention to the study
of Dirichlet L-functions attached to primitive characters whose theory is

110
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The analytic continuation and the functional equation 111

simpler. In particular, Dirichlet L-functions attached to primitive charac-
ters satisfy a functional equation analogous to (G.I]) for the Riemann zeta
function.

The functional equation of L(s, x) changes slightly according to the value
of x(—1). Characters with x(—1) = 1 are called even, whereas characters
with x(—1) = —1 are called odd. We then take

(11.3)

0 when y is even,
a =
1 when y is odd,

and we introduce the so-called completed L-function

(s, ) = (a/m) 20 (222 Ls ),

which is analogous to the function £(s) that we defined in Exercise 87 The
functional equation for L(s, x) also involves the quantity

g
e(x) = ‘Q(X),
1\/q
called its root number. Note that |[e(x)| = 1 in virtue of Theorem [10.4]
Furthermore, it is easy to check that e(X) = 1/¢(x).

Theorem 11.1. Let x be a primitive, non-principal character. The func-
tions L(s,x) and £(s,x) can be continued analytically to the entire complex
plane. Moreover, for all s € C, their extensions satisfy the functional equa-
tion

(s, x) =e(x) - §(1 = ,X).
Proof. The key to the proof of this theorem is the variation of the Poisson

summation formula given in Theorem [[0.5 The argument is very similar to
the one leading to (6.1]), so we only sketch it.

We take f(z) = 22% ™", which has the same parity as y, i.e., f(—z) =
x(—1)f(x), and note that its Mellin transform is

_ > s—1 _ —(s+a)/2 s+a
/Of(y)y dy = F<—2 )

Arguing as in (6.4), we find

(114) ¢ *2&(s,x) = ¢**L(s, ) F / Flny/Va)y* ' dy
for Re(s) > 1. Since x(0) = 0, and f and x have the same parity, we have
Z x(n) f(ny/v/q) = Z X(n) f(ny/\/a).

nEZ
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112 11. Dirichlet L-functions

We apply Theorem [I0.5 to the function f with N = ,/q/y to find that

XDV -
Sy(y) = %g—(y)éx(”)ﬂny 1/\/5)'

For our choice of f, we note that f: x(—1)i®f so that

S5 y) - e()Sx(1/y)
Sxlv) = eX)y y '

We insert the above transformation formula into the part of the integral
over y € (0,1) in (IT4]). As for the Riemann zeta function, this proves at
the same time that £(s, x) can be extended to an entire function, as well as
that it satisfies the claimed functional equation. We leave the verification of
the details of this claim as an exercise. Finally, we note that, since I' does
not vanish anywhere, L(s, x) itself extends to an entire function. O

When x is a primitive, non-principal character, Theorem [T.1] allows us
to obtain some information regarding the location of the zeroes of L(s, x)
which, in view of the explicit formula (@.0), rule the distribution of primes in
arithmetic progressions. When Re(s) > 1, the Euler product representation
(I1J) implies that L(s, x) does not vanish. Thus neither does £(s, x) and,
by the functional equation, we also have £(s, x) # 0 for Re(s) < 0. Since
I'((s + a)/2) has simple poles at the points —2n — a, n € Z>o, we deduce
that L(s,y) must have simple zeroes at —1, —3, —5, ... when Yy is odd, and
at —2, —4, —6, ... when Yy is even, but no other zeroes when Re(s) < 0.
Moreover, L(0, x) = 0 when x(—1) = 1. In Theorem [I2.8 we will show that
L(1, x) # 0, which implies that 0 must be a simple zero of L(s,x) when x
is even, and that L(0, x) # 0 when Y is odd.

The zeroes of L(s,x) at the points —2n — a with n € Z>( are called
the trivial zeroes of L(s,x). All other zeroes of L(s,x), which are in cor-
respondence with the zeroes of £(s,x) and necessarily lie in the critical
strip 0 < Re(s) < 1, are called non-trivial. They are usually denoted by
p = B+ iy, where 0 < 8 < 1, or by p, = By + 7, when we want to under-
line their dependence on x. We note that the functional equation and the
obvious symmetry L(s,x) = L(3,%) imply that if p = 8+ iy is a non-trivial
zero of L(s,x), then sois 1 —p =1 — 8 +iv. It is widely believed that
an extension of the Riemann Hypothesis holds, often called the Generalized
Riemann Hypothesis. This conjecture postulates that all non-trivial zeroes
of L(s, x) lie on the critical line Re(s) = 1/2.

Finally, we consider the case when x is an imprimitive character induced
by ¢ (modd). Recall the factorization (II.2)). In particular, all zeroes of
L(s,1) are also zeroes of L(s,x). Notice that L(s,x) might have some
additional zeroes, at points s with p® = 1 (p) for some p|q. All such zeroes
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are on the line Re(s) = 0 and we consider them to be trivial zeroes of L(s, x),
together with the trivial zeroes of L(s,1) at s = —2n — a (with the caveat
that s = 0 is excluded if ¢p = 1, that is to say, if x is principal). All other
zeroes of L(s, x) are considered non-trivial; the summation in (©.6]) runs over
them.

Bounds for L(s, x)

As in the case of the Riemann zeta function, it is very useful to have bounds
on Dirichlet L-functions. By the functional equation in Theorem [IT.1] we
may restrict our attention to the half-plane Re(s) > 1/2. We could use
Theorem [6.2] but we present instead a different method that is simpler and
thus more flexible, even though it yields weaker results. For the application
of Theorem [6.2 to L(s, x), see Exercise [[11]

Lemma 11.2. Let x be a non-principal Dirichlet character modq. For
Jj € Z>p, s =0+ it with 1/2 < o < 2, we have

|L(j)(8, X)’ <<j Qmax{ﬂ,l—a}(log Q)j-‘rl with Q = \/a(|t‘ =+ 2)

Proof. We estimate LU)(s,x) = 3°°° | x(n)(—logn)?/n® by inserting the
Pélya-Vinogradov bound on ) . x(n) via partial summation. However, we
have to be careful because partial summation yields poor bounds for small
n. There are two reasons for this: firstly, the function z — x* oscillates a lot
for small z, with its derivative sz°~! getting under control only for z > |s|.
Secondly, the Pdlya-Vinogradov bound is non-trivial only for character sums
of length > ,/qlog q. For these reasons, we bound the summands with small
n trivially, noticing that

Z x(n logn

TO the terms with n > N, we apply partial summation:

ZX logn :/ logy (ogy)? | Z

n>N N<n<y

log )7 — j(logy)i—!
/ (Ogy) sjl( 0gYy) dy.
N Yy

N
. 1 i
Nmax{O,l—o}(logN)] E E < Nmax{O,l—o}(logN)j—l-l‘

n=1

N <n<y
The Pélya-Vinogradov inequahty then yields the estimate

X logn logy
Z < \s\\/_(logq)/ (ya+1) d

n>N

< |s|/g(log g)(log N)' N~7.
Taking N =1+ Us|\/§J completes the proof. O
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114 11. Dirichlet L-functions

Proving the explicit formula for L(s, x)

We conclude this chapter with a proof of the explicit formula (@) for
L(s,x), which we restate in a slightly more general form.

Theorem 11.3. For x > T > 2 and x (mod q), we have
P —1 zlog?(zq
(115) ) =L~ 3 Tt o(TRE

|vI<T P

We start with a technical lemma, analogous to Lemma [8.2

Lemma 11.4. Consider s = o +it and a primitive, non-principal Dirichlet
character x mod q > 3. Furthermore, let a € {0,1} be as in (IL3). All
implied constants below are absolute. Moreover, the zeroes of L(s,x) are
listed and counted with their multiplicity.

(a) There are < log [q(|t|+1)] non-trivial zeroes of L(s, x) with |y —t| < 1.
(b) Assume that |s — z| = 1/2 for all trivial zeroes z of L(s,x). Then

Pov= % ﬁw(log [a(ls] +1)])-

lv—tI<1

Proof. Lemma [[T.2] implies the bound L(s, x) < (¢(|s| +1))? when 1/2 <
Re(s) < 3/2 (in fact, it implies a better bound, but this will be sufficient).
In addition, we have |L(s,x)| < ((3/2) = O(1) when Re(s) > 3/2. By
the functional equation of L(s,x) and Exercise [[12(a), this “polynomial
growth” of L(s,x) in ¢(|s| + 1) can be extended to the half-plane Re(s) >
—10. Employing Lemma[B.6(b) as in the proof of Lemmal82 yields part (a).
Similarly, we also obtain part (b) when ¢ > —10. Finally, when o < —10, we
note that, analogously to ([89)), we have (L'/L)(s,x) = —(L'/L)(1—s,X) +
O(log(g(|s|+1))). Part (b) follows in this case as well by the trivial bound
(/L)1 - 5,%) = O(1). 0

Proof of Theorem [I1.3l First of all, note that
(11.6) Z A(n) < ZZ logp < Zlogw < (log q)(log z).
Hence, if £ (mod m) is the primitive character inducing y (mod g), then

(11.7) U(x,x) = ¥(x,€) + O((log g)(log z)).

Since L(s, x) and L(s, £) share the same non-trivial zeroes, (I1.5]) follows for
x if we can prove it for £&. This means that, without loss of generality, we
may assume that x is primitive.

In addition, as in the proof of (B.I1]), we may reduce the proof to the
case when T is such that |T"—~| > 1/logx for all zeroes of L(s, x).
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We let & =1+ 1/logz and use Theorem [7.2] to write

-1 r x® z(log z)?

Pz, x) = 5 /Re(s):a f(s,x)?ds + O(T +logx ).
| Tm(s)|<T

Due to the potential presence of zeroes of L(s,x) at or close to s = 0,

it is convenient to modify the integrand in the above formula and remove

the pole at the origin from the factor x°/s: using Lemma [[.I], we see that

fRo(s):a,um(s)\gT n~*s7tds = O(1/(Tn“logn)) for n > 2. Consequently,

-1 L x5 —1
9mi J Re(y=a T X
| Im(s)|<T

z(log z)?
T

P(w,x) = ds+0< —|—log:n>.

Similarly to the proof of Theorem [E.1lin Chapter 8, we move the contour to
the line Re(s) = —N — 1/2 with N a large integer, picking up contributions
from the zeroes of L(s,x) (and the pole at s = 1 if y = 1). In the case
when y = 1, we use Lemma 1.4l to control the logarithmic derivative of
L(s,x) = ¢(s) on the new contour; otherwise, we use Lemma 82 We leave
the details as an exercise. (]

Exercises

Exercise 11.1. Fix ¢ > 0 and C' > 1. For all primitive, non-principal Dirichlet
characters x (mod ¢) and all s = o + it with 0 > —C, show that

1 ifo>1+e¢,
L(s,x) e { [alltl +2]0-7+/2 if —= <o <1+,
[q(|t] +2)11/27 if —C<o<—c

Exercise 11.2. Assuming the Generalized Riemann Hypothesis, prove that:
(2) (2, X) = ly=yor + O(z'/?log’(qz)) (2 =1, x(modg)).
(b) ¥(x;q,a) = x/p(q) + O(x'/log*(qz))  (z>1, a € (Z/qZ)").

Exercise 11.3. Let x be a primitive, non-principal Dirichlet character.

(a) Show that the Riemann Hypothesis for L(s, x) is equivalent to knowing that
Re(p) < 1/2 for all non-trivial zeroes p of L(s, x).

(b) Show that the Riemann Hypothesis for L(s,x) is equivalent to knowing that
for each fixed £ > 0 we have ¥(z, x) <., #%/**¢ uniformly for z > 1.

(c) Show that L(s, x) must have infinitely many non-trivial zeroes.

(d) Fix # < 1/2. Show that we cannot have 9 (x, x) <, 2% for all z > 1.

Exercise 11.4. Let x be a primitive, non-principal character mod gq.
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(a) Let ¢ and ® be as in Exercise [[2(b), s € C and = > 1. If ¢y # 0, we also
assume that s ¢ {z: L(z,x) =0}. Then

5o AN g s ) e,
n>1 z

where z runs over all zeroes of L(s, x) (trivial and non-trivial).
(b) Assume the Riemann Hypothesis for L(s,x). Show that

/!

L .
7 (5:X); log L(s, x) < (log(qlt| + q))* =04+

for Re(s) > 1/2+¢ and € > 0, in two ways: firstly, use part (a) as per Exercise
RE(c); secondly, use a suitable adaption of Theorem
(c¢) Assume the Riemann Hypothesis for L(s, x) and fix ¢ > 0. Show that
Z u(n)x(n) < ¢cxt/?*e forallz > 1
n<x

with the implied constant depending at most on €.

Exercise 11.5. Assume the Generalized Riemann Hypothesis. Given real numbers
x,q,T > 3 and a residue class a € (Z/qZ)*, we define

B(g,a) = #{n (modq) : n? = a (mod q) },

_ T x
O(z;q,0)= Y logp, Zr(w;q,0)= Y X(a) Y 2+,
PT x (mod q) [vx|<T
p=a (mod q)
(a) For x > T3/2 > 2, prove that
x N3 zlog?x
0(x;q,a) = — — ——(B(q,a) + Zr(x;q,a)) + O, —— ).
(5:0,0) = s = 2 (Blasa) + Zr(w:0,0)) + 0y ()

[Hint: 0(x; g, a) = Y(z;¢,a) - Zpﬁx/}’ p?=a (mod q) logp + O(x1/3)']
(b) For 2 — oo, prove that]

(11.8) 0(x;4,3) — 0(x;4,1) = \/5<1 + Z L) +o(v/T),

a2/ 1/2 4+ Yx
where x is the unique non-principal character mod 4.

Exercise 11.6* ([31, Chapter 16]). Let yx (modg) be a primitive, non-principal
character and write N (T, x) for the number of non-trivial zeroes p of L(s,x) with
|v] < T, counted with multiplicity. Throughout, T is chosen so that L(s,x) # 0
when Im(s) = £7.

f we let © = €%, then fologxe”“du = O(1/|y]) = o(logz) for v # 0. Hence, we expect
that the sum over zeroes in (IL8) is o(1) on average over z. The presence of the term 1 on the
right-hand side of (IL8) then means that most of the time we have 0(z;4,3) > 6(z;4,1) + 6z
with § > 0, meaning there are slightly more primes in the residue class 3 (mod4) than in 1 (mod4).
This discrepancy is called Chebyshev’s bias and it is explained in detail in [I57] and [70].
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(a) Let R be the rectangle with vertices 5/2 & ¢T and —3/2 £ T traversed coun-
terclockwise, and let L be its right half. Prove that

™ (N(T, x) +1) = Aparg&(s, x)-

(b) Adapting the argument of Exercise [R8] prove that

T T

N(T,x) = —log 5 —+O(log(¢T)) (T >2).

T 2me
Exercise 11.7*([31], Chapters 11-12]). Let x be a primitive, non-principal Dirichlet
character such thatld p # 0 for all non-trivial zeroes of L(s, x).
(a) Prove that the Hadamard product h(s,x) = [[,(1 — s/p)e*/?, defined over all

non-trivial zeroes p of L(s, x), converges absolutely and uniformly on compact
subsets of C.

(b) Prove that £(s,x) = ex+Bxsh(s,x) for some A,, B, € C by adapting the
argument of Exercise R7

(c) Show that ex =£(0, ), that B, =(£/£)(0, x) and that Re(B, ) =— >, Re(1/p).

Exercise 11.8* Consider a primitive, non-principal character y mod ¢, and ¢, ®
as in Exercise [[2(b) with ¢ = 1. Let a € {0,1} be as in (I1.3)) and

Aa(s) = 25570 (1 — s) sin(7s/2) = 25717 /(T'(s) cos(ns/2)) if a =0,
¢ 2571570 (1 — s) cos(mws/2) = 25717 /(T'(s) sin(ns/2)) ifa = 1.

(a) For each s € C, show that L(s, x) = e(x)q¢"/> *\a(s)L(1 — 5,X).

(b) From now on, consider s € C with 0 < o < 1, as well as z,y > 1 with
xy = q7 /27, where 7 = max{|¢t|,1}. Adapt the argument of Exercise [[.8(a,b)
to show the approzimate functional equation

Lioyn) = 32 XM/ (1720 5 KOs /)

nl—s ’

n>1 n>=1

where )
or (u) = —=— D(2) N\ (s + z)(ur/27)?dz.
’ 2m (—3)
(c) Show that L(s,x) <. (qr)(1=7)/2*¢ by adapting the argument of Exercise
[[8(c—f). (This reproves Exercise [T.1linside the critical strip.)

2We will show later, in Theorems 23] and 2.8 that L(1, x) # 0. Hence, the hypothesis that
p # 0 for the non-trivial zeroes of L(s, x) follows by the functional equation (Theorem [IT.T]).
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Chapter 12

The Prime Number
Theorem for arithmetic
progressions

The pinnacle of the theory of Dirichlet L-functions is a quantitative form
of the Prime Number Theorem for arithmetic progressions that is known in
the literature as the Siegel- Walfisz theorem.

Theorem 12.1 (Siegel-Walfisz). Let A > 0. There ezists an absolute con-
stant ¢ > 0 such that if 1 < q < (logx)? and a € (Z/qZ)*, then

m(x;q,a) = 1;((2; + 04 (:Ee_c\/@).

An important feature of this result is that it proves that primes are
equidistributed in (Z/gZ)* when the modulus ¢ tends to infinity with x
at a rate that is polynomial in logx, something that is very important in
applications. The range of ¢ and x can be significantly enlarged under the
assumption of the Generalized Riemann Hypothesis (see Exercise [[T.2)).

To achieve the required uniformity in ¢ and x, we must keep track of the
dependence on ¢ in the various estimates we prove. However, it might be
easier to think of ¢ as fixed, say ¢ = 3, at the first passage of this chapter.

A zero-free region for Dirichlet L-functions

In view of the explicit formula (IT.H), the bulk of the proof of Theorem [I2.1]
is establishing a zero-free region for Dirichlet L-functions. We start with a
simple corollary of Lemma [IT.4

118
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A zero-free region for Dirichlet L-functions 119

Lemma 12.2. Let x be a Dirichlet character modq, s = o + it with o €
[1,2], and Z a sublist of the non-trivial zeroes of L(s,x) with |y —t| < 1,
possibly containing some zeroes multiple times. Then

Re (’%(s,x)) Re( X= XO) ZRe( )—O(log(q|t|+2q)).

pEZ

Proof. Let ¢ (mod d) be the primitive character inducing x. Then

k‘ 1 L/
$,X) = +ZZ¢ ng = 7 (s,4) + O(logq)
plg k=1
by (IT.2). We then apply Lemma R2(b) or IT.4(b) to L(s,1), according to
whether ¢ = 1 or ¢ # 1, respectively. The lemma then follows by noticing
that Re(1/(s — p)) = 0 when o > 1. O

/

(12.1) i(

Next, we prove a generalization of the zero-free region for (. Note that
our result leaves the possibility for the existence of certain ezceptional zeroes
close to 1. These potential violations to the Generalized Riemann Hypoth-
esis require different arguments that we present in the subsequent section.

Theorem 12.3. Let ¢ > 3 and Zy(s) = ], modaq) L(s,x). There is an
absolute constant c; > 0 (i.e., c1 is independent of q) such that the region
of s = o + it with
C1

log(qT)’
contains at most one zero of Z,. Furthermore, if this exceptional zero exists,
then it is necessarily a real simple zero of Zy, say 1 € [1 —c1/loggq, 1], and
there is a real, non-principal character x1 (mod q) such that L(B1,x1) = 0.

(12.2) o>1-— where T = max{1, |t|},

Proof. By Theorem and relation (II1.2]), we may restrict our attention
to zeroes of Z; corresponding to non-principal characters x. As in the proof
of Theorem [B3] the idea is that if L(s, x) has a zero close to 1 + it, then
x(p) ~ —p® for most primes p. Therefore, x?(p) ~ p?*, which yields a pole
of L(s,x?) at s = 142it. This can only happen if x> = yo and t = 0, so that
this pole corresponds to that of ( at s = 1. Real zeroes of real characters
are then handled using a modification of this argument.

We now give the details of the above sketch. For convenience, we let
Ly = log (gmax{[t],1}).

Let p = B+ iy be a zero of L(s,x). If x is real, we further assume that
either v # 0, or that p has multiplicity > 1 in L(s, x). We want to show
that p lies outside the region (IZ.2). Assume for the sake of contradiction
that 8 > 1 — c¢1/L,. We will show this is impossible if ¢; is small enough.
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120 12. The Prime Number Theorem for arithmetic progressions

Set ¢y = 1/M? and o = 1+ 1/(ML,), and note that
1 M+1 1
pu— < .
M2L,  M?2L, (M -1)LC,

Recall the distance function D, (f, g) defined in (84). The triangle inequality
implies that

Dy (x(m)n ™, X(m)n™") < Do(x(n)n™, u(n)) + Dy (), X(n)n™)
— 2D, (x(n), u(n)n™).

By a straightforward computation (consult the proof of Theorem B.3]), and
using that }_, (logp)/p = O(log q), we have

CC/( )+Re(L/(U+2Z'y, ))+O(1ogq)

(12.3) c—fB<o—1+

Dy (x(n)n~"7, X(n)n")? =

and
Do) x(w)i)? = ~(0)  Re (o + i7.0) + Oftoga)
Since (—¢'/¢)(0) =1/(c —1) + O(1) = ML, + O(1), we infer that
(12.4) 4Re (L/(a + i, x )) + Re <LI (o + 2iv, x )) < (BM+0(1))L,.
We now bound from below the two summands on the left-hand side of (12.4]).
Lemma with Z = () implies that

m{%%a+%%xﬂ)>—4m(;%%?%g)—owﬁ

—(0(x, p)M + O(1))L,,

where d(x,p) = 1 if |y] < 1/(2Mlogq) and x is real, and 0(x,p) = 1/2
otherwise. Similarly,

r 1
(12.6) 1@( w+r%)) > =~ 0Ly) = (M~ 0()L,

by Lemma[l2.2with Z = {p}, and by (I12.3). Inserting (IZ.5]) and (I2.6]) into
(I24), and choosing a large M leads to a contradiction when d(x, p) = 1/2.

It remains to treat the case when §(x, p) = 1, that is to say, when x is
real and |y| < 1/(2M log q). There are two sub-cases. First, if p is a multiple
real zero, then Lemma [[2.2 with Z = {p, p}, and relation (I2.3]) imply that

(12.5)

Re (L/ (o +iv,x )) > Lﬁ -0(Ly) 2 (2M - 0(1))L,

Together with (I2.4]) and (I2.), this leads us to a contradiction when M is
large.
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A zero-free region for Dirichlet L-functions 121

Finally, assume that x is real and that 0 < |y| < 1/(2M logq). In this
case, the obvious symmetry L(s,y) = L(S, x) implies that p is also a zero
that is different from p. Applying Lemma [I2.2 with Z = {p, 5} then yields

L 1 o—p
Re (— o+ 1, ) > + _
ALY o=B (o=B)2+~
> (1.8M — O(1))L,
by (IZ3]). As before, this leads to a contradiction when M is large enough.

We have thus proven that the only possible zero in the region (I2.2)) is a
real, simple zero, and it can only arise as a zero of some Dirichlet L-function
L(s,x) of a real, non-principal Dirichlet character y (modgq). It remains
to prove that at most one such x exists. Assume for contradiction that
there are two different such characters, say x1 and xo, and let 8, and (s,
respectively, be their zeroes in the region (IZ:2]). By the triangle inequality,

(12.7) Dy (x15X2) < Do (X2, 1) + Do (11, X2)-

Since x1, x2 and x1x2 are all real, non-principal characters mod ¢, Lemma
2.2 with Z = () yields

(L)

C/ L/

Do(x1:x2)" = = (@) + 7 (o X0x2) + O(logq)
> 1~ Ollogq) = (M — O(1)) logg

where 0 = 1+ 1/(Mloggq) and ¢; = 1/M? as before. On the other hand,
arguing as in (I2.6)), we have

CI L/
Dy (x1,1)* = _Z(U) - Z(7.x1) + O(logg)
1 1
<1 o h + O(logq) < logg.

The analogous upper bound holds for D, (x1, )? too. Inserting the above
estimates into (IZ7) and taking M to be large enough leads to a contradic-
tion. This completes the proof of the theorem. O

Theorem [12.3] allows the potential existence of extreme violations to the
Generalized Riemann Hypothesis. Before discussing this issue, let us see
what we can infer from Theorem [I2.3] about prime numbers.

Theorem 12.4. There is an absolute constant cy > 0 such that

— B1
Y(z;q,a) = % 4 O(me’@m)

uniformly for x > q > 3 and (a,q) = 1, where the term x1(a)z”' is present
only if there is an exceptional zero in Theorem [12.3l
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122 12. The Prime Number Theorem for arithmetic progressions

Proof. We establish the theorem with co < 1. As a consequence, we may
assume that ¢ < eV1°8%; otherwise, we may simply use the trivial bound

U(x;q,a) < x(logz)/q.
We use the orthogonality of Dirichlet characters (see (I0.5)) and the
explicit formula (I35 to write

basge) = —— 3 Xl )

©(q) (ooda)
T i rPx — 1 xlogQ:E
X (mod q) IxI<T X

where T' € [3,/z] will be chosen later. Let p, = B, + iy, be a zero of
L(s,x) different from the exceptional zero 31, and with imaginary part 7,
n [—T,T]. We claim that there is an absolute constant ¢ > 0 such that

Px — 1 1—c/log(qT)
(12.9) & <Z

Px 1+ ||

Indeed, if 3, < 1/3, we use the trivial bound (z*x —1)/p, < 2'/3logz <
2%/%(log x)/T; otherwise, we use Theorem MZ3J to find that 8, < 1 —
c1/1og(qT') for some absolute constant ¢; > 0. Since we also have that |p,| <
1+ |7y | in this case, relation (IZ9)) readily follows with ¢ = min{c;,1/6}.

Inserting the bound (IZ9) into (IZF)), we conclude that

r X1 (a)z™
©(q) b1

when  p, # B, "Yx‘ <T

Y(ziq,0) = + R

with a remainder term R of size
1—c} /log(qT) T 10g2 T

i
R< Z > I

x (mod q) |yx|<T, px#P1
zlog?

T
where we used Lemma [[T.4}a) to bound the sum over the zeroes of L(s, x).
We choose T = eV8% and recall that q < eVios, Consequently, R <
ze~ VI8 with ¢y = ¢/3. Since X, (a) = x1(a) by the fact that x; is a real
character (if it exists at all), the proof is complete. O

< xlfc/ log(qT) logQ(qT) +

Since for the moment we know nothing about 3i, it could be the case
that 81 = 1. In this extreme case, and assuming that ¢ is fixed and x — oo,
Theorem [12.4] implies that

(2 +o(1)z/e(q) if x1(a) = —1,

(12.10) ¢($, an) = {0(1’/(,0((])) if Xl(a) =1.
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Exceptional characters 123

We thus see that an exceptional zero of [, y0a4) (5, X) at s =1 forces a
very uneven distribution of the primes among arithmetic progressions mod
q, with half of the reduced classes containing twice as many primes as they
should, and the rest containing very few primes.

More generally, it can be proven that if there is an exceptional zero at
f1 =1—1/(Mloggqi), then the residue classes a (mod q) with y;i(a) = —1
contain (2 4 0gu; us—oo(1))z/(p(q) log x) primes of size < z, provided that
x is in the range [¢"1, qM/“Q]. This result is due to Linnik. We will prove a
weak form of it in Chapter

Exceptional characters

The characters x whose L-function has a zero /3 in the region (IZ.2) are called
exceptional, and the zero B is called an exceptional zero or a Landau-Siegel
zero. This definition should not be taken too literally because it depends
on the choice of the unspecified constant ¢; in (IZ2). Strictly speaking, the
rigorous definition of Landau-Siegel zeroes concerns a sequence of characters
X; (mod g;) such that no product x;x with j # k is principal, and for which
there are real numbers

Bj=1-0j500(1/logg;) suchthat L(fj,x;) = 0.

Disproving the existence of Landau-Siegel zeroes is a major open problem
in analytic number theory. We establish some partial results about them.

We begin by showing the following result due to Landau, which proves
that exceptional zeroes “repel” each other.

Theorem 12.5 (Landau). Let x1 (mod q1) and x2 (mod g2) be two real, non-
principal characters that are not induced by the same primitive character,
and both of whose L-functions have real zeroes B1 and P2, respectively. There
is an absolute constant ¢ > 0 such that

min{, B2} < 1 ¢

log(qigz)”

Proof. The theorem follows by a simple modification of the last part of
the proof of Theorem [[2.3] starting with (I2.7). We leave the details as an
exercise. 0

We record two important corollaries of Theorem [I2.5, both of which
demonstrate the scarcity of Landau-Siegel zeroes.

Corollary 12.6. Let x; (modg;) be a sequence of primitive characters of
strictly increasing moduli such that L(B;, x;) = 0 for some B > 1—c/logg;.
If ¢ is small enough, then qj11 > qjl»OO for all j.
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124 12. The Prime Number Theorem for arithmetic progressions

Corollary 12.7 (Page). There is an absolute constant ¢ > 0 such that
among all real, primitive characters of conductor < @, there is at most one
whose Dirichlet L-function has a real zero > 1 — ¢/log Q.

Corollary [2.7, known in the literature as Page’s theorem, does not ex-
clude the possibility that there is one character x (mod ¢) with a zero at 1
that would yield the very uneven distribution of primes described in (I2.10).
To show there are no such zeroes, we use a different argument.

Let x (modq) be a real, non-principal character such that L(3,x) =0
for some 5 < 1. We have

1
(12.11) L(1,x) = / L' (0, x)do < (1 - B)q"'="/?log? ¢
B
by Lemma [IT.2l When § > 1 — 1/loggq, this implies that
(12.12) 1— 8> L(1,x)/log*q.

Hence we could show that § is not too close to 1 by proving a lower bound
for L(1,x). A weak but uniform such bound follows.

Theorem 12.8. If x is a non-principal real Dirichlet character mod q, then
1
L(l,x)>» ———.
Vqlog®q
In particular, there is an absolute constant ¢ > 0 such that

c
L(o,x)#0 when o>1— ————1.
¢t/ log" q
Proof. The second part of the theorem follows readily from the first part
and (I2ZI12). Now, to bound L(1,x) from below we consider the function
1% x. We note that

m+1 if x(p) =1,
(L) (@™) = Lo if x(») = —1,
1 if x(p) =0

Using multiplicativity, we infer that[] (1%x)(n) =0 and (1%*x)(n?) >1 for
all n, whence > (1 x)(n) > \/E On the other hand, we have

S::Z 1xx)(n ZX |x/a].
n<x asze

We thus see that the expected main term is ), x(a)/a ~ xL(1,x) for
large enough x, which should allow us to get a lower bound for L(1,x).

I'When x is a primitive character, (1% x)(n) counts ideals of norm n in the ring of integers of
the quadratic field Q(1/8q), where 6 € {—1,+1} is an appropriate sign (see [I37, Chapter 7]). The
inequality (1 *x)(n?) > 1 has a more conceptual proof in this context, since it is a consequence
of the fact that there is always at least one ideal of norm n? (the principal ideal (n)).
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Exceptional characters 125

However, it is hard to estimate S with a remainder term smaller than +/z,
which is the size of our lower bound for S. To bypass this technical issue,
we work with the smoothened sum

T::Z(l*x)( (1-n/z)= ZX Z ( —%).

n<x a<z b<z/a

The Euler-Maclaurin summation formula (Theorem [[LI0]) implies that

S -nfr) =22 /{t}dt

n<x
Consequently,
T3 x(a) (— == {t}dt)
a<x
- g x(a / ! ax(a)dt.
a<z a<mm{w x/t}

Using the Pélya-Vinogradov inequality and partial summation, we find that

1
Z x(a) < \/axogq and Zax(a) < yy/qlogq

a
a>zx asy

uniformly for z,y > 1. Consequently,

S e x) )1 /) = LA 4 0 g10ga)loga)).

n<x

On the other hand,

S0t —nf2) = Y (1 —m?/2) > V.

n<w m2<z

Comparing the above estimates when z = cq(logq)* for a large enough
constant ¢ completes the proof of the theorem. O

Theorems [12.4] and 2.8 establish Theorem 121l uniformly for all moduli
q < (logz)(loglog z)~8. In order to handle larger ¢, we need a strengthening
of Theorem [I2.§ due to Siegel.

Theorem 12.9 (Siegel). Let ¢ > 0. There is a constant c(e) > 0 such that
for all real, primitive, non-principal Dirichlet characters x (mod q), we have

L(o,x) #0 when o>1—c(e)qg®,

with the possible exception of one character x1 (modqy).
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126 12. The Prime Number Theorem for arithmetic progressions

Proof. We follow an argument due to Goldfeld [60]. Clearly, by taking
c(e) < £/2, we may assume that there is at least one primitive, non-principal
character whose L-function has a zero in [1 — ¢/2,1]. Let x; be such a
character of minimal conductor ¢q; > 1.

Now let x (modq) be a different real, primitive, non-principal Dirich-
let character. If ¢ < ¢, then the claimed zero-free region follows by the
minimality of ¢, so assume that ¢ > ¢;.

We argue similarly to Theorem [[2.8 only this time we replace 1 % x by
f = 1%xx%x1#*xx1 This function is also non-negative; the easiest way to
see this is by examining the logarithm of its Dirichlet serie

F(S) = C(S)L(Sv Xl)L(S7 X)L(Sa XXI)
Let 1 be the rightmost zero of L(s,x1) in the interval [1 — ¢/2,1], let
¢ € C*°(R>p) such that 1jp ;) < ¢ < 1jg 9}, and consider the auxiliary sum

5 zf o).

On the one hand, we have the trivial lower bound S > 1 by dropping
all summands except for the one with n = 1. On the other hand, we can
evaluate S using Mellin inversion: Exercise [[.2(d) implies that

1
S =1, where I,:=— 57 F(s+ p1)x*®(s)ds
(@)

with ® denoting the Mellin transform of ¢. Since F(51) = 0, the only pole
of the integrand is at s = 1 — 1, which is a positive number by Theorem
M2.8 Shifting the contour to the line Re(s) = —1, we find that

S =2 P L(1, x1)L(1, x) L(L, xx1)®(1 — B1) + I_1.

When s = —1+it, we have |F'(s+ 1) < max{q, |[t|}* for some absolute
constant ¢; > 0 by Exercise [[T.1] (the characters x, x1 and xxi all have
conductor < q1q < ¢?). Since |®(—1 +it)| < 1/(1 + [t|)**? by Exercise
[72(c), we find that I_; = O(q®*/x). Taking x = co¢®* for a large enough
constant cg makes |I_1| < 1/2. Recalling that S > 1, we infer that

2 PIL(L, x1) L(L, x) L(L, xx1)®(1 — B1) > 1/2.

Next, we note that L(1,xx1) < logg by Lemma IT.2) ®(1 — ;) <

Joy Py < 2/(1 = B1), and L(1,x1) < (1= B1)g1=7)/2log? ¢ by ([ZT).
Since we also have 1 — 81 < £/2, we conclude that

L(Lx) > q*(01+1/2)(17ﬁ1)/10g3 q>. q7(01+1/2)5‘

2This is the Dedekind function of the biquadratic field Q(v/8q, v/@1q1), where 6, 81 are ap-
propriate signs (see footnote [Il on page [24]).
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Together with ([ZIT), this proves that L(a, x) # 0 for o > 1—0_ (¢~ (©1+De),
Replacing € by €/(c1 + 1) completes the proof. O

The possible exceptional character y; in Theorem 2.9 causes a sub-
tle but significant problem: since we know nothing about it, we can at
best use Theorem to say that L(o,x1) has no zeroes when o > 1 —
O(1/(y/ai log* q1)) for some ¢; > 0. Of course, g; here is a constant (the
conductor of the hypothetical unique exceptional character xi), so there is
some constant ¢ = ¢&(e, ¢1) such that L(o, x1) has no zeroes for o > 1—¢éq; °.
However, since we have no control over g1, it is impossible to compute a spe-
cific value of ¢. Notice that this is not due to a lack of computing power, but
because of the argument producing ¢. We then say that “¢ cannot be com-
puted effectively”. We have thus arrived at the ineffective form of Theorem
02.9, known as Siegel’s theorem.

Theorem 12.10 (Siegel). Let € > 0. There is a constant c¢(e) > 0 (that
cannot be computed effectively) such that

L(o,x) #0 when o>1—c(e)qg*

for all real, non-principal Dirichlet characters x (modq).

Proof. We have already treated the primitive characters. The non-primitive
characters are dealt with via formula (I1.2]). O

Combining Siegel’s theorem with Theorem [12.4] completes the proof of
Theorem 121l Note, however, that the ineffectivity of Theorem [[2.10] trans-
fers to the implicit constant in Theorem [I2.Il As a consequence, results
proven using Theorem [I2.1] are generally not amenable to numerical anal-
ysis. There are some exceptions to this rule, as it is sometimes possible to
isolate the influence of the exceptional character x; in Theorem

We will revisit exceptional characters in Chapters 22] and

Exercises

Exercise 12.1. Adapt the argument of Exercise B4 to prove that there is a con-
stant ¢ > 0 such that for each fixed A > 0 we have

3 uln)x(n) <a ze” VBT (1< q < (logz)?, y (modq)).
n<
Exercise 12.2. Let x be a Dirichlet character mod ¢ and = > ¢ > 3.
(a) Prove that there is an absolute constant ¢ > 0 such that

B1
U 0) = Iymgo® = G + O (we VPR 4 (logg)’' /51,
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128 12. The Prime Number Theorem for arithmetic progressions

where the term 2% /B is present only when y is the exceptional character from
Theorem [12.3]

(b) Let ¢ and ® be as in Exercise Prove that
G2, X) = L=y ®(1)z — 27 ®(B1) + Oy (Ieic log@ 1 (log q)z =/ logq),

where the term %1 ®(f;) is present only when x is the exceptional character
from Theorem [12.3]

Exercise 12.3*([I14, Lemma 18.4]). Let x be a real, non-principal character mod
q, and let § € [1/2 1] be a zero of L(s, x).

(a) For x >y > 1, prove that
( T 1+><())<z:(1*><)(ﬂ))< 3 (L*x)(m)
y<p<z b n<y " y<m<axy mn

(b) For N > g, prove that

1
> WO _ 1308 +9) + (LX) + 0 /AN 2 10g )
n<N n
using the hyperbola method.
(c) If ¢ € C°(R) is such that 1 /9 < ¢ < 1pp 1] then show that
Z(l*x e 12(1*x o(n/y) _ L, x)
n = 1-48"
as long as y > ¢° and ¢ is large enough depending only on ¢.
(d) Deduce that

nLy

Z LX(p)«(lfﬂ)logx (zzy>q).

y<p<z

Exercise 12.4 (Alternative proof of a weak version of Theorem[I2.3)). Let x (mod q)
be a Dirichlet character, t € R and 7 = max{|t|,2}. Assume that either y is complex
or [t| > 1.

(a) Using the 3-4-1 inequality (8.0, prove that
L(a, x0)*|L(0 + it, x)|*|L(o + 2it, x*)| = 1 for o > 1.
[Hint: Recall that log |z| = Re(log 2).]
(b) For o € (1,2], show that |L(co + it, x)| > (o — 1)3/4/1log"/?(¢7).
(¢c) For o,0’ > 1—1/log(q7), show that
L(o’ +it,x) = L(o + it, x) + O(|o’ — o|log?®(qT)).
Conclude that there is an constant ¢ > 0 such

|L(o +it,x)| > 1/log®(q7) for o >1—¢/log"(qr).
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Chapter 13

Primes and
multiplicative functions

There is a strong connection between the distribution of primes and the
average behavior of multiplicative functions. Landau proved that the Prime
Number Theorem is elementarily equivalent to the relation » . u(n) =
0z—00() (see Exercise B.10)). In a similar vein, the Riemann Hypothesis is
equivalent to the bound |} . u(n)| < z1/24o() as 2 — oo (see Exercise
[R6), whereas the Generalized Riemann Hypothesis amounts to showing the
same estimate for the partial sums of py for each character y (mod q).

In order to understand better the interplay between primes and mul-
tiplicative functions, we assume a more general point of view. Much of
what we have done so far can be roughly described as follows: we are given
an interesting arithmetic sequence indexed by primes, say f(2), f(3), f(5),

.., and we want to understand its partial sums. To accomplish this, we
consider a special generating function: the Dirichlet series Zp f(p)/p*. In
certain fortuitous situations, this series is related to the logarithm of the
Dirichlet series F((s) = Y o2 | f(n)/n® of a “nice” multiplicative function f.
Analyzing averages of f(n) thus gives us information on averages of f(p).

We now explore the converse direction: assuming we have good bounds
on >, f(p), we seek estimates for >, f(n). We will accomplish this
goal when the sequence f(p) is roughly constant on average. More precisely,
we assume that there is some k € C and some parameter ) > 2 such that

(13.1) > fp)logp = kz+ Oa(z/(logz)?) (2> Q)

psT

for each fixed A > 0. We think of x as being fixed and @ as varying.

130
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Generalized divisor functions 131

We must further impose a growth condition on f that prevents abnor-
mally large values from ruling its partial sums. A simple way of achieving
this is to assume that there is a fixed k € N such that

(13.2) |f] < 7.
We call such a function divisor-bounded.

For instance, if f = p, then (I3J)) and (I3:2)) hold with k = —1, k =1
and @ = 2, whereas when f = px for a non-principal character x (modq),
then k = 0, k = 1 and @ = exp{¢°} by the Siegel-Walfisz theorem (Theo-
rem[I2.0]). A more unusual but still natural example is given by the function
f(n) = p2(n)(=1)*"5D  where w(n;5,1) = #{p|n : p = 1(mod5)}. In-
deed, i satisfies (I3.1]) with xk = 1/2 and @ = 2, whereas (I3.2]) holds with
k =1. We already have good predictions for the partial sums of p and py;,
but what about the average behavior of i?

Generalized divisor functions

The study of the above general class of functions f can be reduced to certain
canonical representatives. These are generalizations of the combinatorially
defined divisor functions 7,,, m € N. Recall that the Dirichlet series of 7,,
is ((s)™. We then define 7, for k € C to be the arithmetic function whose
Dirichlet series is ((s)”. Using the Euler product representation of ¢ and
the Taylor series expansion of (1 —x)™" about x = 0, we find that

k+a—1
(13.3) Tx(p*) = ( )
a
In particular, 7,(p) = &, so that (I3.]) holds by the Prime Number Theorem.
To relate a general function f satisfying (I3)) to the function 7., we
go back to the basics. Note that the average value of f(p) — 7.(p) is zero.
Hence, if we write f = 7, * g, then g(p) is zero on average. We might thus

guess that g has small partial sums. Dirichlet’s hyperbola method would
then suggest that f and 7, behave very similarly on average.

A more analytic way to view the above argument is to consider F'(s), the
Dirichlet series of f. We then roughly have F(s)((s)™" ~ exp{}>_,(f(p) —
k)/p®}. For this reason, (I3]) is essentially equivalent to the function F'¢~"
having a C'*°-extension to the half-plane Re(s) > 1 (see Lemma [[3.5(a) be-
low). For simplicity, let us assume momentarily a stronger version of (I3:3]),
with an error term of size O(x!~¢). Then, we can analytically continue F( "
to the half-plane Re(s) > 1 — ¢. Hence, we see from (5.14) that the partial
sums of g = f * 7_,, should indeed be rather small (there are no residue
contributions to the right side of (5.14])). This allows us to relate averages
of f and 7, via the hyperbola method.
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132 13. Primes and multiplicative functions

Let us now study the partial sums of the prototypical function 7,. We
begin, as usual, by invoking Perron’s inversion formula: for any = ¢ Z and
any a € (1,14 1/logx], we have

T
134 ” — ®—ds.
(13.4) > () = 5 o o as

When k is an integer, C” has a meromorphic continuation to C, so the usual
contour shifting argument can be used to estimate ) 7.(n). However,
when x ¢ Z, the function (" is only defined where log ((s) is. In particular,
since ¢ has a pole at s = 1, we can only define ((s)" in a simply connected
set of the complex plane that does not contain 1, nor any of the zeroes of (.
There is no such domain containing a punctured disk centered at 1. Hence, it
is not possible to employ Cauchy’s residue theorem to study the contribution
of the singularity at s = 1 to the partial sums of 7, which means that we
must develop a new method to deal with the integral in (I3.4)).

The LSD method

The main idea for estimating the integral in (I3.4) goes back to work of
Landau and was further developed by Selberg and Delange. Here, we present
an adaptation of their technique that appeared in [68], which builds upon
ideas in [I14, Section 2.4]. The original method of Landau-Selberg-Delange
(called the LSD method for brevity) is presented in great detail in Chapter
I1.5 of Tenenbaum’s book [I72]. We also outline it in Exercise

For simplicity, assume that x > 1. Note that the integrand ((s)"z*/s
blows up to oo when s — 1. On the other hand, Exercise 84] shows that
C(s)ias)s < alt| V2 = Ojt|—so00(z) When s = o +it with 1 <o < 1+1/logu.
Thus, if we take « sufficiently close to 1, it seems reasonable to expect that
most of the contribution to the integral in (I3.4]) comes from s close to 1.
For such s, we have that ((s)"/s ~ 1/(3 — 1)%. This leads us to guess that

xS
(135) ZTH 27_” /(a) st

n<x

The right-hand side of the above formula can be computed using Lemma
31 below, which is called Hankel’s formula.

Lemma 13.1 (Hankel’s formula). Let x > 1, & > 0 and Re(k) > 1. Then

1 z*  (logz)"?

2T () 8_"{ 5= F(K;)
If, in addition, o > 1, then we have
1 x®

1 x
— — 1 K—1 ]
2mi J () 8(s — 1)”ds I'(k) /1 (log y)™"dy
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Proof. We have [[(logz)* '2=*"1dz = s7"I'(k) for Re(s) > 0. (Justify
why this is true for all s with Re(s) > 0.) Since Re(k) > 1, the func-
tion 1/s" is absolutely integrable on every vertical line Re(s) = a with
a # 0. Thus, the Mellin inversion formula (Theorem [B.4) implies that
(1/2mi) f(a) y*s~"ds = 1,~1(logy)" 1 /T'(k) for any o > 0, which proves the
first part of the lemma. Integrating over y € [0, z] proves the second part
too with a + 1 in place of a. O

The above discussion leads us to conjecture that
)n—l

z(logx
(13.6 Te(n) m —————
) 2 L(r)
Note that this agrees With Theorem [T4] when x € N. Remarkably, it also
agrees with what we know for the Mdobius function. Indeed, when k = —1,
we have 7_1 = p, for which we know that > _ 4(n) = 0z—00(x). On the
other hand, the right-hand side of (I3.6]) vanishes because of the pole of the
Gamma function at s = —1.

(x — 00).

The main goal of this chapter is to establish an appropriate version of
(I33) for all multiplicative functions f satisfying (I3)) and (I3:2)). Un-
der the same assumptions, we will show that the asymptotic behavior of
> n<z f(n) is determined by the analytic behavior of the Dirichlet series
F(s) when s ~ 1.

As we mentioned earlier, F'(s)((s)" admits a C*-extension to the half-
plane Re(s) > 1 under the assumptions of (I3.1) and (I3.2). Thus, the same
must be true for the function F'(s)(s — 1)* because ((s)(s — 1) is analytic
and non-zero in an open neighborhood of the plane Re(s) > 1. We then let

d’ - Y (s —1)F(s)

. —1)F d ¢ = .
jlds? s=1(3 J7F(s) and & jlds? ls=1 S
be the Taylor coefficients about 1 of the functions (s — 1)*F(s) and (s —
1)%F(s)/s, respectively. Since s =1+ (s—1)and 1/s=1—(s— 1)+ (s —
1)2F--- for |s — 1| < 1, these coefficients are linked by the relations

(13.7) Cj =

J
(13.8) ¢ = Z(—l)“cj_a and ¢j =¢j+¢j—1 for j=0,1,...
a=0
with the convention that ¢_; = 0. Moreover, since ((s) ~ 1/(s — 1) as
s — 17 and f is multiplicative, we have that

(13.9) co250:1;[<1+%+%};2)+...><1_%>”.

We will prove in Lemma [3.5(a) that c;,¢; < (log Q)7 +2".

With the above notation, our main theorem is the following.
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134 13. Primes and multiplicative functions

Theorem 13.2. Fize >0 and J € N. If f, ¢; and ¢; are as above, then

xJ 1 i )
(13.10) / 108; y)_ ]J) ldy N O((q;(log Q)2ke+I—1 >

log z)7+1-Re(r)

n<.’E
logac =il z(log Q)71
(13.11) =T Z Cj (k—j + O<(]Og x)J—&-l—Re(H)

forx > e(los @' Tpe implied constants depend at most on k, J, € and the
implied constant in (I3J)) for A large enough in terms of k, J and €.

Remark 13.3. Note that when x € Z<, then all the main terms in (I3.10)

vanish because of the poles of the Gamma function at 0, —1,—2,.... Hence,
for each fixed € > 0 and A > 0, we infer that
(13.12) Z f(n) <ae x/(logz)? (x> e(logQ)HE).

n<e

On the other hand, when ¢y # 0 and & ¢ Z<o, we see that Y . f(n) is

much larger, of size x(log z)Re(*)—1,

For example, for the function fi(n) = p?(n)(—=1)“(%D that we saw
above, we have k = 1/2 and cg > 0. Hence, } . fi(n) is of size z/(log x)'/2.
This might be a bit surprising because it is in stark contradiction with a
common heuristic argument for the Riemann Hypothesis.

Indeed, given a square-free integer n, note that fi(n) = 1 when w(n;5,1)
is even, while fi(n) = —1 when w(n;5,1) is odd. A similar situation is true
for the Mobius function, with w(n;5,1) replaced by w(n). Since there is no
reason to suspect any bias for the parity of the functions w(n;5, 1) and w(n),
we may be tempted to model p and fi by a sequence of random, independent
and equiprobable assignments of +1 or —1 to each square-free integer. The
Central Limit Theorem would then predict that | . u(n)| < z1/2+e(1)
and |}, <, fi(n)| < x/2t°() While the former estimate is believed to be
true in virtue of the Riemann Hypothesis, the second one is very far from
the truth.

In conclusion, we should be very careful when using probabilistic argu-
ments of the above sort to analyze partial sums of multiplicative functions,
because their values are interdependent in a fundamental way. For instance,
if n is odd, then we always have that f(2n) = f(2)f(n), which means that
the values f(2n) and f(n) are highly correlated. O

Before going on to prove Theorem [I3.2, we record an important conse-
quence of it.
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Corollary 13.4. Fiz A,C > 1 and ¢ € (0,1/2]. Let > 2 and g,m € N
with ¢ < (logz)¢ and w(m) < exp{(logz)'~¢}. Then

Z pu(n) <eac W-

Proof. Let d = (a,q) and write a = da; and ¢ = dg;. If n = a(modq),
then d|n. Hence, for the sum in the statement of the corollary to have any
terms, we must have (d,m) = 1. In this case, we write n = dr, so that

Yooopm)= > pldr)=p@d) D p).

n<z, (n,m)=1 r<z/d, (r,m)=1 r<z/d, (r,dm)=1
n=a (mod q) r=aj (modqi) r=aj (modqi)
Since (a1,q1) = 1, we may expand the condition r = a; (modq;) using

Dirichlet characters. We thus find that

(13.13) Y uw =D S %) Y x).

n<z, (mm)=1 Pla) | oo rea/d
n=a (mod q) (r,dm)=1

Fix y (modg) and note that x/d > x/q > z/(logz)®. We shall apply
Theorem with f(n) = 1¢, gm)=114(n)x(n). For this function, Theorem
2.1l implies that

> f(p)logp =~ x(p)logp + O(w(dm) log w)

pLw pw

= —Lymyow + Onr (we™*VI8™ + (dm) log w)

for all w > exp(qi/ M), where M > 0 is arbitrarily large but fixed, and ¢
is an absolute positive constant. Note that w(d) < loggq for d|q. Hence,
taking M = (1 + ¢)C yields (I31]) with parameters Kk = —1,—,, and
log @ = max {ql/((”s)c), (logw(m))l/(1*52)}. Moreover, (I3.2) clearly holds
with £ = 1. Notice that our assumptions on x, m and ¢ imply that

logz > max{q"/“, (logw(m))"/1 =9} = (log Q)" **.

Consequently, Theorem [13.2] implies that

o ulxn) < (

r<z/d, (r,dm)=1

x/d <«
log(z/d))* ~ (logz)”

(all the main terms vanish because either kK = 0 or kK = —1 here, whence
I'(k — j) = oo for all j € Z>(). Inserting the above estimate into (I3.13)
completes the proof. O
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136 13. Primes and multiplicative functions

Estimating Perron integrals without shifting contours

We now turn to the proof of Theorem [[3:2 The argument leading to
(I36) can be made rigorous using the methods of Chapter [}, at least when
Re(x) > 1. However, it cannot produce an approximation for ) . 7.(n)
that is strong enough to detect all the lower order terms in the asymptotic
estimation of } _ 7x(n). To prove Theorem we need one additional
idea.

Instead of estimating ) . 7x(n), we work with the weighted average
> n<z Tr(n)(logn)™, where m is a fixed integer at our disposal. It is easy
to go back and forth between these two sums using partial summation.
Moreover the Dirichlet series of 7,(n)(logn)™ is (—1)™(¢®)(™)(s), where
(¢")™) denotes the mth derivative of ¢*. Hence

(_1)m K\ (m) z®
13.14 Tx(n)(logn)™ - s ds
( ) ) g /(a)(C ) (s)

21 S
n<T

for © ¢ Z and any o > 1. Using Exercise [84(c), it is possible to show
that (%)™ (s)/s < [t|71/? for o > 1 and |t| > 1, which tends to 0 when
|t| — oo, no matter how large m is. On the other hand, for s close to 1, we
have (¢*)(™(s)/s ~ (=1)"k(k +1)---(k +m — 1)/(s — 1)*t™. Choosing
m large enough ensures that our integrand is much bigger for small |¢| than
for large |t|. This allows for a much better estimation of the integral on the
right-hand side of (I3.14). We provide the necessary details below.

We begin with an auxiliary result. We postpone its proof till the end
of the chapter because it is rather technical in the general case, while being
easy in the prototypical and important case when f = 7, for which (I3
holds with @ = e: the analyticity and the non-vanishing of {(s)(s —1) when
Re(s) = 1 yields parts (a), (b) and (d), whereas Exercise [84 yields part (c).

Lemma 13.5. Let f and c; be as in the statement of Theorem [13.2, and
let F' be the Dirichlet series of f. All implied constants might depend on k
and the implicit constants in (I3.7).

(a) F(s)(s—1)" has a C*®-extension to the half-plane Re(s) > 1.
(b) For j =0,1,2,..., we have ¢; <; (log Q)72
(¢) For m € Z>o and € > 0, we have

FO(5) me [t + (0og Q" for o> 1, [t > 1/10g Q.
(d) For m,J € Z=o and |s — 1| < 2/log Q with o > 1, we have
I'(k—j+m)
1) M) (5) = e I T (o qyi—mer
CO"E) = 3 o

+ OmJ((lOg Q)JJer’S o 1|J7mfRe(/‘e)).
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Proof of Theorem [13.2. All implied constants might depend on k, J
and e. In addition, they might depend on the size of k. However, note
that for (I3.) and (I3:2]) both to hold, we must have || < k. So the
dependence on k can be absorbed into the dependence on k. The implied
constants will also depend on an integer m we will choose later in terms of
k, J and e.

Instead of estimating the partial sums of f, we work with the function
f(n)(logn)™. We will use a smooth variant of Perron inversion to rewrite
the partial sums of this function. Let

(13.15) T = (logz)**™* and w(s)=T[(1+1/T)*™ —1]/(s+1).
Then (73) implies that
(13.16) > f(n)(logn)™ =

n<e

(=™ /
2mi Re(s)=1+1/logz

F(m)(s)w(s)aj—ds + R,
s

where |R| < X2, pcprayr | f(0)|(logn)™. Since |f| < 74 and T'is a power of
log z, Theorem [4] implies that

(13.17) |R| < z(logz)™ ™1 /T < x(logx)™F 177,

Next, we turn to the main term in (I3.16), which we write as I} + Io + I3
with I; denoting the portion of the integral with | Im(s)| < 1/log @, I2 being
the portion with 1/log @ < |Im(s)| < T2, and I3 being the remaining part.

First, we bound I3. For s = 1 + 1/logz + it, we note that |F("™)(s)| <
> ons1 [f(n)](log n)™/ntt1/182  Using our assumption that |f| < 73 and
Theorem[7.4] (that we insert via partial summation), we infer that F(™(s) <
(log z)™**. In addition, we have |w(s)| < T/|t|. As a consequence,

(13.18) I3 < z(logz)™ % /T = x(log x)™ 7 k-1

by the choice of T'.

