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SIEVE WEIGHTS AND THEIR SMOOTHINGS

POIDS DE CRIBLE ET LEURS LISSAGES
ANDREW GRANVILLE, DIMITRIS KOUKOULOPOULOS, AND JAMES MAYNARD

RESUME. On obtient des formules asymptotiques pour les 2k-iémes moments de quelques sommes
partiellement lissées de la fonction de Mdbius sur les diviseurs d’un entier. Quand 2k est petit en
comparaison avec A, qui est le niveau de lissage, alors la contribution principale aux moments
provient des entiers ayant que de grands facteurs premiers, comme on 1’espérait pour un poids de
crible. Cependant, si 2k est plus grand en comparaison avec A, alors la contribution principale aux
moments provient des entiers ayant beaucoup de facteurs premiers, ce qui n’est pas I’intention quand
on crée des poids de crible. La valeur seuil pour “petit” est A = o (°F) — 1.

On peut aussi poser des questions analogues pour les polyndmes sur des corps finis et pour les
permutations, et dans ces cas les moments se comportent de facon assez différente, avec moins
d’annulations dans les sommes de diviseurs. On donne, on espere, une explication plausible pour
ce phénomene, en étudiant les sommes analogues pour les caracteres de Dirichlet, et en obtenant

chaque type de comportement selon si le caractere est “exceptionnel” ou non.

ABSTRACT. We obtain asymptotic formulas for the 2kth moments of partially smoothed divisor
sums of the Mdbius function. When 2k is small compared with A, the level of smoothing, then the
main contribution to the moments come from integers with only large prime factors, as one would
hope for in sieve weights. However if 2k is any larger, compared with A, then the main contribution
to the moments come from integers with quite a few prime factors, which is not the intention when
designing sieve weights. The threshold for “small” occurs when A = - (2F) — 1.

One can ask analogous questions for polynomials over finite fields and for permutations, and in
these cases the moments behave rather differently, with even less cancellation in the divisor sums.
We give, we hope, a plausible explanation for this phenomenon, by studying the analogous sums for
Dirichlet characters, and obtaining each type of behaviour depending on whether or not the character

is “exceptional”.
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Sieve methods are a set of techniques which give upper and lower bounds for the number of
elements of a set of integers .A which have no ‘small’ prime factors. Their key benefit is that they
are very flexible - one can obtain bounds of the correct order of magnitude for many interesting
sets A, even though obtaining asymptotic formulae looks completely hopeless. In particular, they
are typically very effective at obtaining upper bounds for the number of primes in sets .A of interest

which are only worse than the conjectured truth by a constant factor.
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One of the most important sieves in the Selberg sieve. Selberg’s approach [21] starts with the
inequality

2 1 P~ (n) >z

)\ ) > d — ) — )

(1.1) ( cﬂzn i = % () {O, otherwise,
Pt(d)<z PH(d)<z

which is valid for any real numbers \; with A\; = 1. Here P*(n) and P~ (n) are the largest and

smallest prime factors of n respectively. Summing (1.1) over n € A gives

2
#{nGA:P‘(n)Zz}SZ( 3 /\d> = Y Mg #{ne A:[d, din},
neA din P+ (d1),Pt(d2)<z
Pt(d)<z

which is a quadratic form in the variables \;. Provided d; and d; are not too large, say at most
R, one can hope to get a reasonable estimate for the coefficients #{n € A : [dy, ds]||n} of this
quadratic form. The best upper bound stemming from this method then comes from minimizing
the quadratic form over all choices of A\; € R with \; = 1and \; = 0 ford > R.

For typical sets .A that arise in arithmetic problems, one finds that the optimal choice for the A4

takes the form B
log(R/d
ol (YD) g m

where A is some positive constant. We note that the weights \; decay to 0, and the larger the
value of A, the higher the level of smoothness at the truncation point R. In the optimal choice, the
exponent A is taken to be x, the dimension of the sieve problem. However, for a given dimension
K, it is known [22, pg. 154] that any exponent A > k — 1/2 yields weights \; whose dominant
contribution comes from numbers almost coprime to m, whereas this fails to be true for smaller A.
See [10, ch. 10] for further discussion.

More generally, one can consider the smoothed sieve weight

My(n; R) := Y p(d)f (fsgg;) ’

dn

where f : R — R is a function supported on (—oo, 1], which corresponds to taking \; =
wu(d)f(logd/log R) for d < R. In Selberg sieve arguments one typically chooses f to be a
polynomial in [0, 1], perhaps of high degree. Such an example is offered by the ‘GPY sieve’
of Goldston-Pintz-Yildirim [ 13, 27]. In more recent developments on gaps between primes by the
third author [ 18] and Tao [24] one works with general smooth functions f.

The main motivation of this paper is to understand the exact role of the smoothing in the structure
of the Selberg sieve weights. To this end, we consider their moments

> My(n; R)!

n<x
as a tool of gaining additional insight on the distribution of the values of M¢(n; R). On the practical
side, higher moments naturally appear when applying Holder’s inequality, so it would be useful to
know their behaviour'.

IFor example, Lemma 3.5 in Pollack’s paper [23] is an example of a case where a fourth moment occurs because
of the use of Cauchy’s inequality, and a similar issue is encountered in Friedlander’s work [9] for the combinatorial
sieve instead of the Selberg sieve.
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From the discussion above, in the case f(z) = max(1 — z,0)" and k = 2, we have seen that
if A is sufficiently large, then M/ (n; R)* ‘behaves like a sieve weight’ in the sense that the sum
> new My(n; R)? is Of(x/ log R) and the main contribution to this comes from numbers with few
prime factors less than R. If A is too small and so f is not smooth enough, however, then M(n; R)
exhibits qualitatively different behavior; the sum is larger than x/ log R, and the main contribution
is no longer from numbers with few prime factors < R.

How smooth should f be so that M (n; R)* behaves like a sieve weight when & varies, that is to
say the main contribution to the 2k-th moment” of M (n; R) comes from integers a that have very
few prime factors < R? What happens in the extreme case where f is the discontinuous function
1(_,1)? These are the types of questions that we will study in this paper.

1.1. Some smoothing is necessary to behave like a sieve weight. In order to gain a first under-
standing of the importance of smoothing, let us consider the sharp cut-off function

fo =1
If n = 2m with m odd, then we have that
My, (n; R) =Y p(d) = > pld)+ Y p(2d) = > pld) = My (m; R),
din

dlm dlm dlm
d<R d<R 2d<R R/2<d<R

(1.2)

where, with a slight abuse of notation, we have put

(1.3) fO = 1(1710g2/logR,1]~

In particular, if m is square-free and has exactly one divisor d € (R/2, R], then My, (n; R) = +£1.
An easy generalization of a deep result of Ford [7, Theorem 4] implies that’ the proportion of such
m < x/2is>> (log R)~°(loglog R)~*/? with

1+ loglog 2
§o1-— 108982 086071332 ..
log 2
whence we conclude that

#{n <x: Ms(n;R) #0} > ’

(log R)%(log log R)3/?

In particular, we find that My, (n; R) is non-zero too often to behave like a sieve weight. This
indicates that part of the importance of smoothing is to reduce the contribution of isolated divisors
of nto Ms(n; R).

We will prove in Section 5 that

(1.4) #{n <x: My (n; R) # 0} <

(x > R'™).

T
(log R)?(log log R)3/2

This sharpens a result by Hall and Tenenbaum [ 2], who used a very similar argument and the best
results about divisors of integers available at that time.

(z > R*?).

>We are typically interested in how large sieve weights get. If we took odd powers there might be an irrelevant
cancellation, so we focus on even moments.

3The key estimates in the proof of the lower bound of Theorem 4 in [7] are the second part of Lemma 4.1, Lemma
4.3 (the parameters are z = R < R/2 = y), Lemma 4.5, Lemma 4.8 and Lemma 4.9. A key observation is that only
square-free integers are considered in Lemma 4.8, so that a stronger version of the lower bound of Theorem 4 of [7]
can be immediately deduced by the same proof, that counts square-free integers with exactly one divisor in (R/2, R].
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1.2. A heuristic argument. Going back to the study of My(n; R) for a smooth function f, it is
reasonable to believe that the smoother f is, the larger the k are for which M;(n; R)?* behaves like
a sieve weight. One way to explain this phenomenon is by noticing that various integral transfor-
mations have faster decay for smooth weights, which can help to tame the arithmetic issues at play.
(See, for example, Section 6.) Nevertheless, we prefer to give a number theoretic explanation in
terms of the underlying sieve questions rather than an analytic one focused more on the technical
issues. Assume that n = pi* - - - p%m, where p; < --- < p,, @; > 1 and all of the prime divisors
of m are > p,.. Then

o = 3 oy (L) 5 iy (2E0)

(1.5) dlp2--prm o d|p2~~-prin o
0g 0g P1 0g
= d _— —_— — .
2. ld) {f (10?53) / (logR " logR)}
d|pa---prm
Continuing as above, we find that
logd logp, log p,
M¢(n; R) = (—1)" d)A™ ; o
(16 o8 = (1 30 (.. ).
where A" f(z; hy,. .., h,) denotes the multi-difference operator defined by
A f(a;h) = f(z +h) — f(z)

and

A f(ashy, . k) = AU (@ F by, ) — AT (2 by, ).
In particular, if f € C"(R), then

hy hyr_1 h1
(1.7) A(T)f(x;hl,...,h,,)—/ / fON @+t 4ty + . 4 t)dty .. dt,,
0 0 0

Returning to (1.6), we see that if f € C4(R) and n = p{" ---p%m, r < A, is as above, then
Mp(n; R) should heuristically be << M) (m; R) []}_, (logp;/ log R). Loosely, this indicates
each additional degree of smoothness of the weight function f cuts the average size of My(n; R)
by about a factor of 1/ log R.

The above discussion leads us to conjecture that if f € C4(R) with f(0) # 0, then

. \2k x 1 . P2k
(1.8) > M;(n; R)* < max { tog 2’ (log FP°7 ; Mj,(n; R) } .

n<x

Notice that the factor x/log R is necessary because My(n; R) = f(0) for all integers n that are
free of prime factors < R.

Naturally, for this relation to be useful, we need to understand the asymptotics of > . M, (n; R)*.
Recall the relation (1.9). Expanding the k-th power and swapping the order of summation, we find
that

S° M(m; R)F = - Mya(R) + O((]| f | R)")
n<x

for any f : R — R supported on (—o0, 1], where

H?Zl w(d;) f(logd;/log R) _ H <1 1) Z Mf(q;;; R)k.

[dy, ..., dy] T p

pln=p<R
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We are generally interested in the situation when R is bounded by a small power of z, so that the
error term O((]| f||R)*) is negligible. Thus our focus is on the main term M ;(R), which no
longer depends on x. When k£ = 1, Dress, Iwaniec and Tenenbaum [4] showed

(1.10) M o(R) ~c1 (R — 00)

for some constant ¢; > 0, and when k£ = 2, Motohashi [19] showed that

(1.11) My a(R) ~ ca(log R)* (R — 00)

for some constant co > 0. In general, Balazard, Naimi, and Pétermann [!] proved that
My 2k(R) = Py(log R) + O(e (s " (oalog R)712),

for some polynomial P, and some constant ¢ = ¢(k) > 0. This built on work of de la Breteche [2],
who showed how a wide class of related sums can be evaluated asymptotically. However, when
applying his technique to this question, one would need some strong understanding of the growth
of ((s) near to s = 1 to recover the result of [1] (which, for example, follows from the Riemann
Hypothesis).

Notice that if £, = deg(Py), so that £&; = 0 and & = 2, then (1.8) becomes

. P2k X Er—2kA
(1.12) ZMf(n,R) <<max{logR,x(logR) }

n<zx

This suggests that M (n; R)?* acts like a sieve weight as long as A > &;,/2k. The big issue with
the result of Balazard, Naimi and Pétermann is that the degree &, is not determined for general &,
and that is essential if one wishes to gain a better understanding of how the Selberg sieve weights
work. Our attention thus turns to calculating &.

But first, we study seemingly analogous questions (in different settings), that one might guess
would be easier and indicate what kind of estimate we should be looking for

1.3. Analogous settings. It is well-known that many of the analytic properties of integers are
shared by both polynomials of finite fields (c.f. [20]), and by permutations (c.f. [!1]). Moreover,
polynomials and permutations are usually easier objects to understand, so in order to gain an
understanding of the exponent &, it would be natural to consider what happens in these analogous
settings first.

Permutations. The easiest analogy to analyze concerns permutations. Every o € Sy (the permu-
tations on NN letters) can be decomposed in a unique way into a product of disjoint cycles. Those
cycles cannot be decomposed any further and play the role of irreducibles. Divisors of ¢ are pre-
cisely the set of possible products of cycles. If those cycles act on the subset 7" of [NV], then o fixes
T. Moreover, if o fixes T, then o is a product of cycles, a subproduct of which fixes 7. Hence
“divisors” correspond to sets 7' C [N] for which o(T") =T

To “calibrate” our understandings of the properties of integers and permutations, we note that
for a typical integer n, its j-th largest prime factor is about e, whereas for a typical permutation
o € Sy, its j-th largest cycle has length about e’. Thus, the inequality R/2 < d < R for a divisor
d of n corresponds to having a set 7" that is fixed by o of size #71" = log R + O(1). Hence we will
study

(1.13) Perm(N, m; k) =N Z‘ Z (U‘T)

0€SN TC[N], #T=m,
o(T)=T

I

‘2k
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where

[N]:={1,...,N},
and if O"T = (105 ... Cy is the product of ¢ disjoint cycles, then we have set ,u(a}T) = (-1~
We claim that Perm (N, m; k) is more natural than it appears at first sight. A usual function of
permutations is the signature (o) which counts the number of transpositions (i.e. the number of

interchanges of two elements) needed to create o. For a cycle C, one knows that ¢(C') = (—1)#¢ 1
and hence e(o|,) = €(C1)e(Cy)...e(Cy) = (—1)#T* = (=1)"u(o|r), since #T = m here.

Therefore
> wlal) =" > o),
c€Sn, TC[N], c€Sn, TC[N],
#T=m, o(T)=T #T=m, o(T)=T
whence

Perm(N, m; k) Z ‘ Z e(a‘T)

'oeSN TC[N], #T=m,
o(T)=T

Arguing as in the work of Eberhard, Ford and Green [5] that establishes the analogue for permuta-
tions of Ford’s results [7] for integers, it is possible to show that the summands on the right hand
of (1.13) (and, hence, of the above formula) are non-zero for a proportion =< 1/m?(logm)/? of
the permutations in Sy. The following theorem provides a formula and an asymptotic estimate for
Perm(N,m; k).

Theorem 1.1. For each integer k > 1 and each integer m > 1, if N > 2mk then

Perm(N,m; k) = c¢(m, k),
where c(m, k) is the number of (2°F — 1)-

o 17 € {0,1} for #I odd;
® > i T =m, foreachi e {1,... 2k}

Moreover, for fixed k € 71, the function c(m, k) is increasing in m and satisfies the estimate

,,,,,

c(m, k) =pm®""H 4

Proof of the formula for Perm(N, m; k). Given sets 71, ..., Ty, the sets
Ry = (ﬂT) \( U T) (I C [2K])
icl 1€[2k]\I

form a partition of [V]; that is to say [IN] equals LI; R}, the disjoint union of the sets R;. Using this
with Tl, ... Ty, fixed sets of o (i.e. o(1;) = T}, so the R; are all fixed by o as well), we find

2% 1
_ #1
, Z‘ > ol = > > N 11 ( > elpn) )
aesN TC[N], #T=m, >0 VI [N]=UrR; IC[2k] pr€Sy,
o(T)=T >orier TI=m #Rp=r; VI

The inner sums are each ;! unless #1 is odd and ; > 1, in which case we get 0. Additionally, we
get that the number of choices of sets of the given sizes is N!/ [, r;!, and hence the above equals
c(m, k).

The bounds for ¢(m, k) will be proven in Section 3. O
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Evidently, the above results suggest that £, = max{0, 22*~! — 2k — 1}. Relation (1.10) implies
that £ = 0, but relation (1.11) implies that & = 2 # 23 — 5. This suggests that there is a
discrepancy between the integer and the permutation setting, a very rare exception.

Polynomials over finite fields. Positive integers are uniquely identifiable by their factorization into
primes (the Fundamental Theorem of Arithmetic). Note though that every non-zero integer equals
a unit (that is 1 or —1) times one of those positive integers. We will work with polynomials in F,[¢].
Monic polynomials in F,[¢] are uniquely identifiable by their factorization into monic irreducible
polynomials of degree > 1. Again, note that every non-zero polynomial in F,[t| equals a unit
(that is, any element a € I, \ {0}) times a monic polynomial. We will work only with monic
polynomials, for example when considering divisors of a given polynomial (rather like we only
consider positive integer divisors of a given integer). The Mdbius function of a given polynomial
is a multiplicative function, where p(P) = —1, and u(P*) = 0if k > 2, whenever P is irreducible.

To “calibrate” our understandings of the arithmetic properties of integers and polynomials, we
note that ~ 1/logx of integers around x are prime, whereas ~ 1/m of monic polynomials of
degree m are irreducible in I, [t|. Here the “~” symbol means as ¢ — oo running through prime
powers. Thus, wherever we see log x in an estimate about the integers, we try to replace it with m
in an estimate about degree m polynomials. Similarly a divisor d of n that is close to R is analogous
to a polynomial divisor of F'(¢) of degree m, where m replaces log R in estimates. Hence we will

study
1 2k
Poly, (mmik):=— S| S0 u()

monic N€F,[t] monic M|N
deg N=n deg M=m

Here we have divided by ¢" because this is how many monic polynomials N of degree n are
contained in F,[¢], which is the analogue of

(Y wa)

n<z din
R/2<d<R

LS

a quantity directly related to 9—16 > ew Mg, (n; R)?* via (1.2). We will prove below the following
estimate: -

Theorem 1.2. For integers k, m > 1 and n > 2mk, we have that
Poly, (n, m; k) = c(m, k)(1 + Ox(1/q)) =4 1+ m?>" 2",
We thus see that polynomials behave similarly to permutations (and thus differently than inte-

gers).

1.4. Two worlds apart and a bridge between them. Our discussion of the permutation and
polynomial analogues, rather than shedding more light on the value of the exponent &, gave rise
to even more questions. It turns out that the integer setting is substantially more complicated than
the permutation and polynomial settings. We now state our main results about integers. First, given

Ac Zzl’ we let
(1-t)4 fort <1;
t) =
Ja®) {0 otherwise,

an extension of the definition of fy. Note that f4 € CA~1(R)\ C#(R) for all A > 1. We then have
the following result that determines the value of &:



SIEVE WEIGHTS AND THEIR SMOOTHINGS POIDS DE CRIBLE ET LEURS LISSAGES 9

Theorem 1.3. For fixed integers k > 1 and A > 0, there is a constant ci 4 > 0 such that
(1.14) M, o1 (R) = cxa(log R)™4 4 O((log R)*471),

e man{ (%) 2k, 1),

In particular, &, = Ep = (2:) — 2k. Additionally, we find that there is a constant ¢, > 0 such that
for R?* < x we have

(1.15) éz( 2 “(d>>

n<z dln
R/2<d<R

where

" log R 10 ((1og R)(sz)—%—l) .

All implied constants depend at most on k and A.

Remark 1.1. We have no nice formula for the constants ¢, 4 and ¢, appearing in Theorem 1.3; we
only know how to write them as an enormous rational linear combination of complicated integrals,
and leave it as a challenge to come up with an easy explicit description.

Remark 1.2. If the moments of a distribution grow slowly, then the distribution can be determined
via its Laplace transform. However, in our case the moments are of rapidly increasing magnitude,
indeed with different powers of log Iz, so one cannot immediately deduce from them the distribu-
tion of the weights My, (n; R) as n varies over the integers.

Remark 1.3. In this paper we only consider integral A, but we would expect analogous results to
hold for all real A > 0.

Remark 1.4. In this paper we only consider Selberg-style sieve weights. We would expect some-
thing somewhat analogous to hold for combinatorial-style sieve weights (such as those used in the
[-sieve) but we do not consider such situations here.

For general functions f, we prove that M (n; R)** behaves like a sieve weight as long f €

CA(R) with A > (Qkk) /2k = &9, /2k + 1. Notice that this confirms a weak version of the heuristic
estimate (1.12).

Theorem 1.4. Let k € Z>1, € € (0,1) and f : R — R be supported in (—oo, 1|. Assume further
that for some integer A > 2, f € C4(R) and that all functions f, ', ..., f“4 are bounded.

(a) If A > ﬁ(gkk), then forx > R > 2and 1 > n > log2/log R, we have that

s
M;(n: R)?* <« 12
; f(n; R) g B
3pln, p<RY

If, in addition, f(0) # 0, then there is a constant ¢y y > 0 such that for v > R* log? R we

have that
1 Ck,f 1
-y Mim;R)*= "L 40— ).
T Z r(n: R) log R * ((log R)Q—f)

n<x

(b) If A < i(zkk), then for x > R > 2 we have that
Z M;(n; R)** < x(log R)(Qkk)_%A.

n<x
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All implied constants depend at most on f, k and e.

The value of &, = (2,5) — 2k given by Theorem 1.3 is significantly smaller than the exponent
22k=1_ 2k —1 in the polynomial/permutation setting. So we see the usual analogy breaking down in
quite a severe way, something surprising. We devote Section 2 to the analysis of this discrepancy.
In particularly, we will see that the underlying reason is the relation

L6 > uel)=Cnr 3 doly)
( -16) c€Sn, TC[N], c€Sn, TC[N],
#T=m, o(T)=T #T=m, o(T)=T
that we saw before. Notice here that while (p) = —1 for all cycles p, we have that ¢(p) takes

the values £=1 with equal probability as p ranges over cycles of all possible lengths. The simplest
example of a multiplicative function over Z demonstrating this kind of behaviour is that of a real
Dirichlet character. To this end, we consider

wr=T(1-1) ¥ 2T @)

p<R p P+(n)<R dln
R/2<d<R

which, as in (1.9), is the main term of

2 Xl

n<x dn
R/2<d<R

We then have the following theorem, which shows that it is possible to bridge the gap between the
two worlds of integers and of permutations/polynomials. All implied constants below depend at
most on &k, and we have set

ST(2k) :={I C{1,2,...,2k} : #I even} \ {0}.
Theorem 1.5. Let x (mod q) be a real non-principal character and k € Z>.
(a) If k = 1, then
1 [ P(t,x)|L(1 +it, x)|* sin®(t(log 2) /2) 1
X (R) = — dt+0 | ——=
2(R) = o / 2 O\ g By™ )

where P(-,X) is a real-valued Euler product whose factors are 1 + O(1/p*). In particular,

P(t, x) < 1 for all t, uniformly in Y.
(b) Assume that k > 2. Let Vi,(m) be the Lebesgue volume in RZ"™'~1 given by

Vie(m) = vol{(x1)res+ @k : 21 > 0, m —log2 < Zx; < m},
I>i

—00

and let Sy(x) be the singular series

where
ijo(j + 1)2k/pj> ifxp) =1,
fo=9q@Q-1/p)7" if x(p) = -1,
(1-1/p)7%, if plg.
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T Gr(x) =k L(1,x)

Xor(R) = S(x) - Vi(log R) + O ((log R)Z" ' 22(1og(qlog R))O(l)) .

22k—1 22k—1

Then Vi.(m) <. m , and

(c) Assume that k > 2 and that L(j3,x) = 0 for some f > 1 —1/(100log q). If Q = /(=)
and 59 < R < Q for some large enough C = C(k), then there is a constant c;(x) =
(log ¢)°"M such that

Xor(R) = e () (log R) (¥) 2% (1 +0 ((log(qlfggg))om)) |

In the case of our polynomial and permutation models, we have an exponent of 22*=1 — 2k — 1
for the 2k moment with k& > 2, whilst over the integers we have an exponent (Qkk) — 2k. We
see that our Dirichlet character model interpolates between these two settings. If the Dirichlet L-
function associated with the character has a zero very close to 1, then x(p) = —1 for many small
primes p, and so by multiplicativity y behaves similarly to y (at least in appropriate ranges). This is
represented by our exponent of (2:) — 2k in this case. On the other hand, x is a periodic character,
and if the L function does not have a zero very close to 1, we see that we have an exponent
22k=1 _ 9k — 1, matching the exponent of our polynomial and permutation models. Notice that if
L(s, x) does have an exceptional zero, then the asymptotic of case (c) for Xy (R) holds for small
R, and transitions into the asymptotic of case (b) as R grows.

Remark 1.5. Relation (1.16) has a polynomial analogue whose consequences are worth exploring
further. Given I C {F € F,[t] : deg(F) = n}, we consider the sum

> u(F).

Fel

For example, we could take I = {F' € F,[t] : deg(F) =n}, or [ = {F € F[t] : deg(F — Fp) <
h} for some Fy € F[t] of degree n and for some integer i € [1,n — 1], which can be seen as the
polynomial analogue of a short interval. Then

D uEF) = (1" Y x(F),

Fel Fel

where x(F) = (—1)%&U),(F), which is also a multiplicative function. However, we note that,
even though p(P) = —1 for all irreducibles, we have that x(P) = 1 for about half of the irre-
ducibles P, and x(P) = —1 for the other half, that is to say y behaves on average much more like
a real Dirichlet character rather than the Mobius function.

This phenomenon is striking and sharply different than what happens over Z, where there is a
dichotomy between multiplicative functions that look like the Mobius functions and other ones
whose average prime value is 0, as is exemplified by Theorem 1.5 (see, also, [17]).

1.5. Further analysis of truncated Mobius divisor sums. As we saw in Theorem 1.4, if f &€

CAR) with A > L (*) = &,/2k + 1, then M;(n; R)** behaves like a sieve weight. When
f = fa, we can be more precise:

IfA> L(*) —1=&/2k, then & 4 = —1 in Theorem 1.3, and so M, 2,(R) < (log R) ™.
Since integers n < z with no prime factors less than R contribute a total > x(log R)™! to

> n<a My, (n; R)*, we see that My, (n; R)*" is behaving like a sieve weight in this case.
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If A< i(i}k) — 1 = &;/2k, then & 4 > 0, and so M, o (R) > 1. In particular, M}, (n; R)?*
no longer behaves like a sieve weight, and the main contribution is from numbers with several
prime factors in [1, R].

The following theorem illustrates further this distinction.

Theorem 1.6. Let x > R > 2, k € Z>y and A € Zxy. Moreover, let Q(n; R) denote the number
of prime factors of n in [1, R|, counted with multiplicity.
(a) If A > ﬁ(%f) — 1, then

> My, (s R <a
ﬂ(ﬁfﬁzc
(b) If A< & (°*) — Land € > 0 is fixed, then there is a § = 6(e, k) > 0 such that
2 M;,(n; R)** <, 4 2(log R)(¥)-2KA+D=0

n<x o
|Q(n;R)/ log log R—( A )|25

T
Clog R’

In other words, if A > i (2:) — 1, then the main contribution to the sum defining M, o1 (R)

comes from integers with a bounded number of prime factors < R; whereas if A < i (2:) —1, then

the main contribution to the sum comes from integers with (%) + o(1)) loglog R prime factors
<R.

Analogous results hold with Q2(n; R) replaced by the function #{p|n : p < R}. We note that
typically one requires > R2*, as in Theorem 1.3, to estimate a 2k** moment of a sum of divisors
of size at most R, but the estimates of Theorem 1.6 hold in the much wider range z > R. We can
show similar (but slightly weaker) results for general weights f:

Theorem 1.7. Let k € Z>, and f : R — R be supported in (—oo, 1]. Assume further that
f € CA(R) and that all functions f, f', ..., fD are uniformly bounded for some integer A > 2,
and fix some € € (0, 1).

(a) Assume that A > i(Zkk) Forxz > R > 2and C > 1, we have that

i
Z Mf(n;R>2k L, f Clog R’

Qi) =C
(b) If A < i(%f) and € > 0 is fixed, then there is a 6 = (¢, k) > 0 such that
Z M;(n; R)* <z x(log R) () 2k (x> R>2).

n<x
[©2(n;R)/ loglog R—(Qkk)\ZG
1.6. Outline of the paper. We start the paper in Section 2 with a discussion of the discrepancy
between the exponent of log 2 in (1.15) and the exponent of 7 in Theorem 1.1, which is surprising
at first sight.

Sections 3 and 4 study the analogies for permutations and polynomials over finite fields, respec-
tively. These analogies are considerably easier to analyze than the integer case.

The main body of the paper is then dedicated to the study of moments of M, (n; R) over Sec-
tions 5 — 10. Specifically, in Section 5 we establish relation (1.4) for the size of the support of
My, (n; R), and in Section 6 we study inversion formulas for our divisor sums M (n; R) that will
be essential when dealing with their moments. The proof of Theorem 1.3 is separated over three
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sections: in Section 7, we establish certain combinatorial inequalities that will be instrumental in
understanding the leading term in the asymptotics for M ¢, o, (R). Then, in Section & we establish
Theorem 1.3 by a multidimensional contour shifting argument, except for showing the positivity
of the constants ¢, 4 and cj,. The latter will be accomplished with a different argument in Section
9. Section 10 contains an analysis of the anatomy of the integers that give the main contribution to
moments of M(n; R). Specifically, we prove Theorems 1.4, 1.6 and 1.7 there.

Finally, in Sections 11 and 12 we study the moments of the sum weighted by Dirichlet charac-
ters, and establish Theorem 1.5, first for non-exceptional Dirichlet characters (where the proof is
similar to Theorem 1.2), and then for exceptional Dirichlet characters (where the proof is similar
to Theorem 1.3).

1.7. Notation. Given an integer N > 1, we set throughout the paper
[N]:={1,2,..., N},
ST(N):={0#1C[N]:#Ieven}, S (N):={I C[N]:#I odd},
S(N):={I c[N]} and S*(N):=ST(N)US (N).

Also, we recall that, given a integer n > 1, we write P*(n) and P~ (n) for its largest and smallest
prime divisors, respectively, with the convention that P*(1) = 1 and P~ (1) = oc.

Finally, given 2k variables s1,. .., sy and I C [2k], we will use the notation s; = ) ., 5.

2. THE DISCREPANCY BETWEEN INTEGERS AND POLYNOMIALS

The goal of this section is to analyze in detail why we have such a different behaviour when
considering integers vs. polynomials or permutations

2.1. Integer setting. Assume that k£ > 2. We mimic the proof of Theorem 1.1. Recall the defini-

tion of fj in (1.3). Given square-free integers ds, . . ., da, and I C S§*(2k), we let D; be the product
of those primes p that divide each of the d;’s with ¢ € I but do not divide Hie[%]\ ; d;. Then the

integers D; for I € §*(2k) are pairwise coprime and d; = [],.,.; Dr for each i, so that

Mfo,zk(R) _ Z p(dy) . .. p(dar)

di,....d
R/2<d,....dox <R [, - o]

= > 1“2 10 5
D; D; |’
Dy (I€S*(2Kk)) €S- (2k) €S+ (2k)
R/2<I];5; D1<R (1<i<2k)

b
where the notation g means that the summation is running over squarefree and pairwise coprime

integers D;. Set L = e(81°e®)® The contribution of those tuples with D; > L for some I odd

to M%Qk(R) can be seen to be < 1/ec(loglos R)*? for some ¢ — c(k) > 0, by the Prime Number
Theorem. So assume that D; < L for all I odd. Then it is natural to write
(D)
Mﬁ,,Qk(R> ~ Z N - Tor(Ry, ..., Rop; D),
D;<L (I€S*(2k))
D=]lres- 2y P1
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where R; = R/ [],5; res+(n) Drand

Tou(R:a) = > 1

Dy
(Dr,a)=1 (I€ST(2k)) IeS+(2k)

Ri/2<]1;cs+(2n): ier P1<Ri (1<i<2k)
When log R; = log R+O(log L) = log R+O((loglog R)3/?), as it is here, we should be expecting
that 75 (R; a) has an asymptotic formula of the form

Tor(R;a) = g(a)(log R)* 2140 ((log R)*" % 2(Jog log R)O(l)) ’

since we have 22*~1 — 1 variables on a logarithmic scale and 2k multiplicative constraints in dyadic
intervals, where g(a) is a multiplicative function with g(p) = 1+O(1/p). Since Y, p(n)/n =0,
we then find that the total contribution of the main terms to M7 ,, (R) is

“1_ o5 b (D)g(D) o 3/2
1 22k=1_9k_1 H ' (loglog R) )
(log R) Z D <e
D;<L (IS~ (2k))
D:HIES_(Qk) Dy

for some ¢’ = (k) > 0, which is negligible. Consequently,

Mfo,?k(R) < (log lOg R) (log R)22k 1_op_ 27

whereas the power of m in Theorem 1.1 is 22*=! — 2k — 1. So this heuristic indicates that we

should get more cancellation in the integer setting than we will obtain in the analogous permutation
question, as established in Theorem 1.1.

2.2. Polynomial analogue. The reader might be sceptical of the argument presented above, be-
cause a direct analogue exists for polynomials over finite fields too. Specifically, expanding the
2k-th power in Poly, (n, m; k), we find that

W(Gr) - 1(Gon)
POlyq n,m; k Z deg [G1,..., G2k])
----- Gag

for n > 2mk. Given square-free, monic polynomlals Gi,...,Gy over F [t] and I C S*(2k), we
let G be the product of those monic irreducibles P that divide each of the G;’s with ¢ € [ but
do not divide Hie[%]\ ; Gi. Then the polynomials G for I € S§*(2k) are pairwise coprime and
G = [1;.;e; Gr for each i, so that

. b H(G) 1
POlyq(TL, m; k) = Z H qdeg(Gl) H qdeg(G])

Gr (I€S5*(2k)) 1€S—(2k) 15+ (2k)
> 15 deg(Gr)=m (1<i<2k)

b
where the notation E means that the summation is running over squarefree and pairwise monic

polynomials G;. As in the integer case, the contribution to Poly, (n, m; k) of those tuples (G ) res+(2r)
such that deg(G) is large for some I € S~(2k) is negligible, by the Prime Number Theorem over
IF,[t]. Hence, we may assume that deg(G;) < logm for all I € S~ (2k). Then it is natural to write

b Q) ~
Poly (n,m; k) = Z %(2‘) cTyou(ma, ... mag; G),
deg(Gr)<logm (I€S~(2k)) q

G:HIGS_(Zk) Gp
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where m; =m — 37/, 1cs+or) deg(Gr) and

~ 1
Tq’Qk(m; A) o Z H qdeg(GI) ’

(G1,A)=1 (ISt (2k)) IeS+(2k)
2 res+ k) icr deg(Gr)=m; (1<i<2k)

b

As before, when £; = m + O(logm), as above, we should be expecting that T, »,(¢; A) has an
asymptotic formula of the form

@.1) Tyou (8 A) = GA™ =71 10 (w2 2(10g m)) |

where §(A) is a multiplicative function with G(P) = 1 + O(1/¢%&")) for irreducibles P.