To bound Iz, we note that if 1/log Q < [t| < T? and m is large enough,
then w(s) < T and F™(s) < [t|'/? + (log Q)™ 3% <« (logz)™~/=k=1/T3
by Lemma [I3.5(b), since logz > (log Q)!*¢. Consequently,

(13.19) I, < z(logz)™~7F,

It remains to estimate I;. We use Lemma [I3.5] to find that

s

I = Z F(H_]+m) i/ﬁw(s)(s_l)j—m—m%ds

0552, I'(k —j) 2mi

+0 (w(log Q)7+ /

‘S - 1’J—m—Re(n)dt) ,
lt|<1/log @
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where £ denotes the vertical line segment [141/logx—i/log Q,1+1/logx+
i/log Q). For s € L and j € ZN [0, J], we have w(s) =1+ O(1/T) and

(S - l)j—m—f@ < ’S - 1|j—m—Re(n) < (log x)m-ﬁ-Re(m)—j

Consequently,
J—1
I'(k—j —l— m) 23 / z°
——————ds+ O(F),
]z:; I'(k om0 Jpos(s — 1)mEhe
where

(log x)m-i-Re(n)—J(lOg Q)J+2k:—1.
Assuming that m > J + 2+ k > J + 2 + |k|, we have

i%

B m+Re(k)—j—1 < i
Re(s)=1+1/logz 5( 1)m+/~t st < m(log Q) (O )< J)
[t|>1/log @
Thus, Lemma [[3.T] implies that
1 s T (logy)m—i-n 7—1 R e
— — ds= ed (g 1 m+Re(k)—j—1
2mi /LS(S—l)m+“ 5T /2 L(m+k —j) y+0(z(log Q) )

so that
I = / P(logy)(logy)™dy + O(E)  with ~ Plw) =Y Lo
2
Combining this formula with (I3.16)-(I3.19), we deduce that

> f(n)(logn)™ /Plogy)(logy)mdy+0( )-

n<x

Finally, we remove the weight (logn)™ with a simple partial summation
argument to establish (I3:10). Relation (I3.11]) then follows by expanding
f;((log y)?~1/T'(B))dy into an asymptotic series using integration by parts
several times, much like we did in Example O

Proof of Lemma (a) The function ((s)(s — 1) is analytic and non-
zero in an open neighborhood of the half-plane Re(s) > 1. Hence, it suffices
to show that F'(™" has a C-extension to the half-plane Re(s) > 1. We
write F(~" = GH, where

s 2) /p2s 4 ...
G(s) = H(l_l/pS)H—f(P) and H(s) = H S f(p()l/p_ IL/;(;D;{S u

The factors of H(s) are 1 + O(1/p?) by Taylor’s theorem and (I3.2). In
particular, H(s) is analytic for ¢ > 1/2 and each derivative H(™(s) is
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uniformly bounded in the half-plane o > 1. To establish the C'*°-extension
of GG, it is more convenient to work with its logarithm, for which we have

(13.20) (log G)™ (s ZZ alogp f(p)_“).

p, a=1

The series on the right-hand side converges uniformly in compact subsets of
the half-plane Re(s) > 1 by (I3.I]) and partial summation (see the proof of
Theorem [A.5]). This completes the proof of part (a).

(b,c) By the above discussion, both parts will follow if we show that
(13.21) G (5) < max{|t]%, log QY™ ?* for o >1,t e R.

Indeed, all derivatives of (*(s)(s — 1)* are bounded in the vicinity of s = 1.
Together with (I3.21]), this yields part (b). To prove (c), we separate two
cases. When 1/log@Q < [t| < 1, we note that (%)™ (s) < (log Q)™ FF,
whereas when [t| > 1 we use the bound (¢*)(™)(s) <, |t|¥, which is a conse-
quence of Exercise B 4)(c). Together with (I3.21]), these estimates establish
part (c) in all cases.

Let us now prove ([3.21]). We write G = e’ and note that G/ = L'e’ and
G" = L"el +(L')%e". In general, G(™) is a finite linear combination of terms
of the form L(m1) ... [(mr)el with mi+---+m, =mand my,...,my € Z>1.
This reduces (I3:21]) to proving that
(13.22)  |L(s)| < 2kloglog N + O.(1), L™(s) <pme (logN)™ (m > 1)
for 0 > 1 and |t| > 1, where N = exp(max{|t|*,log Q}).

To prove (I3.22)), we adapt the proof of Theorem MIT.2t we fix A >
max{m, "'}, and use partial summation and (I3.1)) to find that

v UR) = (Zlogn)™ 1 4 jt1/(1og N)4) (log N)™ < 2(log N)™

p>N P’
Since |f(p) — m! k+ \/1\ 2k by ([I32), we also trivially have that
‘ Z logp) ‘ o {2kloglogN+O(1) if m =0,
oV O((log N)™) ifm>1,
as well as

ZZ alogp (p)_”):om(l).

p, a=2

This completes the proof (EB:?ZI), and hence of (I3:2]]).
(d) Taylor’s theorem implies that

(13.23) F(s):=F(s)(s — 1) = Y ¢j(s— 1) + E(s),

0<y<J
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where the remainder can be written as
E(s) = /S ﬁ(‘])(z)Mdz.
1 (J—=1)!
Dividing both sides of (I3:23) by (s — 1) and differentiating m times, we
see that part (d) will follow if we can show that
(13'24) E(Z)(S)(S o 1)—m—m+8 <m ‘S _ 1’—Re(m)—m+J(log Q)J+2k:

when |s — 1| < 2/log @ and o > 1. Indeed, by induction on ¢, we have

B0y L FDE) s =27z (T -1 -0 i< T -1
B F0 0>,

Since F("(s) <, (log Q)" 2 for z € [1,s] by ([321), we find that
EW(s)(s = 1) < (Is — 1/10g Q)" (log Q)** < |s — 1|7 (log Q)*+**
for |s—1] < 2/log Q. This shows (I3.24]), and thus part (d) of the lemma. [

Exercises
Exercise 13.1. Let r € C. Estimate _, £ and Y n<a KMo (n).

Exercise 13.2. Fix ¢ > 0 and A > 1. Prove that, uniformly for m € N and
x> 2+ exp{(logw(m))1*¢}, we have

1 T
#{ngl‘:(n,m)zl}zxg(l—}—j)—l—OA(W).

Exercise 13.3. Fix k € C and € > 0. Given m € N, let L(m) = log(2 + w(m)).
Uniformly for m € N and = > exp{L(m)'*¢}, prove that

Z ow(n) — 7C“I{*(‘g%)x(log 2)" 1 + O (L (m)?* (log z) Re()=2),
n<z, (n,m)=1
where ¢, = [T,(1+*52)(1 = 1/p)* " and f,(m) = [[,,,(1 +r/(p—1))7".

Exercise 13.4 (Landau). Let b(n) be the indicator function of those n € N that
can be written as the sum of two squares. Prove that there is a constant ¢ > 0 such
that >, ., b(n) ~ cx/ylogz as x — oo. [Hint: b(n) = 1 if and only if v is even
whenever p¥||n with p = 3 (mod4).]

Exercise 13.5. For » > 0 and ¢ > 0, we let C,.(¢) be the contour {|s| = r :
|arg(s)| < m — e} traced counterclockwise. We then define the contour

H,(e) = (=00 —irsine, re "] 4 C.(e) + [re'"9), —oo + irsin(e)).

The limit of H,(¢) when e — 0% is denoted by H, and is called a Hankel contour
(see Figure I3T)). By convention, [, =lim. o+ [, (¢)- Prove that
1 x® 1

i Jyy st T(k)

[Hint: Show that both sides are entire functions of .
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A
NP,

Figure 13.1. A Hankel contour

Exercise 13.6* ([162], [I72, Chapter I1.5]). Fix x € C. Let 2 > 3, a =1+ 1/logx
and T € [100, eV'°e?], and define w(s) by (3.1H).

(a) Prove that

_ 1 ¢"(s)wls) z(log z)'~!
Sl = 5 [ e s+ 0L ()
n<z | Im(s)|<T?
(b) Let § = 0.5¢1/log(2 + T) with ¢; as in Exercise 841 In addition, consider
r € (0,0) and let H, denote the truncated Hankel contour that goes from
—6 —i0F to —r — 40T, then traces a circle of radius r to —r + 0%, and finally
goes to —d +i0T. Prove that
1 (s+1)
=— T ds+ R
> () 2mi s +1 s

n<x
where |R| < z(logz)9M(1/T 4+ 2=%). [Hint: After making the change of
variables s — s+1 in part (a), replace the contour [1/logx—iT?,1/logz+4T?]
by the contour of Figure [3.:2]

(c) Develop ((s+ 1)"s"/(s+ 1) into Taylor series about s = 0 to give a new proof
of Theorem when [ = 7.

Exercise 13.77
(a) When o € (0,1), show that log (o £ ic) ~ log|((c)| Fim as ¢ — 0F. [Hint:
First, analyze log ((s) when s ~ 1.]
(b) Use Exercise [[3:6(b) to show there is a constant ¢ > 0 such that
1/2
Z Ti/2(n) = / ‘C( ) z%do + O(xe_c‘/m) (x > 2).
n<T 1/2 g
(¢) Assume the Riemann Hypothesis and fix € > 0. Show that
1/2
27_1/2(”) / |C( )‘ ad0_+05(x1/2+6) (.’[22)
1/2

o
nzr

Exercise 13.8* (A partial converse to Theorem [120]). Let f be a multiplica-
tive function such that |f| < 1 and

(13.25) > fn) <az/(logz)*  (z>2)

ne
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—§+iT? 4 1/logx +iT?
T
D VNN
="
-5 —iT? Al/loga:—iTz

Figure 13.2. Deforming the contour [1/logz —iT2,1/logx + i1?]

for all A > 0. Assume further that there is some 6 > 0 such that

Zw > (=14 0)loglogz + Op(1) (|t| < (logx)®, = > 2)
pPsT p
for each fixed B > 0. Then prove that

S f(p)logp <c o/(logz)C (23 2)

PsT
for each fixed C' > 0. [Hint: Let F(s)=)_,>, f(n)/n®. Show that Yo 1/pitt/loge
= 0(1) and Y (p"/'5" — 1)/p = O(1), and thus |F(1 + 1/logx + it)| =
exp{d_, <, Re(f(p)p~"")/p} >p (log 2)°~! for |t| < (logz)B. Conclude that |F(1+
1/logx +it)| >p (logz)®~! for |t| < (logx)? and hence (F'/F)("™) (1 +1/logx +
it) < (logx)™/? for large m € N.]
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Chapter 14

Evolution of sums of
multiplicative functions

The LSD method allows us to handle partial sums of multiplicative func-
tions whose prime values are very regular. However, the information we have
at our disposal is often more limited. In this chapter, we develop a tech-
nique that allows us to get a hold on partial sums of multiplicative functions
under much weaker conditions. We mainly focus on non-negative functions,
as they are easier to handle while still being a large enough class. For more
advanced topics, see [38, Chapters 6 and 9], [75] and [172, Chapter I11.4].

The underlying principle of the method we will use is very simple: if
we know the average behavior of f over integers n < z/2, and over prime
powers p* < z, then we also know the average behavior of f over integers
m < z. Indeed, any integer m < x can be written as m = pFn, with p* <
and n an integer < x/ k< x /2 that is coprime to p, in which case we also
have f(m) = f(n)f(p*). This simple fact should in principle imply that
S(x) = >_,<. f(n) obeys a recurrence relation involving the quantities S(y)
with y < 2/2 and the numbers f(p*) with p* < 2.

An elegant way to derive the claimed recurrence begins with the obvious
identity F' = (F'/F) - F, where F is the Dirichlet series of f. Hence

(14.1) flog =Asx f,

where Ay is the arithmetic function associated to the Dirichlet series —F”/F'.
This function generalizes von Mangoldt’s function that satisfies (I£1)) with
f = 1. For instance, the definition of Ay readily implies that

As(p) = f(p)logp.

143
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144 14. Evolution of sums of multiplicative functions

In addition, similarly to A, the function Ay is supported on prime powers
(see Exercise [4.7]).

Example 14.1. (a) Let x € C. If 7, is the function defined in (I3:3]), then
F(s) = ((s)", whence F'/F = k(’/¢. Consequently, Ay = KA.

(b) If f = k%, then we have F(s) = [1,(1+ x/p®), whence log F'(s) =
> S (=)™ L™/ (mp™s). We infer that As(p™) = (—1)™ 1x™logp,
which grows exponentially fast in m. U

Now, using (I4.1]), we arrive at the formula

(14.2) > f(n)logn =" Ag(a) Y f(b).

n<x a<zx b<z/a

The slow growth of the logarithm implies that the left-hand side is
~ (logr) Y, <, f(n). Hence, (I4.2) allows us to write S(z) = >, , f(n) as
a weighted average of S(y) with y < /2, where the weight is controlled by
the values f(p¥) with p¥ < . This establishes the claimed recurrence for
the partial sums of any multiplicative function. We give two applications of
this fundamental principle of multiplicative functions in Theorems and
4.9

Before we continue, we need to make some technical preparation. We
face the problem that Ay can grow very rapidly even if f is divisor-bounded
(ie., | f| < 7 for some k > 0). For instance, when f = s with |k| > 1,
Example I4.1i(b) shows that A;(p™) grows exponentially fast in m. On
the other hand, we saw in Example [4.Il(a) that A; is very tame when
f = 7. Motivated by these observations, we introduce the function 7,
defined as the arithmetic function whose formal Dirichlet series is given by
Hp(l —1/p>)~7 (P). In other words, 7y is the multiplicative function with

f(p)+m—1
14.3 Te(p™) =
(143) = (10
for all prime powers p™.

Working with 7; alleviates various technicalities. For instance, we im-
mediately see that its Dirichlet inverse equals 7_y, and that A;, is given by
the simple formula A, (p™) = f(p)logp for all prime powers p"™. Moreover,
we can easily relate f and 7y with a simple convolution trick: if we write

f =TF kTS,
then the function 7 is supported on square-full integers. Since these num-
bers are very sparse (see Exercise [LG)), 7; often satisfies the inequality

(14.4) )| <20 (@ >1)

n<e
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14. Evolution of sums of multiplicative functions 145

for some fixed 6 > 0. If, for instance, |f| < 7 as in Chapter [I3] then
|r¢| = |f * 7—¢| < Tor, whence (I4.4]) holds for any ¢ < 1/2 (see Exercises
2.9(f) and [LL6I(b)). Exercise [4.0 establishes (I4.4]) in many more cases.

Assuming ([I4.4]), we use Dirichlet’s hyperbola method to find that

(14.5) Y )= re(a) Y )+ R

n<x a<y b<z/a
for all x > y > 1, where

T T T 1(b
R= > 1) Y rela)<a'™ > ’bﬁ(_ba” < 5 fi)( )'

b<z/y y<a<z/b b<z/y b<z/y

If we extend the summation to all integers b all of whose prime factors are
< z, we arrive at the bound

R<<5H< Tlf\ +T|f(21’2>+...)

p<z p

(146) . H ( >—|f( )\’

p<T

where we used Taylor’s theorem to obtain the last equality. If we also know
that |f| < 7k, then R < zy~%(logz)* (and we can take any § < 1/2, as we
discussed above). Exercise [[4.4] establishes similar results when f satisfies
weaker versions of the growth inequality |f| < 7%.

Our first application of (I4.2)) is a general purpose upper bound for the
partial sums of non-negative multiplicative functions. What we will demon-
strate is that, under some mild conditions, the mean value z='%7 _ f(n)
is controlled by the logarithmic mean value (logz)~' > . f(n)/n. This is
a rather special property of multiplicative functions (cf. Exercise [[8(b)).

Notice that Theorem below is sharp in the generality in which it is
stated, since taking f = 7, makes both sides of size =}, x(logz)*~!. Notice
also that Theorem can be used to prove upper bounds when sieving the
integers n < x with a set of primes P (see Exercise [[4.4).

Theorem 14.2. If f is a multiplicative function such that 0 < f < 7, then

> fn) <pax exp{zf _1}

n<e p<T

Proof. We first prove the theorem in the special case when 7y = f. In
particular, we have A¢(p™) = f(p)logp, so that Ay < kEA. Together with
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146 14. Evolution of sums of multiplicative functions

(I£2) and Chebyshev’s estimate, this implies that

D fn)logn <k f(a) ZA(b)<<ka@

n<x a<lz ng/a asz

We could now use partial summation to remove log n from the leftmost sum.
More simply, note that

(logz) Y f(n) = f(n)logn+ Y f(n)log(x/n)

n<x n<x n<e

<S fmogn+ Y f(n)

n<x n<x

3" ) <k &;@

n<x

To complete the proof, we use the idea leading to (I4.6]): we have that

S () (o)

n<x pln = p<zx p<z ~m=0 p<szT

whence

Since (1 — )1 < e!2” for ¢ € [0,1/2] by Taylor’s theorem applied to the
function log(1 —t), and f(p) < k for all p by assumption, we conclude that

(14.7) Z f(nn < e*Fexp { Z I }

n<x p<L
where ¢ = 37 1/p*. Mertens’ second estimate (Theorem BA(b)) then com-
pletes the proof when f = 7;.

Finally, we consider the general case. As we discussed above, (IZ4.4)
holds for any ¢ < 1/2 when |f| < 7;. Moreover, the remainder term R in
([I&3) satisfies the bound R <, 2y~ (logx)*. Taking y = \/z implies that

D fm)y=Y rela) Y 7(b) + Oxlw/logx)

n<T a</T b<z/a
ry(a)] flp)—1 x
<k X Z u exp Z » + logz’
a<\/x p<z/a

The term x/log z is < wexp{}_,,(f(p)—1)/p} because f > 0 here. For the
sum over a, note that Merten’s second estimate implies that ) Ja<p<a 1/p=

O(1) when a < \/z. Moreover, > > |rs(a)|/a converges by (IZ£Z) and

partial summatlon The claimed estimate on ) . f(n) thus follows. [

Our second application of (I4.2)) is a result due to Wirsing [I86.[187] that
should be compared with Theorem [[3.21 The idea underlying its proof is
that if f(p) = k on average, then (IZ2) implies that >, __ f(n) satisfies an

n<x
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14. Evolution of sums of multiplicative functions 147

approximate differential equation. For technical reasons, it is much easier
to work with logarithmic averages.

Theorem 14.3. Fizk >0, c € [0,1) and k € C, and consider a multiplica-
tive function f such that |f| < 7,

(14.8) > Jp)logp _ klogz+0(1)  (z>2)
and
(14.9) p% f ()] _fe(f(p)) <cloglogz +0(1)  (z>2).

We then have

LS i(-{)n'<1ogx>ﬂ+o<<1oga:>Re<“>+c-1> (x> 2),

n<x

where &(f) = [1,(1 — 1/p)*(1 + f(p)/p + f(p*)/p* +---). The implied
constant depends at most on k, the distance of ¢ from 1, and the implied

constants in (14.8)) and (14.9).

Proof. As in Theorem [I4.2] it suffices to consider the case when f = 7.
Let S(x) := >, ., f(n)/n and note that

n)logn m As(a
3 Smlogn _ s Jlm) 5~ Al

n<ev m<e® a<e® /m
(14.10) = Z %(mlog(ew/m) +0(1))

for all w > 1. In addition,

w

H) oo /m fm) [<dy _ [ S()
> log/)zm/ /1 dy

m<e? m<ew? m Yy )
by interchanging the order of summation and integration. Lastly, note that

> Hmll oy Ml remse oz )

m<e¥ m<e¥

by ([I47), since -, [f(P)l/p < (Re(k) + ¢)loglogz + O(1) by (I48) and
(I£9). Consequently,

(14.11)

w

(14.12) S(ev) = n/le %y)dy + OwReWrey  (w>1).
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148 14. Evolution of sums of multiplicative functions

On the other hand, partial summation implies that > ... f(n)(logn)/n =
fl y)/y)dy. Thus

wS(e¥) = (k + 1)/ %dy—i—O(wRe(“)“) (w>1).
1
We bound the part of the integral over y € [1,e] trivially by < 1. In
addition, we let y = e" and
S(e") = u"g(u).

Hence, we arrive at the formula
wlg(w) = (k+1) / ug(u)du + Oy (w > 1).
1

Notice that if we had an exact equality w" ™ g(w) = (rk + 1) [{" u"g(u)du
and g were a differentiable function, then we would immediately infer that
g'(u) = 0, that is to say, g is a constant function. We will give an asymptotic
version of this argument.

Let
k+1 [Y
(14.13) E(w) = g(w) — v /1 ug(u)du,
so that
(14.14) Ew)=0w"  (w>1).

We multiply E(w) by 1/w and integrate over w € [1, z] to find that

ZE z z z 1
/ —w)dw:/ de—/ u“g(u)/ ﬁ——;dwdu
1w 1w 1 u WY

1 2
= e 1 u”g(u)du.
Together with (IZ.I3), this implies that

(14.15) 9(z) = B(z) + (x + 1) /1 B,

By (I4I4)) and our assumption that ¢ < 1, the integral on the right-hand
side of ([4I5) converges and its tails are < 2°~1. Hence

(14.16) g(z) =X+ 0z with Ai=(k+1) /100 E(w)d?w

Taking z = log x completes the proof of the theorem, as long as we can show
that A = &(f)/I'(k + 1). To do this, we compute &(f) in two ways.

Let F' be the Dirichlet series attached to f and note that
&(f) = lim F(o)C(0)~".
o—1t
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Delay differential equations 149

Since ((0) ~ 1/(c — 1) when o — 17, we can rewrite the above relation as

(14.17) S(f) = lim F(o)(oc—1)".
o—1t
In addition, partial summation and (I4.16) imply that
F(o)=(0c—-1) / S(e (e=Duqy

—(o—1) / (O + O(uReR =1 | 1y)e=(r=Dugy,
0

= (AL(k+ 1)+ O((c = 1)'79)) (e — 1)~

Since ¢ < 1, we conclude that lim,_,;+ F(0)(6—1)" = AI'(k+1). Comparing
this relation to (I4.I7) yields our claim that A = &(f)/T'(x + 1). O

Delay differential equations

Wirsing’s theorem capitalizes on the idea that the evolution of the function
S(x) = >_,<. f(n) is controlled by a differential equation, a consequence of
(IZ32). In fact, an important aspect of (I4.2) is that, since Af(1) = 0, the
right-hand side only involves values of S(t) with ¢ < 2/2. There is thus a
certain delay on the right-hand side of ([I42]). This feature is amplified if
we consider functions f that are supported on integers free of prime factors
< y, since then the right-hand side of (I4.2]) only involves values of S(¢)
with ¢t < x/y. The simplest such example is the indicator function of y-
rough integers, namely integers all of whose prime factors are > y. We
denote their summatory function by

O(z,y) =#{n<z: P (n) >y},

where we recall that P~ (n) is the smallest prime factor of n with the con-
vention that P~ (1) = oo.

The function ®(z,y) is closely related to the sieve of Eratosthenes-
Legendre. In particular, when y = /x, we see that ®(z,/x) ~ x/logx
by the Prime Number Theorem. On the other extreme, Theorem 2] with
m = Hp<yp implies that ®(x,y) ~ e 7x/logy when y tends to infinity at
a rate such that y < logz, since then w(m) < 7(y) < logz/loglogxz. We
want to fill in the gap and understand how ®(x,y) evolves when y goes from

Vv to log x.

Using (I4.2) with f(n) = 1p-(y)sy, for which Af(p*) = 1,5, logp, we
find that
(14.18) Z logn = ZZ (z/p*,y)logp.

n<z, P~ (n)>y pk<z, p>y
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150 14. Evolution of sums of multiplicative functions

The left-hand side should be roughly ®(z,y)logz, while prime powers P
with & > 2 should not contribute significantly to the right-hand side. We
should thus have

(logx)®(z,y) ~ > ®(z/p,y)logp.
y<p<z

Note that ®(z/p,y) = 1 when p > z/y, since the only integer < z/p < y
free of prime factors < y is the number 1. Consequently,

(14.19) (logz)®(x,y) =~ = + Z ®(z/p,y) log p.
y<p<z/y

If we pretend for a moment that z — ®(x,y) is a continuously differen-
tiable function, the Prime Number Theorem suggests that the sum over p is
=~ fyx/y & (z/w,y)dw. Letting z/w = y* and u = logz/logy, we find that

u—1 t
(y',y)
14.20 logz)®(z,y) ~ x—i—a:/ ———=dt
(14.20) (log ) () e
This relation suggests that there is a function B such that
B
(14.21) B~ o oy w1y )

For consistency with the estimate ®(z,y) ~ x/logz when /x < y <
x/log x, and with the recursive relation (I£4.20]), we must have that

1 u—1
(14.22) B(u)=—- (1<u<2), uB(u)=1 +/ B(v)dv (u > 2).
u 1

The above relations together define a unique continuous function B : R>; —
R called Buchstab’s function. It is usually denoted by w, but we use the
letter B here to avoid confusion with the arithmetic function w(n).

For consistency with Theorem 2. Tland Mertens’ third estimate, we should
have that lim, o B(u) = e~ 7. Exercises [4.7 and [4.11] give two ways of
proving this guess rigorously. For now, we note that 1/u < B(u) < 1 for
u > 1, as can be seen by (I4.22]) and induction on [u|. Moreover, B is differ-
entiable in (1,2) U (2, 4+00) and its derivative satisfies the delay differential
equation

uB'(u) = B(u—1) — B(u) for u > 2.
As we will see again later on, the solutions to delay differential equations
rule the asymptotic behavior of various sieve-theoretic functions.

We now prove that (I4.2]]) is indeed true.
Theorem 14.4. Fiz u > 1. If x = y“, then

(z,y) = :Ulfg(z) * O“((logxp)'
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Proof. We argue by induction on [u]. When 1 < u < 2, the theorem follows
by the Prime Number Theorem. Assume now its validity when v < IV for
some N € Zx2, and consider u € (N, N + 1].

We begin by simplifying (I4.18). Note that

> > ‘P(fv/pkvy)logpéz:Z% :Zw <Z

—1
k22 pk<a fy, p>y p2y k>2 p}yzﬂp ) Yy

where the last inequality follows by Chebyshev’s estimate (Theorem [2.4]) and
partial summation. In addition, Theorem [4.2lwith f(n) = 1p- (s, implies
that ®(z,y) < z/logy for x > y > 2. Together with partial summation,
this yields the estimate 3, ., p-(,)>,108(x/n) < x/logy. We combine this
inequality with relation (IZ.I8) to deduce that

(logzx) = Z logn + O(x/logy)

n<z, P~ (n)>y
= ®(z/p,y)logp+ O(z/logy).
y<psz

Since ®(x/p,y) = 1 for p > x/y, we conclude that

(logz)®(z,y) = > ®(x/p,y)logp+z + O(z/logy).
y<p<z/y

U

Finally, note that z/p < y*~! when p > y, so that the induction hypothesis
can be applied to estimate ®(x/p,y). Consequently,

(log2)®(x,y) = — 3 B(%)k’%ﬂwou(@).

Since B is continuous and t — 6(y') = > p<yt logp is a step function with
jumps of length log p whenever ¢ = logp/logy, we have

oc(x o u—1 t
(14.23) 3 B(%)%:/l B(u—t)deéf).

y<p<z/y

Next, we write 0(y') = y*(1 + §(y")), and integrate by parts to find that!]

u—1 de(yt) - u—1 . u—1
/1 B(u—1) i (logy)/1 B(u —t)dt 4+ B(u —t)d(y") i
u—1
(14.24) + /1 (B'(u—t) + B(u —t)logy)d(y")dt.

1Strictly speaking, we have to treat separately the integrals over [1,u/] and [u’,u — 1], where
v/ = min{2,u— 1}, because of the discontinuity of B’ at 2. Formula ([£24) remains valid though.
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152 14. Evolution of sums of multiplicative functions

Since §(y') < 1/log(y') by the Prime Number Theorem, we conclude that

log(x/p)\logp _ " B
> B( )<EP _ gy)/l Blu — £)dt + Ou(1).

lo
y<p<z/y &Y p

Plugging this formula into (I4.23)) and using (I£22) proves that ®(z,y) =
xB(u)/logy+O.(z/log? z) for u € (N, N+1]. This completes the inductive
step, and hence the proof of the theorem. O

The “dual” to y-rough numbers are y-smooth numbemE which are inte-
gers all of whose prime factors are < y. These numbers also play a central
role in number theory, and we will enounter them again when we develop
sieve methods in Partdl Here, we use ideas from the theory of multiplicative
functions to study their counting function

U(z,y) =#{n<a: P (n) <y},
where we recall that PT(n) denotes the largest prime factor of n with the
convention that P*(1) = 1.
Arguing heuristically and writing z = y* as before, we find that

(14.25) (log x)¥(x,y) ~ Z logn = Z U(z/p,y)logp

n<z, Pt (n)<y PY

Yy
~ / U(a/t,y)dt
1
(Y, y)
(14.26) = (logy)/ —=—=dv.
u—1 Yy

This relation leads us to conjecture that there is a function p such that
(14.27) U(z,y) ~zp(u) (x=y" u=>0,y— oc0).

For consistency with the estimate ¥(x,y) = |z| = 2 + O(1) when y > =z,
and with (I£26) when v > 1, we must have that

(14.28) pluy=1 (0<u<l), up(u) = /ul p(v)dv (u>1).

Together, these relations define a unique differentiable function p : Ry — R
called the Dickman-de Bruijn function. Note that differentiating the second
formula in (I4.28)) yields the delay differential equation

(14.29) up' (u) = —p(u — 1).

2The reason for this terminology comes from looking at the sequence of divisors of an integer.
If n is y-smooth, then every interval [z, zy|, z < x/z, contains a divisor of n. On the other hand,
if n is y-rough, then its divisors can have a much more singular distribution.

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



Exercises 153

Unlike Buchstab’s function that is of order of magnitude 1, the Dickman-
de Bruijn function decays extremely rapidly. For instance, Exercise [4.10](c)
states that p(u) = e (ulogu)~.
We conclude this chapter with a proof of our guess (I4.27]).
Theorem 14.5. Fiz v > 0. For x = y“, we have
U(x,y) = zp(u) + Oy(x/logx).

Proof. Unlike (TZI8), where x/p* < y“~! in its range of summation, in
(IZ25)) we only have the bound x/p* < x/2. Hence, we cannot use this rela-
tion to induct on [u|. We could induct on |logz/log2| (see Exercise [[4.8]
where such an induction is performed in another problem), but we present
instead a proof that uses a different recursive formula due to Buchstab.

Note that if z > y and n is z-smooth but not y-smooth, then P*(n) €
(y, z]. Hence, we may uniquely write n = pm, where p € (y, z] and P*(m) <
p (we simply take p = P*(n)). This leads us to Buchstab’s identity

(14.30) U(z,2) = U(z,y) = Y U(z/pp).

y<p<z
When y > /x and z = z, we have z/p < p for all p > y, so that (I£30)
becomes

= z(1 —logu) + O(z/log x)

by Mertens’ and Chebyshev’s estimates (see Theorems B.4(b) and 2.4] re-
spectively). This establishes the theorem for u € [1,2].

For the general case, we apply (I£30) with z = \/z to find that

U(x,y) =ap(2) = Y U(x/p,p)+O(x/logx).
y<p<z
Since log(z/p)/logy < u — 1 for p > y, we may now induct on |u] to
establish the theorem, arguing similarly to the proof of Theorem [4.4 We
leave the details as an exercise. ]

Exercises

Exercise 14.1. Let f be as in Theorem [I4.21 Show that

D Do B

n>x p<x
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154 14. Evolution of sums of multiplicative functions

[Hint: Tf M denotes the right-hand side of the above inequality, show that
y i1 f(n)/n? < M -e 7 - (1 + j/logz)matk=10} yniformly for 5 > 0.
wei <n<aeitr | < M-e7 (1 1 {k=1.0} yniformly f 0

Exercise 14.2. For fixed r € R and k € N, show that

> () (e(n)/n)" =pp aloga) ™t (@ >2).

nLx
[Hint: To get the lower bound, use Theorem [l and Holder’s inequality.]
Exercise 14.3. Let g be such that u?/¢ = g x (1/id), where id(n) =
(a) Calculate g on all prime powers. Then use Exercise [[4.1] to show that

,u 1
> lg(n) Z <—=  (z=1).
n>x ab?> \/5
(b) Prove that there is some constant ¢ such that
Z'u =logz +c+ O((logz)/vz) (x> 2).
n<x

Exercise 14.4. Uniformly for m € N and = > 1, prove that

#n<z:(ny,m) =1} <" H (1-1/p).

plm, p<z
Exercise 14.5. Let f be a multiplicative function with 0 < f < 7%.
(a) If g is such that f x g = 74, then prove that p?(n)g(n) > 0 and

> MQ(nQLf(n) > /ﬁ(ngbg(n) >3 “2(”% (x> 1).

n< n< n<x

(b) Prove that

Zf—ﬂkexp{zf(p)} (> 1),

p<T p
(c) I3 <, f(p) = cy/logy for y € [/z, 2], then prove that

5 1) i e { 3 LD,

n<x p<T

[Hlnt Note that Zn<z ( ) > Zm<x1/3 f(m) 211/3<p<m/m f(p)}
(d) Let b(n) be as in Exercise [34l Give a new proof of the estimate
> b(n) < z/\/logz (x> 2).
n<e
Exercise 14.6 Let f be a multiplicative function, and write f = 7 * r¢.

(a) For each € > 0, use Holder’s inequality to prove that

> lrp(n)| <o (Y rp(n) M/ )1/(1+5)'

n<x n<e

[Hint: Recall that r; is supported on square-full integers.]
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(b) Assume there are constants k > 0 and X € [1,2) such that |f(p¥)| < kAY~! for
all prime powers p”. Prove that [r;(n)| < n°MX U™, Deduce that (IZ4) holds
for some 6 > 0.
(c) Assume there is 6 > 1 such that > . > -, If(p")|?/p" < loglogx for all
x> 3.
(i) If € < 6 — 1, prove that Y -, 75(p")""°/p" <co [f(P)I"T¢/p. [Hint:
Show that f(p) < (ploglog(p + 1))*/? and use Exercise [2(e).]
(ii) Show that [rg(n)[**e < 7(n)= Y ,,_, [f(a)]*T=7)(b)! "¢, and conclude
that (IZ£.4) holds for any 6 < (1 —6)/(4 — 20).
(d) Let f be as in part (c). Assume further that (I4.8]) and (I4.9) hold. Prove that
f satisfies the conclusions of Theorems and
(e) Let f be as in part (c¢). Assume further that (I3 holds with @ = 2. Prove
that f satisfies the conclusions of Theorem[I3.2] [Hint: Use Holder’s inequality
to bound Zm<n<m+z/T |f(n)].]
Exercise 14.7¥ Let k € C, c € [0,1), k,C > 0 and @ > 3. Counsider a multiplica-
tive function f such that 7 = f and |f| < 7. Assume further that

’ Z f(p)plogp — klogz| <logQ and Z /()| —;{e(f(p)) < cloglogx + C.

P

for all x > @, and let &(f) be as in Theorem [[43] All implied constants below
may depend on k, k,c and C, but they must be uniform in z and Q.

p<T

(a) For z > @Q, prove the following estimates:
(1) Xpsa(f(P) = 8)/p = O(log Q/ log x).
(i) e 100/ < [6(7)] (0 2) R+ for & > Q.
(i) 3 £(0)/n = (6(f)/T(s+1))-(log ) (1+0((log @) (log 2)°~Y). [Hint:
Improve (I4I4) to E(w) < |&(f)|(log Q)w™! for w > log Q]
(b) Prove that lim, o B(u) =e7.

Exercise 14.8* Let f : N — C be a multiplicative function such that |f| < 75 for
some k € N. Assume further that

| > fp)logp| < Mz/(logz)* (x> 2)

p<z
for some M, A > 0. Show that there is M’ = M’'(k, A, M) such that
(14.31) | Z f(n)] < M'z/(logz)* 1 (2> 2)

n<x

as follows. Firstly, reduce to the case when f = 7¢. Then, prove that
Y fmlogn=%" Ap(a)f(b)+ Ocpan(z/(logz)* ")
n<x ab<z, ax®
for all x > 2 and each fixed ¢ € (0,1). Finally, induct on the dyadic interval
(271, 29] containing z to prove (IZ31).
Exercise 14.9* Let f : N — C be a multiplicative function satisfying (I3]) for

some fired A > 1 and k € C. Assume further that (I3:2) holds. Estimate the
partial sums of f. [Hint: Write f = 7, * g and use Exercise [[4.8 on g¢.]
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156 14. Evolution of sums of multiplicative functions

Exercise 14.10. We extend the Dickman-de Bruijn function to all u by letting
p(u) = 0 for u < 0. Note then that up(u) = [ | p(v)dv for all u.

(a) Show that 0 <TI'(c) <1 when 1 < ¢ < 2, as well as that I'(c) is increasing for
o > 2. [Hint: Use Theorem [[L14] to show that logI" is convex on R<q.]

(b) For w > 0, show that 0 < p(u) < 1/T'(u + 1). [Hint: Argue by contradiction
and consider the smallest « that does not satisfy the inequalities 0 < p(u) <
1/T(u+1)]

(c) Prove that p(u) = e~v1o8(tlogw)+OW) for ¢ > 1. [Hint: Note that if ce~?%(*)
p(t) < Ce (1) for all t < u, where a,b: R>1 — R>; are increasing, then
cf e At Cup(u) < C [ e PeNde

(d) Con51der the Laplace transform of the Dickman-de Bruijn function

p(s) z/ p(t)e tdt for Re(s) >0
0
Show that p’(s) = p(s)(e™®*—1)/s, and Conclude that there is a constant ¢ € C
such that p(s) = e“~f(*) where f(s) = [5 z7'(1 — e *)dz.
(e) Show that sp(s) — 1 when s — oo over p051t1ve real numbers. Use Exercise
E4l(c) to conclude that ¢ = 7.
Exercise 14.11.
(a) For u > 2, show that uB’( — [ B'(v)dv and |B'(u)| < p(u).

(b) Show that hmu_>oo B(u) exists and equals 1+ [~ B'(u)du.

(c) It B = [ B(v)e *"dv, then show that g’(s) = —e*Ss’l(ﬁ(s) +1). Con-
clude that there is a constant d € C such that B(s) + 1 = s~ e () with

= [y 271 (1 — e *)dz. In particular, lim,_,o+ sB(s) = e’.

(d) Let s — oo in the formula B(s) + 1 = s~ 1et/() and use Exercise 5.4(c) to
conclude that d = —v. In particular, p(s)(B(s) +1) = 1/s.

(e) Let L(s) = [~ B'(v)e *’dv. Show that B(s) = (e=* + L(s))/s. Deduce that
hmuﬁoo B(u) =e 7

(f) Show that the difference E(u) := B (u) — €7 changes signs infinitely often as

u — oo. [Hint: Show that E(u) = — [° B/(v)dv = O( w). On the other
hand, substltutlng B=FE+e7in the formula uB f v)dv, show
that uE(u) = — [~ E(v)dv for u > 2]
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Chapter 15

The distribution of
multiplicative functions

To obtain a better understanding of multiplicative functions it is not
enough to know their asymptotic behavior. We also must study the distri-
bution of their values. A probabilistic framework thus arises.

Given a set A C {n < z}, we write
Pnca(A) = A /]2]

for the probability that a randomly chosen integer n < z lies in A. The
underlying o-algebra is naturally the power set of N¢,. Given a random
variable Z : N¢, — C, we write

Erca|Z] = ﬁ S Z(n).

Within this framework, the value distribution of a real-valued function f is
determined by the distribution function R 5 u — Py, (f(n) < u).

As in the previous chapters, we shall focus on multiplicative functions
f with f(p) ~ & on average. We then expect that f(n) is roughly ~“(") on
average, so that the value distribution of f is reduced to that of w.

The Kubilius model

To study w, we note that w(n) =3, 1 =25, 1,,. We then define the key
random variables By(n) := 14, for d € N, so that

(15.1) w=Y B,

pszT

157
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158 15. The distribution of multiplicative functions

on the probability space N¢,. The functions By are Bernoulli random vari-
ables. Since there are exactly |z/d] multiples of d up to x, we have

|z /d] _ x/d+ O(1)
Ed z+0(1)

When d is fixed and  — oo, the above expression tends to 1/d. In addition,

Pnér(Bd(”) =1)=

=1/d+ O(1/x).

if p1, ..., pm are distinct primes, then
Pr<a(Bp,(n) =+ = Bp,,(n) = 1) = Pocg(Bp,..p,, (n) = 1)
(15.2) 1
= — +0(1/x).
b1 Pm (1/)
Therefore, if we let © — oo, we find that
m
Pr<a(Bp (n) =+ = By, (n) =1) ~ HPn<x(Bpj (n) =1).
j=1

We are thus led to the conclusion that the random variables B, for p prime
are approzimately independent from each other.

The above analysis and relation (I5.1]) imply that w is the sum of quasi-
independent random variables. It is thus tempting to use tools from prob-
ability theory to study its value distribution. There is an obvious problem
with this approach: most of the standard probabilistic tools apply to truly
independent random variables.

To circumvent this problem, we introduce new Bernoulli random vari-
ables K (living in some ambient probability space) that are completely
independent from each other, and for which we have the exact equality
P(K, = 1) = 1/p. The random variables K, are idealized models of B,,.
Collectively, they form the Kubilius model of the integers.

Let us consider now the sum S = Zp@ K,, whose distribution models
the function w on the space N¢,. Since S is the sum of independent ran-
dom variables, we may apply to it well-established probabilistic tools. We
can then hope to transfer the results on S to the deterministic setting of
w. However, it should be noted that the Kubilius model has its limits, as
Remark reveals. We will return to this important point in Chapter [I§]
and discuss it in more detail.

We conclude our introductory discussion of the Kubilius model showing
that it is possible to construct the random variables K, in a very natural
and concrete way. We take as our probability space the set of y-smooth
integers S(y), which we employ with the probability measure

Psy(A) =] (1 - %) > %

Py neA
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A Central Limit Theorem for w 159

Notice that the random variables (B,),<, we saw before become completely
independent of one another in this new probability space: if p; < -+ < p <

yand ay,...,a € Z}l, then
1 1 1
Es<y>[BZf“'BZ§]=H(1—‘> > o
PY neS(y) ! k
P1,--Pk|n

A Central Limit Theorem for w

We now use the Kubilius model to study the value distribution of w. Simi-
larly to (I51]), we have that w = Zpgy By, on the space S(y), that is to say,
w is a sum of independent random variables. Its mean value is

1
Es(y)lw] = Z — =loglogz + O(1)
PY
by Mertens’s second estimate (Theorem [B.4(b)). Similarly, its variance
equals

Vsl =3 Ve lBl =3 @ _ %) —loglogz + O(1),
Py Py

where we used the independence of the variables B),. Since the B)’s are uni-

formly bounded and the variance of w tends to infinity, Lindeberg’s Central

Limit Theorem (see Theorem 27.2 in [7] or Theorem 2.1.5 in [16§]) implies

that, for any fixed o < 3, we have

i w(n) — loglogy 1 /B —i2)2
15.3 lim P < < = — dt.
( ) yggo nes(y) (a vloglogy 5) V2T Ja ¢

The random variables B, are approximately independent with respect to

the probability measure P,,<, too. Thus, we might expect a similar result
to hold for this measure. This was indeed proved by Erdos and Kac in 1940.

Theorem 15.1 (Erdés-Kac). For each fized o < 3, we have that

) w(n) — loglog = 1 A —2/2
< < = — .
:vlggo Prso (a = Voglogz ﬂ) V2T Jao ‘ d

We will use the so-called method of moments to prove Theorem [I5.11
The key result is Theorem [I5.2] whose proof is given in Appendix [Cl We
write NV'(0,1) for the standard normal distribution.

Theorem 15.2. Let (X;)72; be a sequence of real-valued random variables.
(a) Assume that

(15.4) lim E[X}] = EN(0,1)"] for all k € Zx1.
Jj—o0
Then (X;)52, converges in distribution to N'(0,1).
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160 15. The distribution of multiplicative functions

(b) Conversely, assume that (X;)52, converges in distribution to N(0,1).
If, in addition, sup;-, ]E[X]%] < o0 for all k € N, then (I5.4) holds.

We already know that (w—1loglogy)/+/loglogy converges in distribution
to N(0,1) with respect to the measure Ps(y) when y — co. We now check
that the second hypothesis of Theorem [[5.2[b) holds for it.

Lemma 15.3. Uniformly fory > 2 and k € Z>1, we have

w(n) —loglogy|*

E
nesw) [ VIoglogy

Proof. Note that [t|* < klell < El(e! + e?) for any t € R. It thus suffices
to prove that

]<<k:!.

EnES(y) [eaw(n)/\/loglogy] < ea\/loglogy
for « = £1. The independence of the Bernoulli random variables B, implies
that
w z—1 z—1
Esp=] = [ Bsey =71 =[] (H P ) < exp{z P }

Py Py Py

for all z > 0. We take z = ¢®/V1og1o8¥ for which we have
z—1=¢*VIoglogy _ 1 — o/, /loglogy + O(1/loglogy).

Hence, Mertens’ second estimate (Theorem [B.4b)) completes the proof. [
We are now ready to prove the Erdos-Kac theorem.

Proof of Theorem [I5.1I. We follow an idea due to Billingsley [7, Section
30]. Throughout, we let A, = loglog x.

By Theorem [[5.2(a), it suffices to prove that the moments E, <, [(w(n)—
)\35)’“/)\];/2] converge to E[N(0,1)*] when z — oo. However, we already
know that E,cs(,)[(w(n) — )\y)k)\;km] tends to E[N (0, 1)¥] when y — co by
Theorem [[5.2(b), which is applicable in view of relation (I5.3]) and Lemma
Consequently, it suffices to show that

(155)  Enc [(“(”)T”)k] — Eoest) [(%\/Aly”)k] T 0o (1)

for each fixed k € Z>1, where y = y(x) is an appropriate function of x going
to infinity.

An integer n < z has < logx/logy prime factors > y (see Exercise
23(e)). So, if we let y = x/1ogloglogr and w(n;y) := #{p/n : p <y}, then

w(n) = w(n;y) + O(logloglog x) (n < ).
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Dissecting sums of multiplicative functions 161

Since we also have that |\y — A\z| = 0200(V/Az), relation (I5.3]) is reduced
to showing that

(15-6) En<a [(W(m y) — Am)k] = IEneS(y) [(W(n) - Am)k] + 0x—>00()‘];/2)-
Note that
En<a [(w(n; y) — /\x)k] - En@&(y) [(W(m y) — /\x)k]

k
- . (_/\x)k_] Engx[w(n; )]] - Ene Yy [W(n)j] .
;20: ( J> ( y () )

Hence, it suffices to show that, for each fixed j € Z N[0, k], we have
Encalw(n;9)’] = Eneslw(n)’] = 0smo0(MH2).

We begin by noticing that w(+;y)’ = (> p<y By =3
Taking expectations implies that

Encolw(my)]= > Paco(N {Bp(n) =1}).
D1,--Pj Y

We then apply a variant of (I5.2]) to conclude that

-

Lz/[p1; - - - py]]
2 ]

En<alw(n;y)’] =

D1y Di <Y
1 .
= Z Pl + O(n(y) /z),
propy<y L1
where [p1,...,p;] denotes the least common multiple of the primes py, ...,

pj. A similar calculation implies that

Enesplotf] = 3 !

—7
P1yesD <Y [pr,---ps]

whence Epce[w(n;y)’] — Epesylw(n)!] < n(y)! /= = ox_wo()\g;kﬂ) by the
choice of y. This completes the proof of Theorem [I5.11 O

Dissecting sums of multiplicative functions

Now that we have a good understanding of the distribution of w, we use it
to analyze the finer structure of x“(). Our goal is to determine which
values of w give the dominant contribution to this sum. More concretely, we
want to identify those sets Z(z) C Rxo with the property

(15.7) Z kM)~ Z 2 (2 — o0).

n<z, w(n)eZ(x) n<x
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162 15. The distribution of multiplicative functions

Of course, we could take Z(z) = Rxq, but this is not so insightful. We want
to find Z(z) that is as small as possible, while still satisfying (I5.7]).

Since w has mean value loglog x and standard deviation /loglog x over
the probability space N¢, a natural guess is the set

Zi(x) = [loglog z — {(x)+/loglog z,loglog x + £(x)+/loglog z],
where {(z) is a function tending to infinity slowly. However, note that
kM) = (logz)leersto) on the set Ai(z) = {n < z : w(n) € Ii(z)},
whence

(158) 30 w0 = (loga) A (@) = aloga)
neA; (:E)

as x — 0o. If k # 1, we find that log k < k—1. Hence, Theorem [13.2 implies
that the contribution of integers n € A;(z) to 3, _ x“(" is negligible.

n<x
From the above discussion, we conclude that the sum £ with
k # 1 is dominated by integers n < z with “atypical” values of w(n) with re-
spect to the measure P, <,. As a matter of fact, for the purpose of identifying
Z(z), it is more natural to switch to the weighted probability measure

E A K’w(n)
15.9 re(A) =SS ——
( ) néx( ) anm K)w(n)
We write Ef . [Z] for the expectation of the random variable Z : N, — R

with respect to this measure. Finding a set satisfying (I5.7)) then amounts
to understanding the distribution of w with respect to the measure P, .

It turns out that w is approximately Gaussian with respect to Py,

well, but with expectation and variance ~ xloglogx. We may then take

(15.10)  Zy(z) = [kloglogz — &(x)+/log log x, k log log = + £(x)+/loglog ],

where &(x) — 0o. The details of this argument are outlined in Exercise [[5.2]

as

Exercises

Exercise 15.1. Deduce that Theorem [I5.1] holds with € in place of w too. [Hint:
Use Exercise 3.91]

Exercise 15.2. Fix £ > 0, and let Py, be defined by ([I5.9). Define also
IP)g(y) (A) = Hpéy(l +r/(p—1)7" D onea k() /.
(a) For d € S(y), prove that Py s\ (Ba(n) =1) = Hw(d)dq/l—[p‘d(l . RTTI)

(b) If w(d) < k for some fixed k € N and = > d?, then prove that
Prcs(Ba(n) = 1) = Plcs(, (Ba(n) = 1) + O (1/(dlog z)).
[Hint: Use Theorem on the function fy(m) := x*(dm)—w(d) ]
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(c) For each fixed o < 3, prove that

. w(n) — kloglogx 1 /ﬁ 29
lim Pie, (o< <)== 2qt.
rmoo <z \@ xloglog P vorl, ©

In particular, (I5.7) holds for the set Z, (z) defined by (I5.I0).

Exercise 15.37 Let f : N — R>( be multiplicative. Determine necessary condi-
tions under which w satisfies an analogue of the Erdés-Kac theorem with respect

to the measure Pflg;c(A) =Y neaf)/ <. f(n).
Exercise 15.4F (a) (Landau [120]) For each fixed k € N, prove that
1 (loglogz)k—1!
log (k—1)! (= 00).
(b) (Hardy-Ramanujan [95]) Show there are constants A and B such that
A (loglogz + B)F~1

= < .
Prge(wn) =k) < log x (k—1)! ’

Prga(w(n) = k)

uniformly for x > 2 and k € N.
[Hint: When w(n) = k+1, prove that there are at least k ways to write n = p®m
with p < n/(@+1) and w(m) = k. Then, induct on k.]

Exercise 15.57 Let ¢ € N and P, denote the uniform counting measure on the set
of Dirichlet characters mod ¢ (i.e., Py(X) := |X|/p(q) for any set X of Dirichlet
characters mod q).

Let Z(x;x) = w(x)~ /2 Zpgx x(p). If ,q — oo at a rate such that x = ¢,
and x is sampled with respect to the measure P, then prove that the random vari-
ables x — v/2 Re(Z(x;x)) and x — v/2 Im(Z(z; x)) both converge in distribution
to the standard normal distribution[] [Hint: Model x(p) by e%», where 65, 65, 05,

. is a sequence of independent random variables that are uniformly distributed
on [0, 27].]

Mn fact, v/2- (Re(Z(z; X)), Im(Z(z; x))) converges to a 2-dimensional Gaussian: when g — co
and z = ¢°(M the quantity Pq(Re(Z(z;x)) <u/v2, Im(Z(z; x)) < v/v/2) tends to P(N(0,1) < u)
-P(N(0,1) < v). Proving this result requires a 2-dimensional analogue of Theorem [I5.2] and is an
excellent exercise on the method of moments.
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Chapter 16

Large deviations

Let X be a real-valued random variable with expectation p = E[X]. In
many cases, most of the mass of X is concentrated around p. To measure this
concentration, we seek to estimate the rate of decay to 0 of the probabilities
P(X > p+u) and P(X < p — u), that is to say, how “heavy” are the right
and left tails of the distribution of X.

If X is exponential, i.e. it has density 1;50-e™?, then u = 1, P(X >
1+u)=e*tand P(X <1—wu)=0for u> 1. On the other hand, the
tails of A'(0, 1) are of size ~ exp(—u?/2), which is much smaller than e=*~1.
Hence, a Gaussian is more concentrated than an exponential distribution.

As another example, consider the distribution of w with respect to the
measure P defined in (I5.9)). Understanding wherein lies the mass of this
distribution is essentially equivalent to finding a set Z(z) satisfying (I5.7).
The study of tails of distributions is the subject matter of Cramér’s
theory of large deviations ([168, Section 1.3], [7, Chapter 9]). For simplicity,
let us assume that X is normalized so that y = 0. We focus on understanding
the frequency of occurrence of the event {X > w}. Since {X < —u} =

{—=X > u}, this treats left tails as well upon replacing X by —X.
The main tool in the study of {X > u} is the Laplace transform of X,

Lx(s) :=E[e*¥],

which is typically defined in some vertical strip ¢; < Re(s) < ¢3. The
simplest way of using Lx(s) to estimate P(X > w) is via Chernoff’s in-
equality (which is a simple consequence of Markov’s inequality): for any
o€l :=(c1,c2)N(0,400), we have

(16.1) P(X > u) = P(e”X % > 1) < E[e"X %] = 77 . Lx (o).

164
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If the function e=?"- Lx (o) is minimized at o« = a(u) € I, then its derivative
must vanish at ¢ = «, whence

(16.2) Ly (a) = ulx(a).
We assume for simplicity that the equation £’y (o) = uLx (o) has a unique

solution in I, so that « is determined by (16.2]).

The above method can often yield lower bounds on P(X > u) as well:
in many cases it turns out that for the optimal choice of 0 = « the integral
Lx(0) = [e’XdP is dominated by values of X ~ u, that is to say,

Lx(a) =~ / X AP ~ eP(X =~ u).
X=~u

Hence, we also have the rough lower bound P(X > u) £ e”**Lx(«).

A more sophisticated approach is to use the inverse Laplace transform:
for ¢ € I, Perron’s inversion formula implies that

s(X—u
(163) ]P)(X > U) = E[L/ € ( )d3:| — i ﬁX(S)e_SU§7
211 (c) S 211 (c) S
provided, of course, that we can justify an application of Fubini’s theorem.
The choice of ¢ is crucial here, and we take ¢ = «. This is because if we write
Lx(s)e™* = e/) then f'(a) = 0, so that the integrand has a stationary
point at s = a. Under some mild conditions, the integral in (I6.3]) is then
dominated by values of s &~ o. We may thus obtain an asymptotic evaluation

for P(X > u) using Taylor’s theorem for the integrand, much like we did in
the proof of formula (L.20).

We present below three applications of this circle of ideas.

Dissecting sums of multiplicative functions: Encore

First, we use the method of large deviations to obtain information on the
multiplicative structure of a “typical” integer with respect to the probability
measure P . Results of this kind fall under the subfield of number theory
called Anatomy of Integers. To state our theorem, we let p1(n) < p2(n) <

- < pw(n)(n) denote the sequence of the distinct prime factors of n in

increasing order.

Theorem 16.1. Fiz x,e > 0 and a function & : Ryg — Ry tending to
infinity. Let A(x) be the set of integers n < x with

j -
< . < T < <(,
PR S loglogp](n) X 5 — & (f( ) xJ X (n))

and w(n)/loglogx € [k — &,k +¢|. Then Pr (A(z)) =1 — 0z500(1).
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Proof. All implied constants might depend on x. Recall the notation
winyy) =#{pln:p<y}=> By(n)
Py
Since w(n;p;j(n)) = j, the theorem will follow if we can show that, for each

fixed € € (0, k) and each fixed function ¢ : Ryg — Ry with lim,_,o ¥(z) =
oo, the event

(16.4)  (rk —e)loglogy < w(n;y) < (k+e)loglogy  (¢(x) <y <x)
occurs with probability 1 — 0, .00(1) with respect to the measure Pj .

Since Ef [w(n;y)] ~ kloglogy, this amounts to showing a simultaneous
concentration-of-measure inequality for all of the random variables w(-;y).

To accomplish the above task, we use Chernoft’s inequality (I6.1]) (also
called Rankin’s trick in this context): for all u > k and all o > 0, we have

(16.5) PE, (w(n;y) > uloglogy) < (logy) =7 - Efi_,[e7(¥)].
In addition, we have

K ocw(ny)] n) Uw n; r(e”—1)
(16:6)  Encele™ ] = logx e 12“ ¥ <5 (logy) Y,

where the first estimate follows from Theorem [[3.2] and the second one
from Theorem (applied to the function f(n) = k*(™e(¥) for which
f(p) = K+ k(e? — 1)1,<y) and from Mertens’ second estimate (Theorem
B.4(b)). We insert (I6.6]) into (I6.5) and optimize the resulting upper bound
by taking o = log(u/k). This yields the inequality

Prcs (w(n;y) > uloglog y) < (log y)—nQ(u/n)

uniformly for y € [2,2] and k < u < 100k, where Q(t) :=tlogt —t + 1.
A very similar argument also proves that

Ph . (w(n;y) < uloglogy) < (logy) "RW/*®) (2 <y <z, 0<u<k).

n<x
We thus arrive at the concentration-of-measure inequality

(16.7) n<x(‘w n;y) — nloglogy! > sloglogy) <, (logy)~ 6(/@,&),

where 0(k,e) = kmin{Q(1 + ¢/k),Q(1 — ¢/k)} > 0. This establishes the
theorem for a fixed value of y.

We pass to a result for all values of y using a simple trick: we fix the check
points y; = min{y(x)¢’,z}, 7 > 0, and let J be such that y;_; < z = y,.
Then, the union bound and relation (I6.7) with £/2 in place of € imply that

J

"<ff< U {Jw(ni ) = rloglogy,| > Sloglogy,}) < D (logy,) =/
7=0

Lpe (logy(x))” Ome/2),
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Now, let n < « be such that |w(n;y;)—rloglog y;| < 0.5¢ loglog y; whenever
0 < j < J. We know that this holds with probability 1 — 0;00(1). In
addition, if y € [¢)(x), z], then there is j € {1,...,J} such that y;_; <y <
y;. Hence

w(n;y) = w(n;y;) > (k —€/2)loglogy;—1 = (k — €)loglogy,
provided that z is large enough (so that y > v(z) is also large enough).