The above argument suggests that we should have an asymptotic behaviour of Poly, (n,m; k)
that is smaller than what Theorem 1.2 states, which is absurd. The problem is thatif ) _,_. deg(G7)
m for all 7, then we also have that

2km = Z Z deg(Gy) = Z#I deg(Gy).

=1 I:i€l

Reducing this formula mod 2, we find that
2.2) Z deg(Gy) =0 (mod?2),

I€S—(2k)

a local constraint that is not present in the integer analogue. In particular, we see that (2.1) is true
only when (2.2) is satisfied. We thus find that the main term for Poly,(n, m; k) equals

22k—1_9k 1 ° w(G)g(G)
m ' > e
deg(Gr)<logm (I€S~(2k))
G:HIGS*(%) G, 2|deg(@)

_ m22k71_2k—1 . Zb M(G)<1 4 (_1)deg(G)) N O<1>

2 qdeg(G)

deg(Gr)<logm (I€S~(2k))
G= IeS— (2k) Gr
- m22k—172k71

—~ 5

because >_ , p(F)/q%e) = 0and 3, p(F)(=1/q)% ) = [[p(1—(=1/q)%&")) > 0. Thus we
see the local constraint associated to the discreteness of degrees in the polynomial setting means

we have genuinely different asymptotic behavior.

2.3. Further analysis. The above arguments suggest a possible route to proving Theorem 1.3,
by working out the full asymptotic expansion of T (x; a). Controlling the coefficients in this ex-
pansion is a highly non-trivial problem. Instead, we take another route, using a high-dimensional
contour shifting argument. Our starting point is Perron’s inversion formula which, ignoring con-
vergence issues, yields

zy (1—27%)
To(w;a) ~ (27” (2mi)2* / / Z H DI H s dsy -~ ds,
. ) R (Dra)=11e8+( 2k) =
R resan)
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with the notational convention that s; = jer 8j- Therefore

HIES+(2k) C1+sr) 251 —27%
~ dsy---d
M, o1, (1) 27” (9-\2k / / ersf(%) C(1+ sp) H 5. 51 82k,

- j
—1/logR =1
1<]<2k

where F'(s) is analytic and non-zero when Re(s;) > —1/4k for all j. As we will see in Section 8,
shifting contours, we pick up poles any time s; = 0 for some I € S*(2k). What is the difficulty in
proving Theorem 1.3 is that some of these poles can get annihilated by poles of the zeta factors in
the denominator, which is an analytic way of saying that the higher order terms in the asymptotic
expansions of Ty, (x; a) are cancelled out.

It is clear from the above discussion that the underlying reason why we got a genuinely smaller
main term for M7 ,, (R) is the identity >, yu(n)/n = 0, that is to say the fact that 1/( has a zero
at 1. This also explains the phenomenon we see in Theorem 1.5. If we replace p by a real valued
multiplicative function f whose Dirichlet series F'(s) = >, f(n)/n® which is not very small
at s = 1, then the behaviour of the respective divisor sums should be similar as the permutation
analogue, whilst if F'(s) is close to 0 at s = 1 (which occurs if F" has a zero very close to 1) the
behaviour is the same as in the original integer setting.

2.4. Further obstructions to the analogy. Is it possible that the local constraints at the prime
2 described above are the only thing separating integers and polynomials? In order to study this
question, we consider the variations

1
q NeF,t] M|N
deg N=n m—h<deg M<m

Y

where h € Z N [1,m + 1]. If h > 2, then the local problems at the prime 2 should be resolved.
However, we will see that this is not sufficient, and that the discrepancy between the integer and
the polynomial analogues goes even deeper.

First, let us consider the case h = m + 1 in order to convince the reader that resolving the
constraints at the prime 2 is not sufficient. It is known that a positive proportion of polynomials
N € F,[t] of degree at most 7 have a simple zero over F,, and that the number of zeroes of such a
polynomial over [, is, on average, bounded. So we should expect

Poly, (n,m,m + 1; k) in Z Z Z M)

NeF4[t] a€l, M|N
deg N=n N(a)=0 deg M<m
N'(a)#0

2k

If N has a simple zero at a, then we can factor N (z) = (z — a)N(z), where N () # 0, that is to
say x — « and N are co-prime. Then

dYoouMy= > pM)+ > pllz—a)-M)y= > uM),

M|N M|N M|N M|N
deg M<m deg M<m 1+deg M<m deg M=m
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so that
2%

2k—1_o7._
me 2k 1+1

Poly, (n,m,m + 1; k) Z Z Z M)
a€lq  NeF[i] M|N
degN n—1 deg M=m
N(a)#0
for n > 2mk, by an easy variation of Theorem 1.2. This argument can be made rigorous; we leave
this task to the interested reader.

Let us now study Poly,(n,m, h; k) more generally. For any h € Z>; and n > 2mk, we note
that

Poly,(n,m, h; k) = Z
G1,..,Gag
m—h<deg(G;)<m
1<i<2k

_ 5 I 26 w(Gr)
= qlea(Gr) qdes(Gr) |7
Gy (I€S*(2Kk)) 1eS—(2k) I1eS+(2k)

m—h<¥ s, deg(Gr)<m (1<i<2k)

as before. Applying Fourier inversion 2k times, we find that, for any r € (0, 1),

. _ M(GI) M2<G1)
poly nom ik = > S [ A )
m—h<{;<m Gy (I€S*(2k)) \I€S—(2k) IeS+(2k)
1<]<2k

2k 1
<[] / (re(6;)) ™ Erss 4e8(Gn)
j=179
So, if we set

w deg(G)
J(w) = — = 1—(w/q o,
Zw)= ) [10 = (w/g)*=®)~

cergi N
the F,[¢] analogue of the Riemann zeta function, then

[rest 2k)Z (r#e(0r)) 75 e(—;0;)
Poly, (mm,hik) = 3 / 0,))5) []55%) 4
! m—h<£;<m 0,1]2 HIES (2k) ( #16(0[)) j=1 Te]
1<]<2k

I

= Hles+(2k 2 =
SR OMES SIS
[0,1]2k IeS—(2k) j=1 t=m—

where 07 = >, 0; and F,(w) is a certain function that is analytic and non-zero when |w;| <
V/q/2F for all j.

We take 7 = 1 —1/m and note that the main contribution to Poly,(n,m, h; k) should come from
those values of @ for which there are many I € S*(2k) such that f; = 0 (mod 1). This is the key
difference with the integer case: before, we needed many I € S*(2k) with s; = 0. So we see
two different linear algebra problems: one over the group R/Z, which has torsion, and one over R,
which does not. The presence of torsion in R/Z is a reflection of the discreteness of the polynomial

+1
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setting (of the degree of the polynomials, more precisely), and the fact that R is a field reflects the
continuous nature of the integer problem (of the logarithms of integers, more precisely).

When h = 1, then the integrand is < 1/m when 6; = O(1/m) mod 1 for all j, much like the
integer analogue. However, if we take §; = 1/2+O(1/m) for all j, then we see that 0; = O(1/m)
mod 1 for I € §T(2k), whereas 6; = 1/2 + O(1/m) mod 1 for I € S (2k), so the integrand has
size m2*" '~ for such 6. The volume of this region is < 1/m?*, leading to a contribution of size
m2 T 2%k ¢ Poly, (n,m, 1; k), which is precisely its order of magnitude for k& > 2. Note that
the fact the main contribution comes from when ¢; ~ 1/2 and not when 6; ~ 0 is a reflection of
the local constraint at the prime 2 we noticed above.

Similarly to the above case, if h = 2 and §; = 1/2 + O(1/m), then the integrand becomes

m* (14 O0(1/m))
Z,(1/2)%

2k

[T +e))).

j=1

E,(1/2,...,1/2)

By Taylor expansion, we have that

0, —1/2)?
e0) =1 el0,~1j2) = (6, ~1p2) - G2
By symmetry, we should then have that

2k

[ [ R P T o6

16;—1/2|<1/m
1<j<2k

— (1+0(1/m)) // Fy(1/2,...,1/2) ;(1/2;“ 1% —21/2> 1.

10;-1/2|<1/m =1
1< <2k

which leads to a contribution of size m2”" ™ ~6k1 to Poly, (n,m, 2; k). This should be the dominant

contribution for large k, even though for small & other regions can dominate. For example, if £ = 2

and we take 0,60, € [0.33,0.34], 05,0, € [0.66,0.67], and 6y + 65,05 + 04,0, + 04 = O(1/m),

then the integrand becomes =< m?®, and we are integrating over a region of volume =< 1/m?3, so we

see that Poly, (n,m, 1;2) > m?. In fact, this is the exact order of magnitude of Poly(n,m, 1;2).
We conclude our discussion with another peculiar fact: if h = 3, then

> e(th) = e(mB)(1 + e(9) + e(20)) = e(mb) + O(1/m)
{=m—h+1
when § = 1/2 + O(1/m). So Poly,(n,m, 3; k) should have the same size as Poly,(n,m, 1; k),

whereas Poly, (n,m, h; k) is a bit smaller, by a factor of size m©P®)_ In general, no matter how we

choose /, we cannot make the sum » ;" . e(£0) small enough to cancel the contribution of the
factors Z,(r#/e(6;)) for even I in the region #; ~ 1/2, so the quantities Poly,(n,m, h; k) do not

behave in the same way as M7 ,, (R) for k large.

3. THE ANALOGY FOR PERMUTATIONS

Completion of the proof of Theorem 1.1. It remains to prove the two claims for the quantity c(m, k),
which we recall is defined as the number of (2%* — 1)-tuples (r;)p.sc[2 of non-negative integers
such that r; € {0, 1} for #7 odd and such that ) |, .., 71 = m, for each i € [2k].
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Given any vector {r; : () # I C [2k]} counted by c¢(m, k), the vector {r} : 0 # I C [2k]}
is counted by ¢(m + 1, k) where 1y 5y = rgoy +land vy, oy = 734,00 + 1, and 1y =1y
otherwise. Since r; — 17} is injective, we see c¢(m, k) < ¢(m + 1, k) for all m > 0, as claimed.

We now estimate c(m, k). When k = 1, we find immediately that c¢(m, 1) = 2, so there is noting
to prove. Assume now that k& > 2. Since c¢(m, k) is increasing in m and ¢(0, k) = 1, we may
assume that m is even and large enough. We note that that there are <, 1 possibilities for the r;
for the odd-sized /. Otherwise we have to satisfy 2k equations with 22*~1 — 1 variables. Hence the
number of solutions should be

= m22k*1—2k—1 +1,
as claimed. Certainly, this argument yields an appropriate upper bound. To prove the lower bound
for k > 2 we will construct this number of solutions. Let

T={{i,j}:1<i<j<4}U{{l,j}:5<j <2k}

so that #Z = 2k + 2. Setr; = 0if I € S~ (2k) and, given § > 0 to be chosen later, let r; be any
even integer from the range [0, dm /4% if I € S*T(2k) \ (ZU {{5,6,...,2k}}). Finally, if k > 2,
let (56, ok} be an even integer from the range [m — 20m, m — dm|. There are =, 5 m2 T —3-2k
such choices of r7, I € S*(2k) \ Z. Then select

T} =M= Z rr (5 <y <2k),

I1€SH(2K)\T, jeI

which is an even integer lying in the interval [0, 20m)], so that ), o, (2k), jer 71 = mford < j <

2k. Now set

,Jel

Iy={{i,j}: 1 <1 <j <4}

m; =m — > rr (1<j<4).
€8+ (2k)\ T2, jeI

We note that the m; are even integers lying in the interval [m — 2kdm, m]. It remains to choose r;,
I € 1,, such that ZIGIQ jer T =1 for 1 < j < 4. Then, we select any even integers (2 43, 73 4}

from [\/Sm — dm, Vom + dm], and we set
{14} = M4 — T{24} — T{3,4}
Finally, we define 7 2y, 71,3y, 7'f2,3) such that
r{1,2} T {13} = M1 — T{14} = M1 — My + T{24} + T{34};

T{1,2} + T'{2,3} = M2 — r{24}; and
T{1,3} T T'{2,3} = M3 — I'{34}-
Note that the right-hand sides are all even so there is no parity problem, and the solutions we obtain

are non-negative integers for 0 small enough. We have thus constructed >, m2* 7 =21 golutions
counted by ¢(m, k). This completes the proof of the lemma. 0

Remark 3.1. Tt should not be too difficult to determine ¢(m, k) exactly in some special cases. For
example, we have that ¢(m, 1) = 2 and ¢(m, 2) = 3(64m* — 135m? 4 182m — 66) for all m > 1.
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Finally, we prove a probabilistic interpretation for ¢(m, k). In its statement, we have set with a
slight abuse of notation

M(c;r) =Y (=1)httom

3.1 0<b;<c;
1<j<m
Zj Jbj=r
for an m-tuple of non-negative integers ¢ = (c1, ..., Cp)-
Proposition 3.1. Let X = (X1, Xo, ..., X,,) be a vector of pairwise independent Poisson random

variables, where X; has parameter 1/j. For every k € 71, we have that
c(m, k) = E[M(X;m)?].

In passing, we note that Proposition 3.1 is purely a statement about Poisson random variables
and not immediately related to permutations or polynomials over finite fields, but our proof makes
use of this connection.

Before we prove Proposition 3.1, we need a lemma.

Lemma 3.2. Let N > m > 1. The proportion of permutations o € Sy that have no cycles of
length < m is

m 2
He_l/j + O (E) )
=1 N

Proof. Note that this lemma was proven by the first author in [11] for large m, but here we are
mainly interested in the case when m is very small compared to /N. We apply inclusion-inclusion.
If C; denotes the j-cycles in Sy, we write || = j for an element 7 of C;, and we let C be the union
of Cy,...,Cp. Then

#{o € Sy : 0 has no cycles of length < m}

=N W Y (V= fml = )

el 71,m2€C
71 ,m2 disjoint

= E (—1)attem(N —cp —2c9 -+ — meyy,)! E L.
€1y sCm >0 m,ma,--€C disjoint

c14+2co+-+mepm<n #{i:|mi|=5}=c; Vj

In order to count the inner quantity, we note that if » = ¢ + - - - + ¢, is the total number of disjoint

cycles we are choosing, and we have fixed our choice for 7y, 7o, ..., 7.1, then there are
(N = Jm] =+ = e )!
(N = || = = [ = )]

choices for the set of size || fixed by ., and then (|r,.| — 1)! possibilities for a cycle on || given
elements. Inductively, we then find that the total number of possibilities for 7y, . . ., 7, should be

N! 1 B N! :ﬁ1
(N—lr| = = |mD)! |l Jm] (N == 2 — - — mey)! 14 je°

=
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Note though we have overcounted: each possibility of j-cycles occurs ¢;! times, depending on the
order they are picked, so we must divide the above expression by ¢;! - - - ¢,,,!. We then find that

#{o € Sy : o has no cycles of length < m} T (—1/5)%
i D | b
7j=1

ClyeeyCm >0
c1+2c2+4+mepm<n

m 2
— i3 0 m-
[0 ()
7=1
where the error term is obtained by noting that 1., 100, +...tme,, <n < (c1+2¢2+---+mey,)/N. O

Proof of Proposition 3.1. We recall that we have already proved that

c(m, k) N' a;&\,(TCZH ))

o(T)=T
#T=m

for any N > 2mk. We will now rewrite the right hand side for n much larger than m and k. Note
that if o has ¢; cycles of length j for each j € {1,...,m}, then

S o], = Mleim) = 3 (1)

TC[n] Ogbj SC]‘
o(T)=T 1<j<m
#T=m Zj Jbj=m
where ¢ = (¢y, ..., ¢,). Moreover, a generalization of Cauchy’s formula (see Lemma 2.2 in [5])

implies that if £ :== ¢y + 2¢o + - - - + mc,, < N, then

#{o € Sy : o has ¢; j-cycles of length j (1 < j7 < m)}
N!

B ﬁ 1\ #{o € Sy :0hasnocycles of length < m}
B Jeicy! (N —t)!

Jj=1

Applying Lemma 3.2, it is then easy to conclude that

. 2%
c(m, k) = A}lir(l)oﬁ Z ( Z N(U’T)>

ceSNy \ TC[n]
o(T)=T
#T=m
ok e 1/i
= ). Mem H o

ClyersCm >0

Since P(X; = ¢;) = e~ /7 /(j¢;!), this is E[M (X ;m)?*], and so completes the proof. O
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4. THE ANALOGY FOR POLYNOMIALS OVER FINITE FIELDS

Proof of Theorem 1.2. Throughout this proof all polynomials we consider are monic, and P de-
notes a generic monic irreducible polynomial over I,. Note that

Polyq(n,m;k)zin > ( > M(G)>

q deg(F)=n G|F
deg(G)=m

- II <1_q—deg<P>) 3 —qdei(F)< > u(G))

deg(P)<m P|F = deg(P)<m G|F
deg(G)=m
for n > 2km, as can be proven by expanding the 2k-th power in both sides, and noticing that if
G,|F for each j < 2k, then we may write F' = [Gy, ..., Gy H for some monic polynomial H.
Next, note that if F' = P"' --- P! is the factorisation of F' into monic irreducible factors, and
we write ¢; = #{i : deg(P;) = j} for 1 < j < m, then

S (@)= Mem)
GIF
deg(G)=m
with M (c; m) defined by (3.1). In particular, we see that 3 1o eg(c)=m #(G) is a function of the
vector ¢(F) := (¢q, ..., cn). Moreover, given a fixed vector ¢, we see that
(1 —q deg(P)) Z 1 _ H —deg ﬁ )
qdeg(F) q] — 1

deg(P)<m F:c(F)=c deg(P)<m Jj=1
P|F = deg(P)<m

where
= #{P € F,[t] : P irreducible, deg(P) = j}.