Starting with the inequality w(n;y) < w(n;y;) we may also prove that
w(n;y) < (k4 ¢€)loglogy. This completes the proof of the theorem. O

The saddle-point method: Encore

In Theorem [I5.T], we let the value of w vary in certain wide intervals. Now,
we study the proportion of integers n < x for which w(n) takes a given
value k. This is a rare event, so we will study it using the method of large
deviations and the theory of the inverse Laplace transform.

Theorem 16.2. Fiz C > 0. Forx > 1 and k € ZN[1,Cloglog x|, we have

G(a)  (loglogz)** 2
P =k)= : 14 O¢(k/(logl
ealtoln) = k) = s - S (14 Oc (k/ loglog )?)),

where o = (k — 1)/ loglogz and
G(2) :_1;[<1+pi1> (1_%>2_1;[<1+z;1)<1_1_1)>z—1.

Proof. We may assume that k > 2, with the case k = 1 following from the
Prime Number Theorem.

Since w takes values in Zxg, it is easy to invert the Laplace transform
here: using Cauchy’s residue theorem, we readily find that

1 22 dz 1 i)y Az
Poco(w(n) = k) = Enca | 5~ 7|§ ) = i’i:r Encel=*™] 21

for any r > 0. We estimate the integrand using Theorem [13.2} we have

(16.8) En<s[2°™] = H(2)z(log z)* " + O,((log z)?¢(*)=2)

uniformly for |z| = r, where H(z) := G(2)/I'(z + 1). As a consequence,
1 [ H()(ogz)! + Op((logz)*?)

(16.9) Pp<z(w(n)=k) = ami e, . dz.

The function H(z) is entire and has bounded derivatives. Hence, it will not
affect the order of magnitude of the integral. If it were not present, nor did
we have an error term, we could use Cauchy’s theorem to find that

Ly{ (logx)zfldz_ 1 (loglogz)kt
|2|=r

16.10 :
( ) 2mi 2k

~ logx (k—1)!
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168 16. Large deviations

The main idea is to choose r in a way that the mass of the integrals in (16.9)
and in (I6.I0) is concentrated around the point z = r, because then we can
replace H(z) by H(r) in (I6.9) at the cost of a small error, and then apply
(16.10).

To carry out the above strategy, we use the saddle-point method: we
pick r = a = (k—1)/loglog z, so that, if we write (logz)*~1/zF~1 = f(2) /2,
then ¢/(«) = 0. (We have left a z in the denominator because dz/z is the
natural invariant measure on the circle |z| = r.) For this choice of r, it can
be seen using quadratic approximation that most of the mass of the integral
in (I6.10) is on the arc |z — a| < a/Vk.

Now, we write Py« (w(n) = k) = I + I3, where
1 H(a)(logx)z_ldz _ H(a) (loglogz)*!

I .= — =
! 271 |z|=a 2k log:v (k? — 1)'

by Cauchy’s theorem, and

1 H(z) — H(a) + Oc(1/log z))(log z)*~1
IQ:ZT}{H( (2) — H(a) + 35/ gz))(logz)*!
L1 [ (- a)H(@)+ Oclls— af + 1/ log )] (log)*!
271 \z\:a Zk

by Taylor’s theorem. The integral of (z — a)(logx)*~'/2* vanishes by
Cauchy’s theorem and the choice of . We bound the remaining part of
I by making the change of variables z = ae® with 6 € [—, 7]. In conclu-
sion, we have arrived at the estimate

™ (] acosf—1(,2 i6_12 1/1
I <<C/ (log z) (aallf1 " +1/loga) .,

For all § € [—m, 1], we have |e? — 1| < ||, by Taylor’s theorem. In addition,

—02 4 _p2
(10g$)acose < ekcos@ < ek(l 0°/246%/24) < ek(l ch?)

where ¢ = (1 — 72/12)/2 = 0.0887. Therefore,
k

Y

I, <¢ / (0262 + 1/ log z)e~*" o

aok—1logx
k

<c : (an:_3/2 + k72 /1og )

ak—llogx

o> 1 (loglogx)

'k logx (k—1)!

k—1
<L

by Stirling’s formula and the choice of a. Finally, we note that H(a) <¢ 1
for a € [0, C] to complete the proof. O
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Smooth numbers

The theory of large deviations can be used to obtain strong quantitative
bounds for the number of y-smooth numbers < . Notice that

A(d 1
Enesyllogn] = Enes(y [ZA ] > %—Z%Nlogy

dln deS(y) DY

as y — oo. Thus, if n is y-smooth and > = = y*, then logn is approximately
u times larger than its expected size. This offers a heuristic explanation why
the Dickman-de Bruijn function decays so fast.

Optimizing Chernoft’s inequality (I6.I) (often referred to as Rankin’s
trick in this context) leads us to the following general theorem.

Theorem 16.3. Let f be a multiplicative function such that 0 < f < 7 for
some k € Z>1. Let x >y > 3 and u = logx/logy. Ify > (logm)2+5 for
some § > 0, then

f(n) ks () flp
Z n S (ulog(2u))v FOxP { Z 7}

neS(y),n>z Py

Proof. All implied constants might depend on § and k. We may assume
that u is large enough and that 6 < 1/2. Let € € [1/logy,1/2 — §/5] to be
chosen later. We have

R S | ((ED 3=

neS(y),n>z neS(y) PY m=1

To each factor, we apply the inequality 1+t < e’. Our assumptions that

0 < f < 7 and that € < 1/2 —6/5 imply that >, f(p™)/p™ 79 < 1.
Consequently,

(16.11) > @<<exp{ slogx—i-zf }

neS(y),n>x P<y

Next, we write ¢ = w/logy, so that 1 < w < (1/2 —§/5)logy. For the
primes p < y/%, we note that p®/1°8¥ = 1 + O(wlogp/ log y). Thus

f f(p
Z pl w/ logy - Z + O Z + O
péyl/“’ p<y1/w Py

by Mertens’s estimates (Theorem B.4]). For the bigger primes, we use Cheby-
shev’s estimate (Theorem [24]) and partial summation to find that

/o) . L pol oy
I < — k1 dt
Z pl—w/logy Z pl-w/logy * logy + yi/w tlogt

yl/w<p<y yl/w<py
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170 16. Large deviations

Making the change of variables t*/1°8¥ = ¢  we deduce that the right-hand
side is < e /w.

Putting the above estimates together, we conclude that

f(n) w fp)
Z T<<exp{—uw+0(e /w)—I—ZT}

neS(y),n>x PY

We choose w > 1 implicitly via the formula e ~! /w = u. Taking logarithms,
we find that w — 1 — logw = logu. In particular, w < log u, whence log w =
loglogu + O(1). We appeal again to the identity w — 1 — logw = logu to
find that w = log(ulogu) 4+ O(1). If we can show that w < (1/2—4¢/5)logy
for this choice of w, the theorem will follow. This inequality is true if

6(1/2—5/5) logy—1

(1/2-46/5)logy >

— Y25 > e(1/2-6/5)loga

— y=c-(log x)z/(1_25/5),
where ¢ = (e(1/2—6/5))%/(1=20/5) The last inequality is indeed satisfied by
our assumption that y > (logz)?*9, thus concluding the proof. O

Using the method of proof of Theorem 4.2l we can deduce from The-
orem [16.3] an analogous result for the arithmetic mean of a multiplicative
function over y-smooth integers. Taking f = 1 we find a uniform bound for
the function ¥(x,y) that we encountered in Chapter [[4.

Theorem 16.4. Assume the set-up of Theorem [16.3 Then

eOk,6(u)

Z 1) < Cioe@a)e (ulog(2u)) eRP { Z fo= 1}

neS(y)N[1,z] PY

Proof. Without loss of generality, 6 < 1/2. In addition, in virtue of Theo-
rem[I4.2] we may assume that u is large. Lastly, the condition y > (log :c)2+5
allows us to also assume that x and y are large. As in the proof of Theorem
163, we consider a parameter € € [1/logy,1/2 —§/5].

We use a variation of the proof of Theorem that links mean val-
ues of multiplicative functions to logarithmic mean values. Mimicking the
argument there, we start by writing

(16.12) (logz) Y f(n)=51+5,
neS(y)N[L,z]
where
Si= Y f(n)logz/n) and  S= > f(n)logn.
neS(y)N[1,z] neS(y)N[L,z]
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For S;, we note that log(x/n) < (z/n)1=¢/(1 — 6) < 2(z/n)t~¢ and thus

(16.13) S < 221F Z f

nes( y)

Next, we bound S3. We do not have control on Ay because we have not
assumed that 7, = f. Instead, we note that

f(n)logn = f(n) > log(p®) = > f(m)f(p")log(p"),

pe|n p*m=n
ptm
whence
YYD af@)fm)logp= D> f(m)logp Y af(p?)
meS(y), p<y, a>1 meS(y), p<y a>1
pim<z pm<x pPm<x

For each fixed m and p, we have 1 < a < log(xz/m)/logp and f(p*) <
7(p?) <1 aF~1 < (log(z/m)/logp)* 1. Hence

lo
Sy <Lp > f(m) > %
meS(y)N[1,z/2] 2<p<min{z/m,y}
For any z > 2, Chebyshev’s estimate and partial summation imply that

5 logla/m) <1og<x/m>>’““.

52, (logp)* log z

) k+1

If 2 = min{x/m,y}, then log(z/m)/logz < u and z < (z/m)~°y*. We
thus conclude that

_ f(m
Sy <, ukﬂyaxl £ Z Tn(l_z'

meS(y)

Together with (I6.12) and (I6.13), this implies that
1—¢
utytal e
(16.14) Y ) <k oz Z nl .
neS(y)N[1,z] nesS(y

We then follow the proof of Theorem to bound the right side of (I6.14))
(taking ¢ = w/logy with e“~!/w = u). This completes the proof. O

It is also possible to use the theory of large deviations to obtain an
asymptotic estimate for WU(z,y). This is done using an analogue of (16.3)
obtained by Theorem [7.2] which implies that

1 1\-1z°
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172 16. Large deviations

We choose « satisfying the analogue of (I6.3]), which is the equation

log p
g = logx.
p =1

PLY

This argument was carried out by Hildebrand and Tenenbaum [103].

Theorem 16.5. For x > y > 2 with u = logx/logy and « as above, we
have

Wiry) = Hpgif;%/pa)l (1+ O(l + 10%))

where L= —3L| _ > (logp)/(p” = 1) = 3, p*(logp)?/(p* — 1)

More details on the subject of smooth numbers can be found in Chapter
II1.5 of Tenenbaum’s book [I72], as well as in the survey article [104] of
Hildebrand and Tenenbaum.

Exercises

Exercise 16.1. Estimate the sum »_,_, . 1/w(n) in two ways: (a) use Theorem
[I62 (b) use concentration-of-measure inequalities obtained by the method of large
deviations.

Exercise 16.2. Fix C' > 0 and let A\, = [[,,(1—=1/p)~". Fory > 1 and k € Z
with 0 < k < C)y, prove that

Presey) (@(n) = k) = G(k/A)e AR (1 4+ O (k/A2)),
where G(z) is defined in Theorem [I6.21

Exercise 16.3. Let k > 0, and let f be a multiplicative function such that 0 <
< 7
(a) Use Theorem [[6.3] to show that there is some constant C' = C(k) such that

Z mxkexp{Z@} forx}yc>1.
n p
neS(y)N[1,z] Py
(b) Give a new proof of the lower bound from Exercise [40|b) that states that
Yon<a f(M)/n >k exp{} ], f(p)/p} for all z > 1.
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Chapter 17

Twin primes

The theory of Dirichlet L-functions allows us to make significant progress
on our understanding of prime numbers. However, there are numerous im-
portant questions about primes that seem to be intractable using Dirichlet
series because they are fundamentally of non-multiplicative character. To
study them, we go back to the basics and employ the most fundamental way
of detecting primes: the sieve of Eratosthenes-Legendre. We illustrate some
of the main ideas by discussing the famous twin prime conjecture.

Twin primes arise naturally when studying the spacing distribution of
primes. The first ten primes are 2, 3, 5, 7, 11, 13, 17, 19, 23 and 29, and the
spacings between them are 1, 2, 2, 4, 2, 4, 2, 4, 6. The number 1 will never
appear again as a spacing because all primes p > 3 are odd, and thus p + 1
cannot be prime because it is even and > 2. By the same argument, no odd
number > 1 will ever appear as a spacing between two consecutive primes.
On the other hand, there is no obvious reason why the even numbers should
not keep reoccurring. Already the number 2 appears four times in the above
list, and the number 4 appears three times. The number 6 appears once,
but this is only because we have not looked far enough yet for a second
appearance. Indeed, 31 and 37 are both primes and they differ by 6.

In 1849, de Polignac conjectured that any even number should appear
infinitely many times as the gap between two consecutive primes. The pairs
of primes that differ by 2 (and which are necessarily consecutive) are called
twin primes. To study them, we define their counting function

mo(z) := #{n < x : n,n+ 2 are both primes }.

The twin prime conjecture, which is a special case of Polignac’s conjecture,
states that me(x) — oo as x — 00.

174
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Sieving for twin primes 175

Counting twin primes is a so-called additive problem: we are asking
for solutions of the equation ¢ — p = 2, where both p and ¢ are prime
numbers. Hence, the Dirichlet series approach, which was crucially based
on the Euler product representation of the Dirichlet L-functions, is of limited
use here. To make progress towards the twin prime conjecture, we revisit
the combinatorial ideas of Chapter 2L

Sieving for twin primes

We begin by rewriting 7o (x) using the sieve of Eratosthenes-Legendre: if for
some n € (v/z + 2, x] the product n(n 4 2) has no prime factors < vz + 2,
none of n and n + 2 have prime divisors smaller than their square-root, and
so they must both be prime. The converse is also true. Hence,

mo(e) = #{n <z : (n(n+2), PNz +2)) = 1} + O(v/2)

with P(y) =[],
. . -p\y . . . .

principle to estimate 7o (z) but the most direct application of this argument

produces trivial bounds (see the discussion following Theorem [2.T]). Limiting

our goal to an upper bound for 7 (x), we use Legendre’s idea to find that

(17.1) ma(z) < mo(z,y) + O(y),

where

p as usual. We would like to use the inclusion-exclusion

ma(z,y) = #{n<w: (n(n+2),P(y) =1}
and y is a parameter < v/ + 2 that we are free to choose. We then apply
inclusion-exclusion as in (2.5]) to find that

(17.2) mo(z,y) = > u(d) - No(x;d),
d|P(y)
where
No(z;d) =#{n < z:dn(n+2)}.
To estimate the right-hand side of (I7.2)), we note that each interval of length
d contains exactly vo(d) numbers n such that d|n(n + 2), where

vo(d) :=#{n € Z/dZ :n(n+2) =0 (modd) }.
Adapting the argument leading to (2.3]), we deduce the formula
va(d)
d

(17.3) No(z;d) =z - + O(a(d)).

The function vs is multiplicative by the Chinese Remainder Theorem and
on primes it equals
1 ifp=2,
v2(P) =4, if p> 2.

In particular, vo(d) < 2¢9 = 7(d) for square-free integers d.
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176 17. Twin primes

The above discussion leads us to the asymptotic formula

mofag) =z 3 MDD (57 gu)

(17.4) d|P(y) , d|P(y)
_r _Z m(y)
i (1 p) L O3,
3<py

As in the proof of (2.9), we are forced to choose y to be a multiple of log x.
We thus arrive at the estimate
x

(@) < {foglog 2)?”

Note, however, that this bound is worse than the trivial inequality mo(z) <
m(z) < z/logx.

It seems that we have quickly reached an impasse. This remained the
state of affairs for more than a hundred years following Legendre’s work
on the sieve of Eratosthenes. The great breakthrough in sieve theory that
turned it from an interesting observation to an indispensable part of modern
number theory was undertaken by Viggo Brun in 1915. His starting point
was the realization that it is possible to replace the exact formula (I7.4) by
upper and lower bounds that involve a lot fewer summands, thus making
the remainder terms much more manageable.

Brun’s first improvement of the sieve of Eratosthenes-Legendre arises
from a better understanding of the mechanics of the inclusion-exclusion
principle. Recall that my(z,y) counts the number of n < z that are in
the complement of the union of the sets Nay(z;p) = {n < z : pln(n +2)}
with p < y. By the union bound, we have = — ma(z,y) < Ti(x,y), where
Ti(z,y) = >,y No(z;p). The expression x — Ti(x,y) then serves as a
first approximation to me(x,y) that always underestimates its size, because
there are numbers lying in the intersection of two of the sets Na(x;p).
We then add to z — T (z,y) the quantity Ta(z,y) = >_, )<, N(Tip1D2).
This leads to an overestimation of ma(z,y), the reason being that there
are numbers lying in the intersection of three of the sets Na(z;p). At the
next step we thus subtract from the expression x — T1(x,y) + Ta2(z,y) the
quantity T3(z,y) = Zp1<p2<p3<y No(z; p1p2ps). The resulting expression
x —Ti(z,y) + To(x,y) — T3(x, y) underestimates ma(x, y).

Continuing in the above fashion, we arrive at the Bonferonni inequalities

20—1 20
(17.5) S (=1 Ti(x,y) < male,y) < (1) Ti(2,y)
j=0 Jj=0
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for any ¢ € Z>1, where Tj(z,y) = Zp1<...<pjgy No(z;p1---pj). We rewrite
these inequalities in terms of the Md&bius function as
(17.6) > pdNo(z;d) < mow,y) < Y p(d)No(z;d).

d|P(y) d|P(y)
w(d)<2¢-1 w(d)<2¢

We must choose £ so that the following two requirements are met:

e / must be small enough, so that the upper and lower bounds in
([I76) have a lot fewer terms than the right-hand side of (IT7.2l).
This will allow us to estimate ma(z, y) for y much larger than log x.

e / must be large enough, so that the lower and upper bounds in
([I76) are close to the real size of ma(z,y).

With the above requirements in mind, we note that (I7.0) implies that

mo@,y) = Y. udNa(wsd)+0( Y Na(wid)).
d|P(y) d|P(y)
w(d)<20—-1 w(d)=2¢
Since Na(z;d) = x - vo(d)/d + O(ra(d)) by (TZ3), as well as vo(d) < 4° when
d is square-free with w(d) < 2¢, we infer that

1% el‘
177 m(zy) =z Y Mﬂ)( oAty > %)

d|P(y) d|P(y) d|P(y)
w(d)<20—-1 w(d)<2¢ w(d)=2¢

We must choose ¢ large enough so that

(17.8) 3 MNHO_M):%H (1—2).

d|P(y) p<y p 3<p<y
w(d)<20-1

Theorem [I6.1l implies that, when weighted with (") a “random” inte-
ger n tends to have ~ kloglogn prime factors. Motivated by this fact, we
will eventually choose ¢ = cloglog y for a large enough constant ¢. To prove
that (I7.8) holds for such a choice, we start by observing the inequalities

(17.9) Z Mgn(l__)\ Z /«6 1/2

d|P(y) Py d|P(y)
w(d)<20—1 w(d)<2¢

which are analogous to (I7.6]). (In fact, they follow from (I7.6) with z =
P(y), because we then have Na(z;d)/z = va(d) /d and ma (2, y) /z =[], (1—
v2(p)/p). See also Exercise [[7.2]) Usmg (I77) and (I7.9), we find that

(17.10)  ma(,y) —ﬂ?H( )*O( Z DY 46)

PY d|P(y d|P(y
(d)<2é w(d)= 2@
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178 17. Twin primes

Since 12(2) = 1 and va(p) = 2 for p > 3, Mertens’ third estimate (Theo-
rem [3.4)(c)) implies that the main term of (IIDIII) has size < z/(logy)?.
The first remainder term in (I7.I0) controls how many summands there

are in the truncated version of the inclusion-exclusion principle (I7.6). To
bound it, we simply note that if d|P(y) and w(d) < 2¢, then d < y*. Hence

Z 4€ 4€y2€‘

d|P(y)
w(d)<20
This is small compared to the main term if (2y)% < 2/(logz)?3, say.

Finally, the second remainder term in (I7.I0) measures how close the
upper and lower bounds in (I7.6]) are. It should thus become small when ¢
becomes large enough. Indeed, we have

4l 4ty 4ty 1
(i) > o< Y oo <mm(E))

d|P(y) pr<-<pae<y 1 p<y
w(d)=2¢

by rearranging the 2¢ primes in all (2¢)! possible ways. The right side of
@7I) is < = - (logy)? - P(Z = 2¢), where Z is a Poisson random variable
of parameter \ = Zpgy 2/p ~ 2loglogy. Since Z has mean value A and is
concentrated around its mean value with high probability (see Exercise [[9I),
we can make P(Z = 2¢) as small as we want by letting the ratio £/ . 1/p
be large enough. More concretely, using the inequality n! > n"/e", we have

Y 1 2/
) 10 ca 2pey /P < —
d ¢ (logy)3

d|P(y)
w(d)=2¢

for £ >3.99%° ., 1/p ~ 3.991loglogy. In addition, we must have (2y)% <
x/(log z)3. Such an /£ exists as long as y < z/(81°81°82) and 1 is large enough.
To summarize, we have proved that

(17.12) mo(a,y) = {1+00/1ogy)}5 [] (1- 2)

3<py p

when 2 < y < 2/(loglog) and 4 is large. As an immediate corollary, we
have the followmg remarkable result due to Brun.

Theorem 17.1. For x > 2, we have

z(loglog x)?
7T2(.’IJ) < W

In particular, the series 1/p converges.

p, p+2 twin primes
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The Cramér-Granville model 179

Proof. The first part follows from (I7.1) and (I712) with y = x!/8logloga),
For the second part, we use partial summation. Alternatively, note that if
Py denotes the set of primes p such that p + 2 is also prime, then we have
2 opepon(2i 2i41] 1/P < 277y (271) < (log §)?/42 by the first part. Summing
this inequality over all j proves the convergence of Zpepg 1/p. (I

Remark 17.2. The value of the series in the statement of Theorem [7.T]
is called Brun’s constant and its numerical calculation has an interesting
history, as it led to the discovery of a bug in Intel’s® PentiumTM micropro-
cessor by Nicely (see [184]). O

The Cramér-Granville model

It is important to take a moment and understand the quality of our bound
on ma(x). Namely, we want to understand what the expected size of ma(x)
is and how this compares to the estimate m(z) < z(loglogz)?/(log z)2.

To answer these questions, we go back to Cramér’s model. Recall the
basic set-up: (X,)n>1 is a sequence of independent Bernoulli random vari-
ables such that P(X,, = 1) = 1/logn for n > 3. This sequence is presumed
to model the indicator function of the primes.

Consider now the random variable Ily(z) = anx X, Xnio as a ran-
dom model of ma(x). A straightforward calculation reveals that E[Ily(z)] ~
x/log?x as  — oo, thus suggesting that mo(z) ~ x/log? z. However, as we
mentioned when we originally introduced [Cramér’s modell (see page ), the
random variables X,, are insensitive to arithmetic information. We should
thus be careful when using them because they may lead us to false con-
clusions. For example, the same argument as above also suggests that the
number of n < z such that both n and n + 1 are primes is ~ av/log2 x, a
conclusion that is blatantly false.

To get around this issue, we modify Cramér’s model following an idea
due to Granville. To capture the arithmetic structure of primes modulo small
integers, our new model will consist of random variables (Y},)22; supported
on N = {n > y?: (n,P(y)) = 1}, where y is a large parameter to be
chosen later. Theorem [2.1] implies that N contains approximately o :=
Hpgy(l — 1/p) proportion of N. Since an integer n in N is presieved with
all primes < y, its chances of being prime are ~ a~!/logn > 1/logn.

In view of the above discussion, we define the Cramér-Granville model
to be a sequence of independent Bernoulli random variables (Y,)2%; with

(17.13) P(Y,, = 1) = a ',en/logn.
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180 17. Twin primes

The corresponding model for the number of twin primes up to  is Il (z) =
don <z YnYn+2, for which we have

~ 1 —
L, (n(n+2),P(y))=1
E[lly(z)] =a™> ) log(n)log(n +2)

y2<n<z

If y < z}/(Ologlog®) then (T7.IZ) and partial summation imply that
~ x va(p) 1\ 2
i)~ T (- 2P ()
et~ gy L1 =77) (175

The product over primes converges absolutely as y — oo, since its factors
are 1+ O(1/p?). Letting y — oo leads us to conjecture that

2 1\—2
Wg(x)w@-ﬁ, where c2:2H (1——) (1——) )
g s\ op p

The constant ¢y is called the twin prime constant.

In view of the above discussion, our bound on ma(x) is off by a fac-
tor of (loglogz)?. To remove this extra factor, we must find more effi-
cient versions of (I7.0), where the parameter y is allowed to be even larger
than z1/(®loglog®) while still being able to control the total error after in-
serting (I73). Doing so is a delicate task that requires a good under-
standing of which integers d we can discard from the formula mo(z,y) =
>dp(y) M(d)N2(x; d) without losing too much information. In turn, this re-
lies on a good grasp of the distribution of multiplicative functions that we
studied in Chapters [15] and We note, however, that we will not be able
to obtain a non-trivial lower bound on my(z,y) when y = v/ + 2, which is

what would be required to settle the twin prime conjecture.

Exercises

Exercise 17.1 (The Bonferonni inequalities). Let Ay,..., A be subsets of a finite
set X. If A= AfN---N Ajf, then show that

Al=1XI = D Al + D" Y [An N NA ]+ A,
1<k <k 1<k <o <kr<k
for all r € Z>o, where (—1)""'A, > 0. [Hint: Show the identity |A| = |X| —
Zzlzl | Ak, \Uk, <o<i Ae| by dividing the elements of X \ A according to the largest
index ky such that a € Aj,. Then iterate this identity.)

Exercise 17.2. Let 7y denote the completely multiplicative function with 7s(p) =
va(p), and define a probability measure on the set S(y) of y-smooth integers by

_ v2(p) 2(n)
) =TI (1-27) X =

pLy neA
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FExercises 181

If Aj ={n € S(y):dn} with d|P(y), prove P(Aq) = va(d)/d and deduce (I79).
[Hint: The Bonferonni inequalities have a measure-theoretic version.]
Exercise 17.3. Adapt Brun’s method to prove the following estimates:

(a) If m is o/ (41o8log ) _gmooth, then

p(m)

#n<z:(n,m)=1}~a  —F (x — 00).

m
(b) #{z —y <p <z} <yloglogy/logy for x >y > 3.

(c) #{n < x:n?+1is prime } < xloglogz/log .

Exercise 17.4. Let h = (hy,...,hx) be a k-tuple of distinct integers. For each

prime p, define v,(p) to be the number of congruence classes mod p occupied by
the numbers hq, ..., hy, and set

S(h) = ];[ (1 - ”hT(m) (1 - %)_k.

(a) Show that &(h) is an absolutely convergent Euler product.

(b) The k-tuple h is called admissible if vy (p) < p for all primes p. Show that this
is equivalent to having &(h) > 0.

(c) If h is an admissible k-tuple, the Hardy-Littlewood conjecture states that
x

(log 2)"
when x — co. Use the Cramér-Granville model to justify this conjecture.

(17.14) #{n<x:n+hy,...,n+ hy are all primes } ~ S(h) -

Exercise 17.5. Let N € Z>;. Use the Cramér-Granville model to predict an
asymptotic formula for the number of pairs of primes (p, ¢) such that p 4+ ¢ = 2N.

Exercise 17.6 (Montgomery’s conjecture). Use a suitable version of the Cramér-
Granville model to argue that, for each fixed £ > 0, we have

W(m;q,a) _ 11(1') -‘1-05(1'5(3;‘/61)1/2)

v(q)
uniformly for > ¢ > 1 and (a,¢) = 1. In particular,
(219, 0) ~ ——
m(z;q,a) ~ ———
o(q)logz

1—¢

if x and ¢ tend to infinity at a rate such that ¢ < x
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Chapter 18

The axioms of sieve
theory

The general problem in sieve theory asks for bounds on the quantity
S(AP)=#{ac A: (a,P) =1},

where A is a finite set of integers, P is a finite set of primes, and the notation
(a,P) = 1 means that a has no prime factors from P.

It is convenient to generalize further this set-up. Given a sequence of
weights A = (a,)52; C Ry with )~>7, a, < oo, we define

SAP)= > an

(n,P)=1

This incorporates the quantity #{a € A : (a,P) = 1} by taking a,, = 14(n).
We will switch back and forth between the two definitions, using the more
general one when discussing theoretical aspects of the sieve, and the more
specialized one when discussing concrete applications. This ambiguity in
the notation helps us avoid the introduction of unnecessary new symbols.

Various important questions can be written in the above language.

Example 18.1. If A = {z —y < n < z} for some z > y+ 1 > 2 and
P = {p < /z}, then S(A, P) counts primes in the interval (z — y,xz]. If,
for instance, z = N2 and y = 2N for some N € Z-3, then proving that
S(A,P) > 0 is equivalent to Landau’s conjecture that there is always a
prime number between (N — 1)? and N2. O

182
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18. The axioms of sieve theory 183

Example 18.2. f A ={n(n+2): 1 <n <z} and P = {p < Vo+2},
then S(A, P) counts integers n € (v/x + 2, z] such that both n and n+2 are
prime numbers, that is to say, (n,n + 2) is a pair of twin primes. O

Example 18.3. Generalizing the above examples, let A ={ f(n) 1z —y <
n < x}, where x > y > 1 and f is a polynomial over Z. Assume further
that f = f1--- f., where fi, ..., fr are irreducible polynomials over Z
(i.e., they are primitive and irreducible over Q), and let P = {p < z},
where z = max{ |fj(n)|"/? 1z —y <n <z,1<j <r} (Notethat z ~
cx¥? when x — oo, where d = maxi<j<r deg(fj) and c is some appropriate
positive constant.) Then S(A,P) counts integers n € (z — y, z] such that
fi(n), ..., fr(n) are all primes > 2. Since f;(n) < n9°83) any such n must
satisfy the inequalities z > n > 2% (%) where d' = min <<, deg(f;). Note
that for this range to be non-empty we must have that d’ > d/2.

For instance, if f(z) = 2241,y =  and P = {p < V22 + 1}, then prov-
ing that S(A,P) > 0 for infinitely many values of x would imply Landau’s
conjecture that there are infinitely many primes of the form n? + 1. O

Example 18.4. We can also count twin primes using an alternative set-up:
we take A= {p+2:p<x}and P = {p < v + 2}, so that S(A, P) counts
primes p < x such that p + 2 is a prime > v/z + 2. As we will see later on,
this alternative formulation yields better results on twin primes. O

Example 18.5. If A= {2N —p:p < N} and P = {p < V2N} for some
integer N > 2, then S(A,P) counts primes p < N such that 2N — p is also
prime. In particular, S(A,P) > 0 if and only if we can write 2N as the
sum of two primes (the smallest one of which we take to be p). Proving this
statement for all N > 2 is Goldbach’s conjecture. O

Example 18.6. T A={p—1:p<z}and P={p <z :p =3 (mod4)},
then S(A,P) counts primes p < = such that p — 1 has no prime factors
= 3 (mod4). In particular, p— 1 can be written as the sums of two squares.

Using a trick due to Iwaniec, we can reduce the size of primes in P:
we take A = {p—1:p <z, p=3(mod8)}and P = {p < Vo:p =
3(mod4)}. We claim that all primes p counted by S(A,P) are such that
p — 1 is the sum of two squares. It suffices to prove that p — 1 has no
prime factors that are 3 (mod4). Note that (p —1)/2 = 1 (mod4). Hence,
the number (p — 1)/2 is divisible by an even number of primes = 3 (mod 4)
(counted with multiplicity). But p — 1 < 2 — 1 can have at most one prime
factor > y/z. We thus conclude that if p = 3 (mod8) and (p — 1,P) = 1
then p — 1 has no prime factors = 3 (mod4). In particular, p — 1 can be
written as the sum of two squares. O

Typically, we study S(A,P) in a general axiomatic framework. We
introduce and discuss each of the three sieve axioms in the following sections.
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184 18. The axioms of sieve theory

Axiom [I Generalizing the Kubilius model

By Mobius inversion, we have

(18.1) SAP) =D "an > pld) = p(d)Aqg,

n d(n,P) dIP
where the notation d|P means that d|[[,cpp (i-e., d is square-free and all
of its prime factors lie in P), and

(18.2) Ay = Z an = Z Gdm.-

n=0 (mod d)
In the important case when we are sieving a set A instead of a sequence, we
have
Ag=#{ac€ A:a=0(modd) }.
In order to proceed further, we must estimate A, asymptotically. We work
out such an estimate in each of the examples discussed above:

Example I8} Here A={z —y <n <z}, s0 Ag=y/d+ O(1).

Example We have A = {n(n+2):n <z} Thus, relation (IT.3)
implies that Ay = z-1v2(d)/d+ O(v2(d)), where v5(d) counts the roots of the
polynomial z(z + 2) mod d.

Example [83t Since A = {f(n) : x —y < n < z} withax >y > 1
and f(x) € Z[z], a straightforward generalization of (I73]) implies that
Ag=y-ve(d)/d+ O(vs(d)) with ve(d) = #{n € Z/dZ : f(n) = 0(modd)}.

Example [[84 Here we have A = {p+2 : p < x}, so that Ay =
mw(x;d, —2). If d is even, then A; = 1. On the other hand, if d is odd and
< (log )¢ for some fixed C' > 0, the Siegel-Walfisz theorem (Theorem I2.1))
implies that Ay = li(z)/¢(d)+Oc(ze~¢V18%) where ¢ is an absolute positive
constant. Note that if we assume the Generalized Riemann Hypothesis,
Exercise implies the improved estimate Ay = li(z)/o(d) + O(y/z1log x)
for odd d.

Example Here we have A = {2N —p : p < N }. Consequently,
Ag = m(N;d,2N). When (d,2N) > 1, any prime p = 2N (mod d) must di-
vide 2N, whence Ay < w(2N) < log(2N). On the other hand, if (d,2N) =1
with d < (log N)€, we have the estimate Aq = li(N)/p(d)+O¢(Ne~ Vs Ny,

Example In the second part, we took A ={p—1:p <z, p=
3(mod8)} and P = {p/ < & : p) = 3(mod4)}. Therefore, Ay =
m(x;8d, ay) whenever d|P, where a4 is determined by the Chinese Remain-
der Theorem and the congruences ag = 1 (modd) and ag = 3 (mod8). We
thus conclude that Ay = li(z)/¢(8d) + Oc(ze=¢V198%) for d < (logx)C with
d|P.
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Axiom [l Generalizing the Kubilius model 185

Observe that in all of the above examples there is a quantity X and a
multiplicative function v such that

v(d)

(18.3) Ag ~ 4 X for all small enough d|P.

We summarize in the following table the values of X and v for each of our
six examples:

Example | X | v(d) Example | X v(d)
181 y 1 184 li(x) Lo - d/p(d)
R |z | w(d) 85 | L(N) | Lgany=1 - d/(d)
183l y | ve(d 186 |li(z)/4 d/p(d)
Note that
(18.4) vip) <p forall peP

in each of Examples (with the possible exception of Example [[8.3]
if there is a prime p such that 2P — z|f(z) over the finite field F, = Z/pZ).
Relation (I84) means that A, is asymptotically smaller than X ~ A;, which
we certainly need if we are to extract elements a, of the sequence A with n
having no prime factors in P.

We denote the remainder term in the approximation ([I83]) by
Tq ‘= Ad - X- V(d)/d

Since d|P in all summands of (I81]), we only need to control r4 when d|P.
We thus arrive at the first axiom of sieve theory.

Axiom 1. There is a multiplicative function v, a parameter X and a se-
quence of remainders (74)4p such that
v(d)

Ad:—’X+Td

pi d|P

for all

and
v(p)<p forall peP.

In the spirit of the Kubilius model of the integers, the function v(d)/d
can be interpreted as a multiplicative density function that we denote by

v(d)

(18.5) 5(d) == €[0,1] for d|P.

Indeed, if we employ N with the probability measure

ZnEE an
ZnZI an 7

then the event Ey = {n € N:d|n} occurs with probability
P(Eq) = Ag/A1 ~ 6(d)

P(E) :=
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186 18. The axioms of sieve theory

when (I83) holds with sufficiently small remainder r;. Hence, our as-
sumption that v is multiplicative means that the events (E,),cp are quasi-
independent. This leads us to guess that

(18.6) SAP) ~X[[a-dp)=Xx]] (1 - @)

peEP peEP p
The same relation can also be seen by replacing Ay by 6(d)X + rq in (I8
and ignoring all the remainder terms.

In Theorem 2] we saw that the above guess is true when A4 = {n <
x} and P C [1,logz]. This theorem will be improved and generalized in
the next chapter thus establishing (I88) when P C [1, X°(] for various
sequences 4. On the other hand, relation (I8.6]) fails when A = {n < z}
and P = {p < v/z}, as we discussed in Remark This reflects the failure
of the independence hypothesis for the divisibility by large primes: indeed,
if p1 > pa > p3 > x'/3, then there is no integer n < x that is simultaneously
divisible by p1, p2 and p3. In particular, E, N E,, N E,, = (), which means
that the events E,,,, E,,, I, are interrelated.

Axiom [2: The sifting dimension

A very useful and intuitive way to think of the quantity v(p) is as the number
of residue classes we must “remove/sieve out” modulo p in order to capture
elements of our sequence A that are primes (or products of a few primes).
For instance, in Example [[82] we want to make both n and n + 2 to be
primes. Hence, we must sieve out all integers lying in the congruence classes
0 (mod p) and —2 (mod p). Correspondingly, we have

1 ifp=2,

(18.7)  v(p) = #({0(modp)} U{~2(modp)}) = {2 s

Similarly, consider the set-up of Example I83 with f(z) = 22 + 1. In
order to capture prime values of this polynomial, we must remove from the
set {n < z} all integers that lie in a congruence class a (mod p) such that
a®? +1 = 0 (mod p) for some prime p < v/z2 + 1. We then find that

1 ifp=2,
(18.8) v(p) =<2 if p=1(mod4),
0 if p=3(mod4).
Naturally, the larger v(p) gets the harder it is to estimate S(A,P). A

simple way of ensuring that v(p) does not get too large is to assume the
existence of a parameter k£ > 0 such that

(18.9) v(ip) <k forall pe?P.
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For each of our six examples, we have:

Example | v(p) k Example v(p) k
18] 1 1 184 ls2-p/(p—1) | 3/2
182 |2—1,- 2 Lyon -p/(p—1) | 3/2
083 | w(f) |desg(f) 18.0 p/lp—1) |3/2

where in Example [[8.3 we used the fact that a polynomial of degree d has
< d roots over the finite field F,, and in Example [I8.6] that min P = 3.

As we remarked above, the smaller k is, the easier it is to estimate
S(A,P). With this in mind, note that in Examples we may take
k ~ 1 when p is large enough. However, in Example I83] the inequality
vp(f) < deg(f) is sharp in full generality, because a polynomial f(x) factors
completely mod p for a positive proportion of the primes by the Chebotarev
Density Theorem (see [148, Theorems 8.3 (p. 47) and 13.4 (p. 545)], as well
as relation (I8.8]) above for a concrete example).

It turns out that for many applications we only need an averaged form
of (IZY) that allows us to reduce the value of k. There are various ways of
averaging (I8). A very useful one is the following.

Axiom 2. There are constants x > 0 and C > 0 such that

(=) = (eam) )

PEPN(y1,y2]

uniformly for 3/2 < y; < y2 < maxP.

Axiom 2is often called the Twaniec conditionﬂ the infimum of the values
of k satisfying it is called the sifting dimension of A with respect to the set
of primes P. Note that if (I89]) holds and there is some ¢ € (0, 1] such that
v(p)/p < 1—¢ for all p € P, then Axiom 2 holds with k = k and C = C(k,¢)
by Mertens’ third estimate (Theorem [B.4](c)).

For each of our six examples, we have:

Example | v(p) |k Example v(p) K
IERT 1 1 84 | Lpso-p/(p—1) | 1
182 |2—1p— |2 Lypn-p/(p—1)| 1
18.3 vp(f) | r 8.6 p/(p—1) 1/2

where r is the number of irreducible factors of f over @, and in Example
18.6l we have k = 1/2 because P C {p = 3 (mod4)}.

Often, we must assume a more precise version of Axiom [21

LOften, the Iwaniec condition refers to a slightly weaker version of Axiom Pl where the factor
1+ C/logy is replaced by some absolute constant C”.
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188 18. The axioms of sieve theory

Axiom 2'. There are constants s, k > 0 and ¢ € (0, 1] such that
3 v(p)logp

pePN[1,w]

= klogw+ O(1) for all w < maxP

and
v(p) < min{(1 —¢)p,k} forallp e P.

It is easy to show that Axiom [2]implies Axiom 2lfor some C' = C(g, k, ).

Axiom Bt The level of distribution of A

In order for Axiom [I] to be meaningful, we must be able to show that the
quantities rq are small compared to the alleged main term X - v(d)/d. In
practice, we only need to show such an estimate on average. The precise
condition that we will need is the following.

Axiom 3. There are constants A > 0 and m € N, and a quantity D > 1

such that
X

> tmd)lrd € g
d<D,d|P (IOg X)

In Chapter we will appeal to this axiom with m = 1, whereas in
Chapter 21l we will use it with m = 3. The quantity D is called the level of
distribution of the sequence A. It is a measure of how well we can control
the distribution of A among the progressions 0 (mod d).

Example 18.7. When A = {f(n) : z —y < n < x} for a polynomial
f(z) € Z[z], as in Example above (which incorporates Examples I8.1]
and as well), then rq = O(v¢(d)). Since v¢(p) < deg(f) =: k, we find
that rq = O(7(d)) for d|P, so that

> mm@lral < min(d)7i(d) g D - (log D)F !

d<D,d|P d<D
by Theorem [I4.2] Recalling that X = y here, Axiom [ holds with
(18.10) D =y, y/(log y)AThm=1 O

Example 18.8. In Example 8.4, we noted that ry = Oc(:ve_c‘/m) for
d < (logz)®. This allows us to verify Axiom Bl with D = (logz)¢ for any
fixed C' > 0. However, this is a much smaller level of distribution than the
one we obtained in relation (I8I0). This poses a serious hurdle if we want
to study twin primes using the set-up of Example 1841

On the other hand, if we assume the Generalized Riemann Hypothe-
sis, we have rq = O(y/zlogz). We may thus verify Axiom [ with D =<
Vz/(log z)A+™~1. Remarkably, Bombieri [8[I0] and A. I. Vinogradov [176]
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proved unconditionally (i.e., without the assumption of any unproven hy-
potheses) that we have a level of distribution that is almost as strong.

Theorem 18.9 (The Bombieri-Vinogradov theorem). Fiz A > 0. Forxz > 2
and 1 < Q < zY/?/(log z)A*3, we have

li(y)

T
18.11 max max |m(y;q,a) — <A .
(1811 T4 = 0] A Togay i

2 vsr (@)=L

This landmark result yields AxiomBwith m = 1 and D = /z/(log z)4*3
in Examples [84] and [8.6, and with m = 1 and D =< v/N/(log N)4*3 in
Example We will prove it in Chapter O

Remark 18.10. It is believed that the Bombieri-Vinogradov theorem can
be extended significantly. More precisely, Elliott and Halberstam [41] con-
jectured the following improvement.

The Elliott-Halberstam conjecture. Fiz A,e > 0. Relation (I8I1)
holds uniformly for x > 2 and 1 < Q < z'~¢.

The Elliott-Halberstam conjecture is very deep, going well beyond the
reach of the Generalized Riemann Hypothesis. Among other things, it im-
plies that the level of distribution is D = 2'~¢ in Examples [8.4] and 8.6,
and D = N'=¢ in Example Partial results towards it have been proven
by Bombieri, Iwaniec, Fouvry, Friedlander and Zhang [1THI3|49-52][188].
On the other hand, Friedlander, Granville, Hildebrand and Maier [53H55]
disproved (I8II]) when Q = z/ exp(A(1 — ¢)(loglog z)?/log log log x) build-
ing on the earlier work of Maier [134] that we will discuss in Chapter O

The fundamental lemma of sieve theory

Assuming Axioms [IH3] our goal is to substitute the exact identity

= Zu(d)Ad

d|P
by upper and lower bounds
(18.12) D ud)Ag < S(AP) < Y puld)Ag,
dez— deg+

where 2% are certain subsets of {d|P} for which both sides of (I8IZ) can
be bounded asymptotically. We will accomplish this goal in Chapter [19] by
extending and improving the ideas of Brun presented in Chapter [l

Replacing Ad by Axiom [[in (I8I2]), we find that
wd)v(d) w(d)v(d)
x> + D <X ) + >
de2— deg- deg+ deg+
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190 18. The axioms of sieve theory

In order to be able to apply Axiom [B and estimate the sum of the
remainder terms, we must assume that 2% C {d|P, d < D}. On the other
hand, the sets 2T must be chosen in a Way that

(18.13) 3 pld)v(d) ~ 5 RORE p(d =11 (1 - m).

de 7+ d|P peP p

Let y = max P, so that P C {p < y}. Since the sets 2% can only contain
integers < D, considerations based on Theorems [16.3] and [[6.4] suggest that
([I8I3) can be accomplished as long as the ratio log D/logy is large enough.
The following theorem confirms this heuristic.

Theorem 18.11 (The Fundamental Lemma of Sieve Theory). Consider A
and P satisfying Azxioms [0 and 2 for some k, C > 0. Set y = maxP and
ue = 1+2/(2%3/% — 1), and note that 1 < u, < 1+ 3.8k.

(a) Uniformly for u > 1, we have

S(A,P) = (1 + Oxc(u™/? XH( >+o< > ]rd|>.

pEP d<y™,d|P

(b) Assume Aziom Blwithm =1, A=k+1 and D > y*~. Iflog X > logy
and D, X are large enough in terms of k and C, then

o e (O]

peP pEP

We will prove Theorem [I8TTlin Chapter[I9l In part (b) of its statement,
the crucial quantity is DY% because it determines the maximum size of
primes we can sieve with. To get a sense of the quality of our result when
and D vary, we discuss the case of twin primes.

Example 18.12. Recall that we have two set-ups for getting our hands
on twin primes. In the first set-up, given in Example [82] we have x = 2
and D = z!7°M) g0 that DYVus = gl/ue—o(l) ~ 21/759  On the other
hand, in Example I84 we have k = 1 and D = z'/27°() g0 that DY/%2 =
208/m—o(l) 5 31/7.72 Hence, the first set-up allows us to sieve with larger
primes. However, when x = 1, it is possible to establish a version of Theorem
I8IT(b) valid for y < D'/27¢, which becomes y < z'/47¢ in the set-up of
Example [I84 (see [59, Chapter 12]). On the contrary, the best known
version of Theorem D811 when x = 2 is valid for y 5 DY42664 which
becomes y S x/4266% in the set-up of Example (see [33, Theorem 6.1]

r [34)). O

Corollary 18.13. For x > 2, we have
mo(x) = #{p < x:p+2is prime} < x/(logx)?
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and
#{p<z:Qp+2) <7} > 2/(logx)?.
Proof. For the first part, note that
ma(x) < S(A,P) 4+ O(z/7¥)

with A = {p+2:p < z}and P = {p < z/"8%}. By our analysis of
Example [[84] we may apply Theorem I8TI(b) with X = li(z), v(d) =
L(g2)=1d/¢(d) and level of distribution D =< /z/(logz)'% (assuming the
Bombieri-Vinogradov theorem). Consequently,

S(A,P) = li(z) [ (1 - %) il (1 B %) = TogaP?

pEP 3<p<al/78

by Mertens’ third estimate. The claimed upper bound on 72 () then follows.

For the second part, we may assume that z is large enough. We have

Ap<a:Qp+2) <7y = SAP) > ﬁ

Indeed, if p < z is counted by S(A,P), then all prime factors of p + 2 are
> z'/78. But an integer < x + 2 can have at most seven prime factors
> 21/78_ This completes the proof. [l

Remark 18.14. Chen [24/25] proved that the second part of Corollary I813]
is true with the number 7 replaced by 2. A proof of this result that comes
remarkably close to the twin prime conjecture is presented in [59, Section
25.6] and in [86, Chapter 11]. O

Exercises

Exercise 18.1. For x > y > 3, use Theorem [I8.I1] to prove:
(a) If m is z'/“-smooth, then
#{n <o (nm) =1} = (1+0(e100) - sp(m) fm.
(b) #{z —y<p<az} <y/logy.
(0) #{z—y <p<w:(p?+1)/2is prime } < y/(logy)?.
(d) #{n<2:Qn?+1) <7} > z/logz.
(e) If h = (hy,...,hs) is a fixed admissible k-tuple, then
#{n<x:n+hy,...,n+hg are all primes } <y, x/(logz)" .
(f) #{p <z :p—1is the sum of two squares } < z/(logz)>/2.
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Chapter 19

The Fundamental
Lemma of Sieve Theory

In Chapter [[7l we saw how Brun used some simple facts about the
inclusion-exclusion principle to obtain upper and lower bounds for mo(x, z).
In the present chapter, we will generalize and improve these bounds with
our end goal being to establish the Fundamental Lemma of Sieve Theory.

Given an integer n and a set of primes P, let us write P~ (n) to denote
the smallest prime factor of n from the set P with the convention that
P~(n) = 1if (n,P) = 1. Given any sequence A = (a,)s>; C Ryo with
> n>1@n < 00, we have

S(A,P) = Z an:Zan—Z Z an,

(n,P)=1 n=1 p1EP P~ (n)=p1
(19.1) => an— > > tpym
n=1 P1EP P~ (m)=>p1

This formula is called Buchstab’s identity and its importance is that it allows
us to perform inclusion-exclusion one step at a time. To see why it is true,
note that if n > 1 is such that (n,P) > 1, then there is a unique p; € P
with P~ (n) = p1. Equivalently, p1|n and P~ (n/p1) = p1. Setting n = mp;
completes the proof of (I9.1)).

Recall the notation Ay defined in (I82). The first term on the right side
of (I9.) equals A, so it can be estimated using Axiom Bl Next, we want
to estimate the double sum over p; and m in ([I91]). For each fixed p; € P,
we are asking for a bound on S(A,,, P N[2,p1)), where A, = (ap,m)oo—;-
Getting such a bound might be impossible for certain p;. For instance, if

192

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



19. The Fundamental Lemma of Sieve Theory 193

p1 is bigger than the level of distribution D, then we cannot say anything
meaningful about » ~; ap,m = Ay, . For this reason, we will discard certain
“inconvenient” primes p;. In general, given any set II; C P, we have the

upper bound
S(A,P) Z Z Apym.-

p1€lly P—(m)>p1

We now iterate the above argument: applying Buchstab’s identity (T9.1])
with PN[2,p1) in place of P, and with (ap,m)50_; in place of (a,)5, yields

E , Apym = Apy, — E E Qpipam-

P~ (m)>p1 P2€PN2,p1) P~ (m)>p2
Hence, our upper bound for S(A, P) can be rewritten as

SAP) <A = D A+ D> D appm

p1€lly p2<p1 'P_(m)>p2
p1€ll1, p2€P -

The “unknown” rightmost sum has non-negative weight now, so we cannot
drop any potentially inconvenient terms from it. We rewrite it using a new
application of Buchstab’s identity (I9.1]), this time with P N [2,p2) as our
set of primes, and with (aplpzm)ﬁ:1 in place of (a,)5 ;. Thus

SAP) <A = > Ap+ DD Ay

p1€llh p2<p1
p1€ll1,p2€P

D) B) DERD DS

P3<p2<p1__ P~ (m)>p3
p1€ll1, p2,p3€P -

We may now choose any set II3 C P x P x P and obtain an upper bound:

SAP) S A= D Ayt DD App

p1€lly p2<p1

p1€lly, p2€P
- E : E : E : E : QApipopsm -
p3<p2<p1 P~ (m)=p3

p1€1Il1, (p1,p2,p3)€ll3

Continuing this way, we find that, given any choice of sets Ily;_1 C
P2~1 j € Z>1, we have the general upper bound

(19.2) S(A,P) < > pl(d)Aq,
deg+

where

t= . p1>:>pp, pj €Pforally,
1) 7 _{d_pl br (p1,...,pj) €1lj forallodd j <r |-
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194 19. The Fundamental Lemma of Sieve Theory

Similarly, given any choice of sets Ily; C P%, j € Zs1, iterating Buch-
stab’s identity and dropping certain terms at every even step, leads us to
the lower bound

(19.4) S(A,P) =2 > u(d)Aqg,
deg—
where

(19.5) gz{d:pl,__p P> >, py € P forall }

(p1,...,pj) € II; for all even j < r

Evidently, this construction offers a great deal of flexibility. For example,
the choice II; = P7 for j < 2¢ and II; = @ for j > 2¢ corresponds to the
Bonferonni inequalities that led to (I7H) (see also Exercise [7.2]). This
choice is often called Brun’s pure sieve.

Generally speaking, the upper and lower bounds for S(.A, P) we obtained
in (I9:2)) and ([I9.4) constitute part of the theory of the so-called combina-
torial sieve. This is not the only way of producing bounds for S(A,P), as
we will see in Chapter 211

Brun’s sieve

Brun introduced more sophisticated choices of sets II; that can be motivated
by considering what the prime factors of a typical integer look like. We
present a variation of his argument below.

Throughout, we let
y=maxP and D =y".

Recall that S(y) denotes the set of y-smooth numbers. In view of relation
(I813) and the discussion surrounding it, our goal is to choose the sets II;
in such a way that

p(d)v(d) pld)v(d) _ p(d)v(d)1qp
I e S e

deg* d|P deS(y)

while ensuring that 2+ C [1, D].

If we assume that v(p)lyep ~ K on average (e.g. we assume Axiom [21),

)

then y(d)1d|p behaves similarly to k(4 on average. Now, let p; > py >
-+ > p, be the prime factors of d in decreasing order. A variation of Theo-
rem [[6.1 implies that, when we weigh d € S(y) with x“(9)/d, the sequence
{logp1,...,logp,} typically decays exponentially with ratio of consecutive
terms = exp(—1/k). In addition, for the largest prime factor, we typically
have logp; =< logy. Hence, the typical asymptotic behavior of the prime
factors of d is

logp; ~ (logy) - e I/x,
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Brun’s sieve 195

Here we are weighing d with p(d)v(d)14p/d that has alternating signs, but
we still expect a similar behavior for the prime factors of d: almost all the
weight of 3 e 5, #(d)v(d)14p/d should be supported on integers for which
log p;/logy ~ exp(—cj/k) for some appropriate c.

Motivated by the above discussion, we set

where y; are certain cut-off parameters that decay doubly exponentially.
Their precise definition is a bit technical: given an integer J > 0 and real
numbers « € (0,1) and w € [2,y], we let

y if j < J,
(19.8) yojo1 =y =y T ifJ<j<K,
w otherwise,

where K is the largest integer such that y“KﬁJ > w.

Note that y; = y for j < 2J, so that the sets II; do not restrict the first
2.J prime factors of integers d € 2*. This will ensure (T%.6) when J — oo,
provided that « is close enough to 1. In addition, note that the sets II; do
not restrict the prime factors < w of integers d € 2*. This last condition
is of a more technical nature and the reason why we insert it will become
clearer later on (see relation (I9:13]) below).

Choosing J, a and w appropriately, we prove:

Theorem 19.1 (The Fundamental Lemma of Sieve Theory, II). Let x > 0,
C>1,y>1,PC{p<y}and D =y* with u > u, = 1+ 2/(>/% — 1).
If D is large enough in terms of k and C, then there are two arithmetic
functions \* such that:

(a) AF(1) =1, [\ <1, supp(A\F) C {d|P:d < D};
(b) (LxA7)(n) < 1ppy=1 < (1xAT)(n) for alln € N;

(c) if v is any multiplicative function such that 0 < v(p) < p for all p € P,
and which satisﬁes Aziom Bl with parameters k and C, then

w11 (-4 )z e can ] (1)

dP dIP
and Z = {14+ 0xc(u™"?) }H ( 7]))) for € (AT, A7)
d|P peP

Firstly, let us prove how this more technical form of the fundamental
lemma, allows us to deduce Theorem [I8.1T1
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196 19. The Fundamental Lemma of Sieve Theory

Proof of Theorem [I8.11] assuming Theorem [d9.1. Let us consider \*
as in the statement of Theorem [I9.1] with P, y, x, C as in Theorem [I8 1T and
D = y". Since 1(, p)=1 < (1xA")(n), we have S(A,P) < 3=, an 3 g, AT(d).
Interchanging the order of summation and applying Axiom [I] yields the up-
per bound

(19.9) S(A,P)< X Z M + R*, where RT:= Z AT (d)ry.
d d

Similarly, we have the lower bound

(19.10) S(A,P)> X Z M +R™, where R := ZA_(d)rd.
d d

Since |A*| < 1 and supp(A\*) C {d|P,d < D}, we have |[R*| < 24P, a<p |Tdl-
If we assume Axiom [ with A = x + 1 and m = 1, we thus have |R*| <
X/(log X)"1. If we further suppose that log X > logy and that X is large
enough, then Axiom [ implies that |R¥| < 107190X [Lyer(1 —v(p)/p).

By the above discussion and Theorem [[9.1] both parts of Theorem I8.TT]
follow immediately when u > w,. It remains to prove part (a) when u < w.