(Note that we have (¢ — 1)% and not ¢%/ in the denominator because we have to sum over powers
of P; too.) Galois theory implies that ¢/ = Zj’lj j'N;, whence

¢ 1.
N; = )¢ =1 (1 0(—,9?2 ))
@D Zu j ( IRaNCIOE

J|]

and
4.2) g+ JiN; <¢ (j>2).

Our next task is to control the quantity
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and remove the dependence on ¢. First, note that

m

H(l—q i = (14+0(1/q)) He /9,
j=1
Furthermore,
N; cj cs
'(cj) N (1+Q(Cj/Nj))] _ 1 (1+O(1j}2'0j n 1]':}03'))
@17 Gl@-1 ol Wi g ))

provided that ¢; < ¢ and that ¢; < \/¢7/j if j > 2. Therefore, if ¢; < ¢ and Z2§j§m [
(j/¢°)"/? < 1, then

() (1= g ) a1 e\ e
=|114+0 7 .
H qg _ 1 cj ( + ( q + Z qj/2 1_[1 cj!jcj

J=1 j=2 J=

Together with Proposition 3.1, this implies that
Poly,(n,m; k) = ¢(m, k) + O(Ry + Ry + R3)  (n > 2mk),

where
o+l =t?\ e
> aten (e ]
) T
€1 yeerrCn >0 q j=2 qj/ j=1 -7
Ry = M (c;m)*
Clv%;1>0 H 'JCJ
c1>q or Zj>1cjj1/2/qj/2>1
< ) M(gm)* <_1+Z ]i/2 HC" — <R,
Clyorsem >0 T 4 =1 G
and
m e—l/j (NJ)
Rs = Z M (¢;m)* H — CJC‘ :
ClyeeyCm >0 j=1 (q] - ]-) 7

ca>qor Yooy cjit’?/gi/?>1

For R3, we note that ¢; < N; in its range; otherwise, (]ZJ) = 0. In particular, c; < N; =
J
Moreover, (4.2) implies that

(¢ —1)%

N;\ _ Ny cjlg
<~ <
Cj Cj ° C1

_ 1 (&1
C g D
C1

ifj > 2,

Therefore

i ([ g2\ i e
Rs < Z M(e;m) Z P l_Ilcj!jcf < Ry.
J:

ClyeensCm >0 Jj=2
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We thus see that Theorem 1.2 is reduced to proving that Ry < ¢(m, k)/q. It suffices to show
that
m efl/j
T; := Z c;M(c;m)* —— < c(m,k) (1<i<m).
el 5!

Indeed, we note that the term with ¢; = 0 does not contribute, and we replace ¢; by ¢; 4 1 to find
that

where e; denotes the m-th dimensional vector all of whose coordinates are 0 except for the i-th
coordinate that equals 1. Note that

M(e; +¢;m) = Z (=1)+ T = M(e;m) + (=1 M (ei;m —i(c; + 1)),
O§bj§cj Vj;él
0<b;<c¢;+1
> jbj=m
where C;, = (Cl, e, Ciq, O, Cit1y- - - ,Cm), so that

M(e; + ¢ m)* < 2% (M(e;m) + M(eism — ie; + 1)),
by Holder’s inequality. We thus conclude that

92k—1 92k—1 X —1/i e~ 1/i
o P 2k c
T‘z = i C(TI’L, k) + i Ci!z‘cz‘ Z M(c“ m Z(Cl T 1)) H Cj!jcj
=0 (¢5)j<m, j#i I
92k—1 92k—1 2 —1/i
< ——e(m k) + — Cc(m— (e + 1), k),
i i glis

since the M (c;;m — i(c; + 1)) is independent of the value of the ¢;’s with j > m — i(¢; + 1).

Recalling that ¢(, k) is an increasing function of ¢ by Theorem 1.1, we arrive to the claimed bound

T; < ¢(m, k), whence Theorem 1.2 follows. U
5. THE SUPPORT OF My, (n; R)

We prove here (1.4), which we recall is the statement that

#{n <ax: My(n:R) #0} < s R)é(lé‘“‘g I (x> RY).

The lower bound was proven in the introduction, so we are left to show the upper bound. We recall
the relation (1.5)

log d 1 log d

d|p>--prm

where n = p{* - - - p® m, where p; < --- < p,, a; > 1 and all of the prime divisors of m are > p,.
Taking r = 2, letting ¢ be the smallest prime dividing n and writing n = ¢’m with ¢ { m, we see
that

My (n;R) = Y u(d).

dm
R/q<d<R
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Therefore,

.1 #{n < My (m R) #0} < ) H(x/q,q; R/g, R) + O (IOZy) ,

for any parameter y < R'/? to be chosen later, where
HX,Y:Z,W):=#{n< X : P~(n) > Y, 3dln with Z < d < W}.
We have the following estimate, that is useful in its own right.
Proposition 5.1. Uniformly for 1 <Y < Z <W < X/(2Z) and 27 < W < Z? we have
X ‘ 1
logY  A(1+ log\)3/2’

where \ is defined by the relation W = Z'7V/* and § = 1 — %ggow = 0.086071 ...

H(X,)Y;Z,W) <

Remark. In the special case when W = 27, Ford [8] used a more refined argument and determined
the exact order of magnitude of H(X,Y; Z, W). The exact statement is a bit complicated, so we
refer the interested reader to Ford’s paper.

Proof. We adapt the proof of Lemma 6.1 in Ford’s paper [7]. By a dyadic decomposition argument,
it suffices to upper bound the difference H(X,Y; Z, W)— H(X/2,Y; Z,W). Let n being counted
by this difference, so that it can be written as n = niny with ny € (Z, W]. We thus have that
ny € (X/2W, X/Z]. If p = min{P"(ny), PT(n2)} € (Y, W], then we may write n = apb, where:
(i) all prime factors of a are in (Y, p);
(ii) all prime factors of b are > p (and there is at least one such prime factor);
(iii) there is a divisor d|a such that pd € (Z, W] U (X/2W, X/Z].
If we set L(a; 0) := U, [log d—0,log d) and n = log(W/Z), the last condition can be also written
as:
(iii’) either log(Z/p) € L(a;n), or log(X/(2Wp)) € L(a;n + log?2).
Let ’ = n + log 2, and note that ' =< 7 by our assumption that W > 2Z. Moreover, let Z; = Z
and Z, = X/2W, so that condition (iii") yields condition
(iii”) log(Z;/p) € L(a;n') for some j € {1,2}.
Finally, note that since there is d|a with dp > Z;, we must have that p > Z;/d > Z;/a. We thus
conclude that we must have the condition

(iv) p > Qj(a) == max{P*(a), Z;/a}.
Given a and p satisfying conditions (i), (iii”’) and (iv), the number of b € (1, X/ap] such that
P=(b) > pis < X/(aplogp). Indeed, notice that if there is one such b, then X/ap > b > p, so

that the claimed estimated follows by a standard sieve bound, such as Theorem 4.3 of [10]. We
thus conclude that

2
1 1
HX,Y:Z,W)-HX/2,Y;ZW)<X> Y = Y T
j=1 aeP(Y,W) a p>Qj(a) plogp
log(Z;/p)€L(an’)

where P(Y, W) denotes the set of integers all of whose prime factors are in (Y, W]. As in the
proof of Lemma 6.1 in [7], we have that the sum over p is < L(a;7n')/log” Q;(a), where L(a; o)



26 A. GRANVILLE, D. KOUKOULOPOULOS, AND J. MAYNARD

denotes the Lebesgue measure of £(a; o). We conclude that

a;n’)
H(X.Y:Z W X/2,Y:Z,W) < X _ AT
( ) — H(X/ ; E;;W)alog 0.(a)

<7 Z DD a,log Qj()

Jj=1 P+ (a)XY a€P(Y,W)

Since Q;(a) > Q;(aa’) and L(a;n') < L(ada’;n’), we have the estimate

HX.Y:Z.W X/2,Y: Z,W) < ——— L”')
( ) - HX/ < ;m; o)

Since Z, = X/2W > Z = Z, the contribution for j = 2 is bounded by the contribution from j =
1, and so it suffices to just consider Z; = Z. In this case the contribution is < 1/(X°(1 + log \)3/2
by Lemma 3.3, equation (3.8) and Lemma 3.7 of [7]. This completes the proof. U

Proposition 5.1 implies that

H(z/d',q; R/, R) < —— logg \" (|, loa B "
¢,q; R/q. loze \ios % los g ,

uniformly in 2 < ¢ <y < R'? and « > R®/. Inserting this bound to (5.1), we deduce that

T

x
<x:M : .
#Hn s w: My(n R) #0p < (log R)%(log log R)3/2 * logy

Selecting iy = exp((log R)%(log log R)*?) completes the proof of (1.4).

Remark 5.1. It is possible to construct integers n for which My, (n; R) is quite large. Indeed, let
y > 3 and k € Z>; be two parameters such that the interval (y, 2!/ky) contains at least 2k primes,
and let ¢; < --- < o be the smallest such primes. Then we set n = 2q; - - - go and R = 2y*. By
(1.5),

My,(n; R) = Y p(d).

dlq1---qak
R/2<d<R

The choice of R implies that the above sum runs over all divisors d of ¢, . . . , o With precisely &

prime factors, so that
2k
M) = (-1 ().

Optimizing the choice of k£ and y, and using the fact that there infinitely many y’s such that 7 (y +
Vylogy) — m(y) > /y/logy (see, for example, [14, Exercice 5, p. 266]), we find that there
exist arbitrarily large integers n such that |M;(n; R)| > n/1°8°¢" for any fixed ¢ < 10%2 with
R~ n'/2

On the other hand, such extreme values of M, (n; R) are very rare, as Theorem 1.3 indicates.
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6. INVERSION FORMULAS
Given f : R — R, R > 2and s € C, we set

-~ o log x o
Ir(s) :/o f (loggR) ¥ 'dx = (log R) /_oo f(u)R**du,

provided that the above integral converges. If f is Lebesgue measurable, supported in (—oo, 1] and

bounded, which will always be the case for us, then fR defines an analytic function for Re(s) > 0.
If, in addition, f € C’(R) for some j > 1 and the derivatives f/, f”, ..., f\) are all bounded, then
integrating by parts j times yields the formula

(6.1) fr(s) = ﬁ / f9(w) R du.

In particular, we see that

RRe(s)
Re(s)(|s|log R)

for Re(s) > 0, where we used our assumption that supp(f) C (—oo, 1].
Now, for m € Z>,, the Mellin inversion formula implies that for ¢ > 0

logm 1 ~
. ~sds.
63) f(log R) | . Tntemas

In the proof of Theorem 1.3 with A > 1 and of Theorem 1.6, our assumption that f is a few times
differentiable in R allows us to apply (6.2) and write M ;(a; R) in terms of an absolutely convergent
integral, which can easily be truncated at some appropriate height. However, when A = 0 in

62) 7)< 1P

Theorem 1.3, we have fy = X(_o0,1» S0 that (fy) z(s) = R®/s. Truncating Perron’s formula is still
feasible but rather technical. Instead, we perform a technical manoeuvre and smoothen f; a bit.
We consider a smooth function ~ : R — R such that

h(z) =1 ifr <1-—n,
0<h(z)<1l ifl—-np<z<l1,
h(xz) =0 ifz>1,

where 7 = 1/(log R)“ for some constant C' > 0 that will be chosen appropriately later. We choose
h so that h(j)(x) < n~7, forall j € Z>o. We claim that, for any fixed L > 0 and k > 1, there is
C = C(k, L) such that

1
(6.4) My o6(R) = Mpox(R) + O <W) ’

Indeed, we have that

H% 1 MQ(d 2]‘7 1
(M gy ok (R) — Mpar(R)| < 2k Z [dlj o] = < 2k Z Z 1,

< m<R2k dlm
R'""<dyp<R R'"-"<d<R
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by setting m = [dy, ..., da] and d = da,. We split the above sum according to whether 7(m) <
(log R)? or not, where B is some parameter. We then find that

log R)(2k—1)B
(Mg 26(RR) — M2 (R)| < 2Kk Z (log R)™ 07 Z 1

m

’m,SRQlC dlm
7(m)<(log R)B RI-"<d<R
7(m)*+1(log R)~B
+ 2k

7(m)>(log R)B

< (log R)(Qk—l)B+2—C + (log R)22k+1_B'

We choose B = L + 2% and C' > (2k — 1)22**! + 2k [ + 2 to complete the proof of our claim.
For the purposes of Theorem 1.3, we may take L = 1, so that having C' > (2k — 1)22k+1 4 2k + 2
suffices. We also note that

R 1 1 Rs n
hr(s) = ——/ h'(u)R*™du = —— [ A (1 —u)R™*"du,
s J1—y s Jo
by (6.1) and the fact that h is constant outside [1 — 7, 1]. In particular, this relation implies that

hr has a meromorphic continuation to C with only a simple pole at s = 0 of residue — fon (11—
u)du = 1. We further note that

& (sha(s) _ j—l/n 'y _ j psu
(6.5) dsj< Rs >—( 1) ; h'(1 — u)(ulog R)’ R~*"du

<n-nt-(nlogRY = (nlog Ry (s € C, Re(s) > —1).

Moreover, we have that
1

hr(s) = (log R) / R*du + O(n(log R) RR®))
(6.6) N

=4 0o ) I RY) (Re(s) > 0),

a relation that we will use at the very end of the proof of Theorem 1.3.

7. A COMBINATORIAL PROBLEM IN LINEAR ALGEBRA

Recall the notations from Section 1.7. Consider the 2k-dimensional vector space (over Q) of

linear forms in the free variables sy, . . ., sox, which we denote by Wj. Given a subspace V' of Wy,
we define
d(V)= Y (-)*.
JES*(2k)
sjeV

(We recall that in our notation s; = Y _._; s;.) We will prove the following result.

jeJ
Proposition 7.1. Let k > 1 and V' be a subspace of W), containing the form sy = 21221 S;.
(a) If s; € V for some j € [2k], then o/ (V) = —1.
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(b) If dim(V) = 2k — 1, then

(V) = dim(V) < (2:) ok,

with equality if, and only if, there is a set J C [2k] such that #J = k, 1 € J, and

V = Spang({s; — s1}jes, {sj + s1}jenps)-
(c) If dim(V') < 2k — 2, then

(V) — dim(V) < (2:) — 2k — 2.

Proof. (a) If s; € V, then we immediately see that <7 (V') = —1 by pairing s, with s Ju{;} for each
J C 2R\ {5}

(b) We may assume that si,...,s9, ¢ V, by part (a). Since dim(V) = 2k — 1 and s; ¢ V,
foreach j = 1,...,2k we have that s; = r;s; (mod V'), for some ; € Q \ {0}. We may write
rj = b;/q for some b; € Z\ {0} and g € Z>1, so that s; € V' if, and only if, by = > ., b; = 0.
Therefore

1 2k 1 2k

:—1~|—/ Hl—eb@ d9<—1+/ H\l—e(bj9)|d9.
j=1

Holder’s inequality then implies that

2k 1 ﬁ 2]€
<1+ [T ([ n-eworrao)” = -1+ ()
j=1 /0
whence

(7.1) (V) < <2:> Y

Finally, we claim that (7.1) is an equality if, and only if, the multiset {b1, . .., by} is of the form
{b,=b,...,b,—b} with b = by (which must equal ¢). This claim immediately implies (b) of the
Proposition.

If the multiset {b1, . . bgk} is of the form {b, — —b}, then the integral formula for .7 (V')
becomes o7 (V) = —1 + fo 11 — e(b0)|*do = ( ) 1 Conversely, we know that Holder’s
inequality above is an equality if, and only if, there exist real numbers Ay, . .., Ao such that |1 —

e(b;0)| = M| — e(b10)| for § € [0,1] and j € {1,...,2k}. Since [ |1 — e(b0)|d0 — 4/7 for
b # 0, we must have that \; = 1 for all . Moreover, taking 6 close enough to 0, we find that the
condition |1 — e(b;0)| = |1 — e(b,0)| implies that |b;| = |by| for all j. So {b, ..., by} has £ copies
of by and 2k — /¢ copies of —b;, for some ¢ € {1,...,2k}. Since bpar; = 0 by our assumption that
spak] € V, we must have that £ = k, which completes the proof of our claim.

(c) Write dim (V') = 2k — n, where n > 2. By part (a), we may assume that sy, ..., so, ¢ V.

We first deal with the case n = 2, k = 2 by direct computation. In this case, we have s; + s5 +
s3+ 54 € Vand sy,...,s4 ¢ V, by assumption. It is thus easy to see that either V N {s; : [ €
S*2k)y={s1+---+ssforVn{s;: I € S*(2k)} = {s1+---+ 54,5}, for some .J containing
two elements. (Here we recall that S*(2k) = {I C [2k] : [ # 0}.) In any case, &/ (V) < 2, as
required. This completes the proof of part (c) when n = 2 and k& = 2.

We now assume that either n > 2 or & > 2. Choose a maximal subset of linear forms
{sji,...,5;,} that are linearly independent when reduced mod V. Clearly, n’ = n. Moreover,
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a permutation of the variables s1, ..., So, allows to assume without loss of generality that j; = ¢
for each 7. Then

Sj = Zri,jsi (IﬂOd V) (]_ S j S 2k§>,
=1

for certain r; ; € Q. We write r; ; = b, ;/q, where b; ; € Z and q € Z>4, so that s; € V if, and
only if, b; j := >, ; bi; = 0 for each i € [n]. Thus

2%k
V) +1 :/ TT(1 = e(bryf + -+ bs0,))d6; - - 6,
[0,1]™ 521
We set
Jm:{l§j§2k:bn_m+17j:---:bn,j:O} (Ogmgn)
to be the set of j such that s; is in the span of {s1,...,S,_,,} (mod V). In particular, J, = [2k]

and J,, = (). By construction, s; is a basis vector of W /V for 1 <i <mn,sofor0 <m <n-—1
we have n —m € J, butn —m & J,, 1. In particular, #(J,,, \ Jins1) > 1for0 <m <n —1.
Then

d(V)+1< / H 11 —e(by;j01 + -+ bp_10n-1))]
[0,1]"1

jeJ1
1
« / TT 11— (bt + -+ busfu)ld6, | a6y ---db, .
0 jel2k)\Jy

By Holder’s inequality, the innermost integral is bounded by

1 T
11 (/ |1—e(bLj@l+---+bn,j9n)\2’€—#=ﬁden) :
0

JE[2K\J1

Since b,,; # 0 for j ¢ J;, we make the change of variables §,, — by ;61 + - -- + b, ;0,, and use
periodicity to find that

1 il 2h—#J,
ool 11— e(9)] do
n7.]

1
:/ 11— e(8) P #1dp.
0

1
/ 11— e(by ;01 + -+ + by 00) [ #71d6,, =
0

We set
1 1
M) = / 11— e(8)]*dd = 2’\/ | sin(76)[*dh.
0 0

Note that M (2k) = (°F). Thus we find that

A (V)+1< M2k - #Jl)/ T 11— ebubr+ - + bucr01))[d6: - -~ A,y

[071]n—1 jejl



SIEVE WEIGHTS AND THEIR SMOOTHINGS POIDS DE CRIBLE ET LEURS LISSAGES 31
We repeat the same process to obtain
(V) + 1< M2k —#J)M(# S, — #J2)

X / ) H ’1 — e(b1,j01 + -+ bn,l,jﬁn,l)ﬂdﬁl cee d@n,z
[0,1]"~

JEJ2

< M2k — )M — #12) - M(#Tnz — #Ja)M(#T1).
Thus
(7.2) A (V)+1<sup{MN\) M) : \+--+X, =2k, N\, >1(1<j<n)}
By Cauchy-Schwarz, for any positive reals x, y we have

2(2y) AHBY2 = 9(y)) B (2y) ABV2 < (1)) B (22~ B + yA~B) = 14yB 4 2ByA,

Thus, applying this with = = |sin 0|, y = | sin 65| we find

2/\1 +A2

11
5 / / <] sin(6; ) sin(702)*| + | sin(76,; ) sin(76,)*? |)d91d92
0 Jo

1 2 2
> 2 ([ sin(o) 9 2ap) " = b (P22
0

M()‘I)MOQ) =

In particular, log M () is a convex function. It is then easy to see that supremum in (7.2) is attained
when \; = 1 for n — 1 of the indices j € [n], and with the remaining \; being equal to 2k —n + 1.
Indeed, without loss of generality A,..., \,—1 < A,, and if \; # 1 for some j < n, then we can
increase the size of M () ... M()\,) by replacing A\; with A; — 1 and A, with A, + 1. So

(V)< M) M2k —n+1) — 1.

Thus, it suffices to show that

2k
(1.3) M) M2k —n+1) < ( . ) —n=M(2k)—n
for2<n<2k—1land k > 2.
Firstly, consider n = 2 and k > 3. The function k — M (1)M (2k — 1)/M (2k) is decreasing in
k by the convexity of log M (). Thus

M(1)M(3) 64 (2K 2k
MM (k= 1) < == M (2k) = ﬁ(k) < <k> —2.

Here we have used the fact M (1) = 4/m, M(3) = 32/37 and performed a quick computation to
verify 64(%) /(972) < (%) — 2 forall k > 3.

Now consider 3 < n < 2k — 1. The function n — M (1)""*M(2k — n + 1) is decreasing in m
since

M= M2k —n+1)  MOMEk—n+1) _ MO1)? _
MO 2M@k—n+2) M@2k—n+t2) - M@2)
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Similarly & — M (2k — 2)/M (2k) is decreasing in k respectively by the convexity of log M (\).
Thus we have

M)" *M(2k —n+1) < M(1)>2M(2k — 2)
M(1)*M(2)

< M2k

- M4 (2k)

_ 16 [2k

C3r2\ k

2k

< I —2k+1=M(2k)—2k+1.
Here we have performed a short computation to verify the final inequality. This completes the
proof of the proposition. U

8. CONTOUR INTEGRATION

In this section we begin our attack on Theorem 1.3. All implied constants might depend on &
and on A. We will actually prove a result that is a little weaker than Theorem 1.3: we will show
that there exist constants ¢, _4 and ¢), for which

®.1) My, 26(R) = ca(log R)™4 + O((log R)%47),
and
(8.2 M u(R) = ¢ (log B)(¥) 7 1 O((log ) (¥) 1),

Here we recall that & 4 = max((%") — 2k(A + 1), —1), and we have defined folz) = folz) —

folz + llgggé), so that

My R)= > ud).
din
R/2<d<R
Notice that we do not claim here that c¢;, 4 # 0 and ¢;, # 0, as is required in order to prove Theorem
1.3. We do obtain a very complicated expression for these constants, but we are unable to prove
they are non-zero (or evaluate them at all). Showing that ¢, 4 > 0 and ¢}, > 0 is the objective of
Section 9.

8.1. Inmitial preparations. We will first prove relation (8.1). The proof of relation (8.2) is very
similar, and we indicate the necessary changes in the end of Section 8.

We note that

— AlR?

8.3 =
( ) (fA)R(S) (10g R)A8A+1
This function is absolutely integrable on vertical lines Re(s) = ¢ # 0 when A > 1, but this is not
the case when A = 0. However, recall from relation (6.4) that

Mo 26(R) = Mpar(R) + O (m) ,
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where h is a smooth function such that h(x) = 1 forx <1 — 1/(log R)® and h(z) = 0 for z > 1,
for some constant C' > (2k — 1)2%%+1 4 2k + 2 to be chosen later. Therefore relation (8.1) is
reduced to showing that

(8'4) Mg,?k;(R) == ck’A<10g R)gk’A + O ((log R)gk,A_l) ,

where g = h when A = 0,and g = f4 when A > 1.
For any A > 1, which will be chosen to be sufficiently large in terms of k, relation (6.3) implies
that

My ar(R) = Z [nljf,ﬁl“(:;k (2im)? / / Hm (12_15}2(53‘)> dsy - - - dsy.

mjezzl )\]/logRji
1sj<2k 1<]<2k

To this end, we introduce the multiple Dirichlet series

)

2k
m;~ p(m
D(s) = Z H] ymy Y p(my)
mecTos [, ... Mgy
1<5<2k
which converges absolutely when Re(s;) > 0 for all j as can be seen, for example, by the Euler
product expansion

) (e
D(S) o H ( Z pV151+"'+VkSk ) [plll, . 7pl/k]
v

P \vi,.., l/kE{O,l}
1 —1)#I
(8.5) - 1+- > Q
P p@;ﬁ[c[zk} p

115 1
(8.6) _H<1—5+5£[1<1—]E>),

p

where we have used the notation s; = ) seq Si- (Similar computations are performed in [1].) We
thus see that

M2k (R)

Y=M/log R
1<]<2k

forany A > 1.
We shall truncate all variables of integration at height

T := exp{(loglog R)*}.

To do so, we notice that gr(s) < (log R)°M)/|s|? for Re(s) = M /log R, a consequence of (6.2)
when A = 0 and of (8.3) when A > 1, as well as that D(s) < (log R)°(V), an estimate that follows
by formula (8.5) and the Prime Number Theorem. We conclude that

Myor(R) = Lan(R) + O (ﬁ) |
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2k
[g,%(R = 2271_ / / <j1_[1 §R(3j>> dsgy - - - ds;.

Re(sj)=M/log R
(s, )|<T
1<j<2k

where

Motivated by (8.5) and (8.6), we set
P(s):=D(s) [[ ¢+s)0""

1€8*(2k)

2k (—1)#I
1 1 1 H 1
= <1—5+]—9 (].—ZE)) (1—p1+51> I
p j= IeS*(2k)

which is analytic when Re(s;) > —1/(4k) for all j, as well as

H (log R)4 )
RSJC (1 —|— 5]

and
A if #1 =1,
e =
D7) (—0)# i #T > 2,
so that
R51+ +S2k
I,06(R) log Ry [T ¢+sp)rdsa---dsy
Re(sj)=M/log R 15 (2k)
[Im(s;)|<T
1<j<2k

Given ¢ € N, we now let
Q= {s € C": |Re(s;)] < 2/(logT)*?, Im(s;)| < T +1(1<j<0)}
and define C, to be the class of complex-valued functions f such that: (a) f is defined over a
complex domain containing €2; (b) f is analytic in 2y; (c) the derivatives of f satisfy the bound

(8.7) 5. (8) < ( )
dsit - Os) (Is1] + 1)« (]se] + 1)
forall j1,...,j, > 0andall s = (s1,...,50) € Q.
We claim that F' € Cy. Indeed, there are absolute constants §, ¢y > 0 such that {(s)(s — 1) is
analytic and non-vanishing for |s — 1| < ¢ and

()
88) (U)(s), (%) (s) <; log/ T ([t] 4 2) when o >1-— log(\jﬁ’

with (8.8) being a consequence” of the classical zero-free region for (. Moreover,

dJ A+1gR( ) 1 '
(8.9) @ (T) < W (RG(S) > -1, 7€ Zzo),

|s — 1| >0,

“The claimed bound follows by [ , Theorems 3.8 and 3.11] and the fact that if f is analytic in a neighbourhood of
the circle |z| < r, then ) (z) = 2= £ (2)dz/ = for any zo with [z| <.

271'2
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—

an estimate that follows from (6.5) when A = 0 and from the formula (8.3) for (f4) otherwise.
Our claim that F' € Cy;, then follows.

8.2. Contour shifting. We will simplify /, 2, (R) and prove (8.1) by a 2k-dimensional contour
shifting argument that we will demonstrate in an iterative fashion. The general idea is to move the
variables s; to the left in a certain order. When we move the contour corresponding to the variable
sj, we will pick up contributions from poles of the integrand (coming from solutions to linear
equations of the form s; = 0, I € §*(2k) with e; > 0), and be left with a residual contour (which
will be negligible in size). Thus we only need to consider the contributions from the poles, and
these contributions will all be multi-integrals similar to I, 5;(R) but involving one fewer variable.
By iterating this, we show that I, 5, (R) is (up to a small error term) given by the total contribution
of all the successive poles we have encountered having shifted all 2k variables. We will show that
provided one moves the contours in a suitable order, all the contributions from all the multi-poles
and all the residual integrals give a contribution ¢, 4 (log R)%+4 + O ((log R)*4~1).

When we consider poles we encounter equations of the form s; = 0, where we think of s; =

Zie ; Si as a linear form in the variables s, ..., sg;. To avoid any ambiguity when we consider
multiple such equations, we will let Ly ; € Q[z1, ...,z be the linear form corresponding to s;,
that is to say
L()’[(JI) = ZZL’Z
i€l

Before we setup the necessary notation to keep track of all the terms we encounter when performing
the multiple contour shifting, we first describe the first two contour shifting steps to help motivate
the basic idea.

The first variable we move to the left is so;. When doing so, we pick up the contribution from
some poles in the integrand. Such a pole must occur when Ly 1, (s) = 0 for some I; C [2k]
with ey, > 0 and 2k € I; (a possible pole from [];cg. (1) ¢/ (1 + Lo1(8)).) Having fixed such
a pole and the corresponding set /;, we use this equation Ly 7, (s) = 0 to rewrite sy in terms of
s;, j € [2k] \ {2k}. Imposing the same condition on the z,’s, we find that for each I C [2k], the
linear form L ;(x1, ..., xg;) becomes a linear form L ; in the variables x; for j € [2k] \ {2k}.
Trivially, L, ; = 0 if, and only if, I € Z; := {0, I, }. This pole contribution can be written as an
integral over s1, ..., So,—1, With an integrand that has poles only when L; ;(s) = 0.

Next, for this integral over sy, ..., sg;_1, we choose some other variable s;, (precisely how we
choose s;, will be specified later), and move the s;, contour. This produces a residual contour
(which will be negligible) and contributions from further poles in the integrand which occur only
when s;, satisfies a linear equation L, ;,(s) = 0 for some I, € S*(2k) \ Z; with e;, > 0 and with
L, ;,(x) having a non-zero x;, coefficient. We use this to write s, in terms of s, j € [2k]\ {2k, j2}.
Imposing the corresponding condition on the variables x; makes L; ; a linear form L ; in the
variables x;, j € [2k] \ {2k, j2}. Some of these new linear forms will vanish identically, and the
total number will determine the order of this pole.

Continuing in this manner, we eventually write our original integral , 51 (R) in terms of O(1)
contributions from repeatedly encountered poles (all of which will be of the form c(log R)™ for
some ¢, m) or from terms which correspond to encountering a residual integral (which will always
be small). In order to control this process, we need to keep track of which poles we encounter, the
order of the poles, and the integrands of the new multi-integrals corresponding to these poles. To
do this we introduce some notation and terminology.
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e Let us be given an integer N € {0, 1,...,2k}, which we shall often refer to as the level.
It describes how many iterations we have performed (i.e. how many variables s; we have
shifted). The case N = 0 corresponds to the initial integral I, o1 (R).

e Letus be given sets [y, ..., Iy C [2k] and indices ji, . . ., jy such that:

(1) jn € I, foreach1 <n < N.

(i) ji,...,Jn are distinct.
(ii1) e;, > Oforeach1 <n < N.
Here the sets [, ... Iy correspond to the sequence of poles which we have encountered
from performing N contour shifts, and the indicex j,, corresponds to the variable we have
chosen to use to shift the n'* contour.

Since the j; are distinct, the linear forms Lg,, ..., Lo s, are linearly independent over Q. We
let Viy be their Q-span and Zy to be those forms that vanish identically subject to the conditions
Loy, = -+ = Lo, = 0. More generally, for 0 <n < N let

(8.10) Vi, = Spang (Lo, (), ..., Log, (x)) and I, = {I € S(2k) : Lo;(x) € V,.},

with the conventions that V; = {0} and Z, = {(}. Since j, € I, for all r, and ji, ..., j, are
distinct integers, if we impose the conditions ), 7, Ti = 0 on the variables z;, then we may write
Zj,,...,xj, as Q-linear combinations of the other variables. Hence the linear form L ; becomes
a linear form L, ; in the variables x;, j € [2k| \ {j1,...,Jn}. Clearly, Ly; € V,, if and only if
Lo,r = 0 after we have “quotiented” the space of linear forms in the variables x; with the relations
Loy, == Loy, =0,if and only if L,, ; = 0.

Remark. We will show later on that the variables sy, ..., So, can be permuted in a way that allows
us to assume that j,, = 2k — n + 1 for all n.

Definition 8.1. Let N be a level. The triplet (I, h, d) is called a type of level N if:

(@ I = (I,...,1Ix) is an N-tuple of sets such that 2k —n + 1 € [, and e;, > 0 for all
n=12,...,N.

(b) h = (hn,1)o<n<n, 1es+(2k) is a tuple of non-negative integers such that:

(i) hpy=0for0 <n < Nife; =0(.e. if A=0and #I = 1);

(i) 0 = hoJ < hlJ <... < hN’] for [ € S*(Zk),
(i) If I € Z,, \ Z,,— for some n € [N}, then h,, ; = h,, ; for all m > n.
The integers h,, ; will describe the different terms coming up in poles of high order, corre-
sponding to taking many derivatives of different parts of the integrand. (The h%” ; derivative
of (*/(1 4 Ly s(s)) will occur in the integrand of the term we are considering.)

(c) dis a non-negative integer.

We will further say that the triplet (I, h, d) is an admissible type of level N if

where
Hy=Hy(h, Iy, A) = Y (-D* = Y hy;+(A+1) > L
IEIN\{0}) 1€5(2k)\In jEl2K], {j}eTn

Remark 8.1. We must have that Hy > N if (I, h,d) is an admissible type of level N. We will see
that the quantity H y is related to the total order of a the poles we have picked up from the first N
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contour shiftings. We further note that, in the notation of Section 7, it can be written as

Hy = o/ (V) — Z hnr+ (A+1) Z 1.
IeS(2k)\In JE2K], {j}€In
The data in a type of level N will keep track of all the relevant information on terms we encounter

from poles having shifted /V contours. Given a type, we can now define the key objects we wish to
consider:

Definition 8.2. Let (I, h, d) be a type of level N. A function J : R>y — C is called a fundamental
component of level N and of type (I, h,d) if:

e the type (I, h,d) is admissible, that is to say, we have Hy > N + d;
e when N = 2k, we have J(R) = (log R)H~n—N-d=2k4,
e when N < 2k, we have

O [ ]

(24m)2k

Re(sj)=A;/log R

IIm(s])|<T
1<j<2k—N
< [T @)™ 1+ Lyi(s)dsop -~ dsy
1€S(2k)\ TN
where \; /X1 > A,
EN<317 ) $2k7N) = LN,[Qk]<317 SR Szka%
and G is a function in the variables s, . . ., Sor_ n that belongs to the class Co;_ . Moreover,

if we have additionally that d = 0, then G is given by
G(S) = F(LN7{1}(S), . ,LN7{2]€}(S>>.

We note that when d = 0, we have that G is non-vanishing in {255 x by (8.8) and the preceding
discussion.

Definition 8.3. A fundamental component of level N and type (I, h,d) is called irreducible if
either N = 2k or Ex = 0. Otherwise, it is called reducible.