Let z = DY/ <y and Pe, = PN [2,2]. We then have
0< S(AP) <S(AP<) <uo X [] =vp)/p)

PEP<

by the portion of part (a) already proven. In view of Axioms [I] and 2] we
have

[Ler. (1 —v(p)/p)
[Lepr(1—v(p)/p)

Hence, 0 < S(A,P) < X [[,ep(1 —v(p)/p), and Theorem [8.1T(a) follows
in this case too by assuming the implicit constant in its statement is large
enough. O

1<

<(1+C/logz) - (ux/u)" <o 1.

Proof of Theorem [I9.1 Let y* = y*(k,C) be a large enough constant to
be chosen later. If y < y*, we simply take A*(d) = u(d) - lgp. We then

trivially have
NE@ld) 1 (4 v®)Y
ST

In addition, any d in the support of A* satisfies d < Hpgy* p < D provided
that D is large enough. This proves the theorem in this case.

Assume now that y > y*. Let € = ¢(k,C) be a small enough constant,
and let u* = u*(k, C, ¢) be a large enough constant, both to be chosen later.
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We then define A*(d) := 1;c0+pu(d) with the sets II; given by (I9.7) and
the parameters y; satisfying (I9.8) with

elogy o= e 083001/s 7 if u, <u << ub,
w = , )
2 a=e v J=T[3u/10] ifu > u*.

To check that A* satisfy condition (a), we must verify that 2% C [1, D].
Ifd=p1- psdy € P~ with p1 > py > --- > ps > w and do’HpGPﬂ[Q,w]p’
then p1, ..., p2j+1 <y and pojr1 < poj < yoj for all j > J+ 1. In addition,
if y* is large enough, then our choice of w and the Prime Number Theorem
imply that dg < Hpgwp < ¢ for all y > y*. Hence,

logd < log dy
logy  logy

. 2

19.11 2J +1+2 I e+ 2T+ 14+ ——0.

(19.11) +2J+1+ Z:a e+2/+ 14+ ——
j=J+1

The right side of (I9.I1) is < w if u > u* and u* is large enough, because

1/(a=t —1) ~ u/5 in this case. In addition, the right side of (T2.11) is < u

if u € [ug,u*] and € is small enough, by the definition of w,. Hence, there
are choices of u* and ¢ such that 2~ C [1, D].

Similarly, if d = p1---psdg € 27 with p1 > ps > -+ > ps > w and

do‘ HPG'PH[Z,w] b, then b1, ..., P2J < Y, D2j < P2j—1 < Y25—1 for auj Z J+ 17
and dy < y°. Arguing as above, we infer that

logd

logy

<e+4+2J+2 Z ozj_‘]gu,
j=J+1

provided that € and u* are chosen appropriately. As a consequence, we also
have 21 C [1, D]. This establishes condition (a).

To check that (b) is satisfied, we follow the argument leading to (19.2)
and (I34), but this time starting from the indicator version of Buchstab’s
identity that reads

(19.12) Lnpy=1 = 1= > Lo 1p—(u/p)zpr-
peEP

Alternatively, we may simply note that (b) follows by applying (I9.2) and
(I94) to the sequence A defined by ap = 1g—p,.

It remains to prove that the functions A\* satisfy condition (c). To this

end, set
w(d)v(d v(p
dIPA2,2) pEP, p<z p
as well as
0.53001 if u, < u < u*,
B =—-krloga = ]
5k/u if u>u*.
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198 19. The Fundamental Lemma of Sieve Theory

Since v(p) < p for all p € P, we have V(z) > 0 for all z. In addition, since
Yoj—pn = max{y® " w} for j > J and h € {0,1}, Axiom Pl implies that

PEPN (Y25 —h Y]
(19.13) <exp((j — J)B +e),

since we may assume that y* is large enough so that w = 0.5elogy > e
for all y > y*. We remark that (I9.13) also implies that

Cle

(19.14) > YD) G npre (7> he{o1)),
PEPN(Y2;— Y] P
as it can be seen using the inequality v(p)/p < —log(1 — v(p)/p).
Now, let us consider d|P such that d ¢ 27. If we write d = py---py,
then there is a unique integer j > J such that
(19.15) p2j—1 > Y2j—1 and  pop1 Syop—1 (1 <k < ).

Hence, there is a unique way to write
d=p1--pajad,

where d'| Hper 2pa;1) P and the primes p1, ..., p2j_1 are a strictly decreas-
ing sequence of elements of P satisfying (I9.15). Since u(d) = —u(d’) and v

is multiplicative, we conclude that

)\—i-
(19.16) Viy) =Y = == W,

d|P j>J

where we have set

ey M)

Y <Pm <+<p1<y pr-="Pm

P1;--sPm eP
pi<y; (i<m, i=m (mod 2))

Similarly, we have

(19.17) LOEDY M = V.

d|p Jj>J

Next, we fix an integer m > 2J and proceed to the estimation of Vj,.
Note that 0 < V(pm) < V(ym) for pm > ym. Since the function v is non-
negative, we infer that

0<Vn <Vigm) Y v(p) - v(pm)

Ym <Pm <---<p1<yY p1 Pm

P1se-sPmEP
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By rearranging the primes p1, ..., pm in all possible m! ways, we find that

V(ym v < v(pm V(ym v m
< )5S vl ) 5731)< > @)

1°--
P15e,Pm EPN(Ym, Y] P Pm PEPN(Yym.y] P
distinct

Writing m = 25 — h with A € {0,1} and j > J, and applying (I9.13]) and
(I914), we arrive at the inequality

eG=DF+e((j = J)B + )% "
(27 — h)! '

If we let j = J + ¢ and sum the above inequality over all £ > 1, we find that

Voj—n < V(y)-

& 6554-5(,35_’_5)2(]4-26—}1

) <
(19.18) j;vmh ww; T

For the first part of the theorem, note that 8¢ + ¢ < 0.53002¢ as long
as u* is large enough and ¢ is small enough. In particular, the summands
on the right-hand side of (I9.I8) are decreasing as functions of .J, and we
deduce that

Yjog Vain o €2900(0.530020% 7" f1-11/10° if h =0,
Viy) & (20— h)! S 139 ifh =1,

where the last inequality is verified numerically. Together with (I9.16]) and
(I917), this completes the proof of the first part of condition (c).

For the second part of (¢), we may assume that ¢ < k and v > u*, with
u* large enough so that 5 = 5k/u < min{1/6,¢/2} and J = [3u/10] > 2¢/p.
Since n! > (n/e)™ for all n € Z>, we have

Zj>J V2j—h _ i eﬁé+e</@g+5)2J—i—2£—h _ 00 66/2+1(,8€—|—E) 2J+20—h
Viy & @J+26x-hn! O 27 +20—h '

In addition, noticing that e'*+#/2 < €13/12 < 3 and that S4¢ < 2max{j¢, ¢},
we find that

ePIPHL(BL + ¢) _ [Be/T <10k/u it £ < e/B,
2J+20—h 38 = 15k/u if¢>¢e/p.

In any case, the right-hand side is < 15x/u. Assuming that u* > 30k as we
may, we conclude that

Ej>J Vaj—n
V(y)

This completes the proof of the theorem. ([l

< Z(lfm/u)y“g*h < (15K /u)? < ™2,
/=1
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200 19. The Fundamental Lemma of Sieve Theory

Sieve weights

A careful reexamination of the proof of the Fundamental Lemma of Sieve
Theory reveals that its most crucial component is the construction of the
arithmetic functions A* from Theorem [O.1l These functions replace the
exact Mobius inversion formula

(19.19) Lnpyot =, p(d)
d|(n,P)

with an upper and a lower bound of the form

(19.20) D AT(d) < Lpy <D AT(D).
din dn

In general, a function A" that is supported on {d|P : d < D} and that
satisfies the right inequality of (I9.20)) for all n is called an upper bound sieve
of level D for the set of primes P. We then write AT € AT(D,P). Similarly,
an arithmetic function A~ : N — R that is supported on {d|P : d < D } and
that satisfies the left inequality of (I9.20)) for all n is called a lower bound
sieve of level D for the set of primes P, and we write A~ € A~ (D, P).

Given any choice of sets IT; C P, the functions A (d) = 14¢g=p(d) with
9% defined by (I%.3) and (I2.5) are in the classes A*(D,P). Indeed, this
assertion follows from relation (I9.12)) and the discussion surrounding it.

All sieves \* € A*(D,P) yield bounds for S(A,P) as per (I0J) and
(TXI0). A good choice of A\* should have the additional property that the
upper bound in (I99) and the lower bound in (I9I0) are as close to each
other as possible. This roughly means that the convolutions w = (1xA\%)(n)
behave on average similarly to 1, py—1.

The above point of view of sieve methods will be very useful when study-
ing gaps between primes in Chapters and 29 where our goal will be to
construct a sieve weight w,, that correlates strongly with many of the inte-
gers n,m + 1,...,n 4+ H being prime. In particular, the non-negativity of
the sieve weights 1 * AT will be crucial.

Sifting limits and the beta sieve

There is a construction of sieve weights that yields a version of Theorem
[I8.IT with a smaller constant in place of u,: given a parameter 3, we let

(19.21) TG ={(p1,p2.....pj) EPI ip1 > >pj,pr-p; < D/p }.

The upper and lower bound sieves produced from these sets 11, are together
called the beta sieve. It was introduced by Rosser and was fully developed
by Iwaniec. To explain why we choose the sets II; in this specific way, we
must introduce the concept of the sifting limit.
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Sifting limits and the beta sieve 201

Given a dimension k, let B, be the infimum of all numbers S such that

(19.22) SAP) > X]] <1 - @)
pEP p

whenever the pair (A, P) satisfies Axioms [[H3] the second one with dimen-

sion x and the third one with level of distribution D > (max7P)?. That is

to say, Bk is the infimum of all numbers with which we can replace u, in
Theorem [I81T] and still have a version of the lower bound there.

Now, given a pair (A, P) as above and some primes p; > --- > p; from
the set P, we have
v(d) vipi---pj)
Aypg = . X471y,
p1---pjd d P D p1---pjd

whenever d| Hpepmp,pj)p We thus see that Axiom [ holds for the se-
quence Ap,..p; = (Gpy..pym)me—y and the set of primes P N [2,p;) with
Xngl v(p:)/pi in place of X, r,,..,.q4 in place of r4 and with the same
multiplicative density v(d)/d. It is reasonable to expect that A, .., has
level of distribution D/(p1 ---p;) (for instance, consider the case when A =
{z —y < n < x}). Hence, if we assume that 5 > S, then

S, PO ) > X T (1-22)  when Do) >

peEP p
p<p;

by our hypothesis (I9:22]). Assume, now, we want to construct a lower bound
sieve for S(A,P) using iterations of Buchstab’s identity (I9.1]) as explained
earlier in this chapter: we have

S(AP)=A1— > S(A,,PN[2,p1))

p1EP
A=Y Ayt DY S Ay, PO2)).
p1EP p1,p2€P, p2<p1

Since we cannot control the terms with D/(pip2) < pg , we drop them and
set
I = { (p1,p2) € P*: p1 > p2, pip2 < D/p} }.

Continuing as above, and dropping each time the terms with D/(p; ---p;) <
p]@ , we arrive at the choice (I9.21]) for the sets II;.

Notice that our hypothesis that relation (I9.22)) holds when maxP <
DY/B is fed into itself, thus becoming a “self-fulfilling prophecy”. This is
a typical feature of sieve-theoretic functions, whose asymptotic behavior is

often ruled by delay differential equations. We already saw this phenomenon
in the study of smooth and rough numbers. In the case of the beta sieve,
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202 19. The Fundamental Lemma of Sieve Theory

Iwaniec proved that choosing the sets II; by (I9.21]) for an appropriate value
of B leads to the inequalities

S(AP)
)+ o) S {0 =0y S

under Axioms[IH3] where P C [1,y], u = log D/ log y and the functions f and
F' are the solutions to the following system of delay differential equations:

uF(u)=A ifu<p+1, [@WF() = 1tflu-1) ifu>pg+1,
uf(u) =B ifu<p, (wf(u)) = ku"tF(u—1) ifu>p

for certain parameters A and B. In particular, we have

< F(u)+o(1) (D,X — o0)

A>1, B>0, g=1 when k < 1/2,
A=2(e/m)'/?, B=0, =1 when k = 1/2,
A>1, B=0, 1<fg8<2 when k > 1/2,
A =2e", B=0, =2 when k =1,

A~ 21.7484437308, B =0, [~ 4.8339865967 when k= 2,
where the calculation of A and £ in the last two lines is due to S. Blight.

A comprehensive discussion of the beta sieve can be found in Chapter
11 of the book by Friedlander and Iwaniec [59]. In particular, Section 11.19
there gives numerical approximations for A and S for more values of k.

Exercises

Exercise 19.1. Given a finite set of primes and multiplicative density function
0:N —[0,1], we set
Vs(P) = [[(1—-4(p)).
peEP
If, in addition, §(p) < 1 for all p € P, we define the relative density function

(19.23) 0*(q) = H i i(gzp) for all ¢|P.
plg

(a) If X is an arithmetic function supported on {¢|P}, prove that
> Ma)d(q) P) > 5 (q) (1= A)(
alP aP

(b) If \* € AT(D,P) and §;,d, are two multiplicative functions with 0 < §;(p) <
d2(p) < 1 for all p € P, then prove the monotonicity principles

2gp A (@02(0) _ 2gp A (ddi(a) )
Vs, (P) h V5, (P) N

and Sap M (@5200) Xy M (@)61(0)
;T )

> 1.
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Exercise 19.2. It is often easier to construct upper bound sieves rather than lower
bound ones. This exercise shows how to pass from a collection of upper bound sieves
to a lower bound sieve.

Consider a number D > 1 and a set of primes P. Suppose that for each prime
p € P we are given a sieve \Y € AT(D/p, PN [2,p)). Show that the function

1 ifd=1,
A(d) = { ~AE(dfp) P, d> 1, p= P(d),
0 otherwise.

is a lower bound sieve of level D for the set of primes P.

Exercise 19.3* (The Brun-Hooley sieve). This exercise develops a variation of
Brun’s pure sieve that leads to results of the same strength as Theorem IS8Tl
Throughout, A and P satisfy Axioms [[H3| with sifting dimension «, level of distri-
bution D and A = k + 1. In addition, y = maxP and u = log D/logy, with u
assumed to be large enough in terms of x and C.

(a) IfP = Ule ‘P, is a partition of the set of primes P, then prove that

R
L=t <[ Y0 wd)

r=1 dr‘,’)r
w(dy) <20,

for any choice of integers /,.

(b) Fixe > 0and A > 1. Set y, = y» " and let R be the biggest integer such that
yr > €“/¢. Then define Pr = P N [2,yg] as well as P, = P N (yr41,¥,] when
1 <r < R-—1. Finally, set

9t ={d=dy - -dg:d.|Pr, w(d,) <20, (1<r<R-1)}
with £, = |r(u — up)(1 — 1/X)?/2|, where ug =log([[,ep, P)/logy. Prove that
the function At (d)=14c5+u(d) is in the class AT (D, P).
(¢) Let v be the function from Axiom [l and set
. pdr(d) | pdr(d)
vi= > e Vo= 3 e
d|Pr, w(d)<2¢, d| P,
and E, = V.* —V,, with the convention that /g = co. Prove that
v(d) _ (klog\+ )2+t
0< E; < <
Z d (2¢, +1)!
d|P,, w(d)=26,+1
(d) Prove that

forr=1,...,R—1.

R R R-1
HVT+—HV:Zvl"'vr—lErVrir“Vﬁ_lVR§S€SV1---VR
r=1 r=1 r=1

with .S = 252—11 E,/V,.. Conclude that

S(AP) < (1+ Oe((u+1)""2 +1/10g X)) X [] <1 _ @),
pEP p
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204 19. The Fundamental Lemma of Sieve Theory

(e) Use Buchstab’s identity to show that

S(A,P) = (1 - Opc(u™?+1/(log X)) XH(1__>

peEP

Exercise 19.4*% Assume the notation and assumptions of Theorem 9.1l In par-
ticular, A* are the sieve weights constructed in its proof, y = maxP and D = y".
All implied constants below may depend on the parameters £ and C.

(a) Let f : N — C be an arithmetic function for which there is a multiplicative
function v as in Theorem [[9.I)(c) and some S > 0 such that

R

d|PN[2,z) pEP, p<z p

for all m|[],cp ,5.p and all z € [1,y]. For A € {A*, A"}, prove that

>N _ 5 DI 0<us/ Hp (1 B @»

d|P d|P p

(b) Let v be as in Theorem [[911 Assume further there is some k > 0 such that
0 < v(p)<kforallpeP. For A € {\T, A"} and r € N, prove that

Z)\(d) )(log d)” Zu logd)T +O<(1o%/y2)r 1 <1_@)>

dIP dIP peP p

with the implied constant depending also on r and k.
(c) Let v be as in Theorem [[9.11 For A € {A\T, A"} and x > y, prove that

5 M:me >n<>2< +O< WH< m)).

ne nLx p<z p
(n,P)=1 p¢P

[Hint: Use part (a) with f(d) = >_,<,/a v(da)p?(da)/a, v*(d) = [avip)/(1+
v(p)/p) in place of v, and § =[], (1 +v(p)/p) = [1,<,(1 = v*(p)/p) "]

Exercise 19.5* (A study of the beta sieve). Let P be a set of primes and y =
1 +maxP. Given D = y* with u > 2, let A*(d) = 14cp=+u(d) be the beta sieve
weights (i.e., 2% are given by (I9.3) and ([9.5) with the sets II; given by (I3:21).
In addition, let v be a multiplicative function such that 0 < v(p) < min{p — 1, k}
for all p € P.

(a) Let m = 2j —h with h € {0,1}. Assume that p; > ps > --- are some primes in
P such that p; - - - pr_1p2 > D and py -+ p,_1p2Tt < D for all n < m with
n = h (mod 2). Prove that

CNi—1
P1P2 - P2i—h—1 S Dy_(u_l)(%) (1<i<y),
and deduce that p,, > yo= with §,, = ﬂ—(ﬁ—l) s %(Z_)m/g
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(b) V() =IT,ep, p.(1 = v(p)/p) and

V= > Y M.V(M»

5 P11 Pm

Yo <pm<--<p1<y
P1se-sPm EP

P Pm—1P0 1 >D

prove that V(y) = > p u(d)v(d)/d and

V) - Y ey < 30 DD S DD )4 S,

j>1 P P j>1
(¢) For any ¢ € [0,1), use Rankin’s trick to prove that
Vi < _ ( Z ! )mV(y‘Sm)
mo= 19,e(u—p) 1—¢ :
my yom<p<y L
(d) Show that there is a choice of 8 < 1 + 4k such that
A= (d)w(d .
> XD _ o)
d|P
[Hint: Choose e = w/logy as in the proof of Theorem [I6.3]]
(e) Tfu > 142/(e%529/F — 1) and all primes of P are large enough in terms of k,

prove that
A (d)v(d) _ V(y)
Z d > 40 -

d|P
[Hint: Take e = 0 in part (c).]

(f) Assume that log D > ¢+ (1 4 2/(e%529/F — 1))logy with ¢ large enough in
terms of k. Construct a sieve A* € A~ (D, P) that satisfies the conclusion of
part (e) even when P contains small primes. [Hint: Partition P = Py U Pa,
where P; = P N [1,y0] and P2 = P N (yo,y]. Any d|P can be uniquely written
as d = dydy with d;|P;. Take \*(d) = p(d1) A~ (d2) with A~ a lower bound beta
sieve of level D/e¢ for Ps.]

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



Chapter 20

Applications of sieve
methods

Sieve methods are a versatile tool that can be employed in a great variety
of ways. We demonstrate their utility by presenting several results where
they play a key role.

Primes in short arithmetic progressions

When y/q > 2, a strengthening of Montgomery’s conjecture (see Exercise
[[7.6]) states that
)

(20.1) #{x—y<p<x:pza(modq)}~w

Tog a (r — 00).

This statement is well beyond the reach of the Generalized Riemann Hy-
pothesis, which is not sufficient to detect primes in (x — y, 2] when y < /=,
nor primes p = a (mod ¢q) that are < ¢%. Nevertheless, we can use a sieve to
prove an upper bound of the expected order of magnitude.

Theorem 20.1 (The Brun-Titchmarsch inequality). Uniformly for q € N,
a€ (Z/qZ)* and x >y > q, we have

Y
#Hr—y<p<z:p=a(modqg) } €K —————.
t ( M ¢(q)log(2y/q)
Proof. When y < 10q, the result follows trivially by the fact that there
are < y/q + 1 integers in the arithmetic progression a (modgq) that also
lie in the interval (x — y,z]. Let us now assume that y > 10¢ and set
A={z—y<n<z:n=a(modq)} and P = {p < 2z} with z = (y/q)"/*.

206
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The Titchmarsch-Linnik divisor problem 207

Any prime p € (x — y,z] that is in the congruence class a (modgq) is
either < z, or is counted by S(A, P). Hence,

(20.2) #{r—y<p<x:p=a(modq)} < SAP)+z
We estimate S(A, P) using Theorem I8 IT(b). We must first verify Axioms
MH3l We have

Aj=#{rz—y<n<z:n=0(modd), n=a(modq) }.

If (d,q) > 1, there are no integers n in the intersection of the congruence
classes 0 (modd) and a (mod ¢), because (a,q) = 1. We thus have 45 = 0
when (d,q) > 1. Assume now that (d,q) = 1. For such integers d, the
Chinese Remainder Theorem implies that there is a unique congruence class
aq (mod gd) such that Ag = #{z—y <n <z :n = aqg (mod qd) }. Therefore,
Aq = y/(qd)+rq with |rg| < 2. In conclusion, Axiom [l holds with X = y/q,
v(d) = 1(gq=1 and |r4| < 2. Axiom [2 then obviously holds with x = 1,
and Axiom B with m =1, A =2 and D = (y/q)/(log(y/q))?. We may thus
apply Theorem [I8TT(b) and Mertens’ third estimate (Theorem B.4(c)) to
deduce that

Y N oy 1\-1
(20.3) S(AP) < ¢ I1 (1 - —) = Tors I1 (1 - —) .

p p
p<z,plq p<z,plq

The last product is <[], (1 —1/p)~' = q/p(q). This completes the proof.

O

plg

The Titchmarsch-Linnik divisor problem

Two consecutive integers are always coprime. More generally, we expect
their multiplicative structure to be more-or-less uncorrelated. Thus, even if
p is a prime number, then the integer p — 1 should still have the anatomy
of a “typical” integer as described in Theorem [I6.1] except for obvious re-
strictions such as the fact that p — 1 is even if p > 2, or that p — 1 cannot
be congruent to 2 (mod 3) if p > 3. It is then reasonable to guess that

1 _ k2
I)Z;Tk(p —1) =~ gz ZTk(n) =i x(logz)"=.
Titchmarsch studied the sum on the left-hand side when k£ = 2 and eval-
uated it asymptotically under the assumption of the Generalized Riemann
Hypothesis. Subsequently, Linnik removed this assumption, so that the fol-
lowing result now holds unconditionally.

n<x

Theorem 20.2. For x > 3, we have that

1y = SRB) o (2loglogr
> rip—1) = S28 +o( oLl )

pP<T
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208 20. Applications of sieve methods

Proof. We follow an argument due to Rodriguez [I56]. Note that

:leln:[]-l-Q Z 1.

ab=n aln,a</n
Therefore,
Srp-1-2% ¥ 1+00/a)
psw PST a</p—1
alp—1
=2 Z m(x;a,l) —7r(a2—|—1;a,1))—|—0(\/5)
a<\/_

by interchanging the order of summation of a and p. We have the crude
bound 7(a? + 1;a,1) = O(a?/[¢(a) log(2a)]) from the Brun-Titchmarsch in-
equality. This bound is < 2'/4 when a < /4, whereas it is < (2'/2/log x)-
a/¢(a) when a € (z'/4 2'/2]. As a consequence,

2 /4 _1/4 '/ 1/2 €
g m(a +1,a,1)<<ac/ A M, Vg
log log

a<y/z—1

with the last estimate following by Theorem applied with f(a) =
a/p(a). In addition, the Bombieri-Vinogradov theorem (Theorem [I89]) im-

plies that

p<Q
with Q = v/z/(log z)3. Consequently,

Sro-v=2Y 24y Y swan+o ).

li(z)
¢(a)

X

(z,a,1) —

log

pP<T a<Q QR<a<vz—1
Now, applying Wirsing’s theorem (Theorem [[43) with f(a) = a/p(a), we
find that

3 1 C(Q)é(3) log Q + O(1) = %é()g)logm + O(loglog z).
a<Q

Since li(x) = z/logz + O(z/log? ), we conclude that
2 log1
E:T(p_l):wx+2 > w(z,a1)+0 L0808 )
¢(6) log x
p<T QR<a<vz—1

Finally, we bound crudely the sum over a € [@, vz — 1], taking advan-
tage that this is a short interval if we rescale it logarlthnucally (we have
loga = logxz + O(loglogz) when a € [@Q,vz —1]). Indeed, using the
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Multiplicative functions over short arithmetic progressions 209

Brun-Titchmarsch inequality and Wirsing’s theorem once again with f(a) =
a/p(a), we have that

loglo
Z m(z,a,1) < Z = < T8 08T
v(a)logz log x
Q<a<v/z—1 QR<a<v/x—1
This completes the proof of the theorem. O

Multiplicative functions over short arithmetic progressions

Our last application of sieve methods is an analogue of the Brun-Titchmarsch
inequality for multiplicative functions that greatly generalizes Theorem [14.2]
It was proved by P. Shiu [165].

Theorem 20.3. Fix k € N and € > 0. Given any choice of ¢ € N, a €
(Z/qZ)*, real numbers x > y > 1 with y/q > x°, and a multiplicative
function f such that 0 < f < 7%, we have
Z flp) — 1}
p

Yy
S fn) <he p{
q pszT

r—y<n<z
n=a (mod q) plg
Proof. All implied constants might depend on k and & without further
notice. We may assume that x is large enough in terms of them. We begin
by showing a preliminary estimate.
Set z = y/q € [2°,z] and note that 3 1/u_,c, 1/p < logu + O(1) for
u > 1. We thus infer the bound

(20.4) S 1< I ] (1—l)<<%exp{—zl}

n=b(mod q) pla plq
P~ (n)>zl/“

uniformly for X > Y > y/2Y/2, u > 4 and (b,q) = 1, as it can be seen by
([@03) applied with z'/* and b in place of z and a, respectively. Let us now
show how to deduce the general case of the theorem from (20.4]).

Call S the sum in the statement of the theorem. The rough idea is to
fix some small parameter § > 0 and to decompose each integer n in the
range of S as n = mm’ with P*(m) < 2° < P~(m/). (Such a decomposition
always exists and is unique.) Anatomical considerations based on Theorems
6.1 and 164 suggest that m < z1/2 for a “typical” n, as long as ¢ is small
enough. Fixing such an m (which must also be coprime to ¢), we see that
m’ € (x/m —y/m,x/m| and m' = am (mod q), where T denotes the inverse
of m (mod q). In addition, since 0 < f < 7, and Q(m’) < logz/log(2%) =
O(1/6) (see Exercise 2.9(e) for the last inequality), we have f(n) < f(m).
Thus, for each fixed m < z/2, we should be able to estimate the sum over
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m’ using ([20.4]). The problem is that there are various “atypical” integers n
for which m/ > z/2. Dealing with them creates various technicalities. We
give the details below.

First of all, since f(n) < 7x(n) < n/%, the contribution of integers
< 212 40 S is <« 21/ 2pe/4 < 23/4. We consider now an integer n > 212 in
the range of S. We decompose it in its prime factors, say n = Hf; L Py with
p1 <p2 <--- <pg. If welet n, =[[;_;p;*, then there is a unique integer
r € [1, R] such that n,_; < 212 < n,. We then write m = n,_1, p' = p,,
v =v, and m’ = n/m, so that P~(m/) = p/, PT(m) < p’ and (p/)’m >
vz = m. Since 0 < f < 7 and Q(m') < logz/logp’ < log(zl/s)/logp’, we
have

(20.5) f(n) = f(m)f(m') < f(m)k.s_llogz/logp/‘

Moreover, the relation mm’ = a (mod ¢) and our assumption that (a,q) =1
imply that (m,q) =1 and m’ = am (mod q).

From the above discussion, we infer that
S < 81+ Sy + S5+ 024,

where S; is the part of S with p/ > z1/4, Sy is the part with p’ < z'/4 and
m > zY/* and Ss is the part with m,p’ < z/4. Note that v > 2 in Ss,
since z"T1/4 > (p')*m > 2'/2 for its summands. For this reason, the main
contribution to S comes from S7 and So. We estimate each sum individually
below.

To bound Si, we apply (20.5) and then ([20.4)) to find that

SL <k Y fm) 3 1< > f(m) 2/m

m</z (z—y)/m<m/<z/m m<yz eXp{ZPSLMQ 1/p}
(m)=1 m/=am (mod g) (mg) =1
P~ (m/)>z1/4

since z = y/q. We then use (I4.7) to arrive at the estimate

>

P<T

pla

S1 < Az, where A= exp {

Next, we estimate S3. We introduce the checkpoints z; = 2277, There
is a unique J € N such that z;,1 < (logz)® < z;. For j < J, we let
N be those integers n in the range of Sy that also satisfy the inequality
zj+1 < PT(m) < z;. Finally, we let N; be the set of z;-smooth integers n
in the range of Sa. We also write Ss ; for the contribution of n € /\/'] to Ss.
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—j—1

First, we estimate S for j < J. Since p’ > P (m) > zj41 = 2° in
its range, an adaptation of the argument we used to bound S; implies that

So; < K¥ e 3 f(m) > 1

z1/4<m<\/2 (x*%’)/@<m’§x/m
(m,q)=1, PT(m)<z; m =am (mod q)
P=(m)>zj41
292 /m
k2]+1/a Z f(m) .
2Mi<m<y/z eXp{ZKLMq 1/p}

(m,q)=1, P*(m)<z;

We then apply Theorem [6.3 with f(m)1(,, =1 in place of f to deduce that
SQJ‘ < Az / el

In the sum S5 ;, we do not have any precise information about the
position of p’. We will thus estimate the sum over m’ trivially The gains
will come from the fact that m is zj-smooth, and here z; < (log 2)8. More
precisely, using the fact that f(n) < 7x(n) < zo 0 for n < x < /¢, we have

Sy <2 Y S

hemg/z a/m—y/m<m/<z/m
Pt(m)<(logz)® m'=am (modq)

1
< 201 > — < LO0I=1/2440(1) — | (X2)

m>z1/4
P (m)<(log 2)8

by Theorem We conclude that Sy < 23-7:1 Saj K Az

Finally, it remains to bound S3. Note that (p')"z'/* > (p/)m > z1/2, so
that (p')” > z!/* in its range. Since we also have that p’ < z!/%, there must
exist some integer p > 2 such that z'/* < (p/)* < 2'/2. Writing n = (p')#n/,
and observing that p’ { ¢ and that f(n) < 7(n) < 2% for n < z, we arrive
at the estimate

S5 < Zo.mz Z Z 1

122 A< (phyn< /2 (2—y) /()M <n'<z/(p")H

p'fq n'=(p’)*a (mod q)
5 0. 01+11/12
0.01 1.01-1/12
(p/ 2u/3
B22 (p/)k>z1/4 u>2 P’

by Rankin’s trick, since (p')*/3 > 21/12 when (p')* > z'/4. We thus see that
the contribution of S5 to S is negligible.

Putting together the above estimates proves that S < Az, thus complet-
ing the proof of the theorem. O
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212 20. Applications of sieve methods

Exercises

Exercise 20.1. Let z = y". Given n € N, we write n, for its y-smooth part, that

is to say, ny = Hpkun,pgypk' Uniformly for all 4 C S(y), prove that
Pngx(ny S ./4) = PneS(y) (n S ./4) + O(eiu).

Use the above relation to give an alternative proof of the Erdés-Kac theorem.

Exercise 20.27
(a) For xz > 2, prove that

ZTg(p— 1) < zlogz.

pP<ZT
[Hint: Show that >°;, j<,1/s T(d) < T3(n) <3341, 4<q2/e T(d) when n < ]

(b) Assume the Elliott-Halberstam conjecture. Prove that there is a constant ¢ > 0
such that

ZTg(p —1)=cxlogz +O0(z) (x>=1).
p<zT
Exercise 20.3* Let f be a multiplicative function with 0 < f < 7%.

(a) Adapt the proof of Shiu’s theorem to show that

Zf(p— 1) <k xexp{Z%}.

p<T P

[Hint: You will need an estimate for #{n < z : P~ (n(2an+1)) > y } uniformly
inaeNandz >y > 1]

(b) Fix C > 10. Uniformly for 2 < k < C'loglog z, show that
z(loglog z)*
(log x)2k!
[Hint: Use Chernoff’s inequality (a.k.a. Rankin’s trick).]
(c) Show an estimate analogous to the one in part (a) for the sum

> flp-1)

T—y<pT
p=1+2a (mod 2q)

when (a(1 4+ 2a),q) =1 and y/q > ¢ for some fixed € > 0.

#p<z:wp-1)=k}<cVk-
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Chapter 21

Selberg’s sieve

In 1947, Selberg introduced a different approach to sieving based on the
simple fact that squares are non-negative. This allowed him to construct in
one stroke a very general class of upper bound sieves often called A2-sieves.

We start with a set of primes P and a function A : N — R that is
supported on integers d|P and satisfies the condition A(1) = 1. Then

(21.1) Lnp)o1 < (Z)\ )

Indeed, if (n,P) = 1, then both sides of ([2I.1]) equal 1; otherwise, the left
side is 0 whereas the right one is non-negative.

Opening the square in (2I.]), we find that the right side equals (1 *
A1) (n), where

Hence, AT is an upper bound sieve for the set of primes P. If, in addition,
we assume that supp(A) C [1,+/D], then supp(A+) C [1, D]. We denote this
special class of upper bound sieves AT by A%(D, P). Lower bound sieves can
also be obtained using Exercise [19.21

We have thus produced a general class of sieve weights A* for which the
inequality (1% A*)(n) > 14, p)=; is automatically satisfied. Optimizing the
choice of AT then becomes a calculus problem. Indeed, using Axiom [ and
the argument leading to (EIIQ]), we find that

d17d2
(21.2) E d1 d2 E AMd1)A(d2)r(ay dy)-
dl,dz d17d2

213

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



214 21. Selberg’s sieve

Ignoring the error term for now, we focus on minimizing the main term

Q= Z ) ([, do])

i dl, ds]

This is a quadratic form in the variables A(d) with d < v/D and d|P, under
the restriction that \(1) =

Selberg’s solution to this minimization problem was to diagonalize @,
since then finding the optimal choice of A becomes trivial. To motivate his
argument, let us consider first the special case when v = 1. We then have

(@13 Q= Z o 5 A )

d1,d2

A natural thing to do next is to set m = (dy,d2), so that d; = ma; with
(a1,a2) = 1. We then find that

A(may)A(mas)
Q= Z > T

(al,(zz) 1

The problem is that the variables a; and as on the right-hand side are
tangled via the condition (a1, as) = 1. If we did not have this condition, the
double sum would factor as a perfect square thus diagonalizing Q.

We could replace the condition (a1, a2) = 1 using the Mobius inversion
formula 1(4, ay)=1 = X gja; 0, #(d)- Instead, we use a trick that untangles a;
and as in a sunpler way: we go back to (2I.3]) and rewrite its right-hand
side using the convolution identity

(di,da) = > @(m)= > o(m).
m|(d1,d2) mldi,da
Together with the change of variables d; = ma;, this implies that

A(maq)A(ma m Ama)\?
= Z Z iai 2): 907(712)(2 (a )>

a,as m a

Setting £(m) = >, A(ma)/a diagonalizes @), which allows us to minimize it
easily in terms of the new variables &.

We now generalize the above idea to arbitrary functions v. First of all,
note that we may assume that \ is supported on integers d|P’ with

P ={peP:v(p) >0}

This restriction is justified by simply observing that v([d1, d2]) = 0 whenever
either d; or dy is a square-free integer with at least one prime factor from

P\P.
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21. Selberg’s sieve 215

Now, for any choice of dy, d2|P’, the number [dl, ds] is square-free. Hence,

v([dy, do]) _ v(d)v(da) = (di,da) v(da) > ¢ 90
[dl,dg] d1d2 I/((dl,dg)) d1d2 m\dl,dz
Wher
(21.4) =m[] vp
el (-57)

We then find that

Q= 3 N - HHE 52

di,dy m|d17d2

_ydmeio (v A(mcgwa)){

a

where we let d; = ma; for each j. It is now clear that making the change of
variables

m)zlmegzw with 2 :={d<VD:dP'}.

diagonalizes ). We need to show that this is an invertible change of vari-
ables, which we accomplish by an application of Mobius inversion. Since A
is also supported on &, for each d we have

S A En) g vm) s~ Amav(a)

me,dlm meg,dm a a
- A(n)v(n)
ey A g
neg,dn m: dlm|n

Making the change of variables m = de in the innermost sum, we find that
it equals }_,, /4 11(€) = 1p=q. We thus arrive at the inversion formula

Ald)v(d) _ 3 plm/d)v(m)¢(m)

(21.5) ;

This proves our claim about the invertibility of our change of variables.
Recall our constraint A(1) = 1 which, in view of (ZL.1]), becomes

o16) 3 Hmmgm) _

meg

We have thus transformed our task to minimizing the quadratic form @ =
> v(m)e*(m)E(m)?/m? under condition ([2I.6]), with & supported on 2.

INote that v/p* = §*, where 6* is the multiplicative function we saw in Exercise [0l
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216 21. Selberg’s sieve

We can solve the above minimization problem using Lagrange multipli-
ers. Alternatively, we can use the Cauchy-Schwarz inequality: applying it
with coefficients (v(m)e*(m))26(m)/m and Ly,equ(m)(v(m)/e*(m))Y/2,
we find that

2 2
m)v(m)&(m m)v(m
L= (3t g 5 st
We know that the above inequality is an equality exactly when there is a
constant L # 0 such that

(217) Em) = 1 Leg - 0T

for all m. To calculate the value of L, we use ([ZI.6). This yields L =
Y omeg V(m)/¢*(m), where we used that Z contains only square-free integers
(so that u?(m) = 1 for each m € 2). The minimal value of Q is thus

1 vim) 1
B em T

meg

The above calculations lead us to the following fundamental result.

Theorem 21.1. Let A and P satisfy Aziom . If D > 1 and ¢©* is defined
by 21.4), then

X w(d : v(m)
S(A,P)<f+23 @)y with L= Z )

d<D mg\/ﬁ
dlp m|P

Proof. Let & be defined by (@L7T), where we recall that 2 = {d < VD :
d|P'} with P = {p € P : v(p) > 0}. Then, we define \(d) via relation
[RL5) when d € 2, whereas we set A\(d) = 0 otherwise. We claim that

(21.8) IA(d)] £ 1 whenever de 2.

Before proving this inequality, let us see how it establishes the theorem.

Indeed, the first term on the right-hand side of (21.2) equals X/L by the
discussion preceding Theorem [RIIl whereas the second term is
< D iy doe ITidr do)| DY Virtue of (2LE). Given a square-free integer d, there

are 3“4 ways to write it as d = [d1,d2]. This completes the proof, assuming
the validity of (2L.8]).
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21. Selberg’s sieve 217

To prove (21.8]), we first calculate A\(d). For any d € 2, relation (21.5)
and our choice of £ imply that

- ¥ p(m/d)v(m)(m)

(d meg,dm m
_d p(m/d)p(m)v(m)
~ Lv(d) me%:dm p*(m)

For each d € 2 (that is necessarily square-free), we have the formula
d/e™(d) =34 I/(b)/(p*(b). We thus find that

a:da€P b|d

The products ab with a and b as above are all distinct from each other, with
each one of them determining a unique integer n € Z. Since v/@* > 0, we
conclude that

)

n

a:da€P b|d nGQ

This proves our claim (2L.§]), thus completing the proof of the theorem. [

The sum L from the statement of Theorem [2T.T] can be estimated asymp-
totically using Theorem M3 and Axiom[2] The resulting bound for S(A, P)
is given below.

Theorem 21.2. Let A and P C {p < y}. Assume that Azioms [, 2]
and Bl hold, the second one with parameters k, k and ¢, and the third one
with m = 3, A = k + 1 and level of distribution D > y%. If, in addition,
log X > logy, then

S(A,P) < (X + Oppe(X/logy)) - T < 11 ( >

peP

Proof. All implied constants might depend on x, k and €. By Theorem
2T with D = y? and our assumptions on (A, P), it suffices to show that

—k ” -1
(o) L=y A _ e H(l—@) +O((logy)* ™),

Pm) T LT

m<y
m|P

Indeed, since [T ,cp(1-v(p)/p)~" > (log y)* from Axiom 2] inverting 2LJ)
yields L™ = (e®7/T(k + 1) + O(1/ logy)) [L,ep(1 —v(p)/p) as needed.
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218 21. Selberg’s sieve

To prove (21.9), we define the multiplicative function f by the relation

my _ ) e - Im=1-v(p)/(1 =v(p)/p) ifp <y,
f™) = m .
e (p™) if p>y,
where 7, is defined by ([I3.3). In particular, L =3 . f(m)/m. We evalu-

ate this sum using Theorem 4.3} whose conditions hold for f by Axiom [/
and Mertens’ estimates (Theorem B4(c)). Hence,

_ (logy)" fp)  f»*) 1\" .
_F(/@+1)1;[(1+7+p—2+"')<1_];> +0((logy)" ™).

The factors with p > y are all equal to 1. On the other hand, we have
9 _
(122 100 ) g (1-12)
p<y p p peP p

Using Mertens’ third estimate to evaluate [],., (1 —1/p)" completes the
proof of (2I.9)) and hence of the theorem. O

As a direct corollary of Theorem with P = {p < vz/(logz)*}, we
have an estimate for the number of prime values of an admissible k-tuple.
(See Exercise [[7.4] for the definition of an admissible k-tuple.)

Corollary 21.3. Let h = (hy,...,hi) be an admissible k-tuple of distinct
integers, and define vy (p) = #{ hj (modp) : 1 < j < k}. Then

#{n<x:n+hy,...,n+ hg are all primes} < (Zkkr!—l—e)

with € = O n(loglog x/logx) and

sh) =[] (1 _ ”h(p)> <1 _ 1>_k.

p p p

This result should be compared with the Hardy-Littlewood conjecture
(I7I4). In particular, taking hy = 0 and hy = 2, Corollary 2T.3] implies
that the number of twin primes is at most 8 times the expected amount. In
Exercise we will see an improvement of this result when k = 2.

Our final application of Selberg’s sieve is an explicit version of the Brun-
Titchmarsch inequality which shows that the number of primes < z in the
progression a (modg) is at most 2 + ¢ times the expected number when
logx/logq — oo. In Exercise 2221 we will see that improving this factor
to 2 — e would imply that there are no exceptional zeroes in Theorem 2.3
However, this cannot be done using only Axioms [[H3] and their variations,
as we discuss after the proof of Theorem 2T.4
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21. Selberg’s sieve 219

Theorem 21.4 (The Brun-Titchmarsch inequality, IT). Uniformly for q €
N, a € (Z/qZ)* and x >y > q, we have
(2+¢e)y

#le—y<p<zip=almede)) < opmm oy

with e = O(loglog(3y/q)/log(y/q))-

Proof. There are two ways to obtain the claimed upper bound, both in-
volving a trick to get the required uniformity in q. The more standard proof
is quite similar to the proof of Theorem R20.1], and it is outlined in Exer-
cise ZI.T1 We present here an alternative proof that uses the monotonicity
principle (see Exercise T9.7]).

Let A={z—y<n<z:n=a(modq)}and P = {p < 2z} with z to
be determined. As in the proof of Theorem 0.l the pair (A, P) satisfies
Axiom[with X = y/q, v(d) = 1(q,9)=1 and |r4| < 2. Hence, for any function
A supported on square-free integers < z, (21.2)) implies that

#{r—y<p<z:p=a(modq)} < S(AP)+=2
A(dy)A(d
O R R
(rdomy=1 G2

where [|A]|s is the supremum norm of A. The sum over dj,dy in the main
term can be written as

N
<=

)‘+(m)1(m,q):1
m m ’
where At (m) = 2(dy,ds)=m A(d1)A(d2) is an upper bound sieve. Hence,
Exercise [O.T(b) with 61(m) = 1(;5,,4)=1/m and d2(m) = 1/m implies that
Ald1)A(d) ( 1)‘1 Ald1)A(d)
0< Md)Mez) -1 Ald)A(d2)
Zi [d1, do] H D Z [dy, do]
(did2,q)=1 p<z,plg di,d2
q Z A(d1)A(d2)
h W(q) di.ds [dh d2]

We now choose the weights A to be the optimal weights with respect to
the function v(d) = 1 and the set of primes P = {p < z}, in which case

[Aloo <1 by 2L.8) and
Ald 1 (
dzd dl,dz 1/;

since ¢* = ¢ here. By Theorem [[43, we have Y, . p*(m)/¢o(m) = logz+
O(1). We thus conclude that y

#{r—y<p<z:p=a(modq)} < (7 (log = + O(1)) + 0(2?).

Taking z = (y/q)/?(log(2y/q)) =% completes the proof. O
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220 21. Selberg’s sieve

The parity problem of sieve methods

As we discussed above, improving the constant 2 in Theorem PT.4lwould have
the spectacular consequence of eliminating Landau-Siegel zeroes. However,
Selberg proved that this is not possible using sieve methods and the mere
assumption of Axioms[IH3and their variations. To do so, he constructed sets
A that satisfy Axioms [[H3] and for which the true size of S(.A,P) matches
the upper bound provided by Theorem

Indeed, let P = {p < /x},
AV = {n<z:QMm)isodd} and A® = {n < z:Qn)is even}.

Note that
G 1+ (—1)7+8m)
Adj - Z 9
n<e
dn

_ |x/d] n (—1)j+9(d) Z (—1)Q(m)

2 2 m<z/d
_* L —cy/log(z/d)
2d O(de )

for some absolute constant ¢ > 0, where the error is bounded using Exercise
B4(d) and a convolution trick (i.e., we write (—1) = p % f). Theorem [3.2]
can also be used if we settle for a weaker error term.

The above estimate implies that Axiom [Iis satisfied with X = /2 and
v(d) = 1. In addition, Axiom 2] holds with x = k = 1, whereas Axiom
holds with m = 3, A = 2 and D = x/e(loglog’”)3. We may thus apply
Theorem to conclude that

. 2
(21.10) 0 < S(AD, VZ) < (1 4+ o(1)) L

log vz

= (L4 o(1) o

as r — 00.
On the other hand, we can calculate S(AU), \/z) directly. We know that
any integer n > /x counted by it must be prime. Therefore
1 - ~
S(AD. V) = 7(@) + OWE) ~ oo
as x — oo from the Prime Number Theorem, whereas

S(AO) \/Z) = O(v/z) = 0(10;).

So we see that, up to an error of size o(z/log x), the upper bound in (2I.10)
is sharp when j7 = 1, and the lower bound is sharp when j = 0. In particular,
we cannot hope to improve upon (2I.I0) unless we impose an extra axiom
that eliminates the above examples.
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Because of the shape of Selberg’s extremal examples, the inability to
improve upon ([2ZL.10) under Axioms[IH3is called the parity problem of sieve
methods. The underlying reason that causes this obstruction is that the
sieve weights we have constructed under Axioms [[H3] do not correlate with
the Mo6bius function, so they cannot differentiate between integers with an
even and an odd number of prime factors.

In Chapter 23, we will present a method going back to Vinogradov that
allows us to “break the parity barrier” for certain sequences (a)5 ; using
bilinear form methods. The book of Harman [96] and the paper of Fried-
lander and Iwaniec [56] study such “parity-breaking sieves” in a much more
systematic way. Let us briefly mention that the axiom imposed on A in [56]
concerns (roughly) bilinear sums of the form }, K. 1<L aept(kl). Showing
that there is cancellation in such sums means that the sequence A does not
correlate with the Mébius function.

Remark 21.5. In light of the above discussion, Chen’s theorem [24.[25] that
there are infinitely many primes p such that p 4+ 2 is the product of at most
two primes is the best possible result we can hope for using sieve methods
and the mere assumption of Axioms [TH3l O

Exercises

Exercise 21.1. Let g€ Nand z > 1

(a) Note that q/¢(q) = 32y, #°(d)/¢(d) and p*(m)/p(m) =1, (1 +1/p+1/p*+
-+). Conclude that

S e S et

(P(q) m<z, (m,q)=1 (P( m<z

(b) Use the above inequalities to prove that

R Y 2
#Hr—y<p<z:p=a(modq)} < w(q)log([zj—&—l)—i_zz +z

for all x > y > 1, and deduce Theorem 21.4]

Exercise 21.2. Let h be an even integer, and let Ly, =, (logp)/p.
(a) Show that Lj < log(w(h)) 4+ O(1).
(b) Show that there are two absolute constants M7 and My such that

Mi(Lp + loglogx)\ 4eax H p—1
log x (log z)?

#{p<x:p+hprime} < <1+
plh, >2

when z > eM2ln where ¢y denotes the twin prime constant as usual. [Hint:
Use Exercise [[4.7]]
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Chapter 22

Sieving for zero-ifree
regions

Sieve methods provide an alternative way of establishing zero-free re-
gions for Dirichlet series that are of the same strength as Theorems and
The idea is as follows: assume that we want to obtain a zero-free
region for ¢ close to 1 + it, where |t| > 2. For any ¢ € (0,1), we have

1
C(a+z’t):§(1+it)—/ ¢(a +it)da

Now, let § € (0,1) be such that the quantity M := sup;_sc < [¢'(0 + it)]
satisfies the inequality 0 M < |((1 4 it)|/2. We then infer that 1/2 < |((o +
it)|/|C(1 +dt)| < 3/2 for ¢ € [1 — 6,1]. Hence, we have reduced proving
a zero-free region to an upper bound for ¢/(o + it) and a lower bound for
¢(1+it), so that we can determine the largest ¢ for which 6 M < |((1+it)|/2.

To bound ¢’, we argue as in Theorem [IT.2] but we need to be a bit more
careful because the Dirichlet series representation of € is not valid inside the
critical strip. We apply the Euler-Maclaurin summation formula to obtain
a generalization of (5.7): for each N € Z>; and for Re(s) > 1, we have

1 LN Ay
(22.1) g(s)_nzln— Z Z — S/N ys+1y

n>N

Now, both ((s) and the rightmost expression in (22.1) are well-defined for
Re(s) > 0. In addition, they share the same singularities in this region (a
simple pole of residue 1 at s = 1). Since they are equal for Re(s) > 1, they
must also be equal for Re(s) > 0 by the identity principle. Differentiating

222
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Sifted Dirichlet series 223

yields the formula

C,(S):_EN:logn Nl’s—l_leslogN_ *© {y}1 — slogy)

ns (1—35)? 1—s N ys+l

dy,

n=1

valid for all Re(s) > 0 and all N € Z>;. We take N = ||t|], put absolute
values everywhere and argue as in the proof of Lemma to find that
¢'(s) = O(log? |t|) for o > 1 —1/log |t| and |t| > 2.

On the other hand, we have | log (1+1t)| < loglog |t|+O(1) by Exercise
RAlc), whence |((1+it)| > 1/log |t|. This leads to a zero-free region of the
form o > 1 — O(1/log? |t|) which is weaker than the one in Theorem

To understand why we arrived at a weaker zero-free region, we must
reexamine the above argument. Notice that to bound (’(s) we estimated
trivially all the summands with n < |¢|. In fact, for the upper bound (’(s) =
O(log? |t|) to be achieved, we must have that n* ~ 1 for all n < |¢|. But then
p ~ 1 for all primes p < |t], so that [Tp<py 11— 1/pt*|=! ~ log|t|. This
suggests we should be able to replace the lower bound |¢(1+it)| > 1/log|t|
by the stronger estimate |((1 + ¢t)| > log|t|, which would then lead us to a
zero-free region of the same strength as the one in Theorem

Sifted Dirichlet series

To get around the above issue, we introduce a truncated version of . Instead
of truncating in an archimedean way and considering the sum ) . 1/n°,
we truncate it multiplicatively and work with

1 1\ !
Gl = Y E_H(l__s> .
P~ (n)>y P>y p

This “multiplicatively truncated” version of ¢ has the advantage of possess-
ing an Euler product representation. More generally, given a Dirichlet series

F(s) =22, f(n)/n®, we set

(22.2) Fys)= Y. / (’Z).

n
P=(n)>y

When F'(s) is a Dirichlet L-function, we have the following crucial estimate.

Theorem 22.1. Let x be a Dirichlet character modq, s = oc+it andy € R
such that y > max{10, ¢(|t| + 1)} and 0 > 1 —1/logy. If x is principal, we
further assume that |t| > 1/logy. For j € {0,1}, we have

(22.3) L) (s,x) < (logy)’.
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224 22. Sieving for zero-free regions

Before embarking on the proof of Theorem 2211 let us see how we can
use it to extract a zero-free region for L(s, ). Set

(22.4) qy,t = max{q([t| +1),10,exp(ly=y,/|t])}.

When y > g, ¢, we also have [t| > 1,—,,/logy. Thus, Theorem 221 implies
that L;(O’ +it,x) < logy for 0 > 1 —1/logy. As a consequence,

Ly(o+it,x) — Ly(1+it,x) = / Ly(a+it, x)da < |1 — o|logy.
1

We thus infer that there is an absolute constant ¢ > 0 such that
L i)
log y '

In particular, we see that the size of | L, (1+7it, x)| controls the quality of the
zero-free region we can obtain. Moreover, if the upper bound |L, (1+it, x)| <
O(1) from Theorem 22.I] is the true order of magnitude of |L,(1 + it, x)|,
then we recover the zero-free region for L(s, x) given in Theorem

We now prove Theorem 2211 After this task has been completed, we
will see how we can control the size of L,(s, x).

(22.5) |Ly(o +it, x)| < |Ly(1 +it,x)| for [o—1|<

Sifted character sums

The key to proving Theorem is the Fundamental Lemma of Sieve The-
ory, which allows us to estimate character sums running over y-rough num-
bers. Going from such an estimate to a bound for L,(s, x) is then accom-
plished by a routine partial summation argument.

Lemma 22.2. Fort € R and z > y > max{q(|t| + 1), 10}1%, we have

] xl—‘rit 1 xl—llO/logy
o =1 BT (1 ) o2,
Z x(n) X=X0 1+ztpl;ly P logy

n<e
P=(n)>y

Proof. Let AT be the sieve weights from Theorem 9.1 with D = /,
P={p<y}and k =1. Set § = AT — A~ and note that 6 x 1 > 0, as well
as that (AT x1)(n) — (0 1)(n) < 1p-(n)>y < (AT x 1)(n). Consequently,

(226) > «x =Y xmn O 1)) + O Yo (3 ().
n<x n<x n<e
P—(n)>y
For the error term, we have

SEm =Y 6 || =2 3 A+(””L);LA_(m)+O(\/5).

n<x m</z m<y/T
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Sifted character sums 225

Since log D/logy = 0.5log 2/ log y here, Theorem [I9.1] yields the estimate
(22.7) D (3% 1)(n) < 2! 1018Y [1ogy,
n<x
For the main term, we have

ZX T« 1)( Z M (d)x(d)d™ Z x(m)m™™.

n<x d</z m<z/d
We apply partial summation to remove the factor m =% from the inner sum.
Note that ), ., x(n) = Ly=y,wp(q)/q + O(q), by periodicity. Hence,

1—it

S xmpm = 1y 2D L O+ Dglog(2u)

m<w

uniformly for w > 1. In turn, this implies that
1—it +
B plq) = AT (d)xo(d

ZX ZtA+*1)()_1X:XO ()'1_“2 (L ()

(228) n<e q déﬁ
+ O(Vzq(|t| + 1) logz).

Since we have assumed that > y > max{q(|t| + 1), 10}'°°, we have

\/EQ(’ﬂ + 1) logz < 20-51 < $171.1/log(10) < xlfllo/logy.
In addition, note that

SOE]‘J) Z /\‘*‘(diZXO(d) _ (1 + O(x—llo/logy)) H (1 _ 1)

d<\/z Py p

by Theorem [I9.1] since y > ¢ here. Combining the above estimates with
[2Z6)) and (2Z7) completes the proof of the lemma. O

Proof of Theorem [22.1]. Let x and t satisfy the hypotheses of the the-
orem, and recall the definition of ¢, ;+ from (2Z4). First, we prove ([22.3)
when y > ;% and o € [1 — 100/ logy, 2]. From Lemma we know that

1—1t

(22.9) Z Lp—(m=yx(n)n ™" = - f_ i R(x) for all z > v,

nx

where a = 1y—y, [[,¢, (1 — 1/p) and R(z) = Ry1y(7) < g1=10/logy /160 ¢,
Hence, for all w € C with Re(w) > 1, partial summation implies that

* d R “R
Ly(w—i-it,x):l—i-a/y xwit—ﬂ—kw/ ﬂd

YW pwtl
a Y dx R(y) * R(z)
(22.10) —1+a:%t7‘aﬂzwﬁf"?7+wy ot 17
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226 22. Sieving for zero-free regions

In view of (22.9)), the right-hand side of (22.10) is meromorphic for Re(w) >
1 —110/logy. In addition, it has the same singularities as L, (w + it, x),
i.e., a simple pole at w = 1 — it of residue . Hence, (22.10) must hold for
Re(w) > 1 — 110/logy. Differentiating it j times and setting w = o, we

infer that
g Y (logz)’dz  R(y)(logy)’
—_1) W) T S (log _ hly)(logy
(1) Ly (s,x) =1j—0 + G a/l e .
> R(z)[o(log z)? — j(logz)’ ']
+/y oil dzx.