With the above notation, the integral I, o, (R) is a reducible fundamental component of level 0
and of type (0, 0,0).

If we say that J(R) is a fundamental component of level N, we mean that there exists an ad-
missible type (I, h, d) of level N such that J(R) is a fundamental component of level N and type
(I,h,d).

We begin with a lemma that justifies the terms irreducible vs. reducible, showing how reducible
components are a linear combination of irreducible ones (up to a very small error term). First, we
need to introduce a last piece of notation. Notice that if £y # 0, then we may uniquely write

EN(:B) ="T1+Y2T2 + T Vi Tinag

for some v; € Q with v;,,, # 0. If X is big enough, then the sign of Re(Ey(s)) throughout
the region of integration is constant and equal to the sign of ~;,.,. The behaviour of reducible
fundamental components differs according to this sign:
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Lemma 8.4. Assume the above setup. Let J(R) be a reducible fundamental component of level
N < 2k and type (I, h,d), and let 1, .. .,7j,,, be as above. Assume that X is large enough in
terms of (I, h,d).
(a) If Vjp,, > 0, then J(R) is a linear combination of O(1) fundamental components of level
N + 1 with coefficients of size O(1), up to an error term of size < T~'+°V). Each of these
fundamental components has (admissible) type (I' b, d') that depends only on N, I, h,d.
(b) If Vjx,, <0, then J(R) < T+,
The implied constants depend at most on (I, h,d), A and the function G in the definition of J, and
are independent of R.

We iterate the above lemma until all the fundamental components we are dealing with are irre-
ducible. For such components, we have the following asymptotic formula.

Lemma 8.5. Assume the above setup. If J(R) is an irreducible fundamental component, then there
is some ¢ € C such that

J(R) = c(log R)™* + O((log R)™+71),

2k

) — 2k(A+ 1), —1). The implied constant and the constant c

where we recall that &, 4 = max( (
are independent of R.

Since I, o1, (R) is a reducible fundamental component of level 0, we apply Lemma 8.4 repeatedly
to write it as a linear combination of O(1) irreducible fundamental components, and then estimate
these components by Lemma 8.5. This establishes (8.4). We now prove the above two key lemmas.

8.3. Proof of the auxiliary Lemmas 8.4 and 8.5.

Proof of Lemma 8.4. Note that if F'y # 0, then we must have that either N = 0, either £ > 2 or
A>1:when N =k =1and A = 0, the only I C {1,2} withe; > 0is I = {1,2}. Butif
x{1,2y = 0, we must have that F; = 0, a contradiction.

(a) Here v;,,, > 0. For notational simplicity, we make the change of variables
si =85 (1< <jny1), 8= 8501 (Inen < J <2k —=N), Sy n = Sjnr
which corresponds to a cyclic permutation of the variables s, ., ..., s n. We similarly define
the linear forms z;, using the corresponding permutation of the forms 5, as well as the parameters
N, We shift the sy, contour to the line Re(sy,_y) = —1/(logT)*?. The contribution of

the horizontal integrals is < (log R)°Y)/T. Moreover, when Re(s), ) = —1/(logT)*/? and
Re(s”) = O(1/log R) for j < 2k — N, we have that

J
/ Vins1 1

It thus follows that the contribution of the integral with Re(s);,_y) = —1/(log T)%/? is < e~ VIe £,
say, which is of negligible size. So we need only worry about the poles that the contour shifting
introduces.

The poles occur when Ly 1, ., (s') = 0 for some Iy € S(2k)\Zy with e;,, > 0 such that the
coefficient of s}, in Ly r,,, is non-zero. As we discussed in Section 8.2, imposing the relation
Ly iy, (x") = 0 allows us to write x5, as a linear combination of the forms z/,..., 25, _y_;,
say xh, n = C(af,..., 2%, _n_,). We then define the sets Vy;; and Zy; as in (8.10), and
similarly let En 1 = L4128
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We need to understand the order of the pole at sh,_ = C(s],...,sh_n_y). We only look
at generic points (s',...,sh._n_1): it could be the case that for some measure-zero subset of
points, we get a different pole order. For example, for fixed s; € C, the function sy — s1/s9 has
generically a pole of order 1 at s, = 0, unless s; = 0, when there is no pole. This reduced pole
order however would not affect an integral over s;, because it only occurs for a measure-zero set
of s; values.

With the above discussion in mind, we note that the generic order of the zero of the analytic
function

[T €)™+ Lu(s))

T1eS(2k)\IN+1

at sh, v = C(81,...,85_n_1) is 0. Indeed, for this product to vanish we must have that
Ln+1,7(8") = 0, which happens non-generically when I € S(2k) \ Zn 1.
Next, let v be the generic order of the zero of the analytic function

(hn,1)
8.11) atsh 1 (%) (14 Ly(s))

IGIN+1\ZN
er=—1,hN 1>2
at sh, v = C(s],...,Sh_n_1)- fd=0and hy; = 0forall I € S (2k) N (Zy+1 \ Zn), then
the function in (8.11) equals F'(Ly ¢13(8"), - - ., Ln 2} (8’)), which does not vanish in (29, so that
v=0.
From the above discussion, we conclude that the generic order of the pole of the integrand of
J(R)at sh, n =C(s), ..., Sh_n_1) 18

m= > (1))=Y 1+ > (gt A) v

I€In 1\In I€In11\IN 1<5<2k
#I=even er=—1,hn,1=0 {J}eIn1\INn
(8.12) = 2 (D +@A+y S 1
I€In 1\IN JE2k], {7}E€IN41\IN

— UV — Z (hNJ—l).

1e87(2k)N(Zn1\IN)
hn,122,#1>3

Note that it could be the case that m < 0, in which case there is no pole contribution to J(R) from
the pole with Ly 7, ., (s") = 0.

Assume, now, that m > 1. Then, m + Hy > 1 4+ N + d by our assumption that Hy > N + d.
Moreover,

m+ Hy = Z (-1)# — Z hng+(A+1) Z 1

I€Zn 1 \{0} 1€S(2k)\IN+1 JE2K], {j}€INn11

(8.13) L 3 (s — 1),

1e8~(2k)N(Zn1\IN)
hn 21, #1>3

In order to continue, we separate two subcases depending on whether N = 2k —1or N < 2k — 2.

Case 1 of the proof of Lemma 8.4: N = 2k — 1. In this case, we have that s, = Loy, 1 (,(s]) =
a;sy for all j, where a; € Q. Thus, the only potential pole is at s = 0. If m > 1, so that there
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a genuine pole at s) = 0, then we obtain an evaluation of J(R) as a finite linear combination of
powers of log R (up to an error term of size O((log R)°(Y)/T)), the highest of which has exponent

Hyy+m—2k—2kA—d= > (D) —v— Y (hyy—-1)—-d< -1,
1€8*(2k) 1€5™ (2k)\Tog—1
haok—1,1>2,#1>3
since Zyr, = S(2k) in this case. We have thus written J(R) as a linear combination of irreducible
fundamental components of level 2k and suitable type (taking hoy, ; = hog—1,; and Io, = {1}), up
to a small error term. This proves Lemma 8.4 in this case.

As an amusing remark, we note that the above exponent equals £ 4 only when A > ﬁ (2:) -1,
d=0,v=0,hgy_1; € {0,1} for I € S (2k) \ Zox_1, and G(s) = F(ays, ..., ass), in which
case the residue is

G(0) = AP*F(0,...,0) = AI**,
Otherwise, these poles contribute towards the error term of 1, o1 (R).

Case 2 of the proof of Lemma 8.4: N < 2kt — 2. Then the contribution of the pole s}, =

C(8Y;- -+, 89, n_1) to J(R) equals
(log R)HN*N*d*QkA
(2im)2k=N=1m)| d(sh,_ )t (Z(8"))dsy_y_1 - dsi,
Re(s )\'/logR 2h— N 85 Nn=C (8185, _n_1)
\Im(s )\<T
1<j<2h—N—1
where
Z(S,) = G(SI)REN(SI)(S/Qk_N - C(S/l, ceey Slzk;—N_l))m H (CEI)(hN,I) (1 + LN,I('S/))-

1€S(2k)\In

Applying the generalized product rule and writing s; in place of s/, we claim that the above integral
can be expressed as a finite sum of terms of the form

Hy+m—h—N—-1-d—2kA
.. (log R / / C(s) REN1()

(22'7r)2k—N—1

Re(s})=X}/log R, [Im(s})|<T

1<j<2k-N—1
X H (C”)(h”“”) (14 Lyt1,1(8))dsop—n—1---dsy,
1€8(2k)\In 41
where:
e c K1

e he{0,...,m—1};

® hyi1r > hyy withequality if I € Zy,q \ {0};
. Z[es(gk)\IN+1(hN+l,I —hny) < h;

e ( is in the class Cor_N—_1.

The first four claims are easy to verify, but our claim about G requires some justification. To
simplify the notation, we make the change of variables s,y = 7 + C(s,..., S5 _n_1). Let
dn,; denote the coefficient of 2%, , in the linear form Ly ;. If I € Zny4, so that Ly = 0,
we find that Ly ;(s, ..., S%._yn) = Ong7. So,if I € 4y \ Iy, then oy ; # 0. Finally, we let
G1(s}, ..., S5 _n_1,T) to be the function G(s,..., sy, ) after our change of variables. If 1,
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denotes the generic order of the zero of G (s, ..., s4,_y_;,7) at 7 = 0, then the function G will
simply be a linear combination the functions

o , j! G,y

— TGSy, S N, T)) = — . . Sy, S o1, 0).

OT7 —r:()( ( 1 ) 92k—N-1>» )) (]+V1>! Ori+tn 1’ ) 92k—N-1» )

Since G is in the class Coy,_ y, the above functions are in the class Cor_ n_1, Which proves our claim
about G.

It is straightforward to verify that h' and I’ satisfy the required properties. Thus it remains to
show that there is a suitable d’'.

Now, relation (8.13) implies that the exponent of log Ris Hy 1 — (N + 1) — d' — 2k A, with

d=d+v+ E (hng—1)+h— E (hnt1.1 — hno) > 0.
1€8~(2k)N(IN41\IN) T1eS(2k)\IN 11
hn 122, #1>3

Moreover, we have that
Hyy—d =Hy—d+m—-h>N+1 =  Hyy, >d+N+1,

as needed. Finally, if d’ = 0, it is easy to check that G(s) = F(Ln41,113(8), - ., Lny1,263(8))-

(b) Here 7;,,, < 0. We then shift the contours of so;_n, Sop—N_1,- .., Sjy,, in this order to the
lines Re(s;) = A\j/(log T)*?, jn+1 < j < 2k — N. If X is large enough, then we do not encounter
any poles and the horizontal lines contribute < (log R)°™") /T when we make this shift. Finally,
when Re(s;) = \;/(log T)%?2 for jny1 < j < 2k— N, and Re(s;) = M /log Rfor 1 < j < jn.1,
then we have that

v A 1+ O0/N)
(log T)3/2 ’
so that our integrand is < e~ V8 % if )\ is large enough. We thus find that in this case
J(R) < T+l

as needed. U

Re(E(s)) =

Remark 8.2. Case 1 is feasible for some choice of I1, ..., I5,_1. Indeed, if k = 1and A > 1, so
that NV = 1, then we note that at least one of the zeta factors must have survived in the numerator
after shifting the s, contour, and there are none in the denominator, so there is a pole at s; = 0. On
the other hand, if £ > 2, then if [, = {2k — 1,2k}, [, = {2k — 1,2k — 2} and I3 = {2k — 2, 2k},
then ag, = agx—1 = agx—2 = 0, and a; # 0. Taking hgy_1 ; = 0 for all I, we see that

m= > (D HA+1) DY 1=(A+1) Y 1>1,
1€S(2k)\ T2k 1 j€[2K], a;#0 j€[2K], a;#0
where we used Proposition 7.1(a). Thus we see indeed that there is a genuine pole at s; = 0.
It remains to prove the second intermediate step in the proof of (8.4):
Proof of Lemma 5.5. We separate into three cases depending on whether N = 2k, N = 2k — 1 or
N <2k —2.

Case 1 of the proof of Lemma 8.5: N = 2k. Here there is no integral and we have that J(R) =
c(log R)H2k=2k(A+D)=d " Since Ty, = {I C [2k]}, we find that Hy, = —1 + 2k(A + 1), whence
J(R) = (log )™ '. If d = 0 and & 4 = —1, the lemma follows with ¢ = 1; otherwise, we take
c=0.
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Case 2 of the proof of Lemma 8.5: N = 2k — 1. In this case J(R) is given by a one-dimensional
integral over s;. Moreover, there exist coefficients a; € Q such that z; = LQ]C_L{J‘}(Il) = a;x; for
all j. Therefore the only possible pole of the integrand in J(R) is when s; = 0. If there is such a
pole, then it means that {1} ¢ Z,,_;. In this case, the order of this potential pole, say m, would be
given by (8.12) with N = 2k — 1, Zy, = S(2k) and v defined analogously, so that (8.13) implies
that

m+ Hyy— (2k—1)=2kA=1+ >  (-D)*— > (hyas—1)—v

I1eS*(2k) I1eS~(2k)\Zoj—
@19 #6123,( hzi\f s

<0

Y

First, let us assume m > 1 (i.e. there is a genuine pole at s; = 0). We find that Hy, | + 1 —
2k(A + 1) < —1. We then move the line of integration of s; = oy + it; to the contour o7 =
1/(log(2 + [t1]))%2, |t1| < T. No poles are encountered and the horizontal integrals contribute
< (log R)°M /T. Moreover, the integral converges fast enough now (even when A = 0) that we
may remove the condition |t;| < T at the cost of an error term of size < (log R)°Y) /T. We thus
conclude that

J(R) =c- (log R)HQk—l_Qk(A+1)+1—d + O(T—l-i-o(l))’
where

o / Gy JI @)™+ as)dsy

o1=1/(log(2+]t1]))3/2 1€8(2k)\ Lok -1

is some constant. This contributes towards the error term if m > 2,d > 1lor A < ﬁ (Qkk) — 1, and
towards the main term if m = 1,d = 0, A > (%) — L and hoy_1 1 € {0,1} foreach I € S~(2k),
in which case Ho,—1 — 2k(A+ 1) +1 = —1by (8.14).

Alternatively, assume that m < 0, so that there is no pole at s; = 0. We move s; to the line
Re(s;) = 0. The horizontal lines contribute < (log R)°) /T. Furthermore, we note that we may
extend the range of integration to all s; € C with Re(s;) = 0 at the cost of an error term of size
< (log R)°M /T. Consequently,

J(R) = c - (log R)" 117284070 1 O((log R)OM/T),

where
1 [~ . . .
c= 5= - G(it) H (¢er)har-r) (1 4 g t)dt
IeS(2k)\Zok—1
with ay := >, ; a;. The power of log R is
Hop 1 +1—-2k(A+1)—d=1+ Z (—1)# — Z hok—1,1
I1€85;,-1\{0} I1€S(2k)\Za—1
—(A+1)-#{1<j<2k:a; #0} —d
=14 o (Vog-1) — Z hok—11

1€8(2K)\Tor 1
—(A+1)-#{1<j<2%:a;#0}—d



SIEVE WEIGHTS AND THEIR SMOOTHINGS POIDS DE CRIBLE ET LEURS LISSAGES 43

in the notation of Proposition 7.1. Clearly, this is maximized when hg,_;; = 0 for all I ¢
S(2k) \ Zox—1 and d = 0, in which case

_ B P(ays, ..., a%s) (log(2 + |s]))°®
8.15) G(s) = F(ws,...,aus) = H?L(ajSC(l +a;s))A+ + O ((1 n |S’)(2k1)(A+1)>

when Re(s) = 0, by (6.6).

Now, if a; = 0 for some j € [2k], then o7 (V5;,_1) = —1, by Proposition 7.1(a). Note that there
is at least one j such that a; # 0; otherwise, the dimension of V5;_; would be 2%, as it would
contain the independent forms s1, . .., sox, Which is a contradiction. We conclude that the power
oflogRis < —(A+1)-#{1 <j <2k:a; #0} < —A— 1. Consequently,

J(R) < (log R)™~!

in this case, which contributes towards the error term (i.e. ¢ = 0 in this case).
Finally, assume that a; # 0 for all j € [2k]. Since dim(Va;,_;) = 2k — 1, Proposition 7.1(b)
implies that the power of log R is

Hypr +1—=2k(A+1) = d < o (Vap_1) — dim(Vap_1) — 2kA < <2:> — 2k A,

with the second inequality being an equality when half of the a;’s equal +1 and the other half —1.

Even though this not needed for the proof, we remark that when a; # 0 for all j, we can give an
asymptotic formula for J(R). For simplicity, let as assume that a; = 1 for j < k and a; = —1 for
j > k. Then a; = #(I N[1,k]) — #(I N (k, 2k]), which has the same parity as #1. In particular,
T~ (2k) N Zor—1 = 0, so that ho,_1 7 = 0 for all I € S~(2k). Moreover, given ¢ € Z, we have that

a; = ¢ for exactly (k?je') sets [ C [2k|. Therefore

J(R) =

2k
(lOg R) (Zkk)—QkA S8 P(Zt, —it, .. ,it, —Zt) Hz even,>2 |C(1 + Z’gt)|2(k+é) &
o o0 gD Tl sy 1L+ i) PG5
¢ odd,>1
+O(T W),
This completes the study of Case 2.

Case 3 of the proof of Lemma 8.5: N < 2k — 2. We shift the contours of so5._n, Sox_N_1, - - ., S1
in this order to the lines Re(s;) = M /(log T)*2,1 < j < 2k — N. If X is large enough in terms
of k (but independently of R), then the functions Re(Ly ;(s)) with I € S(2k) \ Zy have constant
sign in the entire domain where the contour shifting is performed, so that no poles are encountered.
The horizontal lines contribute < (log R)°™ /T'. Finally, we note that the integrand on the new
lines of integration is < (loglog R)°™M /[(1+ |s1]) - - - (1 4 |s2r_n])], by (8.8) and our assumption
that G is in the class Co,_n. We thus find that

J(R) < (log R)fN—N-2k4=d(]5g]0g R)OW)
in this case. We need to understand the power of log R. Firstly, note that

Hy—-N-2kA—d<2k—N+ Y (-D)*" —(A+1)-#{1<j<2k:{j} ¢ In}.
IeIn\{0}

To continue, we separate two cases.
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If there is {j} € Zy, then ZIGZN\{Q)}(_l)#I = —1 by Proposition 7.1(a). Since dim(Vy) = N
by construction, there are < N integers j with {j} € Zy. The power of log R is thus
<2k—N-1—-(A+1)2k—N)=—-1—-A2k—N) < —-1—-2 145,

and we can see that J(R) satisfies the conclusion of the lemma with no main term (i.e. ¢ = 0). So
assume that there is no {j} € Zy. Then we find that

2k
Hy—-N-2kA<2k—-N+ Y (-D)* —2k(A+1)< (k) —2k(A+1) -2,
IeZn\{0}
by Proposition 7.1(c), which again means that the lemma holds with ¢ = 0. U

8.4. Dyadic intervals. We conclude this section with a brief explanation of the proof of (8.2). We
have that

1
Mfo,%(R) = ME,2k<R) + O <logR) )

where h(z) = h(z) — h(z + 182

log R

), by the argument leading to (6.4). We then note that

(R nls) = Bir(s)(1 = 279),

so that Perron’s inversion formula and relation (6.2) imply that
2k 1
(H hR(Sj)<1 — 251>> dsg, -+ -dsy + O (1 gR)
)=\ /log R =1
1<]<2k

where A\ and 1" are as before We thus find that

M, 2 (R) 2277 / / §) R H C(1+51) TV dsy - - sy

1€8*(2k)
Re(s M /log R
(8.16) (=X f s

1
X (logR>’

2% -~ s
B(s) i= Pls) [ N 22

Mfo,zk(

where

R

and P is deﬁned as above. The function F is in the class Csy., since the factor 1 — 2% annihilates
the pole of hr(s;) at s; = 0. We thus see that the above integral has the same shape as the integral
I,2:(R) with A = 0, with the difference that e, = —1 when #/ = 1. We thus follows the
argument leading to (8.1) when A = 0 with the obvious modifications. The only difference is that
in the analogue of (8.12) we have instead

m= —v -+ Z hNI+1 Z 1

IEZN+1\IN IEIN+1\IN
#I=even #I=odd, h ;=0
=—v+ > (hys+(=DH) - > (hns — 1),
IEIN+1\IN ]GS_(Qk)ﬂ(IN+1\ZN)

hn122,#41>3
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with v defined as in the proof of Lemma &.4. We thus find that m has the same expression as when
A = —1, and relation (8.2) follows by the proof of (8.4) when A = —1. An important remark is
that when A = —1 there is a power of (log R)~?* in the denominator of the integrand of I, o1 (R)
that is not present in the denominator of the right hand side of (8.16).

9. LOWER BOUNDS

In this section we complete our proof of Theorem 1.3 by showing that, for fixed k € Z>4,
A € Z>o and € > 0, there are positive constants ¢;, 4, > 0 and ¢j; > 0 such that

(91) MfAQk(R) > Ck,A(log R)gk'Aiﬁ + Oe((log R)Sk’A71)7
and
©.2) M o (R) > ¢ (log )P0~ + Oc((log R) k71,

where fy(z) = fo(x)— fo(z+ fggé), as before. Evidently, this completes the proof of Theorem 1.3,
since if the constants in the leading terms in (8.1) or (8.2) were 0, we would obtain a contradiction
to the above lower bounds by letting R — c0.

As in the previous section, there is some smooth smooth function A such that h(x) = 1 for

r<1-1/(log R)® and h(z) = 0 for x > 1, with C = (2k — 1)22**! 4 2k + 2, so that

1 1
Mfo,Qk(R> = thk(R) +0 (logR) and Mﬁ),%(R) = Mﬁ,ka(R) +0 (logR) ’

where h(z) = h(z) — h(z + llc?ggé). So, it suffices to prove that

9.3) Myor(R) = ¢ 4(log R)47¢ + O((log R)™+71),
where g € {h,f:} when A =0, and g = f4 when A > 1.
Positivity is a key to this proof: we will consider the sum restricted to those integers with a

convenient prime factorization, which clearly provides a lower bound. The fact that these integers
have a convenient prime factorization means the corresponding sum is technically easier to analyze.

9.1. First manipulations. To ease notation, let
e =[] (1 1)
R = - =
pP<R p

We start by observing that
2k

logd
My or(R) =1l Z Zﬂ(d)g (loggR) )

)<R din

since supp(g) C (—oo,1]. So (9.1) follows immediately when A > —1 + 2k( ) by noticing that
Ek,4 = —1 in this case and that we always have that /\/lg ok(R) > g > 1/log R.
For the rest of the proof, we assume that A < —1 + 5 ( ) so that

Epn = (2:) —2k(A+1) >0.
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Let ¢; < g3 < --- be the sequence of all prime numbers and set
A+1

Q= H q;-
j=1

If A>1,orif A= 0and g = h, then we restrict our attention to integers of the form ()n with
P~(n) > @, so that

2k
IT 1 log(q,d
MRy > 20 S LSy S g (DY )
Q n log R
pln=qa+1<p<R JC[A+1] dn
where ¢; := Hjej ;. We define
log q;
(9.4) wi)= 3, (1) (“ Io R) |
JC[A+1] &
so that
2k
Iz 1 log d
9.5 pg— Z d
9.5) M, ox(R) > o > - > u(d)yw (logR)
pIn=qay1<p<R d|n

We further note that w = h when A = 0, so that the right hand side of (9.5) is a trivial lower bound
for My, ,,.(R). Therefore, relation (9.3) will follow in all cases if we can show that

o 1 log d
(9.6) LSS n 2 n(dyw (logR)

pln = qa+1<p<R dn

2k

> cf 4(log R)™ 47 + Oc((log R)™7")
for some ¢ 4, > 0, where w is defined by (9.4) with g = hif A=0and g = f4if A > 1.
Next, observe that

= ;[ log ¢, T -
9.7)  wg(s) = (log R) Z (—1)# / g (u + logR) R*“du = gg(s) H(l —q;°)

JC[A+1] >

j=1

In particular, we see that wg has an analytic continuation to C and it satisfies the bound
RRe(s)

(Is] +1)(log R)4

which follows by the definition of f4, when A > 1 and by (6.5) otherwise. Finally, we note that we
also have the bound

(9.8) wWr(s) < (Re(s) > —1),

RRe(s) (log R)O(l)
1+ |s]?
which follows from (6.2) when A = 0. (This bound can be shown to hold in a larger range, but the

above range is good enough for our purposes.)

Before we apply Perron’s inversion formula to write the right hand side of (9.5) in terms of wg,
we use positivity again to focus on integers n of a certain convenient form. We set

y=-exp{(logR)"“} and Y =exp{(logR)'"“/*},

(9.9) Wr(s) < (Re(s) > 1/log R),
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where ¢ > 0 will be taken to be small enough in terms of ¢, and write
N ={n€Zs :pn = qar1 <p <y}

We then focus on integers of the form n = mp, - - - py, where m € N withm <Y, and py, ..., py
are distinct primes from the interval (R'/2, R]. For such an integer n, if d|n, then either d = d’ or
d = d'py, for some d’|m and some ¢ € {1,...,k}. So, we conclude that

YD :

mpy - Pk
mgj\/’ VR<p1,....pp<R
m= distinct primes

2Papaltt o (Mgt ) - St (1525)

(=1 djm djm

2k

Note that the condition that m < Y = R°() certainly implies that d < R/(2¢41) for all divisors
d of m (since g441 <4 1), so that

Sute (15) = X 0 Suo (1- B’

dlm JC[A+1] dim
-3 ) (1 log d Aio
N K logR)
dlQm

by observing that ATV (1 — )4 = 0 by (1.7), and by applying (1.6) with r = A + 1, since
w(@m) > w(Q) > A+ 1 here. We thus conclude that

2k

eSS e (20

mGN\f<p1 77777 pe<R =1 dm
distinct primes

2k

g H] 110gpg log(ped)
= H(log R)* 2. 2 ZZ“ ( g R )

meN VR<pi, ..., kaR t=1 djm
= distinct primes

‘We note that

Tr(n) —1/logy Tr(n) 1
Z n < Y Z nl—1/logy < (log R)B

neN,n>Y neN

for any fixed B > 1 and r € Z>;. Therefore, we may drop the conditions that 7 < Y and that the
pe’s are distinct at the cost of an admissible error term, finding that

2k

1ongZ > H“logpg ZZ <10g Rd))

mpy -
mEJ\/’\F<p1 ..... pL<R =1 djm

0 (o)
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Next, we expand the 2k-th power as follows:
2k
log(ped) _ log(ped;)
S S uta (SY) < S TS s ()

=1 dm JU-UJy=[2K] £=1 jEJ; dj|m
JiNJ;=0 for ij

with the convention that if .J, = (), then the corresponding factor equals 1. Clearly, the summands
corresponding to those k-tuples J = (Ji,. .., J) all of whose components have an even number
of terms are non-negative. We write 7 for the set of k-tuples J such that (Jy, ..., Ji) is a partition
of [2k] and either #.J, = 2 for all ¢, or there is some ¢ such that #.J, is an odd number. Then

2%
log(ped) log(ped,)
ZZ ( og B ZHHZM g B
=1 dm JET 1=1 jEJ; djjm
Moreover, if D € N, then

>o=p 11 (1 - %) _a Hpgy%— 1/p)!

meN qA+1<p<y
D|m

withe; =[] ., .. (1 —1/p) =< 1. So, we conclude that

e[ yep<cr(l —1/p) p(dy) - - pu(dog)
> y<p<
= E\( 1ogR Z Z

JET di,.,dop €N [dy, ..., do]

AT X e (M) 0 ()

l= 1\F<p[<R JjEJp

(9.10)

For the convenience of notation, set

1 dgk log p log(ped;)
W(J):(logR)k Z [dl,.. d H Z KH ( logER )7

2k:
(= 1 VR<p/,<R JE€J

so that

W Hy<p<R —1/p) S Wi (;) |

100
= (log R)

We will show that the dominant contribution comes from the terms J with #.J, = 2 for all /.

9.2. Mellin transformation. Fix a choice of sets J = (J,...,J;) € J and let
L={1<(<k:J #0}

For ¢ ¢ L, the sum over py is

> =R o ().
VR<p<R
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So
ALk p(day) log Dy log(ped;)
W= Y T Y 2 o (5
(1Og R)# dyye..y koEN [dI, o ko KGL‘, >f JjeJp log R
1
O —
+0 oz
where the condition that p, < R was dropped because it is implied by the fact that supp(w) C
(—o0, 1].

Next, we use Perron’s formula 2k times to write each appearance of w as an integral of wr. We
thus find that

#L—k (oo R)—H#L F uld; d;” 0
W(J):Q (log R) // Z HJ_ p(d;) HZ log py

)\ 2k 1+SJ
(271'@) Re(o;)—L/ Ing dy oo don €N [dl, c ,dgk] L po VR Dy [
1<5<2k
2k 1

(9.11) x <H @R(sj)> dsy - -~ dsg + O <1 gR)
with the notational convention that s; := > jes Sj- By possibly re-indexing the variables s1, . . ., 5o,
we may assume that £ = {1,..., L}, where L = #L, and that max J, = 2k — L + ( for all
¢ e {1,...,L}. We want to move the variables So;_r111, ..., Sox to the left. First, we need some

bounds on the sum over p,. We note that

logp ¢ log p
Z pits - _Z(1+S>+O(1) - Z pits
p>VR p<R1/2

for Re(s) > —1/3. Using standard bounds on the Riemann zeta function (see, for example,
Titchmarsch [26, Theorem 3.11]), we find that

lng 1 max{0,—oc}/2 lng
Zp1+s<<m+log(2—l—|t|)+R do ==
p>VR p<VR
< Rmax{O,fa'}/2 lOg<R+ ’t|),

where s = o + it, as usual. Moreover, note that if 0; > —1/logy forall j € {1,...,2k}, then

[T, w2(d)d) "

Jj=1 J

Z H] 1 1(d; )d K

1o €N [y - da] dyoordo €N [y, - - dai]
1/logy 4k -1
<] (Hp ( )) < (logy)" ™,
p<y
using the estimate p'/'°¢¥ = 1 + O(log p/ logy) for p < y.
We are now ready to move the variables So;_141, ..., S in (9.11) to the left. First, we move
the variable sy, to the line Re(sq) = —1/logy. (Here we can use (9.9) to justify the convergence

required for this manoeuvre.) We pick up a simple pole from the sum over py;, when s;, = 0. The
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integrand when Re(sg;) = —1/logy is

2k
« (10g )" (log B)* " log(R-+[t]) RV @159 T |@a(s)| <

j=1

log R)°W log(2 + [ty R-1/@ox)
(517 1) - (ol + 1)

by (9.9). So we find that

2k —8; _
i = 2ol N> i1 - e
27TZ C(2mi)k1 TN [dl, c.. ,ko] - ‘ p1+sJe
Re(s;) l/logR 77777 2k € pe>R/2 1Y

1<5<2k—
sy, =0

2k
1
o1 G P .
<j21 (log R)100

Now the product [/~ > pesr/2(log pg)p;ks” doesn’t depend on the variables s; € Jy, \ {2k},
and so we encounter no poles if we move all of these variables to the lines Re(s;) = 0. Having
done this, by (9.8) the growth of wg(s;) only depends weakly on R.

Then we repeat the same argument by moving so_1 to the left, then sy;_o, and so on and so
forth, until all the sums over primes have been removed and replaced by contributions coming from
poles. Writing s; = it;, we conclude that

2LF(log R) "~ T8, uldy)d;™ (2

trotopeR  Qlrensdok €N
ty,=0(1<¢<L)
1
9.12 O —— 1.
o1 ’ (<1og R)mo)
We note that, for any ¢4, ..., to;, we have
it
Z H] | H(d; )d _ H (1 i Ap(t))
di,..., do €N [dI’ T 7d2k] ga+1<p<y p

where

(913) )\p(t) — Z (_1) #I —ztz _ 1+H —zt

1€8*(2k)

9.3. An auxiliary result. Before we continue with the estimation of 1¥(J), we establish a pre-
liminary (and fairly standard) result.
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Lemma 9.1. For z > y > 3 andt € R, we have that

(/1
log ( ng) +O()  ifl < 1/logx,
log y

1
= 1
Z plit log <m) +0(1) ifl/logz < |t| < 1/logy,

y<p<z

O(1) ify > |t| > 1/logy.