Since R(z) < x'~10/198Y/logy and o > 1 — 100/logy, the two terms
involving R on the right-hand side of the above identity are < (logy)’. If
X 7 Xo, this proves ([2Z3) because a = 0. Finally, if |t| > ¢1/logy, we note
that & < 1/logy and |s — 1| > [t| = ¢1/logy, as well as [/ (log z)/z~*dz <
(logy)?. Putting together these estimates completes the proof of ([22.3) in
this case as well.

Finally, we prove ([223)) when ¢,; < y < q}coto and 0 > 1 — 1/logy.

The case 0 > 2 is trivial by the absolute convergence of LU)(s, x). Assume
now that 1 — 1/logy < o < 2 and let z = y'% so that z > qloo and
o € [1 —100/log z,2] Thus, the results we proved above apply Wlth z in
place of y, that is to say, L,(s,x) < 1 and L’(s,x) < logz. In addition,
note that

(22.11)  |Ly(s,x)] = L=(s,0] [T 11— x(®)/p°1 " = |Lo(s,)] < 1,
y<psz

where the product over p was bounded by observing that 1 — 1/p < |1 —
x(p)/p°] < 1+ 1/p and then applying Mertens’ third estimate (Theorem
[B.4(c)). Similarly, we have

/ 1 _M - X logp
Ly(37X) _LZ(S7X) H 1 S X ZZ

pS
y<psz y<p<z,m>1
< |LL(s,x)| 4 |Ly(s, x)|log z < log y,

where we used Mertens’ second and third estimates to obtain the first in-
equality. This completes the proof of Theorem 22.11 O

Pretentious multiplicative functions

Relation ([22.5]) reduces the proof of a zero-free region for L(s,x) to under-
standing the size of L, (1 +it,x). We shall accomplish the latter task using
the theory of pretentious multiplicative functions. Our starting point is the
following lemma.
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Lemma 22.3. Let f be a completely multiplicative function with |f| < 1
and let F' denote its Dirichlet series. For y > 2 and o > 1, we have

log Fy (s Z 1+Zt O(1) with = max{y,e"/ (@D},

y<p<r

Proof. Note that Fyy(s) = [[,-,(1—f(p )/p*)~! by the complete multiplica-
tivity of f. Since |f| < 1, we infer that

(22.12) log Fy(s)=> > “;pms Z U

p>y m>1 p>y

Now, Chebyshev’s estimate and partial summation imply that

1
(22.13) Y =<l

p>el/(1—(r)

This proves the lemma when o > 1+ 1/logy (since z = y then). On the
other hand, if 0 < 1+ 1/logy, so that o = 1 + 1/logx, then (2212) and

[2213) imply that
log Fy(s) = Z A +0O(1).

1+1/log z+it
y<p<$l) /log x+i
Finally, observe that p'/'°6* =1 4+ O(log p/log z) for p < z, and recall that

Zp@(logp)/p < log z. This completes the proof of the lemma. O

For future reference, we record the following one-sided bound for the
averages of x(p)/p'*%, which is obtained as a direct corollary of Theorem

221l and Lemma 2231
Corollary 22.4. Let x be a Dirichlet character modq and t € R. Then

—it
S BT <o) foratiuz v > gy
p

U<pLY

Lemma 223 relates L, (1+it, x) to logarithmic averages of x(p )p‘ i and

demonstrates that for L (1 +it, x) to be small, the quantities x(p)p~* must

predominantly have negative real part. The most extreme case would be

when x(p)p~® ~ —1 for most p, in which case we can think of y(n)n~% as

“pretending to be” the Mo6bius function. To study more rigorously this type
of arguments, we introduce the distance function

2
D(f, g;u,v)? = 5 Z M7

u<p<v p
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228 22. Sieving for zero-free regions

which is a variant of the distance function used in the proofs of Theorems
and [[2.3] Note that if |f(p)| = |g(p)| = 1 for all p € (u,v], then

(2214) ]D(f,g; U,U)2 _ Z 1- Re(i(p)g(p))

Together with Lemma [22.3] this establishes the connection of L,(s,x) to
the distance function.

With the above notation, we have the following significant strengthening
of Corollary 22.4] that shows that there exists a parameter Y controlled by
the size of L, (1+it, x) such that the average behavior of x(p)p~* undergoes
a phase transition when p ~ Y: it is 0 on average when p > Y, whereas it
is —1 on average when p < Y.

Theorem 22.5. Let x be a Dirichlet character modgq, t € R and y > gy ;.
There exists some Y =Y (x,t) € |y, +o0| such that

(22.15) D(x(n), p(n)n';u,v) = O(1)  when [u,v] C [y,Y)
and
(22.16) > M =O0(1) when [u,v] C [Y,400).

In fact, we have logY/logy =< 1/|Ly(1 4+ it, x)].

Proof. We take Y = max{y, y!/ILv0+#1} " Since |L, (1 + it, x)| < 1 from
Theorem 22}, we have that logY/logy = 1/|L,(1 + it, x)|.

To deal with the potential issue of having L(1 + it,x) = OEI we let
Y. = yt/Ey(tetit)l for ¢ > 0. In addition, let f.(n) = x(n)n"* and call
F, -(s) the associated sifted Dirichlet series (that equals Ly (s + ¢ + it, x)).

First, we prove a generalization of ([22.10): we claim that

(22.17) > W =0(1) when [u,v] C[Yz,+00).

(Taking € = 0 in (22.I7) recovers (2210).) We may assume that Y; < oo;
otherwise, (22.I7)) is vacuous. For o > 1, Theorem 22.T] implies that

g
(2218)  Fy.(0) = F,.(1) + / F! (a)da = Fyo(1) + O((o — 1) logy).

1
Hence, if C' is a large enough constant (independently of any parameter), we
have that |Fy(0)| =< |Fy<(1)] when 0 < 0 —1 < |F,-(1)|/(Clogy). Since
|Fye(1)]/logy = 1/logYe, we infer that |Fyc(1+ 1/logu, x)| =< [Fye(1 +

IWe are assuming we have no knowledge about the zeroes of L(s, ).
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1/logw, )| for v > u > Y. Taking logarithms and applying Lemma 22.3]
twice, we arrive at the estimate

Z Re(fe(p)) _ Z Re(f&(p))+o(1)

y<p<u p p

This completes the proof of @ZIT) when [u,v] C [Y.,00). For the remain-
ing range, we simply note that >y _ yc1/p= O(1).

y<psv

Next, we prove (221I5]). Fix, for the moment, ¢ > 0. (We will even-
tually let ¢ — 07.) We then know that Y. < oo from the Euler product
representation of L(s, x). Now, for any = > Y., we have that

5 Re(fe(p)) _ >y Re(£:(2) | o1 :log’Fy’e(l—l— IL)’ +0(1),

ogx
y<p<Ye p y<p<z p &

where the first equality follows by ([22.17) and the second one from Lemma
223l Letting © — oo, we deduce that

Re(f-(p 1
> Re(fe(p) _ log |[Fye(D)] +0(1) == > —+0(1),
y<p<Ye y<p<Ye p
where the second equality follows from the definition of Y. and Mertens’
second estimate (Theorem B.4(b)). We conclude that

3 1+ Re(f:(p))

(22.19) .

<O(1).

y<p<Ye
Now fix [u,v] C [y,Y). If € is small enough, then [u,v] C [y,Y:). In
addition, all summands in ([22.19) are non-negative, because 1 + Re(z) > 0
when |z| < 1. In conclusion,

0§ Z MéO(l)

u<pLv p

for all € that are sufficiently small. Letting ¢ — 07 completes the proof of
[@22.15) and hence of the theorem. O

We now combine the above result with the ideas used in the proof of
Theorem [12.3l Note that the result we obtain below can be combined with
[@2.3)) to yield a result that is almost as strong as Theorem 2.3

Theorem 22.6. Consider a Dirichlet character x mod q, and real numbers
t and y > max{q(|t| + 2), 10}.
(a) (i) If either x is not real or |t| > 1/logy, then |L,(1+it, x)| < 1.

(ii) If x is real and non-principal and |t| < 1/logy, then

| Ly (1 4t x)| = max{Ly(L, x), [t| log y}.
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230 22. Sieving for zero-free regions

(b) Assume that x is real and non-principal, and let x' (mod ¢’) be another
real, non-principal character that is not induced by the same primitive
character as x. If Ly(1,x) > Ly(1,x') for some y > max{q,q'}, then
L?J(L X) =1

Proof. (a-i) Our assumptions on y, y and ¢ imply that y > ¢, and y > q,2.
Now, let Y be as in Theorem[22.5 Since we already know that |L,(1, x)| < 1
from Theorem 22.1] it suffices to prove that |L, (1, x)| > 1 or, equivalently,
that logY < logy. Theorem implies that D(x(n), u(n)n®;y,Y) < 1.
Applying Minkowski’s inequality as in the proof of Theorem (or simply
noticing that |2? — w?| < 2|z + w| when |z|, |w| < 1), we have

D(x*(n),n**;y,Y) < 2D(x(n), u(n)n";y,Y) < 1.
On the other hand, Corollary 22.4] and relation (22.14) imply that
D(x?(n),n*";y,Y)? > log(log Y/ logy) — O(1).
Comparing the above estimates, we find that logY < logy, as needed.
(a-ii) Let z = e™/Yl so that z > y > max{q(|t|+2),10} and |t| > 1/ log 2.

Hence, |L,(1+1it, x)| < 1 by part (a-i) applied with z in place of y. Together
with Theorem 22.5] this implies that

3 M_ou) (z > z).

2<p<LT
We combine the above estimate with Lemma to find that
log Ly (1 +it, x) = le log Ly(1+1/logx +it, x)
22.20

pl-‘rzt

y<p<z

We have [p~# — 1| = |fg(logp)pi“du| < |t| log p. Hence,

log Ly(1+it,x) = Y @+0(1).

y<psz
Let Y be as in Theorem with ¢ = 0. Then
1
oen,+it= Y Xiom-- ¥ lion
y<p<min{Y,z} y<p<min{Y,z}

where we first applied ([22.16]), followed by an application of ([22.I5]) (both
with ¢ = 0). Since logY = (logy)/Ly(1,x) > logy, Mertens’s second
estimate completes the proof of part (a-ii).

(b) Let Y = max{y,y"/Lv(X} and Y/ = max{y,y"/Ev0X) | as in
the proof of Theorem Since Ly(1,x) = Ly(1,x'), we must have that
Y <Y’. Hence, Theorem 220 implies that D(¢, u;y,Y) < 1for ¢ € {x, x'}
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Using Minkowski’s inequality, we infer that D(x, x’;y,Y) < 1. On the other
hand, Corollary 224 and relation (22.14) yield that

D(x, x';y,Y)?* > log(log Y/ logy) — O(1),

where we used that )’ is a non-principal mod [q, ¢'] < %2, which follows by
our assumption that y and x’ are induced by different primitive characters.
Hence, log Y <« logy, which completes the proof of the theorem. O

Exercises

Exercise 22.1. Let f and F be as in LemmaP23] Fixt € R and y > 2, and assume
that the function o — F(o+it) is continuously differentiable for ¢ > 1—1/logy, as

well as that Fy(j)(a—l—it, )| < (logy)? uniformly for j € {0,1} and o > 1—1/logy.
Let Y = y1/ min{LIE, (i)}

(a) Prove that

D(f(n), u(n)n';u,v) = O(1) when  [u,v]
{Zu<p<v Re(f(p)p~")/p=0(1) when [u,v]

(b) Prove that there is an absolute constant ¢ > 0 such that
logy/logY ifl—c/logY <o<1+1/log?,

|Ly(c+it,x)| < (0 —1)logy if1+1/logY <o <1+ 1/logy,
1 ifo>1+1/logy.

[y, Y),

c
C Y, +o0).

Exercise 22.2* Assume there are constants € > 0, L > 2 and ¢gg such that
(2—¢e)x
¢(q)logz
Show that there is some ¢ = ¢(qo, L,€) > 0 such that, for all moduli ¢ > 1, the
function [, (noa4) L(8, X) has no zeroes with o > 1—c/log(q(|t|+2)) (i.e., there are

no Landau-Siegel zeroes). [Hint: Given a real, non-principal character x (modq),
prove a lower bound for the sum >_ . _ . (1+ x(p))/p.]

m(7;q,a) < (z > q", q> q).

Exercise 22.3* Let x be a real, non-principal Dirichlet character mod ¢q. Theorem
proves that if L,(1,x) > 1, then L(s, x) does not have a Landau-Siegel zero.
This exercise shows that the converse is also true. Moreover, it establishes a precise
connection between the location of a potential Landau-Siegel zero and the size of

Lq(L X)
Throughout, ¢; = max{gq, 10
o <land V(y) =[], (1 —1/p).
(a) Let fo(z) = (2'77 = 1)/(1 — o) = [ w ™ dw. Show that there is a constant
Yoy = O(logy) such that
1 — u
Yo = (fo(@) +70y) V(y) + O 1),

nO’

PO 2>y >q , u=logz/logy, 1 —1/logy <

n<e
P~ (n)>y
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232 22. Sieving for zero-free regions

(b) For A’ > A >y and = > y, show that

y xOk@e_ s X de 2t log(ed)
ac A a® WO 4100/ logy

A<a<A’ A<a<min{A’,z/w}

P~ (a)>y P~ (a)>y

Conclude that

S 0L 0 (1 o) Bl 0 V) + 01,

ne l1—0 1

n<x
P~ (n)>y

[Hint: Recall Lemma 22.7]

(c) Show that there is an absolute constant ¢ > 0 such that if L,(c,x) > 0 for
some o € [1 —¢/logy,1), then L,(1,x) > (1 —o)logy. [Hint: Examine the
sign of (1/(0 — 1) — Yo.y) Ly (0, X) ]

(d) Show that if L(o,x) # 0 for o € [1 — ¢/log q1,1], then L, (1, x) > 1.

(e) If there is 8 € [1 — ¢/log q1,1] such that L(8,x) = 0, then show that 1 — § =<
L,(1,x)/logq. [Hint: To prove the upper bound on 1 — 3, use part (c¢). To
prove the lower bound, use the Fundamental Theorem of Calculus.]
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Chapter 23

Vinogradov’s method

The parity barrier of sieve methods prevents us from getting tight bounds
on Zp@ ap under the mere assumption of Axioms [IH3] for the sequence
A = (a,)22. In 1934, I. M. Vinogradow! developed a new method for

n=1"
estimating Y __a, when A satisfies certain additional hypotheses.

p<T
To simplify the exposition of Vinogradov’s idea, let us assume that |a,| <
1 for all n. We then have

Zap: Z an + O(Va).

p<T n<x
P~ (n)>Vz
Applying a variant of Buchstab’s identity (I9.1]) to the right-hand side yields
that
(23.1) dap= > an— > > ant+0Wa),
p<z n<z e<p<Tr N
P~ (n)>x® P~ (n)=p

where € > 0 is at our disposal. If we assume that the sequence A satisfies
a suitable version of Axioms [[H3] the first sum on the right-hand side of
([231) can be estimated accurately using the Fundamental Lemma of Sieve
Theory (Theorem [I&TT]) for small enough values of €. Thus, it remains to
handle the double sum over p and n.

Writing n = pm, we find that

B= Y Y as XY

reE<p<r n<x € <p<zx
P~ (n)=p mp<z, P~ (m)=p

INot to be confused with A. I. Vinogradov from the Bombieri-Vinogradov theorem.

234
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23. Vinogradov’s method 235

The right-hand side closely resembles a bilinear sum

K L
(23.2) Z Z AkeTrYe

k=1 (=1

for appropriate coefficients x; and y,. There is a small technicality: the
variables p and m are weakly tangled via the relations pm < x and P~ (m) >
p. We can easily decouple them though: we (roughly) have

(23.3) B~ Y By with Bij= > Y
2= <2i<x!/? 27 t<pg2l
m<x /27, P~ (m)>27
so that B is a sum of O(logz) bilinear sums (B; is of the form ([23.2]) with
K=x/2 L=2, 1 =1p ()52 and yr = Ly is primelre(2i-1,2))-

Vinogradov’s groundbreaking idea is that, for certain special sequences
A, we can obtain strong estimates for the bilinear sum (23.2]) no matter
what the coefficients zp and gy, are, as long as they are of controlled size
(e.g. if |xg|, |ye| < 1 for all k,¢) and as long as both K and L are large, so
that we have genuine bilinearityﬁ We may thus forget the precise definition
of zj and y,. If this alleged bilinear estimate (which we can think of as
“Axiom 4” of sieve theory) is available in a large enough region of K and
L so that both terms on the right-hand side of (23.1]) can be handled (the
first one by Axioms [IH3] and the second one by Axiom 4), we can break the
parity barrier and extract primes from the sequence (a,)52 .

We will explain Vinogradov’s method more rigorously in the subsequent
sections. But first let us note that Axiom [3] of sieve methods can also be
thought of as an estimate for a bilinear sum of the form (23.2), but with
ye = 1 for all ¢. Indeed, if (a,)72, C [1, L] and we assume Axiom [I], then

K L K K v (k) K
YD) IR JEPIEED DS SIN
where Ay, is defined by (I82). If we assume that |z;| < 1 and that Axiom
holds with level of distribution D > K, then we can obtain a strong estimate
for Zk< x TkTk- Conversely, if we can estimate this sum for any choice of
T, we can also estimate it when xj, is the sign of rp, which brings us right
back to Axiom [l

In conclusion, we may think of Axiom [3] as a bilinear estimate with
the coefficients y, being smooth functions of ¢. This point of view will be
important in the next section.

2If, for instance, K = 1, then the expression in ([23.2) becomes a sum over a single variable.
We want to avoid such degenerate situations.
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236 23. Vinogradov’s method

Two types of functions

Various technicalities in Vinogradov’s method are simplified if instead of
the sum > _ a, we work with > _ an,A(n). Indeed, the combinatorial
identity A = p * log readily implies that

(23.4) Z anA(n) = Z aep(k) log .

n<x kl<x

We thus see right away that ) a,A(n) has some sort of bilinear structure.
To bring the right-hand side of (23.4)) into the form (23.2]), we localize k into
a dyadic interval (2/71,27], so that £ < x/2/~!. As we briefly mentioned
before, the method of bilinear sums is efficient only when both k and ¢ are
“long variables”, that is to say, when 2/ and x/2/ are both large (say when
D < 2/ < /D). On the other hand, when 2/ < D, we can take advantage
of the fact that the long variable ¢ is weighted with the smooth function
log. Hence, this part of the sum can be handled too, provided that we have
at our disposal an appropriate version of Axiom [B as per the discussion
in the end of the previous section. It remains to handle the summands
with /D < 27 < z. If we can rewrite this part of the sum as a linear
combination of sums that fit into one of the two above categories (i.e., a
combination of some bilinear sums, and of some other ones with at least one
smooth variable), we will have completed the estimation of ) __an,A(n).

This brings us to the heart of Vinogradov’s method: given x > 1, we
seek an identity of the form

(23.5) A(n) = Z (fj * gj)(n) + R(n) for n < z,

1<j<J

n<x

where the function R is a negligible “remainder term” in the sense that
> n<z |anR(n)|is small compared to ) - . |an|, and for each j the summands
fj * g; fall into one of the following two categories:

I) supp(f;) € [1,y;] for some y; that is small compared to z and g; €
C>®(R>1). We then call f; * g; a quasi-smooth or type I function and
refer to the sum

Zan f]*gj ij Z akégj(g)

n<x k<y; (<x/k
as a quasi-smooth, quasi-linear or type I sum.

IT) supp(f;) € [1,¥;] and supp(g;) C [1, 2;], where D; < yj;,2; < x/D; for
some large D;. We then call f; x g; a type II function and its average

Doanlfixg)n) = D> anfik)g(0)

n<z k<y;, l<zj, ki<z

a bilinear or type II sum.
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Decomposing von Mangoldt’s function

Vaughan’s identity. One of the simplest and most useful ways to arrive
at an identity of the form (23.5) was discovered by Vaughan. Given an
arithmetic function f and a parameter V', we write

(23.6) fev(n) :=lncy - f(n)  and  fov(n) = lusv - f(n).
With the above notation, the identity A = p * log can be written as
(23.7) A = pcy xlog + p~y xlog.

The first term on the right-hand side of ([23.7) is of type I. But the second
term is neither of type I nor of type II. To proceed, we replace sy by p<y
using Mobius inversion: we have

(23.8) psv*1=0 — pcy 1,

where we recall the notation d(n) = 1,-; from Chapter Bl As preparation
for inserting (23.8)) into ([23.7)), we write the latter formula as

A =pucy xlog + psy * 1% A.

Because A has unrestricted support, we first split it as A = A<y + Ay,
where U is some parameter, and then apply (23.8) only to the part of A
supported on [1, U]. We conclude that

A=pcy*log + pusyx1xAsy + (0 — pcy *1) x Acy.
We have thus proven Vaughan’s identity:
Lemma 23.1. For any U,V > 1, we have
(23.9) A=pcv*log = (Acv*pcv) *1 + (Asu*1)xpsy + Aco.

The function A< is supported on small integers and hence contributes
a negligible amount to averages of A. The function u<y * log is a quasi-
smooth convolution: the first factor is a bounded function supported on
integers < V. Similarly, the function (A<y * <y ) * 1 is also a quasi-smooth
convolution, with the factor A<y * u<y being supported on [1,UV] and
satisfying the pointwise bound |A<y * u<y| < A x 1 = log. We denote the
total contribution to A of these two type I functions by

(23.10) A= pey s log — (Acy * pey) * 1.
Finally, the function
(23.11) A = (Asy 1) % psy

is of type II: its first factor is supported on integers > U and its second one
on integers > V.

A very useful feature of A” is that one of its factors is the Mébius function
that is completely aperiodic (see Corollary [[3.4] and Exercise 23.4]). As a
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result, A” typically contributes to the error term in the estimation of the sum
> n<z @nA(n), so that the main term comes from Af. We thus think of A* as
the “structured” part of A. It resembles a sieve-type weight and we need a
suitable version of Axiom [3]to estimate its averages. On the other hand, we
think of A’ as an “unstructured/random” error term, and we usually treat
it using bilinear methods.

Remark 23.2. By definition, we have

A(n) =3 (Asy * 1) (k)u(b),
k>kl§,:£v
When n < z, we have U < k = n/l < z/V. However, we often need better
control of the support of the variables k and £. To achieve this goal, we cover
the interval (U, x/V] by dyadic intervals (2771, 27], where 2/ € (U, 2z/V]. If
k € (2771,27], we also have that ¢ = n/k < x/2/~!. This leads us to the
more accurate decomposition

(23.12) Nm)y= > (fj*xg)n) for n<a,
U<29<2z/V
where f;(k) = (Asy * 1)(k)12171<k<2j and g;(£) = M(f)lv<é<z/2jfl- U

Presieving A. In many occasions, it is advantageous to use a variant of
Vaughan’s identity whose summands enjoy slightly different properties. A
simple way of obtaining such a variant is by presieving A. Indeed, since
primes do not have small prime factors, we write

A(n) = A(n) - 1p-(n)sy + A1) - 1p—(1)<y-

We expect A(n) - 1 P—(n)<y t0 be small on average because it is supported
on prime powers p" with p < y. Next, we decompose the function A(n) -
Lp-(n)>y by first replacing A by p * log. This yields the identity

(23.13) A)Lp-(ysy = D> p(k)log.
P*k(gszq)gy

The fact that log(1) = 0 means that the above sum is supported on integers
¢ > 1. Since we also know that P~(¢) > y, we must have ¢ > y. We thus
see that we automatically have a long ¢ variable weighted with the smooth
function log times the indicator function of integers free of prime factors < y.
Even though the latter is not a smooth function, it is quasi-smooth when y is
small enough. The reason is that Theorem [19.1] allows us to approximate the
function n — 1p-(,)>y = 1(n,p(y))=1 by convolutions AT % 1, where AT take
values in [—1, 1] and have small support. Hence, for all practical purposes,
we may think of the function £ — 1p- (), log ¢ as a quasi-smooth function.

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



Decomposing von Mangoldt’s function 239

Motivated by the above discussion, we split the right-hand side of (2313))
according to the size of k, which leads us to the following decomposition:

(23.14) A=A+ Mo + Reioves
where
(23.15) Agieve(n) = Z Z w(k)logt,
kt=n, k<D
P~ (kt)>y

(2316) AZieve(n) = Z Z M(k) logz
kt=n, k>D, >y
P~ (kt)>y

and Rgieve(n) = 1p7(n)<yA(n). Note that Agieve is essentially of type I, A

is of type II and Rgieve is of negligible size on average, since

(23.17) Z Rsieve(n) = Z Z logp < Zlogm < ylogzx.

n<x Py, p<T Py

b

sieve

A choice of y and D that works for many applications is
(23.18) y =exp{(logz)”"} and D = exp{(logz)?},
where 0 < 61 < 05 < 1 can be chosen freely.

The main advantage of ([23.14]) compared to Vaughan’s identity is that
the functions Agieve and Azieve are presieved with all primes < y. This rather
technical feature of (23.14]) plays a key role in the proof of Linnik’s theorem
in Chapter We will also see in Exercise how it leads to a better

version of the Bombieri-Vinogradov theorem.

A secondary advantage of ([23.14)) versus Vaughan’s identity is that its
“main term” Agieve consists of a single type I function. This fact makes

various calculations easier and will come into play in Chapter

On the other hand, Vaughan’s identity offers much more freedom in the
choice of the parameters U and V. Therefore, we have more control over the
support of the functions appearing in the type I and type II sums, which is
very important in certain applications. In contrast, the parameters y and D
in ([23.14) must be chosen carefully so that we have enough room to apply
the Fundamental Lemma of Sieve Theory. In particular, y must be z°(1).

Remark 23.3. It is possible to create a new combinatorial decomposition
of A that combines the best attributes of Vaughan’s identity and of (23.14)).
This is done by presieving Vaughan’s identity, that is to say, by multiplying
all summands of ([23.9) with the function n — 1p-(;)5,- O

There are a lot more combinatorial decompositions of von Mangoldt’s
function than the ones we discussed above. A formula of particular im-
portance is Heath-Brown’s identity, given in Exercise 23.5] below. It is not
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exactly of the form (23.5]). Hence working with it is a bit more complicated,
the task being understanding how to rearrange its terms and bring it to the
form ([233). However, Heath-Brown’s identity has the important feature
that all of the long functions appearing in it are smooth.

A further analysis of the subject of combinatorial decompositions of A
can be found in [IT14, Chapter 13] or [59, Chapter 17]. Finally, a more sieve-
theoretic approach to Vinogradov’s method that is more in line with the
discussion in the introduction of this chapter is presented in Harman’s book
on prime-detecting sieves [90].

The additive Fourier transform of the primes

To exemplify Vinogradov’s method, we employ it to study a concrete and
rather important example: the exponential sum

Z e(ap).

P
This sum is intimately related with the additive properties of primes and we
will use it in the next chapter to study ternary arithmetic progressions in
the primes. To get an idea of its size, we begin by studying it assuming the
Generalized Riemann Hypothesis. This will serve as a guide for what kind
of bounds to look for when we estimate it later via Vinogradov’s method.

First, let us consider the special case when « is a rational number, say
a = a/q with (a,q) = 1. Then

> e(ap/a)= > e(ab/g)m(ziqg,b)+ > elap/q)

p<z be(Z/qZ)* p<=,plq
(23.19) 1)
- @ Z e(ab/q) + O(vzqlog(qz))
Y e (2742

by Exercise [1.2] and partial summation. Making the change of variables
n = ab (mod q), we see that the sum over b is the Gauss sum of the principal
character mod ¢, which equals p(q) (see Exercises [0l and [[0.5]). Therefore

—M-ix xqlog(qx
> e(pa/q) = g @)+ O(rglog(qa)).

To estimate Zpgx e(pa) for irrational «, we find a good rational approx-
imation to it using the following classical result.

psz

Lemma 23.4 (Dirichlet’s approximation theorem). Let o € R and Q > 1.
There is a reduced fraction a/q with ¢ < Q and

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



Type I exponential sums 241

Proof. Consider the @]+ 1 numbers ag with 0 < ¢ < Q. We reduce them
mod 1 to place them in the interval [0,1). By the pigeonhole principle, there
must exist 0 < g1 < g2 < @ such that ||agz—aqi|| < 1/(|Q]+1) < 1/Q. We
then take ¢’ = g2 —¢1 and @’ to be the unique integer in [ag' —1/2, ag'+1/2),
sothat 1 < ¢ < Q and |ag' —d'| = |laqd'|| < 1/Q. Letting a/q be the fraction
a’/q’ in reduced form completes the proof. O

Fix @Q and a/q as in Lemma 234l If we write a = 8 + a/q, then

> elap) = /I e(By)d ) _ e(ap/q)

2

(2320)  P<° v ol
_ % /2 %dy+0((l+|5|x)\/§qbg(q$))

by partial summation. Since || < 1/(¢Q), taking Q = v/z(log z)? yields

_nla) 7 e(By) I
(23.21) Ze(poz)— gp(q)/g logydy+0<(log:z:)2+\/_ql g )

In particular, we see that if « is close to a rational number of denominator
q € [(logx)?,+/z/(logz)?], then there is significant cancellation among the
numbers e(ap) with p < z, which makes }°  e(ap) smaller than 7(z).

pPsT

The above calculation is a manifestation of an important principle stem-
ming from the Hardy-Littlewood circle method that we will study in detail
in Chapter the Fourier transform

(23.22) Z cne(na)
n<x

of various interesting arithmetic sequences (¢, )n< is big when « lies close to
a rational number of small denominator, and it is small otherwise. The rough
heuristic to explain this dichotomy is that when « is far from any fraction of
small denominator, the sequence (e(nw)), <, lacks any meaningful arithmetic
structure, so that it cannot correlate with any “reasonably regular” sequence
(Cn)ngx-

A central problem in analytic number theory is to establish strong esti-
mates for the exponential sum ) cne(na): an asymptotic formula when
« is close to a fraction of small denominator, and a non-trivial upper bound
otherwise. In particular, we would like to do so when ¢, is the indicator func-
tion of the primes without appealing to the unproven Generalized Riemann
Hypothesis.

Type I exponential sums

In view of the decomposition of A into type I and type II functions, the esti-
mation of )} . e(ap) boils down to the estimation of . (f*g)(n)e(an),

PST
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when f % g is a function of type I or II. We begin by studying the first
category of functions.

Let us begin by handling the simplest non-trivial type I function: the
constant function 1. Arguing as in (I0.12)), we have

e(a) -

(23.23) > elan)| =

n<x

1—e(alz]) 1
- (o) ’ S 2]’

where we recall that ||«|| denotes the distance of « from the nearest integer.
We thus immediately see that, as long as ||a|| = o(1/x), thesum ) __e(an)
is small compared to the trivial bound

(23.24) ‘ Ze(an)‘ <Yi<uw

n<x n<e

n<x

Using partial summation, we may easily pass from (23.23)) and ([23.24)
to an estimate for the Fourier transform of the function log”, where v is any
fixed positive real number. Indeed, we have

> (logn)ve(na) = /1 f (logt)’d» " e(na)

n<e n<t

(23.25) < (logz)" - min{z, ||~}

uniformly for > 1 and v > 0. Similar estimates are true if we replace log”
by a more general smooth function but we will not need them.

The above observations and the simplest version of Dirichlet’s hyperbola
method allow us to establish non-trivial estimates for general exponential
sums of type I when « is close to a fraction a/q of large denominator (say,
with ¢ > (logz)? for some large A). The notation || f||s in the statement of
Theorem below stands for the supremum norm of f. Finally, its proof
features an important concept in the study of exponential sums: we say that
a set of real numbers {aq,...,a;,} is d-spaced mod 1 if

(23.26) lo; — aj|| =0 whenever i # j.

Theorem 23.5. Let f: N — C be supported on [1,y], v =0,z >2, a € R
and a/q be a reduced fraction with |o — a/q| < 1/¢*. Then

(23.27) Z(f x log”)(n)e(na) < (y + g + q) (log :C)”+1||f||00.

n<e

Proof. If ¢ = 1, ¢ > x or y > x, we simply note that |(f * log”)(n)| <
| fllooT(n)(logn)” and use Theorem B3l Assume now that 2 < ¢ < = and
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y < x. Opening the convolution and applying ([23.25]) yields

> (f *log) => f(k) Y (log)’e(l - ka)

n<e k<y <z /k

(23.28) < (log )" flloe Y min {x/k, 1/||kal|}.

k<y
We cover the last sum by subsums of length ¢ := |¢/2] defined by

S 1= Z min {z/k,1/|ka| }.

mg<k<(m+1)q

Since (a,q) = 1, the numbers ka/q with mg < k < (m + 1)q are all distinct
mod 1. Hence, ||k1a/q — kea/q|| = 1/q whenever mq < k1 < ko < (m + 1)q.
On the other hand, if we write a« = a/q + 5, then |k15 — kof| < q|5| <
(q/2)/¢* = 1/(2q). As a consequence, we find that the numbers ka with
mq < k < (m + 1) are (2¢)"!-spaced mod 1. We index them as ar, ..., q;

in a way that [|a| < --- < |lag||. For each integer j € [1, 4], the interval
(—74;(]1, %) can contain at most j—1 of the reductions mod 1 of the numbers
ai, ..., og. Hence, we must have that ||o;|| > (j—1)/(4¢) for j =1, ..., q.

When m > 1, the above discussion and the fact that z/k < x/(mq)
whenever k£ > mgq yield the inequality
(23.29) S < - 4 > i<<—+qlogq

mq — J—1

2<5<q/2

However, when m = 0, we cannot use the above argument as it currently
stands because we do not have a good bound for the summand of Sy corre-
sponding to the integer k with ko = a;. Note though that if 1 < k < ¢/2,
then |8 < (¢/2)/4* = 1/(2q) and |ka/q|| > 1/q. Therefore, lka| > 1/(2q)
for all k € ZN[1,q/2]. In particular, ||aq] > 1/(2¢) when m = 0, and thus

4
(23.30) So < 2 + Z fql < gloggq.
2<j<q/2

Combining (23.:29) with (23.30), and noticing that there are < y/¢ < y/q
integers m € [1,y/q] allows us to estimate the expression in (23.28) and
complete the proof of the theorem. O

Type Il exponential sums

Let us now consider the exponential sum »_ . (f * g)(n)e(an) for a type
IT function f * g. For concreteness, we assume momentarily that supp(f) C
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[1,y] and supp(g) C [1, 2] with y = 2% and z = 2'~? for some 6 € (0,1). We
then find that

(23.31) > (Fxg)( =33 f(k)g(b)e(ake).

n<T k<y,l<z
ki<x

The advantage of this formula is that it transforms the Fourier transform of

f * g into a double sum that we can interpret as an average of many sums.
For instance, we may arrange the summation as

(23.32) > (9 => f(k > gl0e(ake).

n<x k<y £<min{z,x/k}

In practice, we do not know much about the function g, so that for a given
k we cannot hope to do much better than the trivial upper bound

(23.33) S geakt) < S g

{<min{z,z/k} ¢<min{z,z/k}

(Consider for instance the case when ¢g(¢) = e(—af) and k = 1.) However, it
turns out that (23.33]) can be improved for most k, something that we can
take advantage of since we are averaging over many values of k.

We begin by noticing that the sum in the left-hand side of ([23.33]) can
be interpreted as the Hermitian inner product over C of the vectors

g=(9(0)}, and T = (lp<y - e(—kta))f_y,

where d = |z]. The key observation is that if & ~ a/q with large ¢, then
the vectors ¥ are approximately orthogonal to each other, so that the fixed
vector g cannot correlate strongly with many of them. Consequently, we
expect that the trivial bound (23.33]) can be improved significantly for most
values of k.

To see the claim that the vectors ¥, are mutually quasi-orthogonal, note
that relation (23.23]) implies the estimate

L R 1
(23.34)  (Uky, Ury) = Z e(—kila)e(—kola) €« ————.
{<min{z,z/k ||(k2 N kl)a”
< 5 1 7x/k2}
Generalizing the argument used to prove Theorem 23.5] we will show that
if v is far from fractions of small denominator, the quantity ||(ke — k1)« is
away from 0 for most pairs (ki, k2) with ki # ko, so that (T, , U,) is small.
The above ideas will be vastly generalized in Chapter 25, where we study
bounds for general bilinear sums Z%Zl Zﬁf:l . TmYn- We will prove there
that there is some A that depends at most on the coefficients a,, , such that

M N M 1/2 , N 1/2

m=1n=1 m=1 n=1
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For now, we use this circle of ideas to derive a strong bound for the Fourier
transform of type II functions. The notation || f||2 in the statement of The-
orem 23.6] stands for the (*-norm of f, that is to say, [|f[3 = >_,51 [f(n)]*.

Theorem 23.6. Let f,g : N — C be two arithmetic functions such that
supp(f) C [1,y] and supp(g) C [1,2]. In addition, consider « € R and a
reduced fraction a/q such that |a —a/q| < 1/¢*. For all x > 1, we have

S < g)wetan) < (a+y-+ =+ L) g - |l

n<e

In particular, if yz < 2z and | f|,|g] < 1, so that || f|l2 < /¥ and ||gl2 < V/Z,
then

nz;(f*g)(n)e(n) <7+7 ﬁJr\/x_q) o83,

Proof. Let S be the sum we want to bound, which we arrange in the “dual”f

form to ([23.32)
S=>"gt) Y. fk)e(kta).

1<z k<y, kl<z

We use the Cauchy-Schwarz inequality to remove the unknown function g:

2
SE< 9B S Fk)e(kta)

<z ' k<y,kl<z

As a result, the variable £ is now weighted with the smooth function 1.
Opening the square via the identity |z|> = 2% yields that

1S2 < Ngl3 DD 0> F(ka) f(ka)e((ky — ka)le)

<z, k1,ke<y

k14, kol<x
(23.35) = gllBD> > flki)f(k2) > e(l- (ki — k2)av).
k1, ka<y {<min{z,z/k1,x/k2}

We bound the innermost sum of ([23.35]) using ([23.34) to find that
1
SI> < |lgll3 k1) f(k2)| - min < z, ————— ¢.

k1, ke<y

To remove one of the unknown factors f(k;), we use the inequality |zw| <
(|22 + |w|?)/2. This implies that

1512 < llgl3 Y ZZIf(kﬂme{z’m}'

je{1,2} k1, ka<y

3This terminology will be explained in Chapter
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The theorem will then follow if we can prove the following estimate:
(23.36) me{ P II} (q+y+z+ 22) 10g(20),

uniformly for all n € R. This will be demonstrated by adapting the argument
of the proof of Theorem

If ¢ = 1, 2330) follows by majorizing all summands by z. Let us
consider now the more interesting case when g > 2. We let ¢ = [¢/2] and
break the interval [1,y| into subintervals of length ¢ to find that

ly/al (m+1)q

(23.37) Zmln{ Ik‘onrnH} Z Z mm{ k:ozl%—nH}

Fix m € Z>¢. Arguing as in the proof of Theorem 23.5] we find that the
numbers ka + 1 are (2¢q)-spaced mod 1 when mg < k < (m +1)G. Hence,
a straightforward adaptation of the proof of ([23.29) implies that

min{ }\z—i- —<<z+qlogq
2 lka + ]l +77H 2

mg<k<(m+1)g 2<J<q/2
Inserting this bound into ([2337) completes the proof of ([23.36]), and hence
of the theorem. O

Remark 23.7. Remarkably, the estimate for > (f*g)e(an) supplied by
Theorem [23.6] is essentially sharp. For simplicity, we consider only the case
when y > z, since the other one is symmetric.

Indeed, let © > yz > x/2 and choose f(k) to be the complex conjugate
of > s, g(£)e(akl). We then have

S * g)elam) = 3 | S a(0etakt)| = 11513
n<x k<<y [{(<z

If we now let {g(¢)}s<. be a sequence of independent random variables with
P(g(¢) =1) =P(g(¢) = —1) = 1/2, we find that

[;y\%g km(] ;y;lw

In particular, there must exist a choice of g(¢) such that »_ . (f*g)e(an) =
|13 > . Since ||g||3 = | 2], we infer that

> (Fxg)e(an) = I3 > V| flla = 5 - lIfll2llg]2-

n<x

By swapping the roles of f and g, we can also find choices of them such that

| 2onca(f x g)e(an)] >z - || fi2llgll2-
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Finally, let us consider the case when a = a/q, f(k) = e(—ak/q) for
k <y, and g(¢) = 1y=1 (modq) for £ < z. We then have

S (Frglelan) = D D 1=y (z/g+1) = Vyz/a+y- [ fl2lgl2

n<x k<y,l<z
£=1 (mod q)
To conclude, a general estimate for . (f*g)e(an) can never be better

than max{y, z, yz/q}"/?|| f||2/|g]|2, and Theorem 236 comes remarkably close
to this bound. O

The additive Fourier transform of the primes: Encore

We shall now apply the methods we have developed to establish Vino-
gradov’s famous estimate.

Theorem 23.8. Let o € R and consider a reduced fraction a/q such that
o —a/q| < 1/q¢*. For all x > 2, we have

ZA e(no <<<7+w4/5+\/7>(10gx)5/2

nx

Proof. We may assume that ¢ < z; otherwise, the theorem follows by
bounding all summands by log x.

Let us decompose A using Vaughan’s identity. First, we deal with Af.
We apply Theorem twice, once to the convolution pucy *log (so v =1
and f = pu<y here, with y =V and || f|lcc = 1) and once to (u<y * A<yy) * 1
(sov =0 and f = ucy * Acy here, with y = UV and |f] < 1* A = log,
whence || f]|c < log(UV)). We thus conclude that

(23.38) > Ai(n)e(na) < (UV + g +q) log’(zUV).

n<e

Next, we deal with A”. We rewrite this function using ([23.12) and apply
Theorem 23.6 to each summand f;*g; of that identity. Since ¢ < z, || fj]|3 <
27 1log? x and ||g;]|3 < #/2771, we find that

Z A (n)e(na) < Z (— + Vo —|— \/_) (log )>/2.

n<T U<29<2z/V \/_

We note that vV2iz < z/v/V and z/2//2 < x/v/U. Applying these bounds
to each of the O(logz) choices of j yields the estimate

(23.39) ZAb(n)e(n (\/_ \/_ \/_ + \/—) (log :U)5/2

n<e
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Since we also have that |}, ., Acy(n)e(na)| < 3,y Aln) < U and g <
v/xq by our assumption that ¢ < x, Vaughan’s identity in combination with

[2338) and ([23.39) implies that
ZA (na) < (UV+$/\/_+$/\/_+QC/\/_+\/_)(10g$)5/2

n<x

Taking U =V = 22/ to optimize the above bound completes the proof. O

Theorem J confirms the prediction we made using the Generalized
Riemann Hypothesis that the exponential sum »_ . A(n)e(an) can only be
large when « is close to a rational number with small denominator. Indeed,
if |a — a/q| < 1/¢* with (logac)A < g < z/(logx)?, we find that

(23.40) Z A(n)e(an) <4 x/(logz)A=2)/2,

n<e

We will demonstrate the utility of this key estimate in the next chapter.

Conclusion

Vinogradov’s method allows us to deal with very general sums of the form

(23.41) > anA(n)
n<x

where (ay,)0° ; is some interesting sequence. To estimate (23.41]), we first use
various combinatorial ideas such as convolution identities and Buchstab it-
erations to obtain an appropriate decomposition of A of the form ([23.5]). We
then handle quasi-smooth sums, namely sums of the form » . an(f*g)(n)
with f “small” and g smooth, using a mix of tools such as the summation
formulas of Poisson and of Euler-Maclaurin, L-functions, sieves and esti-
mates for exponential sums (e.g. the Pdlya-Vinogradov inequality and other
more advanced results beyond the scope of this book). Finally, we estimate
bilinear sums, namely sums of the form » _ an(f*g)(n) with f and g both
supported on large integers, by employing methods arising from the theory
of bilinear forms that we will fully develop in Chapter 25 (with the Cauchy-
Schwarz inequality playing a central role), coupled with various exponential
sum estimates. We thus see that this approach to the distribution of primes
utilizes the full toolset we have at our disposal.

Exercises

Exercise 23.1. Consider a € R and a reduced fraction a/q such that |a — a/q| <
1/q¢>. Prove that

> r(n)e(an) < (Vr+q+a/g)logz (x> 2).

n<x
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Exercise 23.2. Let v > 0, let f be an arithmetic function supported in [1,y], and
X be a non-principal Dirichlet character mod ¢g. For x > 2, prove that

> (f #log")(n)x(n) < /g(logq)(logz)" > | f(k)

n<x k<y
Exercise 23.3. Let r,s > 1 be such that 1/r + 1/s = 1. Assuming the set-up of
Theorem 23.5] prove that

Z(f xlog"”)(n)e(na) <, (yl/rql/S +q+x/q)(logz)"|| flls,
n<e
where [|f[ls = (3272, [f(k)I%)Y/*.
Exercise 23.4%
(a) For any U,V > 1, prove that
p=—pgu*pgy *1 + psukpsv 1l + pcu 4+ pgy.

(b) Let a € R, and let a/q be a reduced fraction with | — a/q| < 1/¢>. For every
fixed € > 0, show that

Zu e(na) <. (z/vq+ vzq)(logz)? + gi/5+e (x = 3).

n<T
[Hint: Select U =V = min{z%/® ¢, 2/q} in part (a).]
(¢) (Davenport) Fix A > 1. Prove that
Zu e(na) <4 z/(logz)? (z>2, a €R).

n<

Exercise 23.5 (Heath-Brown’s identity). Let k € N, x > 1 and V > zM*. For
n < x, show that

- 1 1 1 )
Z ( ) (logs1s - s« Lxpucy *--xucy)(n)
Jj=1 j—1 times j times

[Hint: Let f = pgv*1 and g = psy*1. On the one hand, we have Axg---%xg =10
——

k times

on Ng¢,. On the other hand, g = § — f with §(n) = 1,,—1.]
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Chapter 24

Ternary arithmetic
progressions

Vinogradov’s method allows us to advance significantly our understand-
ing of additive patterns among the primes. We exemplify this principle here
by proving the existence of infinitely many ternary arithmetic progressions
a,a+d, a4+ 2d all of whose elements are prime numbers. The same ideas can
also be used to study the ternary Goldbach conjecture (stating that every
odd integer > 7 is the sum of three primes), as well as other similar “ternary
additive problems” (see Exercise 24.1] as well as Chapter 26 of Davenport’s
book [31]). On the contrary, binary additive problems, such as the twin
prime conjecture or the binary Goldbach conjecture (every even integer > 4
is the sum of two primes), are generally out of the reach of the currently
available methods. We give a brief explanation of the added difficulties when
dealing with binary problems in the last section of this chapter.

We now state the main result of this chapter.

Theorem 24.1. Fiz A > 0. For x > 2, we have

S 3 Mt = ] (1= =) + 0a ()

ni,n2,n3<T p=3
ng—mni=nsg—nsz
Remark 24.2. Green and Tao [(7] proved that, for any given k, there
are infinitely many k-step arithmetic progressions a, a + d, a + 2d, ...,
a + (k — 1)d all of whose elements are prime numbers. Their proof uses
techniques related to the celebrated theorem of Szemerédi that lie beyond
the scope of this book. This theorem states that if a set of integers A has
positive lower density, in the sense that #.4 N [1, z] > z for infinitely many

250
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The Hardy-Littlewood circle method 251

x, then A contains arbitrarily long arithmetic progressions. Even though
the primes do not have positive lower density, Green and Tao established a
suitable transference principle that allowed them to pass from Szemerédi’s
theorem to the case when A is the set of primes. An important step in doing
so is the construction of a “sieve majorant” for the indicator function of the
primes. O

The Hardy-Littlewood circle method

In a series of papers, Hardy and Littlewood introduced a general technique
that gave them access to a wide array of additive problems. They called their
approach the circle method for reasons that will become apparent shortly.
Their ideas were further developed by I. M. Vinogradov and led to Theo-
rem 24.71 We describe them in the context of counting ternary arithmetic
progressions.

The starting point of the circle method is the orthogonality relation

1
(24.1) lnzo—/o e(an)da,

valid for any integer n. Using it with n = ny + n3 — 2no allows us to
re-express the indicator function of the event that the integers ni,ns,ns
are in arithmetic progression: 1,,_n,—ns—n, = fo any)e(ans)e(—2ang)da.
Multiplying both sides by A(n1)A(n2)A(ns) and summing over ny, no,ng < x
yields the formula

(24.2) ZZZ A(n1)A(na2)A(ng) / S(z;a)?S(z; —2a)da,

n1,M2,N3<T
n2—n1=n3—ns2

where S(z; ) is the additive Fourier transform of A, that is to say,

Q) = Z A(n)e(an

n<e

The name “circle method” comes from interpreting the expression in (24.2])
as an integral over R/Z (which is a circle from a geometric point of view).

Formula (24.2) is what we would call a “gambit” in chess. The gain it
offers is that it transforms the unknown expression on its left side into a new
expression that we can hope to estimate using our knowledge for the sum
S(z; ) from the previous chapter. However, to achieve this transformation,
we had to make a sacrifice: the trivial bound for the expression on the right-
hand side of (24.2) is fo n<p M(n))3da < 2. This means that we must
somehow recover the loss of a factor of 1/x. There are two key ideas that
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252 24. Ternary arithmetic progressions

will allow us to compensate for this loss:

e There is a set M of a € [0, 1] (called the set of major arcs) that
“dominate” the integral in (24.2]). This set has Lebesgue measure
(log )°M /z, and the sum S(x;a) has size z/(logz)°™M) on it. It
thus contributes ~ 23 - 1/2 = 22 to the integral of ([24.2), which is
the size of the expected main term.

e The size of S(z;a) for a “generic” a € [0,1] is z'/2t°(), This
follows from Parseval’s identity

1
(24.3) / |S(z;0)Pde = > A(n)? < zlog .
0 n<x
It turns out that the major arcs consist of those numbers that are close
to rationals of small denominator. More precisely, we may take
(24.4) m= U [ao/a—L/z,a/q+ L/2]

1<q<L, 0<a<q
(a,9)=1

with £ = (logx)?4*7. We also define the set of minor arcs m := [0,1] \ M.
The motivation for this terminology is the fact that S(x;2a) < x/(log z)A+!
when a € m. Indeed, for any such «, Lemma 23.4] implies the existence of
a reduced fraction a/q with ¢ < z/L£ and |a — a/q| < £/(gz) < 1/¢%. Since
a ¢ M, we must have ¢ > L. Hence, the claimed bound on S(z;2«a) follows

by ([23.40). Together with (24.3]), this implies that
1
S(w; )28 (x5 —2a)|d S(w; )P ——da € .
[ 1S —20lda < [ |0 getmrdo < o
Thus most of the contribution to the right side of ([24.2]) comes from « € 9.

It remains to estimate S(x; ) when a € 9. Consider first the case
when a = a/q. Then, we may argue as in ([23.19)) to prove that

2

(24.5) Z A(n)e(an/q) = % z+0y (xe—cx/@)

for some ¢ > 0; indeed, here ¢ < (logx) , so the Siegel-Walfisz theorem
is applicable and we do not need to appeal to the unproven Generalized
Riemann Hypothesis. Finally, if « = 5+ a/q with |8| < £L/x, we may adapt
the proof of (23.2]]) to pass from (24.5]) to an estimate for S(z; «).

Putting together the above estimates leads to a proof of Theorem
The details we have omitted are presented in Chapter 26 of Davenport’s
book [3I] (the treatment there concerns the ternary Goldbach conjecture,
but it can be easily adapted to our setting). Here, we will give a different

n<x

2A+7

IRelation (ZZ3) admits a short self-contained proof: we use the identity |z|? = zZ to write

|S(z; a)|? as a double sum over n1,n2 < z, and then note that fol e(a(ny —n2))da = 1p,=ny.
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way of calculating the main term of Theorem Before proceeding, let us
pause for a moment to observe the amazing complementarity of the available
estimates: Vinogradov’s method can handle S(z;a) when |a — a/q| < 1/¢?
with ¢ > (log :1:)2A+7, and stops working well for smaller q. However, the
remaining range of ¢ is precisely what is covered by the best-known version
of the Prime Number Theorem for arithmetic progressions. This allows us to
handle the full range of integration and prove Theorem 24T unconditionally.

Making the entire circle a minor arc

Given arithmetic functions f1, f2, f3, we define the weighted count of ternary
arithmetic progressions

T(f1, for f352) = D> D > fi(m) fa(na) f(ns).

n1,n2,n3<T
ni1+nz=2no

Our goal is to estimate T (A, A, A; x). We will extract the main term to this
quantity by decomposing A.

Rather than employing Vaughan’s identity, it is more convenient to use
[@2314). This leads us to the formula

(24.6) TN Nz = Y NS T(ffo fiiw)

f17f27f36{Agicvc’E}

with E = AZieve + Rsieve- If y and D are chosen as in (23.18]), we will show
that any summand involving at least one term f; = F is negligible. The key
to proving this is the aperiodicity of the function Agieve that manifests itself
in Theorem below. A close examination of its proof reveals another
instance of the complementarity of Vinogradov’s method and of the Siegel-
Walfisz theorem to which we alluded above (though it is subtler now, with

the Siegel-Walfisz theorem hiding within the proof of Corollary [[3.4)).

Theorem 24.3. Consider x,y, D > 2 satisfying 2318) with 0 < 61 < 0 <
1, and fit A > 1. If AL, is defined by [@316), then for all a € R we have

sieve

b x

D Aieve(n)e(an) <o, 6,4 foga)A"
n<x
Proof. All implied constants might depend on 6,05 and A. Applying
Lemma P34 with Q = z/(log z)?4*5, we may find a reduced fraction a/q
such that 1 < ¢ < Q and |a —a/q| < 1/(¢Q). We use a different argument
according to whether ¢ < (log z)24%° or not.

First, we study the case when (19gx)2A+5 < ¢ < z/(logx)?4*5. We
begin by writing A%, . = f * § with f(k) = LgsD, P~ (k)>y (k) and g(£) =

Lysy, p—(0)>y logl. We then argue as in the proof of ([23.39): we localize
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dyadically the factors of the convolution f  § as in (23.12) and then apply
Theorem [23.6] to each summand separately This yields the estimate

Niewe(me(na) < (== + = + —= + /7q) (log )"/
rlzg;t sieve \/— ’\/— \/_
The right-hand is < 2/ (log )4 by our choice of ¢, y and D, thus completing
the proof of the theorem in this case.

2A+5

Finally, we consider the case when ¢ < (logz) . We begin by study-

ing the case @ = a/q. For each w € [\/x, x|, we have

Z A51eve na/q) Z e(ba/q) Z Aswve( )

n<w bEZ/qZ nLw

n=b(mod q)
(24.7) = Z e(ba/q) Z log ¢ Z w(k).
beZ/qZ y<t<w/D D<k<w/e, P~ (k)>y
P~ (0)>y kf=b (mod q)

Fix ¢ and b momentarily, and let d = (¢, ¢). The congruence k¢ = b (mod q)
is equivalent to having d|b and k = ¢'b/d (mod ¢/d), where ¢’ denotes the
inverse of £/d mod ¢/d. Since w/f > D = exp{(log z)??} = exp{(logy)?*/"}
and ¢ < (logz)?4*t® = (log D)(24+5)/%  Corollary [3.4 applied with m =
[1,<, p implies that the innermost sum of R24.7) is < (w/0)/(log z)>A+12,

Thus,
S Melme(nafa) « 35 dogt o v
sieve q) g (log 2)3A+12 < (log 2)34+5
n<w bEZ/qZL, b<w

uniformly for w € [\/z,2] and ¢ < (logx)?4*5. To pass to an estimate for
Y on<a A’ (n)e(na), we write a = a/q + B, so that |8 < (logx)?4+5/x.

Using partial summation similarly to (23.20) implies that

Z A51eve na) = / Bw d Z A51eve na/Q) =

A
Vr<n<z n<w (log l’)

Since we also have the trivial bound >,  ~ A’ (n)e(na) < /xlog?x by

noticing that ]A log, the theorem follows. (I

sieve ’

Let us now prove our claim that any summand on the right-hand side of
[24.8) with f; = E for some j is negligible. For concreteness, assume that
f3 = E; the other cases follow similarly. Arguing as in (24.2]), we have

T(f17f27f3; / Sfl €T a)SfQ( 206)5]‘3(1' a)da

where Sy(z;0) = >, o, f(n)e(an) denotes the additive Fourier transform
of the arithmetic function f. Since we have assumed that f3 = E, Theo-
rem 243 implies that Sy, (z;a) = Oa(z/(log 2)4+?) for all a € R (i.e., there
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are no “major arcs” anymore). Consequently,

1
x
T(fr, f2, f3i2) < W/o |57, (@5 0) S, (2; —20)|dex
1/2

X

1 1
. 2 . 2
< gz ([ 1Sn(a)fda [ 15 @i-20) o)
from the the Cauchy-Schwarz inequality. Parseval’s identity implies that

iy 1S (s ka)Pda = 3, | f(n)]? for any k € Z\ {0} (see (243)). When
fe {ASleve,E} we have |f| < 2log and thus Y, . |f(n)]* < z(logz)?. To
conclude, we have proved that

T (f1, f2, f3; ) <4 22 /(log z)* when there is f; = E
This reduces Theorem 24.1] to proving the following estimate.

Proposition 24.4. Assuming the set-up of Theorem BZ3, and with A’
defined by ([23.15)), we have
2
Al

fiever Miewes 1) = 2 [ | (1 - 7) + OA(@CT)A)-

p=3

sieve

T (A%

sieve’?

Proof. As we will see, the proof boils down to a lattice-point counting esti-
mate. For technical reasons to be explained later, we break the summation
into short intervals. To this end, set n = 1/(log w)A+5 and let J be the

largest integer such that (1 —n)’ > 1/4/z. Since |A51eve| log x, we have
TAL AL

sieve’ * “sieve’ Agleve’ ) = ZZ Z H A51eve n] + O( )

a(1-n)7T1<ny ny<a 193
2n2=ni+n3

If we cover the range of n; and ng by intervals of the form (z(1—n)/*1 2(1—
n)’], where j € ZN [0, J], then the theorem is reduced to proving that

@18) S T Aeny) = pPms(l + 01/ (logz)t))

zj(l—n)<nj<z; (j=1,3) 173
2no=n1+ns3

for 1,23 € [V, x], where p = [[3¢,¢,(1 —1/(p — 1)2).
Fix x1,x3 as above and let T'(x1, x3) denote the sum in (24.8)). We have

(24.9) T(xi,as) = Y Y plka)p(ka)u(ks) Lk, k2, ks),
k<D, P~ (k;)>y Vj
where

L(ky, ko, k3) := ZZZ (log ¢1)(log £2)(log £3).

zj(1=n)/kj<tj<z/k; (7=1,3)
2kolo=k101+ksl3, P~ (Zj)>y Vi

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



256 24. Ternary arithmetic progressions

We fix kq, ko, ks < D free of prime factors < y and estimate L(kq, ko, k3).
Since the variables k; are weighted with the Mdbius function, it suffices to
consider the case when they are all square-free.

We rewrite L(ki, ko, k3) in the notation of Chapter I8 First of all, we
remove the logarithmic weights from the variables ¢; using the fact that
we have restricted them into short intervals. Indeed, the conditions z;(1 —
n)/kj < fj < :L‘/k‘j for j = 1,3 imply that l‘g(l —’r])/k’g < ly < 132/]{52
with zo = (21 + x3)/2. We thus have log¢; = log(x;/k;) + O(n) = (1 +
O(n/logx))log(x;/kj) for each j. As a consequence,

L(ki1, k2, k3) = (14 O(n/logz))SOW, P) ] log(;/k;),
1<j<3
where P = {3 < p <y} and W = (w,,)22 is the sequence of weights
flfzfg =n, 2k52€2 = klfl + kgfg, }
zj(L=m)/kj <l <z/kj (1=1,3)
To estimate S(W,P), we apply Theorem [I&TT(a). We must first check
Axioms [TH3
Given d|P, we set Wg=>" _, (mod d) Wn- Then,

Wy = 12Jm : #{ (617627&3) SWAR

2 J[ €1€2£3, d‘£1£2€3, 2k2€2 = k1£1 + k3£37 }
z;(1—mn)/kj <l; <z/k; (j=1,3) .

To estimate Wy, we first split the range of the pairs ({1, £3) according to their
reduction mod 4, mod ko and mod d (which are mutually coprime integers).
The permissible reductions lie in the sets

A= {(a1,a3) € (Z/AZ)* : k1a1 + kzaz = 2 (mod4), ajaz =1 (mod?2)},
B = {(b1,b3) € (Z/koZ)* : kyby + k3bz = 0 (mod k) },
C={(c1,c3) € (Z/dZ)* : cie3(kycr + kaez) = 0 (mod d) }.
Given (aj,as3) € A, (b1,b3) € B, (c1,c3) € C and (¢1,¢3) € Z? such that
(24.10) {¢; =a;(mod4), {; =b;(modky), ¢;=cj(modd) (j=1,3),

Wq = #{ (01,0, 05) € Z°

the equation 2kols = k11 +k3l3 has a unique solution £ which is necessarily
an odd integer. In addition, the number of pairs (1, ¢3) that satisfy (24.10)
and the inequalities z;(1 —n) < {; < z; for j = 1,3 equals

2
nNx n"T123 nx
1) = 1).
11 (41<;j1c2d +0)) T O(k;g min{ky, kald | )

je{1,3}
Therefore,
2
" x1x3 nx
Wo= (=575 1+0 1)) -|Al-|B]-]c|.
‘ (16k1k§k3d2+ (rmmngegga 1) 1A 181 e
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We easily see that |A| = 2. In addition, since d is square-free and coprime to
kiks, the Chinese Remainder Theorem implies that [C| = [],4(3p —2). By
a similar argument, |B| = Hp\kz,pf(kl,kg)pHp|(k1,k:2,k3)p2 = k- (k1, ko, k3),
since ko is square-free. Putting everything together, we conclude that

2
n-rixrs (kl,kQ,kg,) (d) 2
Wy = . ||3—2+O3“ + k3d)).
d 8d? k1koks |d( p—2) ( (k2 ))

Therefore, Axiom [l holds with X = m %, v(d)=I1,a(3—2/p) and
rq < 3°@D(nx 4 k3d). In addition, AXIOIIl holds with x = 3, and Axiom
with D = 2'/2, A = k + 1 and m = 1, since ki, ko, k3 < exp{(logz)?} =
2°) here. Hence, Theorem I811)(a) implies that

_ VY 2 - L2 ) s
L(kl,krg,kg)—<1+OA<log$)) Ny - S T[] log(z;/ky),

je{1,2,3}
where A = 871 [5<p<y(1 = 1/p)(1 —2/p). Together with ([24.9), this gives
(24.11) T(x1,23) = Ax123M + Oa(n>z123(log 7)°),
where
= OST Beke k) tog(a /i)
' “eikaks plhy) log(z;
ki <D, P~ (k;)>yV;j je{1,2,3}
and in the calculation of the error term of (24.I1I) we used the bound
D ks ko k<D %;f) < (log x)3, which can be seen by letting g = (k1, k2, k3)
and kj = gn;. Since n = 1/(log x)A*+5, (Z4II) reduces (Z48) to proving that
(24.12) M=TJ1-1/p)"%+ 0a(1/(ogz)?).
Py

We claim that we may replace (k1, k2, k3) by 1 in all summands of M at
the cost of a small error term. Indeed, if g = (ki, ko, k3) > 1, then g > y
since P~(g) > y. Hence, if we write k; = gn;, then (g — 1)/(kik2k3) <
1>y /(g?ninans). Since > sy 1/g%> < 1/y, we find that

puy M- TS [ P+ 0((tog) /).

kj<D, P~ (k;)>yVji=1

If we let M; = ijgD,P (k;)>y kj p(kj)log(x;/k;j), then the main term

of 24.13) factors as M1M2M3 By Corollary 034 we have the estimate
D k<w, P (k) >y ME) < w/(log w)A*2 for w > D. Hence, partial summation
implies that

M; = (logz;) - (1/¢,)(1) + (1/¢,)' (1) + Oa(1/(log 2)*)
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with Gy(s) = >_p-(4)>, k~° defined as in Chapter Since (y(s) ~ (s —
1)1 [I,<,(1—1/p) and (y(s) ~ (s — 1)~2 [[,<,(1—1/p) as s — 17, we infer

that (1/¢y)(1) = 0and (1/¢)" (1) = [,¢,(1 - 1/p)~!. Relation (24.12) then
follows, thus completing the proof of (24.8)), and hence of the theorem. [

Binary additive problems

It is natural to wonder whether the circle method can be used to approach
binary additive problems such as the twin prime conjecture. For this prob-
lem too we have a formula analogous to (24.2):

1
(24.14) S Am)A( +2) = /0 1S(2; @) Pe(~2a)da.

n<x
We still expect the main term to come from the major arcs. As a matter of
fact, it can be shown rigorously that if we define 9 by (24.4), then

/ 1S (x; @) Pe(—2a)da ~ co,
m

where ¢3 = 2] 3(1 —1/(p — 1)?) is the twin prime constant. However,
it is not known how to show that the minor arcs contribute a negligible
amount. Indeed, as we discussed before, Parseval’s identity (24.3]) implies
that S(z;a) = 2/2T°() for a “generic” a € [0,1]. Hence, no matter how we
choose m, we cannot expect to have a better bound than

/ 15 (z; )| Pdar < 210,
m

which is of comparable size to the expected main term. This means that
in order to prove the twin prime conjecture using the circle method, we
must exploit cancellation between the various parts of the integral in (24.14))
coming from the factor e(—2a).

Exercises

Exercise 24.1. If N is an odd integer, prove that
D3 An)A(n2)A(ns) = GNN? + O4(N?/(log N)*)
ni+nz+nz=N

for each fixed A > 1, where Gy =[], 5(1—1/(p— 1)%) [Ln1+1/(p— 1)3).

Exercise 24.2. If A

sieve

3 A (WA (0 +2) = e + Oa(z/(log z)™)

n<x

for every fixed A > 1, where ¢ = 2[]55(1 = 1/(p — 1)?).

is as in Proposition 4.4] prove that
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Chapter 25

Bilinear forms and the
large sieve

Let us suppose we are given a sequence of complex numbers (¢, ),ez and
we wish to study its distribution among the different arithmetic progressions
mod ¢g. To be more precise, our aim is to determine the behavior of the sum

Z Cnlnzj (mod q)

H<n<H+N

when j varies over Z/qZ, with N > 1 and H being two given integers. To
this end, we consider the additive and multiplicative Fourier transform mod
q of the above sum (viewed as a function of j). These are given by

Sta/e)= > cpelan/q) and S*(x)= DY cux(n),

H<n<H+N H<n<H+N

with a running over Z/qZ and x over all Dirichlet characters mod gq.

For a general sequence (¢,,)nez, we cannot obtain a non-trivial pointwise
bound for S*(a/q). Indeed, if ¢,, = e(—na/q) for all n, then S*(a/q) = N. A
similar obstruction holds for S*(x), by taking ¢, = X(n) for some Dirichlet
character y. However, we will prove non-trivial bounds on S*(a/q) and on
S*(x) when we average over many a and ¢, or many x.

With the above goal in mind, we consider the sums

(25.1) > Y IST@oP and >N ( 0P,

q<Q a€(Z/qZ)* ¢<Q, x (mod q)

259
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260 25. Bilinear forms and the large sieve

where the notation Y * means that the last sum runs over primitive charac-
ters. A few remarks are in order about the shape of these sums:

e The factor q/¢(q) is of order 1 most of the time, so it can be ignored.
We include it for normalization purposes that we will explain later.

e We sum only over reduced residues a (mod ¢) because we want the
fractions a/q to be distinct mod 1. To see why working with the
full sum T% = 37 5 > ucz/42 157 (a/q)? is problematic, consider
the case when ¢, = e(—n/3), so that S*(1/3) = N. The sum T"
contains [Q/3| copies of |S*(1/3)|?; one for each ¢ < Q that is a
multiple of 3. In particular, T+ > |Q/3] - N2. We thus see that
the fact that (¢,)m<n<m+n is not well distributed with respect to
a single modulus causes T" to be very large. For a similar reason,
we work exclusively with primitive characters instead of working

with the full sum quQ Zx (modq)(Q/@(Q))‘SX(X)‘Q-

e We consider a second moment of S (a/q) and of S*(x) (i.e., an
average of squares) because this gives us access to L2-techniques
coming from the theory of bilinear forms. We develop this theory
in the next section and use it to study the sums of ([25.1]) in the
subsequent section.

Bilinear forms

An M x N bilinear form over C is a function 1 : CM x CVN — C that is
linear in both coordinates. This is equivalent to the existence of certain
coefficients a,,, € C such that

M N
m=1n=1
for all ¥ = (21,...,2y) € CM and all § = (y1,...,yn) € CV.
Before we go into more abstract matters, let us discuss a few examples
that illustrate the central role of bilinear forms in analytic number theory.

Example 25.1. (a) If we take ap, n = lmn<s - €(mna), then (&, 7) is equal
to > 2n<a (f *g)(n)e(na), where f(m) = 1 a(m)zm and g(n) = 1 n)(n)yn
(see relation (23.31)).

(b) If {a1,...,ap} denotes the set of reduced fractions a/q with 1 <
a < ¢ < Q (often called the Farey fractions of order < @), H is some fixed
integer, and we set an, , = e(am(n + H)), then

M N
17[1(1_:', 37) = Z Tm Zyne((n + H)Oém)
m=1 n=1
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N

n=1

M

In particular, when x,, = > ne(—(n + H)ayy,) for all m, we have
N 2

((n+ H)am,)

1

Letting y, = cptm, we see that zp( ¥) is equal to the first average of
[@25J). Hence, pointwise bounds on zp(aﬁ,y) supply information about the
distribution of (¢,)g<n<m+n in arithmetic progressions.

(¢c) We can state both of the above examples in unified notation: let
HeZ,M,N € Z>; and {a1,...,an} be aset of real numbers. In addition,
for each m € [1, M| N Z, let I, be a subinterval of [1, N]. We then consider
the bilinear form with a,, , = e(am(n+ H)) - 11, (n).

We immediately see that the bilinear form of part (b) can be recast in
this notation. On the other hand, if o, = ma and I,,, = [1,z/m] N [1, N],
then we recover the bilinear form of part (a). O

Example 25.2. Let C = {1 (mod q1),..., xa (modqanr)} be a set of Dirich-
let characters, and consider the bilinear form with coefficients a,, », = xm(n+
H)\/qm/¢(gm)- (The factor \/qm/¢(qm) normalizes the vectors (amn)N_,
to all have roughly the same ¢?>-norm.) Arguing as in Example 25.1i(b), we
see that this form is related to the second average of (25.1]) (with C being
the set of primitive Dirichlet characters of conductor < Q). O

Example 25.3. Bilinear forms can be generalized to multilinear forms in
a straightforward way. For instance, given k € Z, let ammng = 1gr)=1
(Lyn=k (modq) — Limn,q)=1/¢(q)) and consider the M x N x Q trilinear form

GEFE) =D DD GmngTmnZg

m<M n<N ¢g<Q

=Y = ( > xmyn—% > xmyn>.

q<Q m<M,n<N m<M,n<N
(g,k)=1 mn= k(modq) (mmn, q) 1

This expression controls the distribution in certain arithmetic progressions of
the function f*g, where f(m) = 1;; (M) -2y and g(n) = 1y Nj(n) Y. O

The norm of a bilinear form. The power of the method of bilinear forms
lies in its ability to produce pointwise bounds for ¢ (&, ¥) valid for general
vectors & and ¢. The key notion for doing so is the norm of ¢. It is defined
to be the smallest positive real number [[?|| such that

(25.3) W@ )| < [l |1Z]2l|F ]2 for all # e CY, FeCV,
where ||-||2 denotes the usual Euclidean norm, defined by ||7|3 = v¥+- - <402
for a vector ¥ = (v1,...,vq) € C?. The emphasis should be put here on the

assumption that ([25.3) is true for all vectors £ € CM and i € CV.
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262 25. Bilinear forms and the large sieve

The existence of ||¢|| is easy to establish: if # = 0 or ¥ = 0, then
[@53)) is trivially true. Otherwise, we set v = &/||Z||2 and @ = §/||7]|2, so
that 7 € SM and @ € SV, where S¢ denotes the d-dimensional complex
unit sphere. The bilinearity of ¢ renders ([25.3) equivalent to the inequality
|9 (v, )| < ||¢| for all € SM, w € SN. We thus find that ||| is equal to
max{ |¢(7,%)| : T € SM, % € SV}, which exists by the compactness of S
and S%, and by the continuity of /.

Example 25.4. In Theorem 23.0, we saw an instance of (25.3)). Indeed, we
can reinterpret Theorem as stating that the norm of the bilinear form
¥ of Example B5.1(a) is < (¢ + M + N + MN/q)'/?(log(2q))"/?, where a/q
is a reduced fraction such that |a —a/q| < 1/¢?. In addition, the discussion
in Remark 237 implies that ||¢]| > (M + N +MN/q)"/? when a = a/q. O

A spectral interpretation of the norm. To gain some intuition about
what the norm of a bilinear form measures, we study the special case when
M = N and the coefficients of ) form a Hermitian matrix (i.e., Gmn = Gnm)-
We then know from the Spectral Theorem for Hermitian matrices that CN

admits an orthonormal basis of eigenvectors of A, say &1, ..., én. Let Aq,
..., AN be the corresponding eigenvalues, which are real numbers. We claim
that
(25.4) [9]] = max{[A], ..., [An]}.
To see this identity, it is convenient to work with the Hermitian analogue of
1, defined by

¢(£7 37) = Z Z AmnTmYn-

1<mn<N

A straightforward computation reveals that ¢(&),, &) = Lym=pn - An. Hence, if
we express & and ¢ with respect to the basis {&1,...,én}, say & = ZnN:1 SnEn

and 7 = ZnN:1 tnhén, then

QS(f’ g) = ZZ gmtn¢(gmagn) - Z )\ngntn-

1<mn<N 1<n<N
If L =max{|Ai],...,|[A\n]|}, then
6EDI <L S [sutal.
1<n<N
We then apply the Cauchy-Schwarz inequality to the sum on the right side.
Since SN 5,2 = [|Z]|3 and N £, = ||7]13 from the orthonormality
of the vectors &1, ..., €y, we conclude that |p(Z,7)| < L - ||Z||2]|7]|2 for all

7,7 € CV, whence [|v|| < L.

On the other hand, we have |¢(&,, €,)| < ||¢|| for all n, as it can be seen
by the definition of [[1|| and the fact that ||&,[|2 = 1. Since ¢(y,, &) = An,
we infer that ||¢] > |\,| for all n, thus completing the proof of ([25.4)).
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In conclusion, we may think of the norm of 1 as something like the size
of the large eigenvalue of a matrix with number-theoretic properties.

Approximate orthogonality. In practice, it is hard to get a handle on
the eigenvalues of the matrix of coefficients of ¥. Instead, we develop a
different method that has as its starting point the obvious relations

M N
(25'5) w(fv ?j) = Z Tm Z QmnYn and ”¢ _’7 i Z Yn Z Am nLm,
m=1 n=1

and which does not require M to equal N.

As we briefly explained in Chapter 23] the importance of the above
relations is that they express ¢(Z,¥) as an average of averages. Applying
the Cauchy-Schwarz inequality to the first identity of (25.5]), we find that

(25.6) W@ <1718 ]Zamnyn

m=1 n=1

This maneuver allows us to eliminate the unknown coefficients z,, and
smoothen out the variable m, which is now weighted with the function 1.
Similarly, if we apply the Cauchy-Schwarz inequality to the second identity
of (25.5), we obtain the bound

N

(25.7) (&, 7) HﬁH%Z‘ Z “m”xm‘

n=1 m=1

We open the square in (25.7) using the identity |2|?> = Z - z to deduce that
N M M

(2, 7)) < ||g|’%Z Z Z Amy nTmy Gma,nTmy

n=1mi=1mo=1

= Hg”% Z Z Ty Ty Zaml nAmao,n-

mi1=1mo=1

(25.8)

In particular, if the sum Zn:l Qmy nGmsy.n 18 “small” whenever my # ma, we
hope to obtain a non-trivial bound for the sum in ([25.8)), and hence for |||

There is a more conceptual way to interpret what we did above. We can
write the first identity of ([25.3)) as
(25.9)  Y(&,Y) Z T - (Y, U ), where VU, = (@m1,- -+, G N)s
and the second 1dent1ty of 255) as

(25.10) (%, §) = Y _yn- (&10,),  where W= (Tim,...,aAnn)-
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264 25. Bilinear forms and the large sieve

Similarly, ([25.8]) becomes

M M

(25.11) (@ 7)1> < 1713 Z Z Ty Ty * (Vmy > Umg)-

mi1=1mo=1

Hence, we see that ||1|| should be small when the inner products (vpm, , VUm,)
are small whenever my # mso, that is to say, when the vectors #,, are ap-
proximately orthogonal to each other. The relevance of this property can
be seen more easily via relation (25.9): a fized vector g cannot correlate
strongly with many of the approximately orthogonal vectors ,,. Hence,
most of the inner products (¥, U,,) should be small compared to the trivial
bound ||77]|2||||2 coming from the Cauchy-Schwarz inequality. This should
yield a non-trivial bound on the sum of (25.9]).

Remark 25.5. It must be stressed that in order to exploit the approximate
orthogonality of the vectors ), we have to start with ([25.10) that involves
the vectors w,, rather than with (25.9). O

In order to get a sense of what to expect as a bound on ||¢|| when the
vectors U, are approximately orthogonal to each other, we study the ideal
case when they are truly orthogonal to each other. Essentially, the lemma
we prove below constitutes a generalization of ([25.4]) to non-square matrices.

Lemma 25.6. Let v, Uy, be as above, and set L = max{||t’ |2, ..., ||Trm||2}-
Then ||| = L. If, in addition, we assume that the vectors vi,...,vn are
orthogonal to each other, then ||| = L.

Proof. Let é1,. .., &y denote the vectors of the standard basis of CM. For
any m < M, we have 1)(€n, U,) = ||n|/3. On the other hand, [25.3) implies
that ¥(€m, Um) < ||| - ||Um||. We thus conclude that ||¢|| > ||Um]|2. Since
m can be chosen arbitrarily, the first part of the lemma follows.

For the second part, note that the set {71/||¥1]|2,. .., Un/||Ua]|2} is or-
thonormal when the vectors 471, . . ., U3 are mutually orthogonal. Combining
[25.6) with Bessel’s inequality, we deduce that

M M N
— = — - — — — (% 2
@D <IFIZ D WG Ta) P < L2ZE Y [(7 =)
m=1 m=1 ||Um||2
< L2237 13-
In particular, ||¢|| < L, which completes the proof. O

Remark 25.7. Working with the vectors w,, and with relations ([25.7) and
@510), we can show that ||¢|| > max{||@||2,. .., |[[Wn]|2}. Moreover, this
lower bound is sharp when the vectors ), are mutually orthogonal. O
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We now return to the more general case when the vectors ¥, are approx-
imately orthogonal to each other. In Theorem 23.6] we saw one example of
how to exploit the mutual quasi-orthogonality of the vectors #,,. Below, we
give another one that deals with Example 25.2] when C = {x (mod q)}.

Example 25.8. Given ¢, N € N, let ¢ denote the bilinear form with coeffi-
cients am,n = Xm(n)\/q/v(q), where x,, ranges over all Dirichlet characters
mod ¢ and n € ZN [1, N]. We wish to bound the norm of .

Note that

O(y/ql if
(25.12) Ty s Ty )| = q { (valogq) if m1 # mo,

©(q) | Ne(q)/q+ 0(2@@)  otherwise,

with the first case following by the Pdlya-Vinogradov inequality and the
second one by Theorem 2.1l Inserting (IQE]:ZD into (25.10)) implies that

rw<f,g>|2<rg\\§(z|xm|2 NS om0 (10)%"‘-’)).

mi1=1mo=1

Using the inequality |zw| < (]2]? + |w|?)/2 and the symmetry of the above
double sum over mq and mso, we find that

M M M M
SN e <D leal? D> 1= M|E|5 = o(q)|1Z]]5.
m=1 m/=1

mi1=1mo=1

As a consequence,

(25.13) [ (Z,5)* < (N + O0(¢**1og q))||Z]13]1 713

for all # € CM and i € CV, that is to say, ||¢]> < N 4+ O(¢*/*logq).
Comparing this upper bound to the lower bound in Lemma 25.6] yields, we
see that it is sharp when N > ¢3/21oggq.

The bilinear form 1 of the present example has the special feature that
we can easily control the inner products of the dual vectors ), too:

q —
<wn1>wn2> = TN Z X(nl)X(nQ) =q- 1(n1n2,q)=1 : lnlzng (mod q)-
wla) | o

To exploit this identity, we start with ([25.9). The analogue of ([25.11) in
this setting is
N N

@D <IFIE D D FnaYna - (Winys wins)

ni=1ns=1

N
= HfH% “q Z Z ynlynQ : 1(n1n2,q):1 : 1n15n2 (mod q)*

ni=1ns=1
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266 25. Bilinear forms and the large sieve

Since [yn, Yno| < ([Yn [*+|yn, [*) /2 and #{n < N : n = a(modq) } < 1+N/q
for all a € Z, we conclude that

(25.14) [W(E,7)1* < (N +g)lIZ|317113
for all # € CM and 4 € CV. Hence, [[1||> < N + ¢, which improves upon
[@5.13) and is sharp in view of Lemma 25.0 O

Duality. The discussion of the above example brings forward an impor-
tant notion that underlies the theory of bilinear forms. Consider the lin-
ear operators T : CM — CN and T* : CN — CM, defined by T(Z) =
(Z%zl amnTm)Y_1 and T*(j) = (ij:l TmnYn)M_,. We then have

n=1
(25.15) P(@,57) = (&, T () = (T(Z), ),

where §* = (9, ...,7,). This relation is an equivalent way of writing (25.5))
(with the coordinates of ¥ conjugated), and it implies that 7™ is the adjoint
operator of T

Now, note that applying the Cauchy-Schwarz inequality to the third
expression of (25.10) yields the upper bound |[¢(Z,7*)| < ||T(Z)||2]|7]2-
Moreover, this is an equality when ¢ = T'(&'). Consequently, ||| is equal to
the smallest positive number B such that ||T(Z)|2 < B-||Z]|2. This number
B is precisely the norm of the operator T', which we denote by ||T|.

We have thus proven that ||t = ||T'||. Similarly, working with the
second expression of (25.10]), we can show that [[¢] = ||77]]. In particular,
we see that T and T™* have the same norm, a well-known fact from functional
analysis called the duality principle[167, Proposition 5.4, p. 183].

To sum up, we have proved the following result.

Theorem 25.9. Let (amn)m<m,n<n be some complex coefficients and let
A > 0. The following statements are equivalent:

(a) | SN SN amaTmyn| < AZ]2)|Fll2 for all T € CM, g e CV.
) SN IS apprm| < A2|Z|2 for all € CM,

M N 2 5 R
() S IS amnyn| < A?|§3 for all j € CN.

Remark 25.10. Assume that |a,, | = 1 for all m,n. In view of Lemma
and Remark 25.7, we have that ||[¢| > max{vM,v/N}. Assume for
simplicity that NV < M. Hence, the best possible result we can hope for is
of the form [|¢)|| < v/M. In view of Theorem 259, this would imply that

N

1 M
(25.16) M E ‘ g Ynlm,n
n=1

2

< N whenever max |y,| < 1,
1<n<N
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since ||7]l2 < VN when |y,| < 1 for all n. If we let Sy = SN yntm.n, we
can interpret (25.16]) as saying that S, < N 1/2 on average over m < M.
Notice that this is approximately the square root of the trivial pointwise
bound |S,,| < N. We then say that S, exhibits square-root cancellation on
average over m < M. Consequently, in the special case when y, = 1p(n)
and @, n = Xm(n), with x,, running over an appropriate family of Dirichlet
characters, relation (25.16]) can be interpreted as an averaged version of the
Generalized Riemann Hypothesis (see Exercises [8.G] and IT3(b)). O

The large sieve

One of the most important applications of the theory of bilinear forms is
the large sieve. It was first discovered by Linnik [I31] while studying sieve
problems with unbounded sifting dimension (hence the name “large sieve”).
We will present these arithmetic applications in the next section. First, we
develop the large sieve it in its abstract form, as an inequality for additive
and multiplicative characters.

Our goal is to bound the norms of the bilinear forms associated to the
sums in ([25.1). We begin by studying the first of these forms. We consider a
slightly more general set-up: let {ay,...,ar} be a set of relation numbers.
We want to obtain bounds for the sum

(25.17) > 15Tl

1<r<R

where we have extended S to all real numbers by letting

St(a) = Z cne(na).

H<n<H+N

In view of Theorem [25.9, the underlying bilinear form has coefficients a,, =
e(na,) withr € {1,...,R} and n € {H +1,...,H+ N}. We then consider
the vectors

Up = (e(—now)) Han<H4N

and note that

oL 1
(25.18) (T, Ug) = Z e(n(as —ap)) € —
H<n<H+N llovs — |
by arguing as in (23.34). Hence, if the set {a,...,ar} is d-spaced mod 1
(recall that this means that ||a, — as|| = § when r # s) with =1 = o(NV),
the vectors 1, ..., Ur are approximately orthogonal to each other.

The first average of (25.0)) is of the form (25.17) with the set of points
o, being the Farey fractions of order < @, which we denote by Fg. If a/q
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268 25. Bilinear forms and the large sieve

and a'/q" are distinct elements of Fg written in lowest terms, then
/

a a lag’" — aq’ 4+ nqq/| 1 1
-4 n’ = > >
‘q q qq T qq T Q?
for every integer n, that is to say, the set Fg is Q2-spaced. Hence, we
can bound Za/qe}‘Q |ST(a/q)|? by working with the more general sum of

[@517). For the latter, we prove the following fundamental theorem.

(25.19)

Theorem 25.11 (The additive large sieve inequality). Let {aq,...,agr}
be a set of real numbers that are §-spaced modl, H € Z, N € Z>; and
¢=(cuy1,--.,cuin) € CN. We then have

R
(25.20) Z ‘ Z cne(nay)

r=1 H<n<H+N

2 SN
< (N +d77)lell2.

Proof. Given any H' € Z, we have
Z cne(na)‘ = ‘ Z Cn—mrrme(na)l,
H<n<H+N H'<n<N+H'

by letting n = m — H' + H in the first sum and then noticing that e(na) =
e((H — H')a) - e(ma). Tt thus suffices to prove the theorem for a special
choice of H, and it will automatically follow for all other values of H. We
shall take H = —| N/2| — 1 that (almost) symmetrizes the range of n.

Instead of proving (25.20), we use Theorem which tells us that it
suffices to prove the dual inequality

R
(25.21) 3 ‘ 3 bre(nay)

H<n<H+N r=1

2 (712
K (N 4677)[bl2

for all b = (b1,...,br) € CE. We will open the square and take advantage of
the mutual quasi-orthogonality of the vectors (e(noy.))pg<n<m+n, but first
we smoothen the n variable a bit further. This will improve the quality of
the bound we obtain in terms of ¢ (see Remark 25.17]).

Since we have assumed that H = —| N/2] — 1, we have that |n| < N/2
in the left-hand side of (25.21]). Therefore,

R R
Z ‘Zbre(naT) ’ <2 Z (1-— ]n]/N)‘ Zb,,e(nar)

H<n<H+N r=1 In|<N r=1

2

Expanding the square on the right side as in (25.8]), and bringing the sum
over n inside, we find that

R R
Z ’ZbTe(nar) ’ < 222@55 Z (1 —1n|/N)e(n(ay — as)).

H<n<H+N r=1 r=1 s=1 |n|<N
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The innermost sum is the Fejér kernel Fy evaluated at a, — as. Indeed,
recall the well-known identities

1= 1 (sin(Nwa))?
Fy(a) = + Y Y e(ma)= ) (1—|n|/N)e(na) = N(W) :
n=0 |m|<n In|<N
In particular, we have
1 } . N
"Nsin?(ra) ) ~ max{1,2N|a|}?’

since sin(mz) > 2z for x € [0,1/2]. Together with the inequality 2|b,bs| <
|br|? +|bs|* and the symmetry of the summation in r and s, this implies that

R 2 LAl [br [ + [bs]?
r T gN ; S
3 ‘Zbe(na) ;;maxg,zzvnar—asu}?

H<n<H+N r=1

R R IN
25.23 = b, |? )
( ) Z’ 4 sz:;maux{l,2N||ozT—ozs||}2

r=1

(25.22)  |Fy(a)| < min {FN(O)

It remains to bound the innermost sum over s.

Let J = [1/(2N¢)| and r € {1,..., R}. Thereis an ordering ay, , . .., s,
with s1 = r such that the sequence {|[cs; — arH}le is increasing. Since the
points o are d-spaced mod 1, we have [|as,; — ar|| = jd when 1 < j < R/2,
as well as |las,;,, — ar|| = jd when 1 < j < (R —1)/2. Consequently,

R

2N 4N
E < 2N + E -
_ 2 2
= max{1, 2N ||ar — as||} 1<iah2 max{1,2NJj}
1
< 2N +4NJ + E W
j=J+1
1
(25.24) S2N+ANJT + 5 - min{1/J,72/6},

because .- ;4 i< e 2de =1/J and Zj>1j_2 = 72/6.

If N > 1/(26), then J = 0, so the expression in (25.24) is < N; on
the other hand, if N < 1/(2J), then J < 1/(NJ§) > 1, so the expression in

[25.24) is < 6 L. In any case,

R
2N
N+6
; max{1,2N]jar, —aa)2 T
Inserting the above estimate into (25.23)) completes the proof of (25.21)), and
hence of the theorem. g

Remark 25.12. Had we not smoothened the sum over n in (25.21]), we
would have had to use (25.I8)) instead of (25.22]) and, hence, to replace the
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270 25. Bilinear forms and the large sieve

innermost sum of [25.23) by >, llar—avs|| 7. This last sum is < 6~ 'log R
(and this estimate is best possible for general d-spaced points «;). We would
have thus proven (25.20) with N + §~!log R in place of N + §~ 1. O

Remark 25.13. Montgomery-Vaughan [146] and Selberg [163] proved inde-
pendently that the implicit constant in Theorem can be taken to be 1.
They also showed that N+1/6 can be replaced by N+1/§—1 [114] Theorem
7.7]. As Lemma reveals, this is essentially best possible. O

As a direct corollary of Theorem 5.1 and of relation (25.19]), we obtain
the following result.

Theorem 25.14 (The additive large sieve inequality, IT). LetQ > 1, H € Z,
N € Zs and = (cui1,.-.,casn) € CN. We then have

S X | T oo < (V@3

q<Q a€(Z/qZ)* H<n<H+N
We now turn to the second expression of (25.1]).

Theorem 25.15 (The multiplicative large sieve inequality). Let @ > 1,
HeZ, Ne€Zs1 and ¢= (CH+t1,...,CH+N) € CN. We then have

XYLl Y e < @)l

g<Q, x (mod q) H<n<H+N

where the notation . means that the sum runs over primitive characters.

Proof. The associated bilinear form has coefficients an,, = xm(n), where
Xm ranges over all primitive Dirichlet characters of conductor < @, and
n € ZN(H,H + N]. However, instead of working with this form, we will
show that

(25.25) ST s r< Y 15T (a/a)P

#(9) (ot 0€(Z/qT)"

for all ¢, and then invoke Theorem 25.11] where the functions ST and S*
are defined as in the beginning of this chapter.

When yx is a primitive character mod ¢, Theorem [I0.3] implies that

0= Y = 3 x@e(na/q)

menciin I sy
o5 Y @S /)
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Since |G(X)| = /¢ for a primitive character x (modq) by Theorem [10.4] we

find that
s l=r YT Y x@sta/a)|

1

X (mod q) 4 x (modq) a€(Z/qZ)*
1
q

> Y x@st/

(25.26) 20 S st

N

‘ 2

with the last relation following from Parseval’s identity (I0.6) for multi-
plicative characters. This proves (25.20), thus completing the proof of the
theorem. O

The arithmetic form of the large sieve

The use of the term “sieve” in this chapter is not at all evident, since what
we have talked about so far bears no resemblance to the sieve theory we
developed in Part @l However, it is possible to use the large sieve inequality
to deduce a rather strong sieve upper bound, thus justifying the terminology
“large sieve”.

The set-up is slightly different compared to the one we saw in Part [4] of
the book. To motivate it, consider a polynomial F(x) € Z[z]| and the sets
A={F(n):n<z}and P = {p < y}. Then, S(A,P) counts integers
n < z such that pt F(n) for all p < y. Equivalently, if we let

R,={meZ/pZ: F(m)=0(modp) },

then S(A,P) counts integers n < z such that n ¢ R, (modp) for all p < y.
(We then say that n “avoids” the set R, for all p < y.) Notice that the set
A satisfies Axiom [l with v(p) = |Rp|. In particular, the function ¢* we saw
in Chapter 2] and in Theorem 2.1l is given by

¢*(n) =n (1 = |Ryl/p)-
pln

With these remarks in mind, we now state the main result of this section.

Theorem 25.16 (The arithmetic large sieve inequality). Lety > 1, H € Z
and N € Zz1. In addition, for each prime p <y, let R, C Z/pZ. If

NC{H<n<H+N:n¢R,(modp) forallp <y},
then
#N < (N+32) ) S w2m)f(m),  where f(m) =]

m<y plm

Byl
p—= ‘Rp‘
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272 25. Bilinear forms and the large sieve

Proof. The theorem is trivial if R, = Z/pZ for some p < y, because N' = ()
and f(p) = oo in this case. So let us assume that R, # Z/pZ for all p < y.

The main idea is that if AV avoids many residue classes modulo each
prime p < y, it must be unevenly distributed among residue classes of arith-
metic progressions of moduli < y. The large sieve inequality implies that
this can only happen if A is very sparse.

More concretely, let (¢,,)nez be a sequence supported on N, and fix for
the moment a prime p < y. To study the distribution of (¢, )nez mod p, we

equip Z/pZ with the uniform counting measure (that is to say, P(A) = |A|/p
for A C Z/pZ) and consider the random variable X : Z/pZ — C defined by

X(a) = Z Cn.-
n=a (mod p)

We will study the variance of X. On the one hand, V[X] must be large
because N avoids the set Ry, and thus X (a) = 0 whenever a € R,. On the
other hand, we will express V[X] in terms of the additive Fourier transform
of X, which will allow us to study it using the large sieve.

We start by recalling that
V[X] = E[|X - E[X]|?] = E[|X|*] — [E[X]*.

To take advantage of the fact that X(a) = 0 when a € R,, we use the
Cauchy-Schwarz inequality: we have that

p— |1 .

2
EXP = > X< Ef|xP?.
a€(Z/pL)\ Ry
Since E[X] = ", .7 ¢n/p, we conclude that
p
25.27 VIX] > —1)|E[X
(25.27) X2 (=5~ B \Z

On the other hand, we can write V[X] in terms of the Fourier series

Q) = Z cne(an).

neL

Indeed, we have X( )= 121; (modp) €(—ab/p)S(b/p), whence
1
BIXFI= 5 Y | X e-amsem)| =5 3 1S6/)P
a(modp) b (mod p) b (mod p)

by Parseval’s identity (I0.6]) for additive characters. Since we also have that
E[X] = S(0)/p, we infer that
1
VIX]=— > [S0/p)*

P ve@ipny
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Comparing the above identity with (25.27), we conclude that

(25.28) Z ‘ch cm/p‘ >f ‘ch

a€(Z/pZ)* neZ nez

Notice that we have not assumed anything about the coefficients ¢,,, other
than that they are supported on .

More generally, we claim that

(25.29) Z ‘ch (an/q) ‘ > f ‘ch
a(modgq) nEZ nez
for all q|P(y) = [],<,
where >_* denotes here a sum running over integers coprime to g. We prove
[25:29) by induction on w(g). When ¢ = 1, it holds trivially; when w(q) = 1,
it follows by (25.28)). Finally, assume that (25.29)) holds for all ¢|P(y) with
w(q) < 7, where j is some positive integer. Let ¢|P(y) with w(q) = j + 1.
We may write ¢ = q1¢2 with w(q1),w(g2) < 7, so that (25:29) holds for
the moduli ¢; and ¢o. Note that (q1,q2) = 1 by the fact that ¢ is square-free.
Consequently, when a; ranges over (Z/q1Z)* and ag ranges over (Z/q2Z)*,
then ajqs + aoq1 ranges over (Z/qZ)*. We thus find that

SIS ee(P = 23 [Sae(TEe )

a(modgq) n€Z (modgi)az (modg2) nEZ « 4

p and all sequences (¢;)nez C C supported on N,

We apply ([25.29) with g2 in place of ¢, and with ¢pe(ain/qr) in place of ¢,.

S e+ T > s TG0

az (mod g2) MEZ ¢

Summing the above inequality over a1 € (Z/q:1Z)* and applying again
[25.29), this time with ¢; in place of ¢, we deduce that

S S ene()] = e sta)]| e
nez

a(modq) nEZ

Since f is a multiplicative function, relation ([25.29) follows. This completes
the inductive step, and hence the proof of (25.29).

Finally, applying 2529) with ¢, = l,epn, and summing it over all
square-free ¢ < y, we find that

NP i@ <Y 3| etna/a)]

q<sy <y a (modq) neN
The right-hand side is < (N + y?)|N/| by Theorem B5.14] thus completing
the proof of the theorem. O
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274 25. Bilinear forms and the large sieve

Theorem is of comparable strength to Theorem 2T.1l As a matter
of fact, if we use the improved large sieve inequality mentioned in Remark
[25.13] we can obtain a new proof of Theorem 21.4] (see also [146] for a further
improvement of this result). However, the true strength of the large sieve is
revealed when the sets R, have unbounded cardinality on average, in which
case the sifting dimension is also unbounded. We illustrate this point by
studying Vinogradov’s least quadratic nonresidue problem.

Given a prime p, we let n, denote the least quadratic nonresidue, that
is to say, the smallest integer n > 1 for which (n|p) = —1. We know from
elementary number theory that for half of the integers n € [1,p — 1] we
have (n|p) = —1. In fact, since the Legendre symbol (:|p) is a non-principal
Dirichlet character mod p, we have

> (7)) = ovpton)

n<N

by the Pélya-Vinogradov inequality. In particular, n, = O(,/plogp). Exer-
cise 25.6] establishes the improved bound

(25.30) np < p/2VE(p 5 o0).
Vinogradov conjectured that the stronger estimate
np = Oe(p°)

is true for each fixed € > 0. We use the large sieve to show that Vinogradov’s
conjecture holds for the vast majority of primes.

Theorem 25.17. Fix e > 0. For x > 3, we have
#{p<z:n,>p° } < loglogx.

Proof. For every y > 1, we will show that

(25.31) #{p<y:ny, =y} =0().

The theorem then follows by setting y; = ¢ and noticing that

#Hp<zin,>p}<OM+ > #H{ya<p<y;im >yl )
j<loglogx

To show (25.37), let
N={m<y*: PT(m) <y}

On the one hand, |NV| >, 3? by Theorem [Z5l On the other hand, we can
use the large sieve to bound |N|: for each prime p with n, > y°, we let

Ry ={a(modp) : (alp) € {0, -1}};
otherwise, we let R, = ). We claim that N avoids the sets R,.
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Indeed, let p be a prime and n € N. If n, < 3¢, then R, = (), so we
naturally have n ¢ R, (modp). Assume now that n, > y°. Since PT(m) <
y© < nyp, we have (p'[p) = 1 for all p'|n. The multiplicativity of the Legendre
symbol thus implies that (n|p) = 1, that is to say, n ¢ R, (modp), as
claimed.

From the above discussion, we may apply Theorem 25.16] to find that

NT<y?/ 7 12 m) flm),

m<y?

where f(m) = [, [Bpl/(p — [Rp]). Since |N|>¢ y?, we conclude that

S 1 m)fm) = 0.(1).

m<N

But note that if p > 3 is a prime with n, > ¢, then f(p) = (p+1)/(p — 1)
by the definition of R,. In particular,

S m)f(m) = #{p<y:in, >y}
m<N

This proves that (25.31]) holds, thus completing the proof of the theorem. [

Exercises

Exercise 25.1. Let C = {x1,...,xam} be a set of Dirichlet characters, where x,,
is a character to the modulus ¢,,.

(a) We say that C is reduced if X, X,,, is non-principal when m; # my. Show that
the following sets of characters are reduced: (i) any subset of {x (mod q)}; (ii)
any set of primitive Dirichlet characters.

(b) Assume that C is reduced and let
Q = max{ [¢m,, Gm,) : 1 <my,ma < M, my # my }.
Prove that
2
S|Y axm] <V+0oMyQlog))lE3
x€C H<n<H+N
foral N € Z>y, H € Z and ¢= (cg41,..-,CH+N) € CN.
Exercise 25.2. Let x (mod ¢) be a fixed non-principal Dirichlet character, and let
frg: N = {z € C: |z] <1} be supported on [1,M] and [1, N], respectively.

Explain why the method of bilinear forms cannot yield a general non-trivial bound
for the sum »°, . (f*g)(n)x(n).

Exercise 25.3. Adapt the proof of Theorem 25.TT1to show that the factor /log(2q)
can be removed from the statement of Theorem 23.601 Conclude that the exponent
of log z in Theorem 23.§ can be improved from 5/2 to 2.
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276 25. Bilinear forms and the large sieve

Exercise 25.4. Let N,J € Zx;, and set Ny = |N/2]. Define the function g :
Z — [0,1] by letting g(n) = 1 when |n| < N1, g(n) = 1 — (In| — N1)/J when
Ni < |n| < Ny + J, and g(n) = 0 when |n| > Ny + J.

9(

(a) Prove that 1j,<n/2 < g(n) for all n € Z and

Zg ne(na) = J - [(N1 4+ J)Fy, (@) — N1 Fy, ()],
nez

where F}, denotes the Fejér kernel.

(b) Choose an appropriate J to prove that the left-hand side of Theorem 25.11] is
< (N +1+7v6571/3)ell3-

Exercise 25.5 (Gallagher).

(a) Given f € C'([a,b]) and c € [a, b], prove that

b max{c —a,b— b
0 < 5 [ 1@ar+ 202D

[Hint: Note that [ (f(z) — f(¢))dz = [ (a — 2)f'(z)dz and fcb(f(x)
— f(e))dz = [ (b= )f'(x)dz]

(b) If S(a) = X yon<myn cne(na) and the points a, ..., ag are §-spaced mod 1,
prove that

Z|Sar 5/\5 |da+/\s )5’ (a)|da.

(c) Prove that the left-hand side of B5.11lis < (7N + 5~ 1)||¢||3.
Exercise 25.6. Let p be an odd prime and let n,, be the least quadratic non-residue
mod p.
(a) Prove that if PT(m) < n,, then ( Ip) = 1.
(b) Deduce Vinogradov’s bound n,, < p'/2vete(M) [Hint: For all z > 1, show that
Zm<m P+ (m) <np( |p)<0(\/_10gp) + Zm<x Pt+(m)>n, 1}
Exercise 25.7. Assume the Generalized Riemann Hypothesis.
(a) Let x be a non-principal character mod ¢. In addition, let ¢ be a smooth
function supported on [1 2] with Mellin transform ®. Show that
ZA d(n/z) < x/%logq (z >1).
n>=1
[Hint: Exercise [1.41]
(b) Prove that n, < (logp)? for all p.

(¢) Use the Chinese Remainder Theorem to prove that if x is large enough, then
there is a prime p € [z/2, z] such that (¢|p) = 1 for all primes g < 0.491og z.
In particular, there is an infinite sequence of primes p with n, > 0.49log p.
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Chapter 26

The Bombieri-
Vinogradov theorem

Having developed the large sieve, we present here one of its most impor-
tant applications: a proof of the celebrated Bombieri-Vinogradov theorem
(Theorem [I89). Let us recall its statement: for each fixed A > 0 we have

li(y) x

26.1 max max |7(y;q,a)— ‘<<A
(26.1) v:9.a) v(q) (log x)A+1

< *
<0 y<z a€(Z/q7)

uniformly for x > 2 and 1 < Q < v/z/(log )43,
This result is often called “the Riemann Hypothesis on average”. Indeed,
the Generalized Riemann Hypothesis implies that

li(y)

(26.2) max max |[7(y;q,a)— Wq)‘ < v log(qr)

YT ac(Z/qZ)*
for all ¢ € N and all x > 2 (see Exercise[I1.2)). Conversely, Theorem [6.1] and
Exercise[[T.3|(b) show that knowing (26.2)) for all z > 2 and all ¢ € N implies
the Generalized Riemann Hypothesis. Now, observe that (26.2]) implies
@61) with Q = /z/(logx)A"2, which is bigger only by a factor of logx
than the largest value of ) furnished by the Bombieri-Vinogradov theorem.
In comparison, note that the Siegel-Walfisz theorem (Theorem [I2.1]) provides
a much poorer range of validity of ([26.1]), allowing us to establish it only for
Q < (logz)?, where C is arbitrarily large but nevertheless fixed.

We thus see that if we need to estimate 7(z;q, a) —1i(z)/¢(q) on average
over ¢, the Bombieri-Vinogradov is just as good as the unproven Generalized
Riemann Hypothesis. And having access to such strong averaged estimates
is of crucial importance in sieve theory (see the discussion in Example [[8.]]).

277
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278 26. The Bombieri-Vinogradov theorem

Preliminaries

To prove the Bombieri-Vinogradov theorem, we will decompose von Man-
goldt’s function into type I and type II functions using Vaughan’s identity.
We will then examine the distribution of each type in arithmetic progressions
employing different arguments. But first we must perform some preparatory
steps.

Using a more natural main term. Throughout this chapter, we will
employ the notation

Ap(w;g0) = Y fln)— Zf

n<e n<x
n=a (mod q) ( ,9)=1
where f is an arithmetic function, x € R>;1, ¢ € N and a € (Z/qZ)*. This
quantity will be small if f is well-distributed among reduced arithmetic
progressions. Moreover, it admits a convenient representation in terms of
Dirichlet characters: we have

(26.3) Af(y;q,a)zﬁ Y @Y fmxn)
(

X (mod q) n<y
X7FX0

Now, let 1p denote the indicator function of primes. We want to replace
li(y) in @6T) with >_,, 4,1, so that we can express the left-hand side of
([26.0)) using the quantity A;, to which we can apply ([26.3). We have

Z 1 =7(y) + O(logq) = li(y) + O(ye “V'°¢¥ + logq)
P<y, Plg
for y > 2 and ¢ € N, where ¢ is the constant from Theorem 1] (the Prime
Number Theorem). This reduces ([26.5]) to proving that

max max [Aj.(x;¢,a)] €4 ——7—
o VST ac(Z/el) (A1 (7, 0) 4 (log z) A+

uniformly for 2 > 2 and 1 < Q < /z/(log z)4+3.
Switching to von Mangoldt’s function. The next step, in preparation

for the application of Vaughan’s identity, is to switch from 1p to A. This is
accomplished by the following estimate.

Lemma 26.1. Forxz >2, g€ N and a € (Z/qZ)*, we have

(ﬂz}iw‘AA(Zy q,a )\+ﬁ)-

Igr/lga:i( ’Alp(y7 q, a’)‘ < 1ng
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Proof. If y < /z, we have |A;,(y;¢,a)] < /z/logxz. Assume now that
y € [v/z,z]. Chebyshev’s estimate (Theorem [24]) implies that

1
264) S 1+ Y 1= Y 1<y 122; log:c
p<VT k=2 pk<a PSVE 1<k 282 <V

Hence, if y € [\/x, z], we have

A(n) 1 A(n) VT
Arp(yiq,a) = - == logz )’
1p(y»Q7 a) Z logn SO(CI) Z logn +0 IOg.Cl?
Vr<n<y Vz<n<y
n=a (mod q) (n,q)=1

Employing partial summation, we find that

Y
Alp(y;q,a)—/ l—dAA(t q,a )+0(

=

vz lo log
_ AA(t7Q7 ) Y +/y AA(t’(La)dt—i-O( \/§>
logt =z VT tlog?t log z

Applying the triangle inequality and then bounding |Ax(¢; ¢, a)| by its max-
imum value over ¢ € [\/z, z] completes the proof of the lemma. O

Lemma [26.1] reduces the Bombieri-Vinogradov theorem to showing that

x
26.5 A (y: =
e £ il 12005 O A gy
uniformly for x > 2 and 1 < Q < v/z/(log )43,

Applying Vaughan’s identity. The key to proving (26.0) is a combina-
torial decomposition of von Mangoldt’s function in terms of type I and type
IT functions. We perform this decomposition by appealing to Vaughan’s
identity (Lemma 23): we have A = Af + A’ + A<y for some U,V € [1, 1]
to be chosen later, where we recall that

A= pey slog — (Acy+pcy) * 1 and  A” = (Asy % 1) = sy
As we will see, we may work with any choice of U and V satisfying the
conditions
(26.6) UV <z and U,V >eVioer

The contribution of the term A<y is bounded trivially: we simply note
that > .y A(n) < U, whence Ap_,, (y;¢,a) < U </ for all ¢,a € N and
all y < z. As a consequence,

26. Ancy (y; <y
(26.7) q<QIil§§{ae?zl?fz>*| Aew(¥39, )| € QVE < (o

for z > 2 and 1 < Q < z/(logz)4+3.

X

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



280 26. The Bombieri-Vinogradov theorem

It remains to study the distribution of Af and A” in reduced arithmetic
progressions. We start with the former.

Type I functions in arithmetic progressions

The study of type I functions in reduced arithmetic progressions is relatively
easyll We have the following general result, proven by a straightforward
application of the simplest version of Dirichlet’s hyperbola method.

Theorem 26.2. Let v > 0, and let f be an arithmetic function supported
on [1,y]. Forxz >2, g€ N and a € (Z/qZ)*, we have

A fatogy (w3 9, )| < 2(log ) | f (k)

k<y

Proof. Given k € (Z/qZ)*, we write k for its multiplicative inverse mod q.
Notice that if n = a (mod ¢), then (n,q) = 1. Therefore

A]”>klog; T q,a Z f ( Z (logﬁ)v—ﬁ Z (logﬂ)v>

k<y <a/k <z /k
(k,q)=1 {=ak (mod q) (6,9)=1

The expression inside the parentheses equals Ajoev (2/k;q, ak). Hence, the
theorem is reduced to proving that

(26.8) | Aioge (159, 7)] < 2(logt)” (¢ =1, j € (Z/q2)7).

We first prove ([26.8) when v = 0. We start by noticing that

. 1
Mee -z S (X - X )
P je@any > n<t n<t
n=j (mod q) n=j' (mod q)

Now, fix b € Z. Since each string of ¢ consecutive integers contains exactly
one integer in the class b (mod ¢), the number of n € Z N [1,t] in the class
b (mod q) is either [t/q| or [t/q] +1. We deduce that |A;(¢;q,j)| < 1, which
proves (a stronger former of) (26.8]) when v = 0.

Finally, when v > 0, we use partial summation to find that

t
Aroge (£: 4, ) = /1 (log 5)"dAy (53 0, ).

Integrating by parts and using the already proven fact that |A1(s;q,7)] <1
yields (26.8) in this case too, thus completing the proof of the theorem. [

1The distribution of functions of multiplicative nature can be significantly more complicated
over non-reduced progressions (see Exercise 26.1]). Of course, focusing on reduced progressions is
sufficient for applications to the theory of prime numbers.
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Type II functions in arithmetic progressions 281

As an immediate corollary, we have an estimate for the distribution of
A" in arithmetic progressions, which is the “structured” part of A.

Corollary 26.3. For U,V > 1,2 >2, g€ N and a € (Z/qZ)*, we have

max —max (y5¢,a)] < UV logz.

ysz a€(Z/qZ)*
The above result readily implies the estimate

26.9 max ma A 1q,0)| < QUVlogz.
(26.9) 2 nax max [Ax(yig,0) < QUVIogx

If Q < Vz/(logz)A and UV < /z (as we assumed in (26.6)), then the
right-hand side of 26.9) is < Qvz(logz) < z/(logz)4*2. Together with
([26.7)), this reduces the Bombieri-Vinogradov theorem to proving that

26.1 A -
(26.10) ﬂ%}imeﬁ%% |Aps (73¢,0)] < (log ) A

uniformly for 2 > 2 and 1 < Q < /z/(log z)4+3.

Type II functions in arithmetic progressions

The main result we will use to study A? in arithmetic progressions to large
moduli is Theorem (the multiplicative large sieve inequality). It turns
out that this result can only handle the contribution of Dirichlet characters
of large conductor to the sum in ([26.10). To deal with characters of small
conductor, we need the following estimate.

Theorem 26.4. Fiz A,C > 1. Ifx >3,U € [1,z], V € [eV1°8% 2], r € N,
and x is a character of modulus ¢ < (logx)®, then

A°(n)x(n)1 <
e nz M (nr)=1| <ac

(logz)4

Proof. The result is proven by a modification of the second part of the
proof of Theorem First, we open the convolution A’(n) = 37,,_, (1 %
Asp)(k)psv(€). Then, we fix the congruence class of ¢(modgq) and use
Corollary I3.4. We leave the details as an exercise. O

Remark 26.5. In Chapter 24 we noticed how the bilinear methods are
perfectly complemented by the Siegel-Walfisz theorem, thus yielding results
such as Theorem 24,3 that cover all possible values of «. We see this comple-
mentarity manifesting itself again in the proof of the Bombieri-Vinogradov
theorem: bilinear methods will handle characters of large conductor, but we
have to resort to the Siegel-Walfisz theorem (via an application of Corollary
[[34)) to handle characters of small conductor.
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282 26. The Bombieri-Vinogradov theorem

Finally, as a more technical remark, we mention that it is possible to
prove (a version of) ([23.12) for non-principal characters by a direct appeal
to the Siegel-Walfisz theorem, thus circumventing the use of Corollary [[3.41
Indeed, when (a,q) = 1, r € N¢, and UV < z/eVI°8%  we claim that

A (y5q,0)] < log )™,
\/zrggxl r (Y34, 0)] <ac x/(logz)

where A’ (n) = Ab(n)l(n,r)zl. This estimate is good enough for the purpose
of establishing the Bombieri-Vinogradov theorem. To prove it, we start by
writing A” = A—Af —A<y. After multiplying this identity with the indicator
function n — 1, =1, we apply the Siegel-Walfisz theorem (Theorem T2.T])

to the first function on the right side and Theorem B6.2] to the second one.
The details are left as an exercise. (]

Reduction to character sums. We now show how to use Theorem
to reduce the proof of (26.10) to a certain large sieve estimate involving
sums of A twisted by Dirichlet characters. It is convenient to introduce
some notation for these character sums: for the rest of this chapter, we let

ZA" )L ()= ‘
By ([26.3) with f = A” and the triangle inequality, we find that

1
max max z;q,a S z
Var<y<z a€(Z/qL)* ( vla )X(mzodq) o

XFX0

Sy (z max
( X \/_<y<m

Now, let £ (modd) be the primitive character inducing x, so that d is

the conductor of x. We then have that d|g and x(n) = 1(,4=1(n) =

(n,q/d)=1§ (n), where the second equality follows by noticing that the copri-
mahty of n and d is encoded in the definition of {(n). Hence,

1 *
max max |A,,(z;¢,a0)| < —= Z Z Sqya(@,§).

VzLy<z ac(Z/qZ)* ( ) d|q,d>1,¢ (mod d)

Fix C' > 0 to be chosen later. When d < (logz)®, we use Theorem
with A 4+ 2C 4 1 in place of A (recall that we have assumed (26.6])). There
are < (log x)%¢ pairs (d, €) with d < (logx)®. Consequently,

Sq/a(2;€) x
Jax A (@ig,a <> o(q) *O(wq)(logx)AH)'
a€(Z/qL)* dlg, & modd)

d>(logz)®
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Since ¢(q) = ¢(d)p(r) when ¢ = dr, we infer that

T (z,
(26.11) Jmax Al < X0 4 Ot/ oga)),
r<y<sx
q<Q QE(Z/%]Z)* r<Q v
where

T (2, Q) == Z % Z Sp(x,&).

(log )€ <d<Q/r ¢ (mod d)

A large sieve inequality. The next step is to bound 7, (z, Q) using the
large sieve in the form of Theorem However, this result establishes a
bound for the mean square (also called the “second moment”) of character
sums ), . cpX(n) when we average over primitive characters x of conductor
< Q. To prove the Bombieri—Vinogradov theorem, we need to estimate
the first moment of (n)x(n)l(n7r):1. It turns out that the bilinear
structure of A” allows us to use the Cauchy-Schwarz inequality and pass
from the first moment of 3 b(n))((n)l(n’,,)zl to a product of two second
moments of two other character sums. As a matter of fact, we have the
following estimate for general type II functions.

n<e

Theorem 26.6. Let f and g be two arithmetic functions supported on [1, M]
and [1, N7, respectively. For xz,Q > 1 we have

> Z rggg > (f *g)(n)x(n)

g<Q, x (mod g nxy

< (v +\/MQ+\/NQ+Q2)(1OE;:E) 1f1l2 [lgll2-

Proof. Since we are only considering integers n < x, we may assume that
x > M, N. Indeed, if for example x > M, then we replace f by f - 11 4.

Let S be the sum in the statement of the theorem, which we write

S = ZZ —max ZZ f(m)x(m)g(n)x(n)lmns<y|-

q<Q, x modq) m<M,n<N

We want to apply the Cauchy-Schwarz inequality to S to separate the vari-
ables m,n and pass to a product of two second moments, so that we can
apply Theorem to each variable separately. However, there are two
technical obstacles. First, the variables m and n are tangled in the indicator
function 1,,,<y; second, we have to take the maximum over y < z. We take
care of both of these issues simultaneously by an application of Perron’s
inversion formula.

As a preparatory step, note that mn < y if and only if mn < |y| +1/2.
Hence, in the definition of S we may replace maxy<, by max,—x1/2 reN, k<o
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284 26. The Bombieri-Vinogradov theorem

Now, let y = k+1/2 for some integer k € [1, z]. Lemma[lTlwith o = 1/log z,
T = 22 and mn/y in place of y implies that

S S Y T

i | Re(s)=a 2
27 e x?|log(y/mn)|
We have |y — mn| > 1/2 for all integers m,n, by our assumption on y.
Therefore, |log(y/mn)| > 1/y > 1/x. Moreover, (y/mn)* < 1 for y <
x+1/2 and m, n > 1. We thus conclude that

1 x2 ya—l—it

>0 fm)x(m)gm)x(n)lmnsy =5 F)GH0) -t
m<M,n<N —T
(26.12) +0(a7t 3 1Fm)l Y lgn)]).
m<M n<N

where
Fi(y) = Z % and Gi(x) = Z %
M n<N

The Cauchy-Schwarz inequality and our assumption that M, N < z imply

that
ST <2 2 fllz and Y lg(n)] < 2| gll2.

m<M n<N

In the main term of (26.12)), we note that |y*T%| < 1 for y < z + 1/2, as
well as that |a + it] < max{q, |t|}. Therefore,

S5 Smpmgn e, < [ TG g

m<M,n<N —z? ma‘X{ |t‘}

The right—hand side no longer depends on y. Consequently,

s<</ (Z5 L B0 G001 ) s + QU el

<@, x (mod q)

By the Cauchy-Schwarz inequality and two applications of Theorem 25.15]
one where we take ¢, = f(n)/n*"® for n € [1, M], and another one with
cn = g(n )/na”t for n € [1 N], we conclude that

> Z )]+ 1G] < V(M + Q) (N + Q)| fl2llgll2-
9<Q, x(mon)

Since /(M + Q?)(N + Q?) < VMN +vVMQ + VNQ + Q? and

2

@ dt dt dt
- _ — + < logz,
_p2 max{a, [t} lt]<a O a<|t|<z? [t]

the theorem has been established. O

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



Type II functions in arithmetic progressions 285

Corollary 26.7. For z,Q > 2, U,V € [1,z] and r € N, we have

Qr  Qu
)< (24 = + = + @2z ) (log 2.
q<§x§dq o ( \/ﬁ \/_ )

Proof. We begin by writing A* using ([23.12)), which we also multiply with
the indicator function of integers coprime to r:

Ab(n)l(n,r):l = Z (aj * B])(n) for n<uz,
U<2i<2z/V
where we have set aj(k) = (Asy * 1)(k)lgi-1cp<oil(py=1 and B;(€) =
p>v (0)lp<qzsoi-11()=1. Therefore, Theorem with f = a;, M = 27,
g =pBj and N = /2771 implies that

> D max| (e x 8)(n)x(n)

9<@Q #la) X(modg) ~  n<y
< (Vz+22Q + V127 IQ + Q*)(log z) || o 12/182
< (z+2/2Q + 22792Q + V2Q?) (log )?,

where we bounded ||a;l|2]|3;]]2 by O(v/zlogx) using the inequalities || <
log and |3;] < 1. Summing the above estimate over 27 € [U,2x/V] (there
are < log x such choices for j) completes the proof of the corollary. O

The easiest way to pass from the above estimate to a bound for T, (x; Q)
is to use a dyadic decomposition trick: we have

1 d x
(logz)€<2i<2Q/r 20-1<dg27 ¥ ¢ (mod d)
Corollary then implies that

1 Wy Vg
Tp(z,Q) < > + =+ —= + 4z ) (log z)?
(logz)©<21<2Q/r Y ( \/U \/V )

x N z(log z)* N z(log z)* N Q+v/z(log z)?
(log )03 VU VV r ’
where we used the estimates
Z 277 <« (logz)™%, Z 1 <« logux, Z 2 < Q/r.
27> (log z)€ 1<292Q/r 1<29€2Q/r

Inserting (26.13) into (26.11]) and executing the summation over r yields

(26.13) <

T z(log x)°
max A (yiq,0)] < {og z)

_|_
VI<y<z (logz)=* * \/min{U, V'}

15Q ae(z/q2)"

+ Qv (log z)*.
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286 26. The Bombieri-Vinogradov theorem

We take C = A+4 and U = V = eV!°8% (which satisfy (26.6]), at least when
x is large enough). This completes the proof of (26.10), and hence of the
Bombieri-Vinogradov theorem.

Exercises

Exercise 26.1. Let ¢ € N and a € Z.
(a) If (a,q) = 1, prove that A, (z;q,a) < \/z for x > 1, as well as

Z T(n)w%mjlogs& (x — 00).

n<x
n=a (mod q)

(b) Let d = (a,q), r = a/d and ¢ = 7(d) Ty, (1 — 1/[(p = 1)(wp(d) + 1)), where
vp(d) denotes the p-adic valuation of d. Prove that

Z T(n)wc-&g)-xlogx (x = o).

n<x q

n=a (mod q)

[Hint: For each Dirichlet character x (modgq), evaluate the partial sums of
m — x(m)7(dm)/7(d) by appealing to Theorem [[3.21]

Exercise 26.2. Fix k € N and A > 0. Show there is B = B(A, k) such that

M
7(y; ¢, a) 2(q) <Lk, A (logm)A

Z Tr(¢) max max
0<0 ysz a€(Z/qL)

forz > 2 and 1 < Q < /x/(logx)P. [Hint: Use the Brun-Titchmarsch and the
Cauchy-Schwarz inequalities to remove the weight 75 (q).]

Exercise 26.3* Let Q4 p denote the set of integers ¢ > 3 such that

li(z) li(z)
max X A
ac(z/a2)* p@)| ~ plg)(logz)
For each A > 0, show that there is B = B(A) such that

#045N[1,Q] = Q + 04(Q/(log Q)™).

Exercise 26.4F Fix A > 1 and ¢ > 0. Using the combinatorial decomposition
[2314) in place of Vaughan’s identity, show that (261 holds uniformly for x > 2
and 1 < Q < v//(logx)At?*e. [Hint: In the proof of the analogue of Theorem
267, with «;, 8; defined appropriately, show that ||e;l2||5;]l2 < xlogz/logy.]

for all > ¢*(log q)®.

m(x;q,a) —

Exercise 26.5F Prove the Bombieri-Vinogradov theorem by decomposing von
Mangoldt’s function using Heath-Brown’s identity from Exercise 23.5]
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Chapter 27

The least prime in an
arithmetic progression

We have proved that all reduced arithmetic progressions of a given mod-
ulus ¢ get their fair share of primes. Since this is an asymptotic result, a
fundamental question is how far do we have to go to see the primes becoming
equidistributed among the different progressions mod ¢. A simpler version
of this question is how far do we have to go to locate the first prime p in
the reduced residue class a (mod ¢q). We denote this prime by P(q,a).

The Siegel-Walfisz theorem tells us that 7(z;q,a) ~ li(z)/¢(q) as soon
as x >. exp{q¢°}, so that P(q,a) <. exp{q°}. However, we expect that
7(x;q,a) ~ li(z)/p(q) in the much wider range x > ¢'*¢ (see Exercise [[7.6)),
which would imply that P(q,a) <. ¢**. If we knew that [T (mod ) L(5, %)
has no zeroes in the strip Re(s) > 1 — 4, we would immediately deduce
that P(q,a) <. qt/ote (for instance, see Exercise[11.2]). Remarkably, Linnik
proved that such a strong bound on P(g, a) holds unconditionally.

Theorem 27.1 (Linnik). There is an absolute and effectively computable
constant L > 1 such that P(q,a) < ¢* for all ¢ > 3 and a € (Z/qZ)*.

Linnik’s original proof relies on three ingredients:
1) the classical zero-free region given in Theorem 2.3}

2) a log-free zero-density estimate which, among others, implies that, for
each fixed C' > 0, the product [[, (0q4) L(s; X) has O(1) zeroes in the
region {s € C:0 >1—C/log(qT), |t| <T};

3) the Deuring-Heilbronn phenomenon, stating that the classical zero-free
region can be enlarged when it contains an exceptional zero.

287
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288 27. The least prime in an arithmetic progression

A proof along these lines is presented in [10] and [114]. We will present
here an alternative proof. The three above ingredients are replaced by:

1") the results of Chapter 22] that build on sieve methods and the theory of
pretentious multiplicative functions;

2') the pretentious large sieve, as developed by Granville, Harper and Soun-
dararajan [66] building on ideas of Haldsz [84] and Elliott [40];

3') an argument of Friedlander-Iwaniec [59, Chapter 24| that allows us to
count primes when there is an exceptional zero using a zero-dimensional
sieve.

The pretentious large sieve

Consider the bilinear form that has coefficients a, , = x(n)\/q/¢(q), where
x runs over all Dirichlet characters mod ¢ and n € Z N [1, N]. In Example
25.8, we proved that this bilinear form has norm < N + ¢. Using Theorem
25.9, we deduce the bound

(27.1) Z ‘ Z enx(n)

X (modq) n<N

ERACUTVTET:

‘2
q

for all ¢ € CN. If |c,| < 1 and N > ¢, the right-hand side is < N2p(q)/q.
This bound could be as big as one term on the left-hand side if, say,
cn = X(n). However, we should expect that the sequence (c,))_; can cor-
relate strongly with only a few Dirichlet characters by the approximate or-
thogonality of the latter. Hence, if x1, ..., X, are the characters correlating
the most with the sequence (¢,,)n<n, it is reasonable to guess that

Z ‘ Z cnX(n)

XE{X1,oxr} NN

2 2

= o(V*p(a)/a).

The pretentious large sieve proves such an estimate when ¢, = f(n) with f
multiplicative and bounded. Rather than presenting it in full generality, we

develop it in a rather special case that sidesteps many of the technicalities
of the general case (see Lemma 27.6(b) and Remark 27.7 below).

To simplify various details, we count the primes with a logarithmic
weight. As we will see shortly, this move allows us to bypass the use of
Perron’s inversion formula and instead relate prime sums to L-functions
using the simple idea behind the proof of Lemma

By orthogonality, we have that

1 1 _ x(p
I IR IRy
y<psz X (mod q) y<p<z

p=a (mod q)

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



The pretentious large sieve 289

We expect the principal contribution to come from the character xy = xo.
However, in Chapters and we saw that there is potentially an addi-
tional exceptional character whose contribution we cannot control. If we
exclude these two characters, we can show that the total contribution of the
remaining characters is small.

Theorem 27.2. Let q > 3. There is a real non-principal Dirichlet charac-
ter x1 (mod q) such that for all z >y > ¢* and all a € (Z/qZ)* we have

Z EZL( Z 1+X—1(ap)+0(1)>'

Sl pov@N S p
p=a (mod q)
Remark 27.3. In fact, if R, denotes the set of real, non-principal Dirichlet
characters mod ¢, we will take x1 such that Ly(1,x1) = minyer, Lq(1, x)-
This choice is motivated by Theorem 2Z.6(b). O

The first step in the proof of Theorem is to exploit the type I/II
structure of von Mangoldt’s function and pass to a second moment estimate
to which we can use the method of bilinear forms, much like we did in
the proof of the Bombieri-Vinogradov theorem. Due to the presence of
logarithmic weights, it suffices to use (23.14) with D = 1: we have

(27.2) A1 p=(m)y = Alioe() + Aljeve(n),
where
Agicvc(n) =1lp-(n)>ylogn and A o(n) = ZZ wu(k)loge.

kl=n, k>y, {>y
P~ (kt)>y

If x is a Dirichlet character and we let Ly (s, x) be defined as in Chapter 22]
(see (2Z2)), then the Dirichlet series of A% x factors as

(27.3) Zw —Li(s,%)(Ly (s, x) — 1).
n=1

Using the above observations and Lemma 22.3] we prove the following
preliminary result.

Lemma 27.4. Let x >y > ¢°. In addition, let x1 be any real non-principal
character mod q, and set C; = { x (mod q) : x # xo0,x1 } and

14+1/logy
S, = _/ S X)L (0, ) (L7 (0, x) — 1)da,
1+1/log 2 x€Cq

Then . ) .
Z _:T< Z +X—1(Clp)+5q+0(1)>‘
y<psz p g y<p<z p
p=a (mod q)
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290 27. The least prime in an arithmetic progression

Proof. We may assume that ¢ > 10. Set

(27.4) 6<n>=1na<mdq>—ﬁ S x@x(n) = X(@)x(n),
x€{xo0,x1}

so that our goal is to estimate the sum

Z 11 Z 1+ xi(ap) _ 5(19).

p (g p

y<p<z Y<p<z

p=a (mod q)

First of all, with the notational convention that A(1)/log(1) = 0, we

claim that
1 A(n)/logn
> olo oy AWIRT L 0u/et) w2
p nl+1/log
y<psw P~ (n)>y
p=a(modq) n=a (mod q)

Indeed, this follows from a simple adaptation of the proof of Lemma 2231
The two needed estimates are

1 1 lo log w
Z 1+1/logw < and Z oF < :
e e () ot P ¥l

p=a (mod q) p=a (mod q)

for w > y, which are both corollaries of the Brun-Titchmarsch inequality
(Theorem B0.1]) and partial summation, since we have assumed that y > ¢°.

In addition, for any character X (mod q), Lemma 22.3 implies that
x(p) x(n)A(n)/logn
Z Z n1+1/logw + O(l) (w > y)
y<psw P

We thus find that
sy Y My 00 o0y wsy).

1+1/logw |
n ogn
y<psw p P~ (n)>y &

Next, we rewrite A(n)1p-(,)s, using [7.2) and show that the contri-
bution of A% to the right side of (27.5) is negligible. Indeed, Theorem

sieve

I8I1(a) and our assumption that y > ¢® imply that

y 1o a0 1) +0($H/ 1) (o>, be (Z/q2)").

1
n<z, P (n)>y ©(q) ¢(q) logy
n=b(mod q)

Note that § is a g-periodic function supported on integers coprime to ¢. In
addition, 3, c7/.76(n) =0and 3, 7,7 |6(n)| < 3. As a consequence,

5(”) SleVe
Z logn Z on

n<x 1<n<zx

1—1/ log y

¢(q)logy
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for z > y. Together with partial summation, this implies that

= §(n)AL_ . (n) 1
2 nTlogn - 9(q) (o> 1).

Combining the above estimate with (27.5) and (27.2), we conclude that
d(p SN2 (n
erey Y Moy e o1/0g) sy,

1+1/logw
y<psw n=1 " logn

We want to express the right-hand side of (27.6) as an integral. We do

this using a trick: we may trivially arrange the summation as Zy <p<z =

> y<p<s — Dy<pe<y- Hence, applying 7.6) with w € {y, z} implies that

3(p) i 8(1) Ajeve (1) 3 8(n) A% (1)
2 % logn S e 0(1/p(q))
Jo. P otttz logn P—(n)>y ni*1/lgylogn
_ /l—l—l/logy [ Mdg N O(l/(p(q))
1+1/logz ne ’

by the Fundamental Theorem of Integral Calculus. Using (27.4]) to rewrite
d(n) in the integrand in terms of characters x € C,;, and then employing
@73) to factor the Dirichlet series of A’ x completes the proof. O

sieve

The next natural step is to apply the Cauchy-Schwarz inequality to the
sum S, of Lemma 274 and use bounds like (27.I]). But first, we exploit the
fact that we are summing over the restricted set of characters C,.

Lemma 27.5. Let C; = {x(modq) : x # xo,x1} with x1 defined as in
Remark 273 Then |Ly(o,x)| <1 for all x € Cq, y > q and o > 1.

Proof. If x is a complex character, then |Ly(1, x)| < 1 by Theorem 22.6](a).
On the other hand, if x € C is real, then Ly(1,x) > Lg(1, x1) by the choice
of x1, and thus Ly(1,x) =< 1 by Theorem RZ6(b). In all cases, we have
|Lq(1,x)| < 1. Combining this fact with Theorem (applied with y = ¢
and ¢ = 0) yields that >, _ ., x(p)/p = O(1) for all v > u > ¢. Finally, if
we insert this estimate into Lemma 22.3] we infer that |L, (o, x)| =< 1 for all
y > q and all 0 > 1, as needed. O

By the above lemma, we have Ly_l(o’, x)—1 < 1 for all x € C,. However,
we do not want to remove the factor L, Yo, x) — 1 completely from the sum
Sq of Lemma because this will destroy its bilinear structure. Instead,
we note that L;l(s,x) = Fy(s, x)?, where

Fys.0 = [ (1 B x(p)>1/z oy M
P

s
P>y p —(n)>y
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292 27. The least prime in an arithmetic progression

with 7, being defined by ([[3.3)). Since |22 —1| < |z —1] for |z| < 1, we have

1+1/logy ,
si< [ S 1Ly (@) [Fy(o,x) — 1jdo
1+1/logz X€Cq

1+1/1o
<[ o0 X R e) - 1F) Can

1+1/log 2z x€Cq x€Cq
Noticing that [7_; /9| < 712, Theorem T2 follows from the following esti-

mate.

Lemma 27.6. Let s >0,y >¢*>1and1 <o <1+1/logy.
(a) Let f be an arithmetic function with |f| < 7,. We have

Z Z 1p- (n)>yf(n)X(n) 1

X (mod q) ' n>1 " [(0 - 1)(10gy)]2ﬂ
(b) In addition, we have
Y Iy x)* < (logy)*.

X (mod q)
X7X0

Remark 27.7. Part (b) exemplifies the idea of the pretentious large sieve:
we exclude the principal character from the summation because we know
that L (o, x0) — oo when o — 17, whereas we know that we can control
the size of Lj (c, x) for x # xo using ideas from Chapter O

Proof. (a) Let fy(n) = 1p-(n)>yf(n). By the orthogonality of Dirichlet
characters, we have

17 Y [y B

X (modq) ' n>1

Z fy nl Z fy(ng)

FEE
ni>1 no>1 2
(n1,9)=1 no=n1 (mod q)

Since f, is supported on integers free of primes < y, we may assume that
the above sum runs over integers ni,ng > y.

For a € (Z/qZ)* and x > y > ¢, Theorem B0.3 and our assumption
that |f| < 7, with k£ > 0 yield the bound

Yo Uyl )|<<—eXP{ > ‘—Z } logx)x *(logy)*

n<x y<p<:1: p<x
n=a (mod q) plq

Using this estimate and partial summation, we find that

£y ()] 1
n; g S @)(o —1)logy)"

na=a (mod q)
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uniformly for a € (Z/qZ)* and o € (1,1 + 1/logy]. Together with ([27.7),
this completes the proof of part (a).

(b) To prove the second part of the lemma, we combine the proof of part
a) and of Theorem P21l We begin by splitting L/ (o, x) as
Y

x(n)logn
L' (0,%) Z Z B

J21 yi<ngydtt
P (n)>y

Fix j for the moment and let /\jE be as in Theorem [[9.1] with D = 3/ and
P = {p < y}. Moreover, set

(5](’0) = ()\]+ * 1)(n) — 1P*(n)>y7 so that 0 < 6j < ()\+ — )\7) * 1.
Arguing as in the proof of ([22.8), we find that
Z X(n)()\g|r x1)(n)logn

n(f

y] <n<y]+1

+
s A (d)x(d) > x(m) log(dm)
- o ) ) mO’
d<yi/3 Yyl /d<m<yitl/d
Z 1 qlog(y’) _ jqlogy _ jlogg
< do (yi/d) S y2i/3 S q¥ -1

d<yi/3
for y > ¢3 and x # xo. Consequently,
x(n)d;(n)logn
~Liy(o,x) =0/v)+>, > jn—g
]21 yj<n<yj+1

We then apply the Cauchy-Schwarz inequality twice to find that

X(n)d;(n) logn |2
Lo <001/ +2| =+ s
7j=1 y]<n<yj+1
n)d;(n)logn 2
2 Sy Misne
(27.8) < - + J e

7=>1 y]<n<y]+1

Summing over all non-principal characters x (mod ¢), we infer the bound

SooLeP<i+> 57 > ‘ > —X(n)éjéf)lognr

X(Ir;éodq) J=1  x(modq) yi<n<yit?
X7FX0

00
(27.9) =14+ j°5;.

j=1
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294 27. The least prime in an arithmetic progression

Using the orthogonality of Dirichlet characters as in (27.7)) and the inequality
0 < §j(n)logn < §;(n)log(y’?) for n < y/*1, we deduce that

Sj < @(q)i*(logy)® Y —5j(21) > 5nz)

. _ n ) _ ng
yI<ni<yi 1 ! yI<no<yI ! 2
(n1,9)=1 nz=n1 (modg)

Now, since 0 < §; < )\j — A, Theorem 91 implies that

—j
< i(n) < P S(E _re-
0< n§<xj 5;(n) < d<§j/:3()\J A7)(d) (dq +0(1)) < O
n=a (;lod q) (d\,g):l

for x > v/ and a € (Z/qZ)*, where we used our assumption that y > ¢>.

Together with partial summation, this yields the bound S; < jte=% (logy)?.

Inserting this estimate into (27.9) completes the proof of the lemma. ]

Endgame

Having shown Theorem 27.2], we now pass to the proof of Linnik’s theorem.
Let us recall that we must prove that P(q,a) < ¢” if L is large enough. We
may assume that ¢ > 10. Throughout, x; is as in Theorem 27.2

The two following cases are easy to handle.

Case 1: xj(a) = —1. Then, Theorem and Corollary 22.4] imply that

3 1:L< Y il(p)+0(1)> > L( 3 1_0(1)>
oz, pow@\ S pla)\ 52, p

p=a (mod q)

for all z >y > ¢3. We take z = ¢* and y = ¢ to find that the right-hand
side of the above inequality is > (log L — O(1))/¢(q). Hence, if L is large
enough, we immediately deduce that P(q,a) < z = ¢*.

LO‘QQ

Case 2: x1(a) = 1and Ly(1,x1) = L%, In this case, we let y = ¢ and
z = q&. Theorem then implies that >, _ . x1(p)/p = O(1). Together
with Theorem 7.2 this yields the estimate
1 1 1 log L + O(1)
> Lo X Leow)-lulrow
100 ¢(q)

y<psz p go(q) y<p<zp
p=a (mod q)

If L is large enough, the above expression is positive. Hence, P(a,q) < z =

q”, as needed.

The last case remaining is thus:

Case 3: x1(a) = 1 and L,(1,x1) < L7%%. Under the second assumption,
Exercise 223 implies that L(s, x1) has a zero 81 > 1 —O(L7%%/logq). We
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do not need this fact, but it is useful to keep it in mind. We will use sieve
methods to detect primes in the arithmetic progression a (mod g). The key
observation is that if n is square-free, then (1 * x1)(n) = 0, unless n has no
prime factors p with x1(p) = —1. Now, (22.15) implies that xi(p) = —1 for
the vast majority of primes p € [q,ql/Lq(l’Xl)]. This means that weighing
n with the function (1 % x1)(n) presieves it with most of the large primes.
Hence, if we let

S(x,y;9,a) = > (L*x1)(n)

l<n<z, P~ (n)>y
n=a (mod q)

and we choose = and y appropriately in terms of ¢, we expect that

(27.10) > (1 +xa) = S, Vaiq,a) = S(x, 454, a)

Vz<p<z
p=a (mod q)

with y much smaller than x. On the other hand, the Fundamental Lemma
of Sieve Theory is very efficient at estimating S(z,y; g, a) for small y, as the
following result demonstrates.

Proposition 27.8. Assume the above notation. In addition, let ¢ > 10,
be (Z/qZ)*, v > ¢*®, y € [q,2] and u =logz/logy. Then

S(x,y;¢,0) = (1+x1(b) + O(xl/logy))% I1 (1 _ %)

Proof. Note that S(z,y;q,b) = S(A, P), where A = (a,)5; with

an = (1 * Xl)(n) ) 1n<:v, n=b (mod q)
and P ={p <y:ptq}. Wewill apply Theorem [I8TIl We must first check
Axioms [TH3
Fix, for the moment, d|P such that d < y/x. We have

Aa= D> (xx)m) = D k).
n<z,d|n ké<z, d|kl
n=b (mod q) kf=b (mod q)
Notice that x1(¢) = x1(b)x1(k) in the above sum. We then split A, into
three subsums: in the first one k < £, in the second one ¢ < k, and in the
third one k = ¢. Since x1(¢) = x1(b)x1(k), the second subsum equals x1(b)
times the first subsum. Moreover, the third subsum is O(y/x), since it has
< v/ terms all of magnitude < 1. Hence,

Ag=(1+x1() Y xi(k) > 1+ 0(Va),

k<\z k<t<x/k,£=kb (mod q)
(=0 (mod d/(d,k))
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296 27. The least prime in an arithmetic progression

where k denotes the multiplicative inverse of k (mod ¢). Since d|P, we have
(d,q) = 1. Hence, the sum over ¢ equals (z/k — k)/(dq/(d, k)) + O(1). We
thus infer that

Ag=(1+x1(0) D> xak)-
k<\/x
Using the identity (d,k) = >_,, 4 #(m), and letting k = mr, we find that

A= O S cmpatmn) Y ) (2 - mr) +O(Va).
m|d r<y/z/m

The Pdlya-Vinogradov inequality (Theorem [[0.6]) and partial summation
yield that

Z x1(r)mr < \/zqlogq and Z x1(r) - % < /zqlogg.
r<y/z/m r>y/z/m
Consequently,

pa = LEXOIPL ) S~ pmbam) | o iog ),

dq m|d

x/k—k
dgq

(d, k) + O(Va).

We thus conclude that the pair (A, P) satisfies Axiom [I] with X = (1 +
x1(0)zL(1, x1)/q, v(d) = 3 p(m)xa(m)/m and rqg = O(,/zqlog q). Ax-
iom [2 also holds with x = 2. Finally, since zL(1,x1)/q > z/(¢*/*log?q)
by Theorem and we have assumed that > ¢'°° and y > 10, we have
2P, d<at/roo [ra| < a1/ 18y 1,1, x1)/(qlog?y). Noticing that 1—v(p)/p =
(1—x1(p)/p)(1—1/p) for p 1 q, the lemma follows from Theorem I8 IT|(a). O

We also need a stronger version of the first part of Theorem 2.5

Lemma 27.9. Let x (modq) be a real, non-principal character. Then

Z 1+ x(p) < log z 4y V/00l0ga) g << Qe M Ea(00),
P log @

y<p<z

Proof. We may assume that g > 10, as well as that y > ¢ := ¢'%, since
> g<p<q 1/p = O(1). The non-negativity of 1 y implies that

1+ x(p) (1xx)(n)
- Y Y e
(27 11) » -
y<p<z y<n<z
P~ (n)>q1

If we let a = Lg, (1, x) [ [, (1 — 1/p) < 1/log Q, we have

:1:1—1/10 q1
(27.12) > (1xx)(n) _aa:+0(7g>
P

I
n<a, P~ (n)>a o8t
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for x € [y, z]. Indeed, this follows by breaking the summation according to
the congruence class of n (mod ¢) and by applying Proposition to each
subsum with x in place of x1, while noticing that L, (1, x) < 1 from The-
orem 2211 Inserting (27.12]) into (2711 via partial summation completes
the proof. O

Proof of Theorem 27.1] in Case 3. Our starting point is the first equal-
ity in (2Z.I0). We take z = ¢*"" and y = ¢°° ¥, Since 1/Ly(1, x1) > L,
Lemma 27.9] implies that

(27.13) > H+f(p) < %

that is to say, x1(p) = —1 for most p € (y,x]. We then use a variation of
Buchstab’s identity (I9.12) to find that

S(x,Vaiq,a) = S(x,y;q,0) = D > (Lxx)(n)

y<p<Vz n<z, P~ (n)=p
n=a (mod q)

=S, yiq.0) = Y (Lex)@™S(/p™ p;q,p"a),

m21,y<p<y/z

y<p<z

where b denotes the inverse of b(modgq). When m > 2, we use the trivial
bound S(z/p™,p;q,p’a) < Y on<apm T(n) < z(logz)/p™. For the sum-
mands with m = 1, we note that (1 x1)(p) =2 1,,(p)=1- Consequently,

S(z,vxiq,a) = S(z,y;q,a) — 2 Z 5($/p,p;q,15a)+0<$10g$).

y<p</T

x1(p)=1
Assuming that L is large enough, we may apply Proposition27.§ to all terms
of the right side. This yields the estimate

i (05 )
y<psva p<y
x1(p)=1

+ O(z(logx) /y).

Employing (27.13) and the lower bound L(1,x) > 1/(\/glog? q) from The-
orem [I2.8 we conclude that

S(z,Vz;q,0) = {2+ O(L7% + m*l/Q)}Ly(l’Xl) 11 (1 — 1).

vla) o p

If we take L and z large enough, we have S(x,+/z;q,a) > 0. This completes
the proof of Theorem in Case 3 too. O
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Exercises

Exercise 27.1F Assume the set-up of Lemma 27.6(a) and fix r € Rx.
(a) For all T € R, prove that

Z /T+1

(mod q)

F(n)(logn)"x(n) | (o —1)1-2r
n>1 netit @ S [(0 = 1)(logy)]?~
P~ (n)>y

[Hint: First, reduce to the case T = —1/2. Then, for any smooth function

g R — R0 majorizing 1;_1 /3 1 /2], show that the above sum is

Dy 7w (1) 7w (n2) (log n1)" (log no)"[g(log(n1 /n2))|
(n1n2)” '

< (g

ny,na>1, P~ (nin2)>y
n1=nz (mod q)

To estimate this new sum, show that g(£) < 1/(1 + [£]"T""2), and then split
the range of n1,ny into intervals of the form (e’, e/*1].]
(b) Deduce that

3 /°° ’ ) f(m)x(n)(ogn)”|° dt (o — 1)L=2r
x (mod q) o0 n>1 notit 1+t 7 [(U - 1)(10g y)PK
P (n)>y

Exercise 27.2F For each ¢ > 3, show that there is a real, non-principal Dirich-
let character x; (mod ¢q) such that for any fixed smooth and compactly supported
function g : Ry9p — R and any fixed € > 0 we have

> Amg(nf) =~ / o) ﬁ((q“))zxmm(n)g(n/x)

n=a (mod q) n=1

+0y.(zu™""/9(q))
uniformly for z = ¢* with « > 1. [Hint: The case u < 100 is trivial. For the case
when u > 100, decompose A using 23.14) with D = 1 and y = max{q3, (log z)'°°}.
To control the contribution of ASIeve7 use the Fundamental Lemma of Sieve Theory.
To control the contribution of A’ use Mellin inversion to find that

sieve’

N Ly (s, %)
Z]ZASW n/x <z [ 1j_t>i00 504,

x€Cy n2>1 X€Cq tER

where C; = { x (mod q) : x # X0, x1 } and @ = 14 1/logz. After applying Cauchy-
Schwarz, the integrals must be split into two ranges: when [¢f| < y, the bound
L' (s, X) < 1, Exercise 27.I] and a suitable adaptation of Lemma R27.6(b) can be
used When |t| >y > (log :c)loo Exercise R7.1] suffices.]
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Chapter 28

Small gaps between
primes

The Prime Number Theorem establishes important global aspects of
the distribution of primes but it does not reveal much about their statistical
properties at a microscopic scale. We dedicate this last part of the book to
the study of the local behavior of the sequence of primes. Firstly, we study
how close successive members of this sequence can get.

There are ~ z/logx primes < x, so the average gap between them is
~ log z. On the other hand, the twin prime conjecture predicts that the gap
equals 2 infinitely often. Given that this conjecture is out of reach, we set a
more modest goal: if p; < ps < p3 < --- are the primes in increasing order,
we want to show that liminf,, . (pp+1 — pn) < co. Note that if this is true,
then we immediately deduce the existence of some s € N such that there
are infinitely many primes p with p 4+ 2s also being prime. Hence, there is
at least one even number satisfying Polignac’s conjecture.

Remarkably, an even stronger result can be proved.

Theorem 28.1. For each m € N, we have

lim inf (prjm — pp) < €™md.
n—oo

The case m = 1 of Theorem is due to Zhang [I88], whereas the
case m > 1 was proven independently by Maynard [I38] and Tao [I71].
Granville’s article [65, Section 1.4] contains an extended account of the fas-
cinating developments that led to this major breakthrough.

The main goal of this chapter is to give a proof of Theorem 2&.1]

300
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The GPY sieve 301

The GPY sieve

The basic strategy to detect small gaps between primes is due to Goldston,
Pintz and Yildirinm. They used their method, now called the GPY sieve
after them, to prove that the normalized gap (pn+1 — pn)/logn becomes
arbitrarily small infinitely often. The main idea is to find weights w, > 0
such that

(28.1) Z wn< Z 1p(n+s)—m>>0

N<n<2N 1<s<H
for H that is as small as possible, where 1p denotes the indicator function
of the set of primes as usually. Indeed, if this is the case, then there must
exist some n € [N, 2N] for which at least m + 1 of the “shifts” n+1, ...,
n + H are primes.

To conceptualize the above task, it is helpful to assume a more proba-
bilistic point of view. The weights w,, naturally induce a probability measure
on Z N [N,2N] via the relation

w
Pin oy (m) = ZN<—:;an
\n\

In this notation, (28.1)) becomes
(28.2) EN<n§2N|: Z 1p(n + S)} > m.

1<s<H
Hence, our goal is to find a probability measure on Z N [N,2N] that is
sufficiently concentrated on integers n for which many of the shifts n + 1,
n—+2,...,n+ H are primes.

As we saw in the discussion of Cramér’s model in the end of Chapter 17,
the numbers n+1,n+2,...,n+ H have strong multiplicative dependencies
stemming from their reduction modulo small primes. To this end, we con-
sider integers 1 < 1 < §2 < --- < s < H forming an admissible@ k-tuple

(s1,...,5,) and aim to show that
(28.3) EN@QN[ Z lp(n+ 5]’)} > m.
1<k

The weights w,, must be chosen in a way that achieves simultaneously
two things: (i) they correlate strongly enough with the indicator function of
the event that many of the shifts n+s1,...,n+ s are prime; (ii) they allow
the estimation of the left-hand side of (28.3) unconditionally. Condition (i)
rules out choices such as w, = 1, and condition (ii) rules out choices such
as w, = H§:1 1p(n + s;). Instead, we use sieve theory to “interpolate”
between these two extremal examples.

1Recall that this means that, for each prime p, the reductions sj (mod p) do not cover Z/pZ.
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302 28. Small gaps between primes

The Maynard-Tao weights

The original choice of w,, by Goldston, Pintz and Yildirim was to consider
the Selberg-type sieve weights

k
(28.4) wGPY — ( Z )\(d))2 with Q(n) = H(n + s5)
d|Q(n) j=1

and A an arithmetic function to be determined. However, Maynard and Tao
discovered that it is much more efficient to work with a multidimensional
version of the above weights: given \ : N¥ — R, they defined

(28.5) w%T:( 3 )\(dl,...,dk))Q.

djln+s;Vj

For both of the above choices, the left-hand side of ([28.3]) can be computed
under rather general assumptions on A. As in the study of Selberg’s sieve,
the goal is then to optimize the choice of A.

Various technical details are simplified if we “presieve” the support of
the weights w,, with all primes < y. There are two main ways of accom-
plishing this. The first one is to restrict the support of w, to integers
n = a (mod P(y)) for some slowly growing y and an appropriate congruence
class a (mod P(y)). This is the approach taken in [I38,[I70]. The second one,
which we opt for here, is to modify slightly the weights of (28.35]) by applying
what is called a “preliminary sieve”. By this we mean that the small prime
factors of Q(n) will be handled separately, using a simpler sieve.

To define the weights w,, we will use, we introduce the parameters

D = NY/4e=Vies V. y = exp{(loglog N)?}, Y = exp{(loglog N)3}.

We then set
m|Q(n) djln+s; Vj
where:

e ;7 is the sieve Weigh@ AT constructed in Theorem 9.1 with x = k,
P = {p <y} and u = loglog N. In particular, [u*| < 1 and u™ is
supported on {d <Y : d|P(y) }.

e )\ :NF — R is a uniformly bounded function supported on

2= {(dr,....dy) eN* . dy---d, <D, P (dj)>y (1<j<k)}

2We use the letter T instead of AT to avoid confusion with the function ).
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Remark 28.2. What is important in the definition of the parameters D, Y,y
is that y and N'/4/(DY?) are both bigger than any fixed power of log N,
D grows polynomially in N and logY/logy is larger than % by a
factor going to infinity. A good exercise is to check that any such choice of

D.Y,y is sufficient for the proof of Theorem 281l to go through. O

Calculations

Assuming that the weights w,, are given by (28.6]), our task is to estimate
the quantity

ZN—SggpgzN—se Wp—s,

(28.7) ENg ggN[lp(n + 84)] =

" > N<n<2N Wn
for each £ =1, ..., k. All implicit constants in this section might depend on
k, the choice of the k-tuple (s1, ..., sg) and the supremum norm B := ||| co-

We will also make use of the following notation:
_ , _ _ v(p)
v(d) =#{n € Z/dZ: Q(m) =0 (modd)} and V=]] 1—7 .
PRy

Lemma 28.3. Assume the above set-up and define

&lay, ... a) = Z )‘(alml,...,akmk).

ml...mk

(m1,....mp)ED

For any fired A > 0, we have

> w,=VN > M+OA(N/(1ogN)A).

a o oe e a
N<n<2N (a1,...,ax)ED ! k

Proof. For brevity, we write d to denote the k-tuple of integers (d1, . .., dg).
If d,e € Z are such that d;,e;|n + s; for each 4, then (d;e, dje;)|s; — s; for
i # j. Since the numbers d;e; and dje; have no prime factors < y, they
must be coprime as soon as y > sk — S1 > |s; — sj|, which we assume from
now on. Consequently,

Z wy, = Z,Lﬁ(m) Z A(d)A(e) Z 1.

N<n<2N m d,ec? N<n<2N, m|Q(n)
(dies,dje;)=1 Vi#j [dj.ej]ln+s; Vi
By assumption, u* is supported on integers m|P(y) = Hpgyp, whereas \
is supported on tuples (di, ..., d) with (d;, P(y)) = 1 for all j. Since we
also know that (d;e;, dje;) = 1 for i # j, the Chinese Remainder Theorem
implies that there are precisely v(m) values of n modulo m ngl [d;, ej] such
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that m|Q(n) and [d;, e;]|n + s; for j =1, ..., k. Therefore,
N
(28.8) Z 1= V}L +O(v(m)).
N<n<2N, m|Q(n) mHj:l[dj7 e]]

[dj.ej]n+s; Vi
We thus arrive at the estimate
A(d)A
S owe=vin Y DN g

N<n<aN deco  1lj=ldj el
(dies,djej)=1 Yi#£j

where

+_ZW and R=Y > [u"(m)A(d)A(e)|v(m).

m d,ec?

We have R = O(N?/3). Indeed, to see this, we use that v(m) < 74(m)
for square-free m, |u*| < 1, ||M|oo = B = O(1), pu* is supported on [1,Y]
and X is supported on tuples (di,...,d;) with di ---dp < D < N4,

In addition, we have V¥ = V(14 04(1/(log N)4*3k)) by Theorem T9.1]

as well as

(289) Z M < B2 Z T3(m1) .. 'T3(mk) < (log N)gk.
d,ec? H?:l[djaej] my---my

7 mi-m<VN

where we set m; = [d;, e;] and used the fact that the equation m; = [d;, €;]
has T, (2v +1) < 73(my) solutions.

Putting everything together, we conclude that

Y w,=VN > M + O 4(N/(log N)A).

N<n<2N deco  Llj=ildj el
(dies,djej)=1 Vi#£j

Next, we remove the conditions that (d;e;,dje;) = 1 for i # j. Since
d,e € 2, we have (d;e;, dje;, P(y)) = 1. Hence, if (d;e;, dje;) > 1 for some
i # j, there must exist a prime p > y dividing [d;, e;] and [d;, e;]. Setting

m, = [dr,e,] for r =1, ..., k, we conclude that
A . log N3k
Z ’ (d) Bzz Z T3(mq) - - 3(myg) < (log N)
decs HJ l[d]’ ej] P>ym,<D? v LT y
(dies,dje;)>1 P

Hence, we have arrived at the estimate

(28.10) > w,=VN Z + 0A(N/(log N)4).

N<n<2N d, oe 11 3 eﬂ]
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The next step is to rewrite the terms 1/[d;, e;]. To do so, we use that

1 (de 1
[de]  de  de Z wla),

al(d,e)

just like we did when we studied Selberg’s sieve. We thus deduce that

S = VN S O ) e (N/(l0g M),

N<n<2N acP k

Finally, we remove the factors ¢(a;)/a; = Hp‘aj(l — 1/p). Note that
w(aj) < logaj <log N, as well as (a;, P(y)) = 1 for all j. Consequently,

(28.11) pla)fa>(1-1/y)?08N) >1—0((log N)/y)

by our choice of . Bounding the total contribution of the error terms using
[289) comletes the proof of the lemma. O

Lemma 28.4. Assume the above set-up and define

Z Aaima, ..., apmy)

C@(ala"'7ak) :10,@:1 my-- -

(ml,...,mk)e_@
my=1

If we let X = f]iN dt/logt, then for any fized A > 0 we have

X Gelar, . k)’
R SR T DD a

a
N—s5,<p<2N—sy (a1,...,ax)ED 1

+04(N/(log N)™).

Proof. To simplify the notation, we consider the case £ = 1; the proof of
the other cases follows mutatis mutandis.

Since w, = n°1) from the divisor bound (see Exercise Z(f)), we have

(28.12) > Wpesy = Wy + ONW).

N—s1<n<2N—s; N<p<2N
If W denotes the sum on the right side of ([2812), then

W =Y ptim) > Ad)A(e) > 1.

d,ec? N<p<2N, m|Q(p—s1)
[dj.e5]lp—s1+s; Vj
As in Lemma 283, we can only have dj,ejlp — s1 + s; for all j when
(die;,dje;) =1 for all i # j. Notice though that there is something special
that takes place when j = 1: we then have dj,ej|p — s1 + s1 = p. Since a
prime number p has only trivial factors and di,e; < N'/* < p, we conclude
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that dy = e; = 1. Similarly, if m|Q(p — s1) = [Ii_,(p + s; — s1), then
m|Q*(p), where

k
Q*(x) = H(:c + 55 — s1).
j=2

As a consequence,

(28.13) W => u*(m) > Ad)A(e) > 1.
m d,ec?, di=ei1=1 N<p<2N, m|Q*(p)
(diej,dje;)=1 Vi#j [dj.e;]lp+sj—s1 Vj=2
To evaluate the innermost sum, we adapt the argument leading to (28.8]).
If ¢ = mH?zz[dj, e;], then the Chinese Remainder Theorem implies that
the number of z (mod ¢q) such that m|Q*(z) and [dj,ej]|x + s; — s1 equals
#{x (modm) : m|Q*(x)}. However, since p is prime, we must only count so-
lutions that are reduced residues mod q. Whenever x = s1—s; (mod [d;, e;]),
we also have (z, [d}, e;]) = 1 because (dje;, P(y)) =1 and y > |s1 — s;| for
each j. In conclusion, the number of reduced solutions mod ¢ is

v'(m) = #{x € (Z/mZ)" : m|Q*(z) }.
Hence, the innermost sum in (2813]) equals
v*(m)

(28.14) @

X + 0@ (m)E(N,q)),

where

E(N7 q) = (ir:;)ii(l ‘W(2N7 q, CL) - W(N7 qva) - X/(p(q)‘

The modulus ¢ here is an integer
<Q:=YD?>=N"2exp ((loglogN)3 — 2\/logN)

by our assumptions on the support of u™ and of A\. Moreover, if we are
given such an integer ¢, there are < 7,_1(q)73(¢) ways to write it in the

form m H?:z[dﬁ e;| with m, da, ..., dj, ea, ..., e; as in the right-hand side
of 2813). Since we also have v*(m) < (k — 1)¥@, we arrive at the formula
A(d)A

k
deca. dime=1 Lj=2¢([dj, €5])
(dies,djej)=1 Vi#tj

with
V* = Z pt (m)v*(m) and R = Z Te-1(9)*73(q) E(N, q).
m p(m) q<Q

We use the Bombieri-Vinogradov theorem (see also Exercise[26.2)) to find
that R* = O4(N/(log N)4). In addition, we note that v*(p) = p— 1 and use
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Theorem 9.1 to find that V* = [1+ O4(1/(log N)A+3)V/ [I,<,(1—1/p).
As a consequence,

VX A(d)A(e) N

W= +04( 51 )

Hpéy(l o 1/p) d7e€@§311 H?:2 @([dﬁ ej]) ((log N)A>
(dies,dje;)=1 Vi#tj

where the error term from the estimation of V* was handled using ([28.9]).

Next, as in the proof of Lemma 283 we may remove the conditions
(diei,dje;) = 1 when i # j at the cost of an error of size < N (log N)3 /y.
Finally, we may replace ¢([d;, e;]) by [d;, e;] using [2811]) at the cost of an
error term of size N(log N)°() /y. Hence, we arrive at the formula

VX AMd)A(e)
v Hp<y(1 —1/p) d;_@ H?:Q[djﬁ &) A((IOgN)A>7
di=e1=1

which is analogous to (2810). It is now straightforward to adapt the argu-
ment from the proof of Lemma that estimates the right-hand side of
(28.10), and to complete the proof of the lemma. O

A change of variables a la Selberg

Motivated by the theory of the Selberg sieve, we will switch from the function
A to the function £ defined in Lemma 283 We must write {; in terms of
this new function.

Lemma 28.5. For each (ay,...,a;) € P and each £ € {1,...,k}, we have

b(ai,...,ap—1,b,ap41,...,0
Cﬁ(al,...7ak) = 111(:12#( )g( 1 —1 /41 k‘)
b

b

Proof. To ease the notation, we demonstrate the calculation when ¢ = 1.
As in the proof of Theorem [2T.T] (see the argument leading to relation (21.5])),
we have the inversion formula

(28.15)  A(d1,-..,dg) = 1q,....dp)e2 Z " ( , .

b1,...,bk

Consequently, if (a1, ...,ax) € Z with a; = 1, then

A1, a0ds, ..., ard
(1(a1,a2,...,ak): Z ( 2dg2dk; : k)

d2,...,dg

_ Z Z p(br) - - - p(bg)E(b1, agbads, . . ., agbydy)
dy - dgby - by

d2,...,dg b1,...,bk
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Making the change of variables m; = b;d; for all j > 1 implies that

Giar,az,...,a) = Z M(b1)§(b1,a2m2’” , QM) H Z

bimso -
b1,m2,...,mp 172 Jj=2bjdj=m;

The innermost sum vanishes unless m; = 1, thus completing the proof. [J

Choosing the function ¢
Motivated by Lemma P83l we set
Lp— (ay ap) >y (—1) 078 _ <10g a1 log ak>
(log D)*[],<, (1 = 1/p)* logD’ """ logD
where f is a smooth function supported on the simplex
Api={(x1,...,21) €[0,1])% 2y 4+ -+ 21 < 1},

and the factor (—1)(@%) is introduced to annihilate the sign changes
caused by p(b) in the expression for ¢, in Lemma 2835 Lastly, the denomi-
nator (log D)¥ [l<, (1 -1/ p)* is introduced for normalization purposes, so
that || Ao = O(1) by ([28.11), as needed. With this choice of £, we have the
following result.

&lay, ... ax) =

Lemma 28.6. Let ¢ € {1,...,k}, and set

2
Ii(f) / (/f T1,...,T da:g> dzy - -dxp_1dxpyq - - - doyg
Rk—1

J(f) = ka(:cl,...,xk)2dx1---dxk.

If £ and f are as above, and we assume that J(f) > 1, then

Encn<an [1p(n+ s¢)] = 4J(( (1/y/log N ).

and

The proof of Lemma [28.6] rests on the following result, which we will
eventually apply with w = y so that u =< (log N)/(loglog N)2.

Lemma 28.7. If r € Z>1, g : R" — R is a smooth function supported on
A, and u,w > 2 are such that D = w", then

log ny log n, )

Y, APl ony T (1-1) ([, o+ 0(£)).

P~ (nj)>w psw
1<j<r

where the implied constant depends at most on r, and on the supremum
norm of g and of its partial derivatives.
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Proof. All implied constants might depend on ¢ and on 7 as described in
the statement of the lemma. Throughout the proof, we set

X (logxl o log:tr)
zi=w8% = D u and G(z1,..., ) = log D logD 7
xl'..x'f‘
Note that
1 oG 1 1
28.16) G(x1,...,x _ — (T, ) L — s —.
( ) (1 T)<<x1---xr &cj( ! ) Tj T Ty

We will often denote the r-tuple (z1,...,x,) by the bold letter x.

Given a parameter X > 1, let
Dx :={(z1,...,2,) € [X,4+00)" : x1-- 2, < D}.

We first show we may restrict our attention to tuples (ni,...,n,) € D,.
Indeed, for each fixed j € {1,...,r}, the contribution to the sum of the
statement of the lemma of those summands with n; < z is

< ZZ m;nr < (log D)™ (log 2) H (1 - %)T,

n;j<z, Ny <D Vi) pLw
P~ (ni-ny)>w

which is of admissible size by our choice of z.

Next, we treat the part of the sum over (ni,...,n,) € D, by splitting
it into small rectangles. We set zyp = z and, having defined z,, we set
Za+1 = Zq + /Za. Moreover, let .# denote the set of rectangles of the form
I = H;Zl(:cj,xj + /7|, where x1,...,z, € {20, 21,...}. Finally, we write
D/, for the union of all such rectangles that lie entirely within D, that is to
say, D is the union of I of the above form for which [[}_,(z; + /7;) < D.
In particular, if (z1,...,2,) € D,\D., then D/(1+2"2)" <2y 2, < D.
Combining this with the first bound of (28.16]), we find that

(28.17) Y Gm)= )  Gn)+O(N/D),
neD; neD),
P~ (n1mp)>w P~ (niny)>w
where N := #{ (n1,...,n,) €N :ny---n, € [D/(1+27Y2)", D] }. Exercise
310 implies that N < D(log D)"~'/\/z + D'~'/", so that the error term in
([2817) is of admissible size.
Now, fix I = [[;_,(zj,z; + /Z;] € D;. Since I has volume \/z1 -y,

we have

1
G = ——— /1 G(n)dt.

When n, t € I, the Mean Value Theorem and the second bound of (28.10)
imply that G(n) —G(t) = O(z71/2/(ty---t,)), since 1/(1+1//z) < tj/n; <
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14 1/4/z for all j. We thus conclude that

G(n) = ﬁ/j <G(t) + %ﬁ)dt

for all n € I. In addition, applying Theorem [I8T1}(a) r times, we find that
#{(n1,....,n,) €INZ : P (n1---ny) >w}

= 1+ 00 /w)Var [ (1 B 119)

psw

since rj > z = w8 for each j. Putting the above estimates together yields

the formula
S cm=]] (1_ %)/J (G(t)+ %)dt.

nel pw
P~ (n1-ny)>w

Finally, we sum the above estimate over all rectangles I € .#; they are
all subsets of D, by definition. The lemma then follows by combining the
resulting formula with (2817) and the fact that

/G(tl, contp)dty - dE < / déy - dbr < (log D) logz,
. e t1--ty
where £ = (D1 \ D,) U (D, \ D). O

Proof of Lemma [28.6. To ease the notation, we give the proof when ¢ =
1; the other cases are similar. Let us begin by recalling relation (28.7]).
Together with Lemmas 28.3] and 284 it implies that

VXS1/T]pe, (1= 1/p) + Oa(N/(log N)4+)
VNT + O4(N/(log N)A)

En<n<en [1p(n+ s1)] =
for any A, where

S1 = Z Cl(al"—"’ak)Q and T = Z M'

ay---a ai---a
(a1,...,a)ED k (a1,...,ax)ED k
ar=1

The choice of ¢ and Lemma (applied with g = f2, r =k, w = y
and u < (log N)/(loglog N)?) implies that
(28.18) T =L"(J(f)+O0(1/y/logN)),

where
log N

logy

L:=(logD) [J(1-1/p) =

PsY
In addition, note that V' > 1/(logy)*. Therefore, if take A = k + 2,
then O(N/(log N)4) = O(VNL™¥/log N). Since we also have that X/N =
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1/log N + O(1/log? N) and log N = 4log D + O(y/log N), the lemma will
follow as long as we can show that

(28.19) S1=L'"*(L(f) +O(1/1/log N)).

For any a = (ay,...,ax) € Z with a1 = 1, Lemma 283] and our choice
of £ imply that

2 logb logas log ax

- 'u(b)f(lo D’ logD’ """ lo D)
¢1(a) = R Z £ bg g’
P=(b)>y

We remove the weight p2(b), by noticing that if x?(b) = 0 and P~(b) > ¥,
then there is a prime p > y such that p?|b. Hence, the total error produced
by replacing p?(b) with 1 is < L% /y. To the rest of the sum, we apply
Lemma with » = 1, w = y and v < (log N)/(loglog N)2. This yields
the estimate

_1\(az2--a) 1 1
o+ S o b Yo

Therefore
1 1 2
g, — [2-2k Z (Ja (@1, 5B Tee ) d21) +O< Li=F >
' az---ag ViogN )’

P~ (az--ar)>y

where we used an upper bound sieve to control the contribution of the
remainder terms. Finally, we apply again Lemma 286, this time with r =
k — 1, to deduce (2819). This completes the proof of the lemma. O

Optimizing the function f

In view of Lemma 28.6] our goal is to choose f supported on A and maxi-
mizing the ratio

k
L)
=250

If we can show that pg(f) > 4m for k large enough in terms of m, we
automatically conclude that lim inf,, oo (Pptm — Pn) < Sk — 51 < 00.

As a warm-up exercise, we study px(f) using calculus of variations. Note
that we may drop the assumption that f is smooth, since the integral of any
measurable function over a compact region can be approximated arbitrarily
closely by integrals of smooth functions. Consider the linear operator

k
(L’kf)(xl,...,xk) = Z/ f(xl,...,xg,l,t,xgﬂ,...,xk)dt,
=17R
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acting on C.(R), the space of compactly supported, continuous functions
f:RF = R. Letting (f,g) = [gr fg, we find that

Ea

STLf) = (Luf 1),

(=1

whereas J(f) = (f, f). If, now, f is a maximizer of the function pi(-) over
all f supported on Ag, then the function € — pi(f +eg) has a maximum at
e = 0 for any continuous g : R¥ — R supported on A. So its derivative at
€ = 0 must vanish, which implies that

(Lrf,9) + (Lrg, [) =201(F)(], 9)-

It is easy to see that Ly is a self-adjoint operator, so we find that

(28.20) (Lif.9) = pu(f){f 9)-

Lastly, a standard continuity argument allows us to extend ([28.20) to all
bounded measurable functions g that are supported on Ay.

We apply ([2820) for a special choice of g. Let (B,)52; be a shrink-
ing family of cubes centered at a given point (z1,...,z)) in the interior
of the simplex Ay, and take g = 1p_ /Vol(B,) with n — oo. Applying
[2820) to this family of functions g, we deduce that (Lxf)(x1,...,2x) =
o(f)f(x1,...,x). Since (x1,...,x) is arbitrary and f is continuous, this
implies that (L f)|a, = p(f) - f. In particular, f is an eigenfunction of the
operator Ljg := (Lrg)|a, that acts on continuous functions g : Ap — R.
The corresponding eigenvalue is pi(f).

Now, note that if f is an eigenfunction of the operator Ek of eigenvalue
pr(f), so is its symmetric version

f(xl,---,xk) = Z f(xa(l)a- . '71"0(14:))'

o€ESy,

In light of this observation, we may restrict our attention to symmetric
functions f, in which case

(28.21) pi(f) = kL (f)/I(f)-
To this end, we define
Ry :=sup{ pr(f) : f: Ar — R, f symmetric and continuous }.

An asymptotic estimation for Ry is given in Proposition 28.8 below. In
addition, explicit bounds on Ry can be found [I38]151].

Proposition 28.8. For large integers k, we have that

logk —4loglogk + O(1) < R < logk + loglogk + O(1).
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Proof. For the lower bound, we consider functions of the form

flxy, . me) = 1y apen, - 9(kzr) - - g(kay),

where g : R — R is a function supported on the interval [0,0k] with
§ € (0,1) to be chosen later, and such that [° g(t)*dt = 1. Then

J(f) = Wf@h“wmymyuwwg<Agw@%@k:$?

Together with ([28.2]]) and the change of variables t; = kx;, this implies that

p(f) > /R g(t2)* - -g(tk)z(/ok_(
</ooo g(t)dt>2 /tz+-~~+tk<(1—5)kg(t2)2 cog(te)®dty - dty
= (/Ooog(t)dt>2P(Xz ++ X < (1= 6)k).

where X, ..., X} are independent random variables with density function
2
g°. Let

to+-+ty) 2
g(tl)dt1> dtQ cee dtk

WV

oo
p=E[X,] = / tg(t)*dt
0
and Y; = X; — pu, 2 < i < Kk, so that Ys,..., Y, are mean-zero independent
random variables that are identically distributed.
If we assume that 6 < 1 — u, then
P(Xo+ 4+ X > (1—-0)k) <P(Yo+ - +Y,>(1—0— pk)
VYot 4+ Y] VY]
(1=0—p)3k? =~ (1—0—p)k
by Chebyshev’s inequality and the independence of the Y;’s. Furthermore,

V[Ya] < E[X3] _/0 t2g(t)2dt 5k/oootg(t)2dt—5/w

by our assumption that g is supported on [0, dk]. In conclusion, we have

(28.22) Ry > pi(f) > </Ooog(t)dt>2<1 - ﬂ_isg—ﬂ_u)g)

for any measurable function g > 0 supported on [0, dk] with fR g°=1and
p= [ug(u)®dt <1— 6. We choose

 Lpen(®)
9= g

where the parameters 0, ¢, A will be determined shortly.
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First of all, note that the hypothesis that fR g = 1 implies that

ok gt 1
c?= =
/0 (1+At)2  A-(1+1/(Adk))
Hence
ok 2 14 1/(Adk) 1
“—/0 Gy apt="a (tog(1+ 40k) — 14+ 1),

To force u to be close to 1 and ¢ to be smaller than 1 — p, we take A = log k
and § = 1/(log k)3, so that

1= o (108(k/ (o %) + O(1)

2loglogk
=1-— 1/logk
oS 01 0gk)

<1—5—1/10gk

for k large enough. Since fo t)dt = clog(14 Adk)/A, the above inequality
and (28:22)) imply the lower bound

c?log?(1 + Adk)

Ry = yE (1—-1/logk)
O 2 O 2
_ log (’i(/)gkg’“) )(1 = 1/108 k) + O(1)

=logk —4loglogk + O(1),
as claimed.

Finally, we prove the upper bound on Rj. Let f be a symmetric, mea-
surable function supported on Ag. Motivated by the shape of f yielding our
lower bound on Ry, we use the Cauchy-Schwarz inequality in the following

fashion:
9 1 2 1 Lodny
([ r6ode) = ([ seodn)” < [C0+ ko) fooiann | 5
log(1 +kA) [*
:%/0 (14 kAz) f(x)*da1.
Therefore

1
Ii(f) < lmg(lki—l—lk/l)/ (1 + kAzy) f(x)?dx.

0
By symmetry,

pr(f) /Rk dX—ZIg WZ/ (1 + kAzy) f(x)%dx.

Since x1 + --- + 2 < 1 in the support of f, we conclude that pg(f) <
(1+kA)log(l+ kA)/(kA). Taking A = logk completes the proof. O
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We may now complete the proof of the main result of this chapter.

Proof of Theorem 28.1l Combining Lemma [28.6 and Proposition 28.8],
we find that there is a choice of weights w,, such that

log k
EN<n<2N[ > 1P(n+3£)] > % —loglog k + O(1).

1<k
We take k = [Cm*e?™] for a large enough constant C' so that the right-
hand side becomes > m. In particular, there must exist n € [IN,2N] such
that n + s; is prime for at least m + 1 values of j. Since N can be taken
to be arbitrarily large, we conclude that lim inf, oo (Pptm — Pn) < Sg — S1.
We take s; to be the jth prime that is > k. We may easily check that the
tuple (s1,...,s;) is admissible. Since s;, < klogk < e*™m?® by the Prime

Number Theorem, we have completed the proof of Theorem 28.7] O
Exercises

Exercise 28.1. (a) Fix coprime a,q € N and let p| < pj < --- be the sequence of
primes = a (mod ¢). Show that lim, . (p}, ;1 — p},) < oo.

(b) Let g1 < g2 < --- be an infinite sequence of primes. Find necessary conditions
so that liminf, oo (gnt1 — gn) < 00.

Exercise 28.2. Let S be the set of integers s > 1 for which there are infinitely
many primes p such that p + 2s is also prime. For every x that is sufficiently
large, show that #S N [1,z] > x. [Hint: Show that there is some H such that
SN (m,m+ H] #0 for all m > 1.]

Exercise 28.3. (a) If f(z1,...,21) = F(x1+- -+ xk) sy, >0 wWith F': [0,1] —
R continuousf then show that
fol uk_2(fu1 F)%du
Lk F (u)2du
Jo
(b) (Goldston-Pintz-Yildirim [63]) Show that supp pr(F) = 4 — 0p—oo(1). [Hint:
Take F'(u) = (1 —u)™.]

(c) Assuming the Bombieri-Vinogradov theorem (Theorem [[89) holds for Q < x?
with 6 > 1/2, deduce that liminf, o (pnt1 — pn) < 00.

(28.23) pr(f) = p(F) = k(k — 1)

(d) (Soundararajan) Integrate by parts to show that

~ B .folukle(u)(fulF)du | Sk () Fy2duy 2
P =2t foluk_lF(u)zdu 2 (foluk_lF(u)2du) '

Generalize this argument to conclude that pi(F) < 4k/ H;‘;l(k—i—Zj —2)1/? <4
for all F' # 0.

3This corresponds essentially to the definition (28.4) of the GPY weights. There, one must
also assume that F' is smooth enough, but this is not needed when optimizing the quantity pg (f).
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Remark 28.9. Exercise 28.3(d) proves that the original GPY weights cannot
prove that lim, eo(Pnt1 — pn) < 00 without access to an improved version of
the Bombieri-Vinogradov theorem. Zhang’s breakthrough was to supply this nec-
essary improvement. In contrast, in the more general Maynard-Tao weights the
quantity pg(f) can become arbitrarily large when k& — oo, thus sidestepping the
need for an improved Bombieri-Vinogradov theorem. |

Exercise 28.4 (Conrey)* Define p(F') by 2823) and let A = k(k—1)/supp pr(F).

(a) If there is G € C([0, 1]) such that p(G) = k(k —1)/A, then show that G(z) > 0
for all € [0,1]. In addition, use calculus of variations to show that G must
satisfy the integral equation

(28.24) 271G (x) = )\/gC uk=2 /1 G(t)dtdu 0<z<1).
0

(b) Conversely, let G be a continuous and non-negative function satisfying (2824
and whose set of roots has null measure. Show that pr(G) = k(k — 1)/A and
that gx(F) < pr(G) for any continuous F : [0,1] — R. [Hint: For the second
part, use the Cauchy-Schwarz inequality.]

(¢) Show that any continuous solution to ([2824) must be smooth on [0,1] and
satisfy the differential equation *G"(z) + kG'(z) + AG(xz) = 0. In addition,
a solution to this differential equation that is analytic around 0 must be a
multiple of the function x — A(\x), where

(=) Je1(2v7)
A = =
() ér!(r—kk— 1! z(k=1)/2
with Ji_1 denoting the (k — 1)th Bessel function of the first kind (see [183]).
(d) Let Ap(z) = Y0 _o(—=x)"/[r!/(r + k — 1)!]. Show that a solution to (28.24)
normalized so that G(0) = 1/(k — 1)! must satisfy

(28.25) A / G(t)dt = %),

In addition, for z € [0,1] and n € Zx, we must have

G(z) — Ap(Az) —)\/ k= 2/ — A,_1(At)]dtdu.

(e) Show that if there is a continuous and non-negative solution to (2824) with
A >0, then Aspt1(Az) < G(z) < Agp(Ax) for x € [0,1] and n € Zxg, and thus
G(z) = A(Az) for z € [0,1].

(f) When G(z) = A(Az), show that ([282H) is equivalent to Jy_o2(V2X)
=0.

Remark 28.10. When m € N, it is known that J,,, has infinitely many positive
real zeros. If z,, denotes the smallest such zero, we also know that z; < zo < ---
and z, > m+ 7 — 1/2 [36/[110]. Hence, if A = 27_,/4, we infer that A(Az) > 0 for
x €]0,1) . In particular, (2824) has a non-negative and continuous solution G for
which supy pr(F) = pr(G) = 4k(k — 1)/2%_, < 4. Thus, we recover the conclusion
of Exercise 28.3(d). O
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Chapter 29

Large gaps between
primes

In the previous chapter, we demonstrated gaps in the sequence of primes
p1 < p2 < --- that are much smaller than the expected size of pn+1 — pn,
which is log n. We now turn to the opposite question: does the gap pp+1—pn
get large compared to logn? The answer should be affirmative. To see why,
we turn again to Cramér’s model.

Recall that (X})g2 , is a sequence of independent Bernoulli random vari-
ables such that X; = 0, Xo = 1, and with P(X;, = 1) = 1/logk for k > 3.
Let P, be the random variable that equals the nth smallest index &k such
that X = 1 (that is to say, P, models the nth smallest prime number).

Proposition 29.1. With probability 1, we have

P, — P
lim sup Lf =1.

The above result is a simple consequence of the Borel-Cantelli lemma
from probability theory [7, Theorems 4.3 and 4.4].

Lemma 29.2 (Borel-Cantelli). Let Ey, Es,... be some events in a proba-
bility space, and let E be the event that infinitely many of the E;’s occur.

(a) If 3051 P(E)) < oo, then P(E) = 0.

(b) If the events En, Es,... are mutually independent and )., P(E;)
= 00, then P(E) = 1.

317
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318 29. Large gaps between primes

Proof of Proposition 29.7l Foreach k € N, r > 0 and A > 0, let E(r,\)
be the event that X; = 1 for at most 7 integers j € (k, k + Alog? k]. We will
use the Borel-Cantelli lemma to prove two key facts about these events:

Claim 1. If X > 1 is fixed, then with probability 1 at most finitely many
of the events Ej(1,A) occur.

Claim 2. If A < 1 is fixed, then with probability 1 infinitely many of the
events Fy(0,\) occur.

We leave it as an exercise on Cramér’s model to verify how these two
claims can be combined to complete the proof of the proposition.

Now, let us prove Claims 1 and 2. If we let J, = Z N (k, k + Alog? k],
then the independence of the X;’s implies that

P(E,(0,0) = [T (1- ! STy

and
1

B log j

P(Ek(l,A)\Ek(O,/\))gz:%gi 1 (

i€y jeJp\{}

) — o)

as k — oo. In particular, Claim 1 follows immediately from Lemma[29.2(a).

Finally, let us fix A < 1 and prove Claim 2. If k; = |j log®j|, then
we may easily check that the events Ej; (0, \) are mutually independent for
large enough j, as well as that >, P(E;(0,A)) = oco. Thus, Claim 2
follows from Lemma 29.2(b). O

Proposition 29.1] leads us to guess that

lim sup Pril = Pn _ 1
n—oo  (logn)?

However, Granville’s refinement of Cramér’s model suggests the lower bound

imsup ———

>2e7 7 =1.12291...
n—00 (10g n)2

(see Exercise 29.2)). It is not clear what the true value of this limsup is
(though see Exercise B0.1]). In this chapter, we will prove a weaker result. A
simple corollary of it is that the normalized gap (pn+1 — pn)/logn can get
arbitrarily large.

Theorem 29.3. We have that

lim sup Pn+1 — Pn

1 1 1
=0 with L(m ==

where log; denotes the jth iteration of the logarithmic function.
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This theorem was proven independently by Ford, Green, Konyagin and
Tao [46], and by Maynard [139]. Here, we follow Maynard’s argument which
is more in tune with the ideas we have developed thus far. Ford, Green,
Konyagin and Tao used a different technique, building on the work of Green
and Tao on long arithmetic progressions in the sequence of primes [77].

The Erdés-Rankin construction

All constructions of long strings of composite numbers are based on the
concept of a covering system of congruences. We say that the system of
congruences {a; (mod qj)}le covers the set of integers N if for each n € N
there is some j such that n = a; (mod ¢;).

Recall the notation P(z) = [[,c, p. Our strategy for proving Theorem
29.3]is based on the following simple lemma.

Lemma 29.4. Let H > 1 and z > 2. Assume that there is a system of
congruences {a, (modp)}p<. that covers Z N [1, H|. Then there exists some
n € (P(z),2P(z)] for which there are no primes in (n,n + HJ.

Proof. Let n be the unique integer in (P(z),2P(z)] satisfying the con-

gruences n = —ap (modp) for all primes p < z. If h € [1,H] N Z, then
h = a, (modp) for some p < z, that is to say, there exists a prime p < z
that divides n + h. In particular, n + h cannot be a prime number. ]

In preparation for our proof of Theorem 29.3] we first show the weaker
result due to Rankin that

. Pn+1 — Pn
29.1 lim sup —————

Even though the gap between (29.0]) and Theorem [29.3 seems small, making
this leap was a long-standing open problem due to Erdésﬂ

> 0.

To prove (29.0]), we fix a small constant ¢ > 0 to be chosen later. In
addition, we let z > 2 be a parameter tending to infinity, X = P(z) and

H(logy H)?

czlog zlogs z
clog Hlogs H'

(logy 2)?
We will show that we can pick congruence classes a, (modp) with p < z
covering the integers < H. Assuming that this is indeed possible, we can

then apply Lemma 29.4] to find that maxx<p,<ox(Pnt1 — pn) = H. Since
log X ~ z by the Prime Number Theorem, we deduce that

(29.2) H= , whence z o~

1Paul Erdés had a legendary knack for asking very hard questions with deceptively simple
statements. Occasionally, he would offer a monetary award for their solution. The award he
offered for proving Theorem 29.3] was $10,000, the largest “Erdés prize” ever.
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. Pn+1 — DPn
29.3 limsup ————— > ¢,

which establishes (29.0]).

Let us now explain how to construct the classes a, (modp). We will
select them in three stages, determined by two parameters y and Y to be
chosen so that (log H)? <y <Y < H/2. Throughout, the letters p and ¢
denote prime numbers.

Stage 1: Intermediate primes. When p € (y,Y], we select a, = 0.
This choice is the key to the success of the Erdés-Rankin method because
it leaves uncovered few integers < H. Specifically, if N is the set of integers
n < H not covered by the classes 0 (mod p) for p € (y,Y], then either n is
y-smooth, or n = mq with ¢ > Y prime and m < H/Y. Writing y = H/v
and applying Theorems [16.4] and 20.1], we find that

H H
< V(H, H —
NISTH Y+ ) wH/m) <ot Y, o
m<H/Y m<H/Y
H Hlog(H
< 2 Hlog( /Y)
u logY

Stage 2: Small primes. For the primes p < y, we select the progressions
ap (modp) “greedily”.

We begin by letting az (mod2) be any class a (mod 2) maximizing the
quantity #{n < N :n = a(mod 2) }. Having chosen ay, we set Ny = {n €
N :n # as (mod?2) } and note that |Na| < |V /2.

Next, we let ag (mod 3) be any class a (mod 3) maximizing the quantity
#{n e Ny:n=a(mod3)}. If weset N3 ={n e Ny:n # az(mod3)},
then |N3| < (1 —1/3)|Na.

Continuing this way, we find that there are progressions a, (modp) in-
dexed by the primes p < y, such that the set

N :={n €N :3p <y for which n # a, (modp) }

has cardinality

H Hiog(H/y)
utlogy = logylogY ~

/ . 1
(29.4) IN| < V] H(1 p) <

PY
Stage 3: Large primes. Due to the nature of the second stage, we have

completely lost control of the residual set N’. Hence, we will apply a trivial
argument in the third and final stage of the argument. For it to work, we
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must guarantee that the remaining primes (i.e., the primes in (Y, z]) are
more than the number of integers in N/. We thus choose

(295) y — H10g3 H/(310g2 H) and Y — Z]'Og3 z ~ H]'Og2 H

logs 2 clogH ~

Indeed, with this choice of parameters, we have u"logy = (log H )4+0(1), as
well as that H log(H/Y)/(logylogY) < H(logy H)?/(log H logs H). Apply-
ing (29.4)), and taking ¢ small enough and z large enough in (29.2)), implies
that |[N'| < z/(3logz) < #{Y < p < z}.

Since there are more primes than integers left to cover, we can easily
complete the proof: if g1, ..., g are the primes in (Y, z] and ny,...,n, are
the integers in N, we let ag, = n; for each j < £, and choose ay, for £ < j <k
arbitrarily. This concludes the construction of the claimed covering system
of congruences, and thus the proof of (29.1)).

A more efficient covering system

We now turn to the proof of Theorem 9.3 As before, we wish to find a
system of congruences {a, (modp)},<. that covers [1, H|, but with ¢ being
arbitrarily large. In view of (29.3), this suffices to prove Theorem 29.3

To find this more efficient covering system, we will improve upon Stage 3.
Specifically, we will show that it is possible to choose the a),’s for p € (2/2, 2]
in a way that each congruence class covers many elements of the residual
set A" and not just one.

Throughout, y and Y are defined by (29.5). However, the first stage of
the selection of the covering system has an extra auxiliary part that deals
with very small primes and helps simplify the situation in the last two stages.

Stage la: Intermediate primes. We again choose a, = 0 for the primes
p € (y,Y]. We are then left with integers n < H such that either n is
y-smooth or n = gm with ¢ > Y prime and m < H/Y < log z.

Stage 1b: Very small primes. We also select a, = 0 when p < logz.
The effect of this auxiliary stage is a simplification of the residual set, which
now equals {n < H : pjn = logz <p <y} U{Y < ¢ < H}. Its first
component has small size by Theorem [[6.4l We will cover it trivially at the
end of Stage 3. We thus focus on the set of primes in (Y, HJ.

Stage 2: Small primes. Next, we choose a, for p € (logz,y]. In the
previous section, we selected these congruence classes greedily. Here, we
simply take a, = 1. This has essentially the same effect as choosing the a,’s
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greedily. The reason is that ¢ — 1 looks a lot like a “random” integer, so the
chance that it has no prime factors in

P:={logz <p<y}

is about [[,cp(1 —1/p). The advantage of having a, = 1 for all p € P is
that it allows for an explicit description of the residual set: indeed, after
Stage 2, we are left with certain y-smooth integers n < H and with the
set of primes {Y < ¢ < H : (¢ —1,P) = 1}. We must cover them using
congruence classes a, (modp) with p € (Y, z].

Stage 3a: Large primes. This stage will be the most delicate and will
take most of the remaining chapter to be completed. We summarize it in
the following proposition whose proof is postponed till the next section.

Proposition 29.5. Fiz e > 0. Let z, H and y be as above. There is a
choice of congruence classes a, (modp), p € (2/2,z], covering > (100 — €)%
of the set of primes Q:={z<q< H:(¢—1,P)=1}.

Assuming the above result for now, let us see how to use it to complete
the proof of Theorem 29.3]

Stage 3b: Large primes — cleaning up. Let Q be the set of primes de-
fined in Proposition A simple application of Theorem [I81T)a) (with
the required level of distribution supplied by the Bombieri-Vinogradov the-
orem) implies that

H 1 3cz
|Q|N10H (1_ —1>Nlo z
gH o\ p g

Now, from the above discussion, we know there are congruence classes
ap (modp) with p € [1,Y] U (2/2, 2] that cover all of [1,H] N Z, except
perhaps the set R := {n < H : PT(n) <y} UQ; UQy, where Q1 = {¢q <
z:(q—1,P) =1} and Qy C Q has < |Q|/(4c) ~ z/(4logz) elements.
Since W(H,y) < H/(log H)**°(Y) by Theorem [6.4] and |Q;| = o(z/ log 2)
by Theorem [I8T1T](a) (see also Exercise 20.3(a)), we conclude that |R| <
z/(3logz) < #{Y < p < z/2} as long as z is large enough. Hence, arguing
as in Stage 3 of the previous section, we may trivially cover R using residues
ap (mod p) with p € (Y, 2/2]. This completes the proof of Theorem

Random covering systems of congruences

We now turn to the proof of Proposition[29.51 The main idea is to construct
for each p € (2/2, z] a probability measure ¢, on Z/pZ such that

(29.6) Z dp(q) = —log(e/100) for all primes q € Q.

z/2<p<z
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Before explaining how to do this, let us see how such a construction yields
Proposition 29.5]

Naturally, the measures 6, with p € (z/2, z] induce a product measure §
on the space G := Hz/2<p<2 Z/pZ by taking

d(a) := H dp(ap)
z/2<p<z
for each a = (ap)./2<p<: € G. Given any ¢ € Q, the probability that it is
not covered by a random tuple a € G equals [], 5. (1 — dp(g)). Thus

Baca|[#{0<Q:ia¢ | amodp)}| =3 [ (1-5,(a).

2/2<p<z q<Q z/2<p<z

Hence, (29.6]) and the inequality 1 —x < e~ imply that the right-hand side
is < £]/Q|/100. In particular, there must exist a choice of a € G such that
the number of ¢ € Q not covered by a is < €|Q|/100, which is precisely what
we claimed in Proposition

To construct measures §, satisfying (29.6]), we go back to the ideas of
Chapter we set

s1=0 and 8§ = Pr(Cy)+j—1 H D for j=2,...k,
p<Cy
where C}, is an auxiliary integer that will be taken to be large enough and,
as usual, p,, denotes the nth prime. In particular, if C} > k, then the k-tuple
(s1,-..,8k) is admissible. We also set

v(d) = #{n(modd) : (n—s1) - (n—sx) =0 (modd) }.

Next, we consider two upper bound sieve weights. We let ,uf be the
function AT supplied by Theorem [I9.1] when applied with x = k, set of
primes {p < logz} and level of distribution D; = %837, We also let u;
be the function AT from Theorem I9.1] applied with x = 2k, set of primes
P = {logz < p < y} and level of distribution Dy = y'983 1,

In addition, we let A : N¥ — R be the function constructed in Chapter
with z in place of N. In particular, A is supported on the set

7 :={deN'idy--dy <D, P (dj) >yVj} with D=z Viez

and it has bounded supremum norm. Note that log D/logy =< log, H/ logs H.
Hence, if £ is as in Lemma 283] ; is as in Lemma [28.4] and I,(f) and J(f)
are as is in Lemma 286, then \ satisfies the asymptotic estimates

Elar,...,ap)*  J(f)+ O((logs H)?/log, H)
(297) Y e <1ogD>knp;<1—1/p2>k

(a1,...,ax)ED
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and
Colar,- - an)?  Io(f) + O((logy H)?/logy H)
29.8 —
( ) (al,,%:k)e@ aj---ag (log D)k—l Hpgy(l o l/p)k—l
ap=1

for £ =1,...,k by adapting the proof of Lemma 28 (the only difference is
that we must apply Lemma with w = y and u < logy H/ logs H).

Finally, we let

Qn,n) = T (n—sm),

1<j<k

which is the homogeneous version of the polynomial H?Zl(m —s;4), and we
introduce the sieve weights

mp=( L oww)( X o) X A(d))Q.

alQ(n.,p) b|Q(n,p)Q(n—1,p) d; |n1—<p§é }Cpfdj
NYAS

The probability measure 9, is then defined by

ZnéZH, n=a (mod p) Wn,p

) =
v(@) anzH Wn,p

for each a € Z/pZ. Tt is designed to be biased towards the progressions
a (mod p) containing many elements of Q. In particular, note that if n =
q+ pse with g € Q, then the sum over (dy,...,dy) in the definition of A can
be restricted to those k-tuples with d; = 1, analogously to the situation in
Lemma,

Because of this nature of the weights ¢,, we ignore all summands but
those of the form ¢ 4+ psy in the numerator. This yields the inequality
k
0p(a) 2 > 4—1 Watpse/ Dpn<om Wn,p, Whence
k

ZZ \Zw +ps ),
(29.9) PG ED Pl iy

w
Z/2<p<2 /=1 anQH n,p

Calculations

The next step is to estimate the right-hand side of (29.9) by adapting the
methods of Chapter This is accomplished in Lemmas and
below. A very good (albeit tough) exercise on the methods on Chapter
is to demonstrate these lemmas without consulting their proofs.

All implied constants from now on might depend on k.
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Lemma 29.6. Assume the above notation and let py € (2/2,z2]. Then

Z y _ 2VH - (J(f) 4+ 0(1/\/logy H))

n<2H (g D)F[L,e,(1=1/p)%

where V = (logy 2/ 108 4)** [T 105 - (1 — v(p)/p).

Proof. Let d,e € Z be such that dj,ejln + pos; and py 1 dje; for each
j. Arguing as in the beginning of the proof of Lemma 28.3] we find that
(diei,djej) =1 for all i # j, provided that y > s, — s1 = s3. Therefore

Z Wn,po = Z Mf(a)u§(b)A(d)A(e)N(a7 b,d,e),
n<2H abd,e
(dies,podje;)=1Vi#j

where N(a,b,d,e) denotes the cardinality of integers n € [1,2H] such that
alQ(n, po), b|lQ(n, po)Q(n — 1, po) and [d;, e;][n — pos; for all j.
By our assumptions on the support of ,uf, ,u; and A, the numbers a, b and

[d1,e1],...,[dk, er] can be assumed to be mutually coprime. The Chinese
Remainder Theorem then implies that
v1(a)va(b)

N(a,b,d,e) =2H - + O(vi(a)ra(b)),

ab H?:ﬂdj’ €]

where v1(a) counts the number of solutions n € Z/aZ to the congruence
Q(n,po) = 0(moda) and, similarly, v5(b) counts the number of solutions
n € Z/bZ to the congruence Q(n,py)Q(n—1,pp) = 0 (modb). (In particular,
these functions might depend on pg.) Consequently,

> wnp, = VIVRHS + O(H'V10),
n<2H

+ dv:(d
yoy s sy AdAe
4 ‘ d,e Hj:l[djve]]
(diei,podje;)=1Vizj

We now estimate S. Firstly, we remove the condition from its summands
that pg f diejy - - - dieg. The error produced is

Z Z o (og H)** _ (log H)™
j=1d,ec? H] 1[dja€y] Do z
pold;je;
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The remaining sum over d and e is estimated as in Lemma 283] as well as
using (29.7)). In conclusion,

B £(a)? (log H)**\ _ J(f) + O((logs H)?/logy H)
S_Zal--'ak—i_O( >_ (log D) [[,c, (1 = 1/p)%

Finally, we estimate V; and V5 using Theorem [I9.11 If we let ¢ =
1/logy H, then we have

i-aroe) I1 (1-22), n-avoe) [T (1-22).

log z<p<y P

acy

p<log z

Since p # pp when p < log z, we have v1(p) = v(p). On the other hand, we
have vo(p) = 2k, unless p|po(si — s;)(po(si — sj) + 1) for some i # j. There
are O(log z/ log, z) such p by Exercise [2.8(c). Therefore,

Vo= (1+0(e)(1+ 01/ log2))00e==/ %) T (1~ 2k/p)

log z<p<y
(20.10) = (1+0(e))(logy 2/ log y)**,
where we used Mertens’ third estimate (Theorem [B:4{(c)). This completes
the proof of the lemma. O

Lemma 29.7. For each ¢ € {1,...,k} and each qy € Q, we have

S w _ Vzlogy L(f) +O(1//log, H)
WIPSEP T Rlog, 2 (log D) [[,<, (1 —1/p)*

z/2<p<z
with V' as in Lemma 29.0l

Proof. To ease the notation, we consider the case ¢ = 1, in which case
s1 = 0. The other values of ¢ are treated similarly.

Since qo > z, any integer dy < D that divides gy must equal 1. Hence,

o= L out@)( X wo)( X A(d))Q,

a|Go(p) b|Go(p)G1(p) dj|q0—5j1ivpfdj
1=
where we have set
Gr(n) = [] (00— h—s;n).
2<j<k
As in the proof of Lemma 29.6] we have
Y Wap = Yo (@pg(®)A)A(e) - Pla,b,d,e),
z/2<p<z abd,e, di=e;=1

(dieg,dje;)=1 Vi#j

where P(a,b,d,e) counts the number of primes p € (z/2, 2] such that p {
diey - - - dgek, a|Go(p), b|Go(p)G1(p) and [dj, ej]|qo — s;p for all j > 2. The
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number of primes p dividing one of dy, e1, ..., dg, ex is O(log z). Hence,
adapting the argument leading to (28.14]) implies that

Vi (a)v3(b) X
o(r)

where 7 = ab H?ZQ[dj, e;], the functions vj(m) and v5(m) count the num-
ber of solutions t € (Z/mZ)* to the congruences Go(t) = 0 (modm) and
Go(t)G1(t) = 0 (mod m), respectively,

X =1i(z) — li(z/2) = z/(2log x) + O(z/(log 2)?),

P(a,b,d,e) = + O(vi(a)v3(b)E(z;7) + log 2),

and

E(z;r) = te&lﬁ%* mw(zyrt) — w(z/25r,t) — X/cp(r)‘.

Together with the Bombieri-Vinogradov theorem, this implies that
Z Watpsep = VI Vo XT + Oa(z/(log Z)A)
z2/2<p<z
for any fixed A > 0, where
F(m)vi(m
ve=y py mv(m) 3 A(d)A(e)

j k '
™ p(m) dec?, di=e;=1 Hj:2 (P([dj? ej])
(diei,djej):l VZ#]

Next, we estimate the sum over d and e exactly as in the proof of Lemma
284 and then use (M) This yields that

Cl (log H)**\ _ Ii(f) + O((logg H)?/logy H)
Z ( )  (log D)F~1 ] e, (1 = 1/p)k=t

aGQ
a1=1

As a consequence,

Z Watpsep = 2Vi V3 -

z/2<p<z

Li(f) + O((logs H)?/ logy H)
8(log D)* [, (1 = 1/p)*=1"

(5%
where ¢ = 1/log, H. We note that v{(p) = v(p) — 1 for all p < logz < qo.

Indeed, v{(p) equals #{n € (Z/pZ)* : 3s; # 0 (modp), s;n = qo (modp) },
which also equals v(p) — 1 because s; = 0. We thus conclude that

o (-0

p<log z

Finally, we apply Theorem 9.1l to deduce that

Vi =(1+0@) [] (1—?5731)), V5= (1+0(e)

p<log z log 2<p<y
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Moreover, we have v3(p) = 2k — 2, unless plgo(qo — 1)s1--- s or p|(s; —
55)(qo(si — s;) + s;) for some i # j. Arguing as in (29.10), we find that

Vi = (1+0(1/log, hr))(logQ"’)%_1 I1 (1 - 3) -

log Yy log z<p<y p

This completes the proof of the lemma. O

We are now ready to prove ([29.6]). We estimate the right-hand side of
[29.9) using Lemmas 29.6] and 29.7] Assuming that J ( f) > 1, we infer that

zlogy Ii(f 1 If(f)
Z 0p(q) > (1 +0(1)) 16Hlog22Z 4_80 J(f)

z/2<p<z

for all ¢ € Q as z — oo. Choosing the function f as in Chapter 28 we
find that the sum over ¢ is > logk — 4loglogk + O(1). Taking k to be
large enough in terms of ¢ and & completes the proof of (29.4]), and hence of
Theorem

Exercises
Exercise 29.1. For each fixed A > 0, it is believed that

ez
#{pn T Pnt1 — pn>)‘10g$}'\/1
ogxr

(z — 00).

Use Cramér’s model to give evidence in support of this conjecture.

Exercise 29.2 (Granville [64]). Let (Y,,)52; be the Cramér-Granville model of
parameter y, as defined in (ITI3)). Let Ei(X\) be the event that ¥; = 0 for all
integers j € (k, k + Alog® k]. In addition, let M = P(y)lloglog P)],
(a) Let A > 0 be fixed. Prove that
]P(Ek()\)) _ k—)\e'y/2+o(1)
for k = P(y),2P(y),..., MP(y) as y — oo.

(b) If 0 < XA < 2e77, show that the probability that none of the events of part (a)
occurs is o(1) as y — oo.
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Chapter 30

Irregularities in the
distribution of primes

So far we concentrated our efforts on proving that the primes behave in
the “expected way”. In this last chapter, we will show that their distribution
has subtle irregularities that can be seen when zooming in on certain short
intervals.

As we discussed in Chapter 29, we expect that p,.1 — p, = O(log?n).
Therefore, it seems reasonable to expect that the interval (z,x 4 y| contains
the expected number of primes, namely ~ y/log z, as soon as y > (log x)?*=.
Assuming the validity of the Riemann Hypothesis, Selberg [I61] proved in
1943 that this is indeed true for almost all x.

Theorem 30.1 (Selberg). Assume that the Riemann Hypothesis is true.
Fiz e >0 and 6 > 0. For all but ox_00(X) integers x € [2, X|, we have

Yy Yy
1-— < — < (1
(1—¢) Togz m(x+y) —7(z) < (1+¢) Togz

with y = (logx)?*°,

However, in 1985 Maier [I34] arrived at the groundbreaking conclusion
that the asymptotic formula 7 (x + y) — 7(z) ~ y/log z fails infinitely often
for y a fixed but arbitrarily large power of log x.

Theorem 30.2 (Maier). For every fized C > 1, we have that

. om(z + (log2)©) — 7(x) , m(z + (logz)%) — 7 ()
hmrgggf (log x)C—1 <1< hgrcri)sip (log z)¢—1

The goal of this chapter is to establish Maier’s theorem. On the contrary,
we will not show Selberg’s theorem because its proof lies beyond the scope
of this book.
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Maier matrices

The starting point for proving Theorem is the observation we made
in Chapter [[7 that Cramér’s model has to be adjusted by presieving the
integers under consideration with small primes. Indeed, if (logz)? < h < =
then the more accurate Cramér-Granville model suggests tha

#{r<n<z+h:(n, ) =1} H(l )

log

#Hr<p<az+hi~
p<w
1
~ elozgxw #lo<n<z+h:(nPw)=1}
with w a slowly growing function of . We strategically choose x = P(w). In
this case, we have w ~ log z. In addition, the Chinese Remainder Theorem
implies that the number of integers in [+ 1, x + h] that are coprime to P(w)
is exactly equal to the number of integers in [1, h] that are coprime to P(w).

In particular, if h = (log )" with u, then
h- B(u)
log w

#{r<n<a+h:(n,Pw)=1}~

as ¥ — 0o, where B is Buchstab’s function. Putting everything together,
we arrive at the guess that
h

< ~ e’ B(u) - _
#{r <p<ax+h}~e Bu) Toga

However, as we saw in Exercise [[4.11] the difference B(u) — e~ changes
signs infinitely often (but with the amplitude of its oscillations tending to 0).
Hence, we may choose u arbitrarily large such that the number of primes in
(z,x+h] is a bit larger than expected. Similarly, we can also find arbitrarily
large u for which the number of primes in (x, z+ h] is smaller than expected.

In order to make the above heuristic rigorous, Maier averaged over many
intervals (x,z + h] with = a multiple of P(w). It is convenient to display
these intervals in the form of a matrix. To this end, given positive integers
k, ¢, g and h, with £ > 2k and h < ¢, we define the Maier matriz

1+ (k+1)q 2+ (k+1)gq - h+(k+1)q

1+ (k+2)g 2+ (k+2)g - h+(k+2)q

W S T =+
14 4q 2+ /g h+£q

We will eventually take ¢ = P(w) for some convenient choice of w.

IWe have presented matters in reverse chronological order. Granville’s modification of
Cramér’s model was inspired by Maier’s work on irregularities in the distribution of primes.
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Note that the ith row of M(k,¢;q,h) contains all integers in the short
interval ((k +1i)q, h+ (k + t)q], whereas its jth column contains all integers
in the arithmetic progression

(30.1) {n=j(modq):j+kg<n<j+{g}.

Now, if each arithmetic progression of the form (B0.I]) contains the ex-
pected number of primes, and we write p € M(k,¢;q,h) to denote that p
appears among the entries of M(k, ¢;q, h), then

j+4
#lpeMibtiam)~ 3 — [ L G S

52 ©(q) Jj+kq logt log 1<]<h
(J,9)=1 (4,9)=1

On the other hand, if all short intervals (mgq, h + mq] with m € (k, ]
contain the expected proportion of primes, then

N h (t=kh
#{p € M(k,t;q,h)} k;d log(mgq) ~ log(ql)

Comparing the above estimates, we see that if we can find a sequence of
g and h going to infinity in a Way that
#{1<j<h: (g =1}
hq/ ©(q)

then we obtain a contradiction. A similar conclusion holds if the left-hand
side can be made < ¢ < 1 for an infinite sequence of ¢ and h.

(30.2) >c> 1,

Calibrating the parameters

As we explained above, we will let ¢ = P(w), so that w ~ log ¢ and ¢q/¢(q) ~
e’ logw, as well as h = w" with u to be chosen later in a way that the
difference B(u)—e~ 7 has a predetermined sign. In order to deduce Theorem
BQ.2, we need to be able to show that each arithmetic progression of the
form (BILI) contains the expected number of primes. We will take k = ¢?
and ¢ = ¢* for some large L. Theorem [2.1] cannot be used in this range.
However, we can apply Theorem (so we will eventually weigh primes
logarithmically). Firstly, we claim that we may choose w in such a way
that rules out the existence of the exceptional character y; for an infinite
sequence of moduli of the form ¢ = P(w).

Lemma 30.3. There are infinitely many w € N such that if ¢ = P(w), then

1 _ log(logz/logy) + O(1)
2 5" ¢(q)

y<p<sz
p=a (mod q)

uniformly for z >y > ¢ and a € (Z/qZ)*.
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332 30. Irregularities in the distribution of primes

Proof. For each ¢ > 3, we let R, denote the set of real non-principal char-
acters. In view of Theorem 27.1] it suffices to show we can choose infinitely
many values of ¢ = P(w) such that

(30.3) 3 XP)_ 00y (:3y>q xeRy.

y<p<z

Recall the definition of the sifted L-function L, (s, x) from Chapter
If Q= ql/min{LLq(LX)} then Theorem implies that

(30.4) S XD _60) 22y xeRy).

y<p<z
Now, let w € N. We will show that either (B0.3)) holds for ¢ = P(w), or
we can find w’ > w such that [B0.3) holds for ¢ = P(w').

Fix an auxiliary large constant M to be chosen later, and let ¢ = P(w).
Firstly, we consider the case when L,(1,x) = 1/M? for all x € R,. Since

> gep<gm? 1/p = O(log M), B0.3) follows from (B0.4) in this case, with the
implicit constant depending on M.

Assume now there is some y1 € R, such that L,(1,x1) < 1/M?2. We will
show that if M is sufficiently large, then we may construct another modulus
¢ = P(w') satisfying (B0.3). Precisely, we take w' = M~1log Q,,, so that
logq’ ~ M~1log Q,,. Note that w' < oo by Theorem I2.8

Consider x € Ry. If x is induced by xi, then the fact that logq ~
M~1log Qy, and (B0.4) imply that

Z M: Z XIT@—i—O(logM)—OM(l) (z=y>4q).

y<p<z p max{Qy,y}<p<z

Assume now that x is not induced by x1. We then know from Theorem
22.6l(b) that there is an absolute constant ¢ > 0 such that

maX{Lq/(L X)7 Lq/(17 Xl)} Zc
On the other hand, we claim that if M is large enough, then Ly (1, x1) < ¢
Indeed, for all 0 =1+ 1/logx with x > QXI, we have

log L X o(1)
q'<p<z

by Lemma 223l Applying (22.I6) from Theorem 225, followed by ([22.15]),

we can rewrite the right side of the above formula as

log Ly (7, x) = xal) | ony - 3 Lo

q/<p<QX1 ql<p<QX1
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Hence, Mertens estimate implies that log Ly/(0, x) = —log M + O(1). Let-
ting  — oo implies that Ly (1,x1) < 1/M, so that Ly(1,x1) < ¢ by
choosing a sufficiently large M. Hence, for this choice of M, we have
Ly(1,x) = ¢ > 0. Combining this relation with ([B0.4) proves that (B0.3)
holds for y in this case too. This completes the proof of the lemma. O

Proof of Theorem [B0.2. Let ¢ = P(w) be as in Lemma[30.3l In addition,
let h = w", and let L be a large constant to be chosen later. For brevity, we
write M to denote the Maier matrix M(q?, ¢"; q, h).

One the one hand, Lemma [B0.3] implies that

3 1_ 3 3 1_ 3 log L + O(1)
pEM p 1<G<h j4@P<p<j+qlt? p 1<j<h @(Q)

(4,P(w))=1 p=j (mod q) (4,P(w))=1
Hence, applying Theorem [I4.4] and noticing that q/¢(q) = €Y logw + O(1)
by Mertens’s third estimate (Theorem [3.4c)), we conclude that

1 h
(30.5) Y = =€"B(u) — - (14 0y(1/logw)) - (log L + O(1)).

p q

pEM
On the other hand, for each fixed u and for w — oo, we have

(30.6) > % = > 3 1 3 7T(h+mgzq— ﬂ(mQ)7

pEM g2<m<ql mg<p<h+mgq q2<m<ql

since q/h — oo when w — oo.
Now, we select u such that e?B(u) > 1 and set 6 = ¢?B(u) —1 > 0. We
have

Z L =log L+ O(1)

il mlog(qm)

by partial summation. Together with (B0.J5]), this implies that there are
constants Ly = Lo(6) and wy = wy(d, u) such that

(30.7) S isa+en Y h/k’%’”q)
peEM 2<m<qgk

whenever L > Ly and w > wg. From now on, we suppose that L = Lg, so
that L is fixed in terms of 4.

Comparing [B0.7) with ([B0.6), and assuming w is large enough in terms
of 6 and u, we find that there must exist some m € Z N (¢2, ¢*] such that

b
log(mgq)

Recall that h = w", so that h ~ (logq)" =, (log(mgq))* for all m €
(¢%,q"]. Hence, if 1 < C < u— 1 and we let w be large enough in terms of §

(30.8) w(h 4+ mgq) —m(mq) = (1+9/3)
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and u, then (B0.8) and the pigeonhole principle imply the existence of some
x € [mgq, h +mgq] such that 7(z + (logx)¢) — 7(x) > (1 +5/4)(log ).

The above discussion proves the rightmost inequality in Theorem
for 1 < C' < u— 1. Since u can be taken to be arbitrarily large by Exercise
M[4TIT(e), we have established that for each fixed C' > 1, the limsup of
(m(x + (logz)¢1) — 7(x))/(logz)“~is > 1 as 2 — oo.

An obvious modification of the above argument, where we work with a
sequence of u for which B(u) < e™7, proves that the leftmost inequality in
the statement of Theorem [30.2]is also true for all C' > 1. This concludes the
proof of Maier’s theorem. O

Exercises

Exercise 30.1 (Banks-Ford-Tao [6]). For y > 3 and u > 2, let

B #{s<n<s+y':(n,Ply) =1}
ﬂJr(yau) - I?Gal\}lc y“/logy

and

< “:(n,P =1
5 (y,u) = min #ls<n<sty":(nPly)=1}
sEN y*/logy
(a) Let 2 < v < u. Show that ST (y,u) < (1 + 0y—o0(1))8T (y,v) and B~ (y,u) >
(14 0y—o0(1))8~ (y,v). [Hint: Use the pigeonhole principle.]
(b) Give a heuristic argument that justifies the following claims:
(i) maxy, <z(pns1 — pn) ~ (logz)?/[e7 - B~ (logx,2)] as x — oco.
(ii) Fix u > 2. If X — oo, then
m(x + (logz)") — 7(x)
X1/loglog X <p< X (log z)u—1

(30.9) ~ "B (log X, u)

and
7(2 + (log 2)") — 7(2)

(30.10) I S Tog )=

~ e’ (log X, u).

(¢) Assume that for all w > 2 and ¢ > 0, there are yo > 3 and § > 0 such that
8=, w) — 6% (9,)] < ¢ when [Tog(y//4)| < 6, y > yo and |u/ — ] < 0.
Prove that the ratio of the left over the right side of B0.9) is > 1 + o(1),
and that the ratio of the left over the right side of (B0.I0) is < 1+ o(1).
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Appendixz A

The Riemann-Stieltjes
integral

The Riemann-Stieltjes integral is a generalization of the Riemann inte-
gral that is very useful in analytic number theory, because it allows us to
transform discrete sums into integrals and thus easily manipulate them using
our intuition from integral calculus. We present here the basic definitions
and properties of this theory following the treatment in [3, Chapter 7]. The
basic theory is also presented in [I58, Chapter 6] and [146, Appendix A].

Consider two functions f,« : [a,b] — R, a partition P = {zg, z1,..., 2}
of [a,b], and a selection of points & = {&1,...,&,} with & € [z, z;] for
each j. We then define the Riemann-Stieltjes sum of f with respect to a,
P and & by

S(f,a;P,€) = Zf (&) - a(zj_1)).

Assume there is a real number I with the property that, given any ¢ > 0,
there is a partition P. such that
|S(f,0[,P,£) _I’ <E¢

whenever P is a refinement of P, (i.e., P 2 P.). We then say that f is
integrable with respect to a (over [a,b]) and write symbolically f € R(«).
The number [ is called the Riemann-Stieltjes integral of f with respect to

« and it is denoted by
b b
I= / fda = / f(z)da(z)
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A. The Riemann-Stieltjes integral 337

The following theorem establishes the needed properties of the Riemann-
Stieltjes integral for the purposes of this book. Its proof is contained in [3]
(see Theorems 7.2, 7.3, 7.27, 7.6, 7.8 and 7.11 there, respectively).
Theorem A.1. Let f,g,a, 5 : [a,b] - R and \,p € R.

(a) If f,g € R(e), then A\f + pg € R(a). We further have

b b b
/ (A + pg)da = A fch—u/ gda.
(b) If f € R(a) NR(B), then f € R( )\a + uB). We further have

/fdAa+uﬁ /fda+u/ Fds.

(¢) If f is continuous and « is of bounded variation, then f € R(«).
(d) If f € R(«), then o € R(f) and
b
B —/ adf.

b b
[ #da=f@at)|

(e) If f € R(«) and « is continuously differentiable on [a,b], then the Rie-
mann integral fb f(z)d/ (z)dx exists and we have

/f a(a /f

(f) Assume that « is a step function whose only discontinuities are at the
finitely many points x1, ..., x, € [a,b], with corresponding jumps Ac;
= a(a;;r) —a(zy).

Assume further that, at each point x;, at least one of f and o is
continuous from the right, and at least one of them is continuous from

the left.
Then f € R(a) and we have

b n
/ fda =" f(z;)Aay.
a j=1
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Appendixz B

The Fourier and the
Mellin transforms

We write L'(R) for the space of Lebesgue integrable functions f : R — C.
Given such a function, we define its Fourier transform f : R — C via the
formula

(B.1) f(ﬁ) :—/ f(z)e 2miéedy,
We then have the Fourier inversion formula [45] (7.16), p. 218].

Theorem B.1. If [ is continuous and such that f,fe LY(R), then

flz) = /_ h F&)e*m=de.

The condition that fe L'(R) is not always easy to verify. The simplest
way to guarantee it is by assuming that f is smooth enough. Indeed, if
the derivatives f, f',..., fU) exist, are in L'(R) and tend to 0 at fco, then
integrating by parts j times in yields that

1
Crig)
In particular, if we can take j = 2, then f € LY(R), so the hypotheses of
Theorem [B.1] are met.

Sometimes, we want to know that the Fourier inversion formula holds
under even weaker conditions. Such a result is provided by the following
theorem [45, Theorem 7.6, p. 220).

(B.2) 7o) = | r@e e < ﬁ

338
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Theorem B.2. Let f : R — C be piecewise continuously diﬁerentiabl and
Lebesgue integrable over R. For each x € R, we have

f(w—l—) + f — lim / f 27rzx§d£

2 R—o0

Finally, a very useful property of the Fourier transform is the Poisson
summation formula. This formula states that
(B.3) > fm)=>" Fn)

nez neZ

for all “nice” functions f : R — C. There are various ways to define what
we mean by “nice”. An easy way is to assume that f is continuously differ-
entiable twice and that we have fU)(z) <« 1/22 for j € {1,2} and |z| > 1,
that is to say, f, f/ and f” decay at infinity at least as fast as the inverse
of a quadratic polynomial. We then use relation (B.2)) to obtain the bound
F(€) < 1/€2 for |¢| > 1. In particular, both sides of (B:3) are well-defined.

In order to prove (B.3), we define g(xz) = >, o, f(x + n), which is a
1-periodic function in C?(R). Thus, Theorem 2.1 in [45, p. 35] implies that

— 2 :Cme27r7,m:c’

MmEZ

where ¢, = fol (x) e‘2mmxd:r. We then note that

Cm—/ fo+n —27rzmxdx_Z/ fl‘—l—n —27rzmmd$

neL neL

by Lebesgue’s Dominated Convergence Theorem, since f(z+n) < 1/(1+n?)
for all z € [0,1] and all n € Z. Setting y = = + n and noticing that

e2™mn — 1 we conclude that
en =2 / y)e > MVdy = f(m).
nez
Consequently

fo_’_n _g Zf 27m'mm.

nez meZ
Taking x = 0 proves (B.3). To sum up, we have shown the following result.
Theorem B.3. Let f € C%(R). Assume further that f9)(z) < 1/2% for
j€1{0,1,2} and |x| > 1. Then f(&) < 1/€2 for |¢| > 1 and
Y )y =Y fn)
nez nez

1This means that f and f’ are piecewise continuous over R, that is to say, they both have a
discrete set of discontinuities (i.e., with no accumulation points) that are all of the first kind (i.e.,
“jump discontinuities”).
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The Mellin transform

Given a function g : Ry — C, we define its Mellin transform to be

(B.4) G(s) = /Ooog(x)xs_ldx

for all s € C that this integral converges. An important example of a Mellin
transform is the Gamma function that we studied at the end of Chapter [1

The Mellin transform is a close relative of the Fourier transform. Indeed,
if we make a change of variables z = e, we immediately see that G(s) =
h(—s/2mi) with h(u) = g(e*). In particular, we have the Mellin inversion
formula as a consequence of Fourier inversion:

Theorem B.4. Let g and G be as above, with g piecewise continuously
differentiable. Assume further that there are ay < g such that the function
r — |g(x)|z°1 is in LY(Rso) for all o € (a1, az).

Then G is a holomorphic function in the strip oy < Re(s) < ag. In
addition, the inversion formula

g@") +glz7) 1 N / -
2 =9 ), G@rTds =g im g Gls)eds
(@) | Im(s)|<T

holds for all x > 0 and all @ € (a7, 9).

Proof. Let ¢ be positive and smaller than (ag — a1)/2. By the hypotheses
of the theorem, the integrals

1 oo
/ lg(z)|z®r T 1da and / lg(z)|z®2~¢1dx
0 1

converge. Hence, the integral defining G(s) converges absolutely and uni-
formly in the strip a; + & < Re(s) < as —e. The holomorphicity of
G then follows. For the Mellin inversion formula, note that the function
¢ = G(a — 2mi€) is the Fourier transform of the function u — g(e*)e®".
Applying Theorem [B.2] completes the proof. O
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The method of
moments

We prove here a generalized theorem of Theorem [I5.2], which is the main
probabilistic tool needed in the proof of the Erdés-Kac theorem.

Given a constant ¢ > 0 and a random variable X (defined on some am-
bient probability space), we write X € £(c) if P(|X| > u) < e~* uniformly
for u > 0. In addition, we write X € £(c0) if X € &£(c) for each fixed ¢ > 0.
Clearly, the standard normal distribution is in the class £(c0), as well as
any compactly supported distribution.

We will prove the following generalization of Theorem [15.2]

Theorem C.1. Let X be a random wvariable in the class £(c0), and let
(X;)521 be a sequence of random variables.

(a) Assume that
(C.1) lim E[X}] =E[X"] for all k € N.

j—00
Then (X;)32, converges in distribution to X.

(b) Conversely, assume that (X;)52, converges in distribution to X. If, in

addition, sup;, IE[XJ%] < oo for all k € N, then holds.

Before we embark on the proof of Theorem we make a few remarks.

Remark C.2. (a) The condition that X € £(c) is closely related to having
that E[| X |¥] < k!/c* uniformly for k& € Zs1. Indeed, if X € £(c), then

(C.2) E[X|F] = / kuP T IP(1X| > w)du < k:/ uFlemUdu = k!/ck.
0 0
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342 C. The method of moments

Conversely, if the moments of X satisfy the uniform bound E[| X |¥] < k!/c¥,
then Markov’s inequality implies that

P(1X| > u) < u ™ B[ X|*] < (cu)*k! < VE - e F(k/cu)*
for all k € Z>;. Taking k = |cu| 4+ 1 proves that P(|X| > u) <, u/2e
for all u > 1. In particular, X € £(¢/) for all ¢ < c.

(b) Theorem [CIlholds even if X € £(c) with 0 < ¢ < 0o. (See Theorems
29.3 and 30.1 in Billingsley’s book [7].) O

Proof of Theorem We start with part (b) that is simpler. Conver-
gence in distribution is equivalent to weak convergence, that is to say,

(©3) Jim E[f(X;)] = E[/(X)]
for any bounded f € C(R) [7, Theorem 25.8]. Hence, if we let ¢(x) = 1 for
|x] < 1, and ¢(x) = max{0,2 — |z|} for |x| > 1, then
Jim B0 /M)] = ELX*6(X/M)
for any M > 0. In addition, we have
E[X}] - E[XFo(X;/M))| < E[X[" x,50m) < MTE[XGY] < 1/M

uniformly in j € Zs; and M > 1. Similarly, E[X*¢(X/M)] = E[X*] +
Oy(1/M). We thus infer the validity of (C.IJ).

We now prove part (a), where we assume that (C]) holds. It suffices to
prove that if f is a smooth function supported on [a, b], then (C.3)) holds. We
will employ an explicit version of Weierstrass’s approximation theorem using
Chebyshev polynomials of the first kind, defined by T, (cos€) = cos(nf).
Using the formula e = cos @ + isin 6, we may easily deduce that

To(x)= ) (;) " (22 — 1),
0<j<n/2 J
In particular, we have
(C.4) Ty ()] < 272" < 2" T2 for |z > 1.
Now, fix M to be a large enough parameter so that [a,b] C (—M, M)

and consider the function o« — f(M cos(2m«)), which is 1-periodic, even and
smooth. We may thus develop it in its Fourier series, say

f(M cos(2max)) = Z M cos(2mnay),

n=0

where

an,v = (1+ 1,50) /01 f(M cos(2ma)) cos(2mna)da.

Author’s preliminary version made available with permission of the publisher, the American Mathematical Society.



C. The method of moments 343

Integrating by parts twice, we find that
141 !
ap M = —#/ gu (@) cos(2mna)dey,
n 0

where gar(a) = M?sin?(2ra) f” (M cos(2ma)) — M cos(2ma) f' (M cos(27a)).
Since f has bounded support, gps is supported on « € [0,1] such that
cos(2ma) = Of(1/M) (we think of M as big in terms of a and b). This set
has measure Of(1/M). Thus a, s = Of(M/n?). We conclude that

(C.5) f(M cos(2mar)) = Z an, M cos(2mna) + Oy (e)
0<n<M/e
uniformly for M > 1 and 0 <e < 1.
We use (CH) to write f in terms of the Chebyshev polynomials. If
|z] < M, then = M cos(2ma) for some « € [0, 1] and thus
(C.6) fe) = S anaTu(e/M) + Os(),
0<n<M/e

On the other hand, when |z| > M, the left-hand side of (C.6]) is 0, whereas
the right-hand side is <5 €+ Y << pr/-(22/M)*"+? by (C4) and the trivial
bound a, s = Of(1). This proves that for all x € R we have

f@ =Y anuTulz/M)+0; (s + Y (2x/M)2"+2).
0<n<M/e 0<n<M /e
Applying the above formula twice, we deduce that
Ef (X)) —EIf (X)) = > anu(E[Tu(X;/M)] - E[T,(X/M)))

0<n<M/e
0<n<M/€
When j — oo, the main term goes to 0 by assumption of (C.Il). Thus
(C.7) limsup [E[f(X; X)|<re+ > (2/M)PEX,
g0 0<n<M]/e
Let k =n+ 1. Since X € £(4), we use (C2) with 2k in place of k to find
> @MPPEXM < Y k/MPF< Y MTF<1/M.
1<k<svM 1<ksvM 1<k<vM
For larger k we use that X € £(4e~3/2). Hence,

S @MEXT <. Y (@Pk/M)* < VM

VM<k<M]/e VM<k<M]/e
Thus, letting M — oo in (C.1) yields lim sup,_, o [E[f(X;)] —E[f(X)]| <y «.
Finally, we let € — 07 to deduce (C.3). This completes the proof. O
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