Finally, if |t| > y, then

1
Z pltit

y<p<z

< log (log(min{\t!, Z})) +0(1).

logy

Proof. If |t| < 1/log z, then we note that p~* = 1 + O(log p/ log z) for p < z, so that

> pllﬂ.t =3 %+0(1) — log (logz> +O(1),

lo
y<p<z y<p<z &Y

as claimed. For [t| > 1/logy and y > |t|, then we note that

1
Z pltit <1

y<p<z

51

by relation (4.4) in [16]. Next, if 1/log z < |t| < 1/log y, then we apply the results we just proved

to deduce that

1 log e/ 1
— =] O(1) =1 O(1
2 pitit Og( logy )" (1) =log [t[log y o)

y<p<el/ltl

and that

1
Z e <1

el/ltl<p<z

Finally, if |¢| > y, then we note that

L <1
§ : 1+it ’
t|<p<z p

so that

1
Z pltit

y<p<z

-| Y amoms Y a0

y<p<min{|t|,z} y<p<min{|t|,z} p

o (log(min{ltlaz})) o)

logy
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9.4. Lower bound for the main term. We now return to the study of the quantity W (J), defined
by (9.12). First, we show that the term when #.J, = 2 for all ¢ contributes what we claim to be
our main term. In this case L = #L = k and, by possibly permuting the ¢;’s, we may assume that
Jo={l k+(}forall ¢ € {1,..., k}. Thus for these terms we have t;, = —t,. We want to show

that the integrand in (9.12) is non-negative for all choices of ¢, . . ., ;. We have that
2% k A+1 - —zt |2
H@R(zt HwR it;)Wr(— H |Wg(it)) H |tA+1A it H ,
J=1 =1

which is clearly non-negative for all ¢4, ...,?;. Moreover, if {; < 1 for all j, then relations (9.7)

and (6.6) imply that

2%
HwR (it;) > @
i ~ (log R)%4

for some ¢y > 0. Furthermore, the definition (9.13) implies that in this case we have

:—1+H|1 p 2 > 1,

SO

2% —it;
Hj:l ,u(dj)dj ’ )\p(t)
> = JI (1+=2=)=>0
[dl,...,dgk] P
qa+1<p<y
for such ¢.
Since the integrand in (9.12) is non-negative, we may obtain a lower bound by restricting the
range of integration to any region we wish. We restrict to t; € [1,2] and ¢; € [t1,t, + 1/logy| for
2 < j < k. The volume of this region is < 1/(logy)*~. Moreover, in this region we find that

1
A(t) = 1+ 1—p"* 10 ( ng)

logy
Therefore
2k —it; .
12 d d _1 + 1 _ it ]2k 1 10
3 [Tj= 1(d;) s 1—p™| +O<—2>+O< gp)
dyeensda, €N ;- ’dzk] p<y p p plogy
1 1 — pit1]2k

> exp Z—‘ P .

logy Py p

By binomial expansion
; Qk AN
1— it |2k _ —1)7 i(j—3 )t1.
= 5 ()
J+i'=2k
The terms with j = ;' contribute a factor

exp (Z (%f) %) = (logy)(+).

p<y
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By the final part of Lemma 9.1, since ¢; € [1, 2] the terms with j # j' contribute a factor

)=

Thus we obtain a lower bound of > (logy) (%) for our sum over dy, . . . dax. Since the region of
integration has volume > (logy) ==Y, this gives

2k
(log y) ()
Wi(J —_—
(J) > (log R)k+2kA
in this case. So we find that the total contribution to the right hand side of (9.10) from such J is

> cy(log y)( $) ke /(log R)?4+VE for some c, > 0, which is greater than the claimed main term
in (9.6) if € is small enough in terms of € and k.

ijt1
exp (O( sup Z L
<2k =, P

9.5. Upper bound for the error term. It remains to show that the contribution of the J’s for
which at least one of the #.J,’s is odd, is smaller than what we have above. Before we get started,
we note that

2k 2k
‘ ‘ ' t;1
t) = _]__|_H(1_p—ztj) — _]__I_H(pztj/Q_p—ztj/Q) _ kHS ( ng)
Jj=1 j=1

whenever t; + - - - + o = 0, which is the case here. In particular, —4% < )\, (¢) + 1 < 4%, whence

> I35, w(dp)d;™ | 10 (1+ )<< I ( )

di,....d
[, - -, o] qa+1<p<y 4k <p<y

Next, we split the region of integration in (9.12) into various subsets. First, we note that, by a
dyadic decomposition argument and (9.9), we have that

log T2k AT log R)°(M)
W) < _ (logT)* (T) (log R) |
(log R)E+2kA 1<y Top<T Ty -+ - T, T
where
)\
T, <)t +1<21; 4°<P<y
1<j<2k—L
tJZ:O (ZGL‘,)
We take

T = exp{(loglog R)*},
and fix a choice of 71, ..., 75,1 as above. We will further break the region of integration accord-
ing to which sums t; = Z] ¢ tj are small. Indeed, by Lemma 9.1 the product HqA+1 <p§y(1 +

Ap(t)/p) can become large only if there are such configurations. Note that if ¢;, and ¢, are both
small, so is any linear combination of ¢, and ¢;,. Thus, we are naturally led to the following
definition: given free variables 1, ..., x9, and J C [2k], we define the linear form

LJ(ZL'l,.. I’Qk E I],

jeJ
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(thinking of the linear form as acting on the space Q?*) and, given Z C S(2k), we set

Vs(Z) = {Zﬂ Ly :ar,q €ZN [—B,B]}

rer 1
(thought of as a subspace in the dual of Q2*.) For the simplicity of notation, we also set
V(T) := Veo(T) = Spang({L; : I € T}).

Since there are only finitely many linear forms L;, I C [2k], there is some finite By = By(k) such
that, for any Z, if L; € V(Z), then L; € Vg(Z) for all B > B,. We assume that B > B, from
now on (we will eventually choose B to be large enough in terms of k).

We set m = |loglogy| and, to each ¢, we associate the sets

T, =T;(t) = {I C2k] : e™|t;]] + 1 < T} (0<j<m).
Note that if L; ¢ Vg(Z,,), then |t;| > 1. Since t; < T for all I, Lemma 9.1 implies that

11 <1+Ap7<t>) —eo( X (0f Y (e +o(3))

4k <p<y I1eS*(2k) 4k <p<y
1
= exp( Z (—1)#! min{log log y, log(t—) }) (loglog R)°™
1€5* (2k) 1]

[tr|<1

(—1)#!
< (loglog R)°W H min {log Y, L} .
1€5*(2k) t1]
L1€VE(Zm)
If Ly € Vg(Z;) \ Vs(Z;—1), where Z_; = {0} so that Vz(Z_,) = {0}, then I ¢ Z;_,, which
means that €™|t;| + 1 > e/. On the other hand, since L; € Vi(Z;), then we find that e™|t;| <
B - #I; - e2=™. We thus conclude that

1 .
min {1ogy, |t_|} =™ for L;eVg(Z)\Ve(Zi—1), 0<j<m.
I
Therefore
A, (T i .
H (1 + M) < (loglog R)*" He(m_])Fﬂ',
4k <p<y p Jj=0
where
Fj:= > (—1)*.

IC[2E]
LreVp(Zj)\Ve(Zj-1)

(Here we use the fact that there are only finitely many indices j for which Z; # Z;_;.) Summing
over the < (loglog R)°" choices for Zy, 71, . . . , T, we conclude that

0(1) ' (m—3)F;
A(T) < (loglog R) max ) <1/(T,I) He > ,

Zm D DZoD{J1,..., .
Jj=0

where v(T',T) denotes the (2k — L)-dimensional Lebesgue measure of (¢1,...,ta_1) € R such
that 7; < |t;| +1 < 2T} for j < 2k — L and

(I CK]:e™ti|+1 <&My =1; (0<j<m),
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where the variables tof,_ 141, . . ., toy are defined via the equations t;, = 0 for £ € {1,...,2k}. (In
particular, Zo D {Jy,...,Jp}.)
Next, we use linear algebra to understand v(T', Z). If

then we may find sets I, ..., Ip,, such that, for each j < m, {Ly,..., L]Dj} is a basis of V(Z;).

We may also assume that {.J, : 1 < ¢ < L} is contained in {/y, ..., Ip, }.
Eliminating variables from linear combinations of the asymptotic formulas

t[:O(Gj_m) (IE{Il,...,ID].})

(for example, as in Gaussian elimination), yields D; of the variables ¢;, say the variables {t; : i €
D;} (where #D; = D;), in terms of linear combinations of the other variables, up to an error
of O(e?~™). We can also arrange the sets Dy, ..., Dy, to satisfy Dy C --- C Dr. (Recall that
Z; # Z;_, for only finitely many j’s.) We may therefore prove that

v(T,I) < (logy)” (HGD —Di-1)(- m)>< H Tg>,

1<j<2k
j(;éDOU---uDL
where the extra factor (logy)” is included because we are not integrating over the variables
tok—L+1,- - -, tar, Which are fixed via the conditions ¢t;, = 0, 1 < ¢ < L. By the above discus-
sion, we find that

m

.. L o) (m—3)(Fj—(D;—Dj-1))
ANT) < Ty Top_r(logy)”(loglog R) s Dgl%?h ..... . He :
We note that
m m—1m—j
> (m—=§)(F; = (Dj = Dj—1) = > > (F; = (D; = Djy))
=0 =0 i=1
=> Y (F;—(D;j = D;_y))
i=1 j=0
=D (A (V(Zn-s)) = dim(V(Zn-s)))
=1

in the notation of Section 7, provided that B is large enough. Since exp is a convex function, we
have that

m— m—1
m ) 1 . 1 )
2iso(m=3)(F;—(Dj—Dj-1)) « § : )—dim(V(Z;)) o — E 1 A (V(Z;))—dim(V (Z;))
e -m s m j:O(ogy)

‘We then conclude that

log log R)°™(log y)~ : _dim
W) < ( (log })%)”g’“‘ ) ID{I}}Q.?(JL}OOg y) (VD) ~dim(V(D),

The above discussion reduces (9.6) to proving that

(9.14) o (V(I)) — dim(V(T)) < (2:) —2%k—1
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whenever 7 contains the sets .J1, . . ., J, and at least one of the J;’s has an odd number of elements.
This follows directly by Proposition 7.1, thus completing the proof of (9.1) and, hence, of Theorem
1.3.

10. ON THE ANATOMY OF INTEGERS CONTRIBUTING TO M ;95 (R)

This section is devoted to establishing Theorems 1.6 and 1.4. Throughout this section, given
n € Z>; and R > 1, we adopt the notations

Q(n; R) Z a and Q(n;r, R) = Z a.
p*|ln, p<R p*|ln, r<p<R

A key observation, that we will use several times, is that that if (a,b) = 1, then

logd logd
M;, (ab; d')
ralab; B) = ;;” <logR+logR>
(10.1) lo MmN A
g(R/d") logd
= d) | ————= d —_—
dz,;“( )< log R %“( a\ togtrja)
d<R
by the definition of f4.

10.1. An estimate for the logarithmic means. We start by proving a preliminary result, where
the integer n is weighted by 1/n. The transition to the uniform weights will be accomplished in
the subsequent section.

Theorem 10.1. Let R > 2, k € Z>, and A € Z>y.
(a) If A > 1( )—1andn€[log2/1ogR 1], then

1 Q(n; R") My, (n; R)* *
H 1- = Z (Tl, ) fa (n’ ) <Lk A Ui (10g R)( ) 2k(A+1) log lOg R.
D n “logR

p<R PT(n)<R

(b) If A < ﬁ(%f) —land1 — 1/(2:) < v <2—¢ then

I1 (1——) Yyl AGED e (log R)(E)=2KA+D (00 g R)O%

P n
p<R P+ (n)<R

Proof. To ease notation, for this proof we let all implied constants depend on k, A and € without
explicitly stating this.

(a) First of all, we claim we may restrict our attention to small enough 7. To see this, it suffices
to show that

Z Q(n; R°, R)M;, (n; R)?
n

(10.2) <5 1,

P+(n)<R
for any fixed 6 > 0. Now, Holder’s inequality applied to (10.1) yields
- log(R/d')\***
My, (abs R)*" < (b)* dzl; p*(d) (W My, (a; R/d')*
<R

(10.3)
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Therefore, writing n = ab, where b = Hpv||n RO<p<R p", we find that

Z Q(n; R‘S,R)MfA(n; R)?

n

P+t(n)<R

()21 (b) o o (log(R/d)\ ™ My, (a; R/d')*
<y Uy () y el

plb=RI<p<R d'b P*+(a)<R
d'<R

7(b)2F1Q(b) o o (log(R/A)\N™ logR
P R S 1
< 2 D IVACH G log(Rjd) &
plb=R’<p<R dd’ll;%
<

by Theorem 1.3, since A > i(%f) —1landso & 4 = —1and A > 1. This proves (10.2), so for
the rest of the proof, we may assume that 7 is sufficiently small.
Expanding (n, R"), we have that

s=1] (1 N ]1?) 3 Q(n; Rn)j\ifA(n; R)2

p<R P+(n)
MfA mq’; R)
— 1— =
O %s >,
j>1 q)(m
2k
S @) { £ (1252) = 12 (522 })
< 1_ 2 q ( \ og R og R .
pll ( ) q;;n (g —1)? P%ﬂ;g m

where we used (10.1) with @ = ¢’ and b = m. Expanding the 2k power, we find that

log d; log(qd;
v T8 ) {1 (%) — £ () }
q<Rn P+(dj)§R [, o
1<5<2k

—

Here A > 1, so that (f4)(s) = A'R*/(s**!(log R)*) decays fast, and Perron inversion implies
that

(10.4)
H llu(d )d s; 2k A!st<1_q—sj>
5 < / / = dsy - - - dsgg.
ZI;TI q B 1 =1 :~%;k>l [dl’ T ’de] ]];[1 (log R)AS?—H
/logR
1<]<2k‘

The above integral is amenable to the methods of Section &. Precisely, we note that the integrand
is of the form

logqg \**  P(s)Re 2 (1= q)/(s;logq)
Ak ( ) ¢T(1+ s7) ==,
logR) (log R)(A-1) Iegzk) ! }:[1 (5;¢(1+ ;)4

where P(s) is as in Section 8, e; = +1 for [ € ST(2k), e; = —1for I € S~ (2k) with #1 > 1,
ande; = A —1 > 0for #1 = 1. If ¢ < R’ with § small enough, then the argument leading to
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(8.1) yields that

% 2k si(1 — g~ 59
// Z HJ 1,u(d )d HA!R (1 q )d81"'d82k

e [dy, ..., day] = (1OgR)A8]A+1

1<j<2k

(log Q)% (3)- 2k(A+1)
——=—+ (log R
< (log R)2+1 + (log R)L»
with the first term coming from Case la and the second one from Case 2. Inserting the above
inequality into (10.4) completes the proof of part (a).

(b) We will use a variation of the argument of Section 9. The fact that Proposition 7.1 requires
spk) = 0 complicates the proof; otherwise, a direct application of the method of Section 9.5 would
be possible.

Call S’ the sum in question. As usual, we may replace replace fy by a sufficiently smooth
function h. So write g = hif A = 0, and g = f4 otherwise. Note that, since M (n; R) depends
only on the square-free kernel of n, we have that

/ p(n)v
S =1] <1 — —> > (n) MfA(n; R)*
p<R P+(n)<R

with ¢, (n) = [1,,(p — v). Sety = R*/'°81¢ ¥ for a small enough but fixed c. Given an integer n,
we decompose it as n = ab with P*(a) <y < P~(b). If w(a) < A+1, then My, (n; R) < 45(®),
and we immediately find that such n’s contribute at most < (loglog R)°(")/log R. Otherwise, we
sum over all possible choices a = ga’ with w(q) = A+ 1 to deduce that

A+ Z 12 ( . o (Qoglog R)?Y
(10.6) ) log R ’

e

where

2(a Uw(a’b)
so=I[(1-1) ¥ SO

p<R p Pt (a)<y<P~(b)<R
(a’,9)=1

Next, we apply (10.3) with a = aq to find that

A b (@b () 2k—1 o 2kA
S'(q) < H (1 - 1) Z w (gt oo /b)(b) Z (1 fsg—]éd>) My, (d'q; R/d)**

p<R p Pt(a)<y d|b
y<P~(b)<R d<R
(a,q)=1

We write b = cd and note that the sum over c is < (loglog R)°()

©y,(n) > n/(loglogn)®. Thus,

by our choice of y. Moreover,

4kQ(d;y’R) " o] (d Q)
-z 1) i St i VS
d S (d Q) (IOg IOg R Z di- 2k/logy’
d<R d<R
P~ (d)>y P (d)>y

9'(q) < (loglog R)°™
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where

S"(d,q) =[] (1 - _> Z el (10;3(551/;1))2“ My, (d'q; R/d)*

p<R P+a
(@ q) 1
1 v2@ (og(R/d)\**
<[(-1) > O ( SU) g s
pP<R p Pt(a)<y s
(a,9)=1

Before we proceed to the estimation of S”(d, ¢), we note that

, AT« 1)(d) ,
(10.7) 5'(q) < (loglog R)°V Y (dl_%%s (d,q),
d<R

where (A"(m)),,<gs is an upper bound sieve with § small enough, constructed using the funda-

mental lemma of sieve methods, taking x = 1in[14, Lemma 6.3, p. 159]. Then the Dirichlet series

Yoa(lx )ﬁ“)(d)/ds has a simple pole at s = 1 of residue Y A*(m)/m =< (loglog R)°Y /log R.
Next, if ¢ = pi*---p AAE is the prime factorisation of ¢, then (10.1) implies that

(%) My, (ag; R/d) = %“(d/)ﬁ‘ (lolié—dg)) - %M(d”)wq (%)

with

wz) = 3 (~)H Ly <x + M) |

Pyt log R

As usual, if A = 0, we may replace replace f; by a sufficiently smooth function £ at the cost of
a small error. Letting g = h when A = 0 and g = f4 otherwise, and letting W, have the same
definition as w, with g in place of f, we find that

S”(d,q)SH(l—%) > Uf;(a) 2_ Wy (l(l)fg(dj?) +O(loglR)

p<R Pt (a)<y fla
(a,q):l
_ e =1/p) > ST(T ) ﬁu(f)W (log(dfj)> +o( 1 )
[T<y pie(T —v/p) ot [f1s oo for) ey 79N log R log R
1<j<2k

We apply Mellin inversion 2k times to find that

Hp<R( —1/p) U forl) H] 1M(f3)f
(271)2k Hp<y Mq (1 —v/p) / / Z [fi,---, for]

S//(d )

Re(s;) 4k/logy ()<, (£5.9)
|Im(s;)|<T 1<j<2k
1<5<2k

2k ~ A+1

X H% H(l — p,%)ds; + O (1og1R> .

j=1 a=1
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Together with (10.7), this implies that

(g 108 R)° T, (1~ 1/p) Sl VI
(2mi)2k Hpgy,pfq(l —v/p) [fi,---, for]

S'(q) <
Re(s;)=4k/ log y P+(fj)Sy%(fj7q):1

|Im(s;)|<T 1<j<2k
1<5<2k

o2k A+1
o~ —5j 1
X P(1+ s — 2k/logy) [ [gr(s;) [ [ (1 = pa)ds; + 0 (log R) ’

j=1 a=1

where

= (A% 1)(d) At (m)
P(s) =) = =C(s) ) ——
m
d=1 m<R?
We fix sq, ..., 5911 and move sy, to the line Re(sy;) = —8k/logy to pick up the pole at s[5 =
2k /logy. If ¢ is small enough in the definition of y, and the same is true for d, the complementary

contours contribute < 1/log R. There are no other poles, since the factors 1—p, *’ are annihilating
the poles of gr(s;). We conclude that

(loglog R)°™M

(log R)2kA+2—v
- PH(f)<y
Re(s;)=dk/logy ", 10>
[Im(s;)|<T =I=
1<5<2k
S[2k)=2k/logy

> 1
—— | |dsy - - -dsop_1| + ——=.
(jlj[l |S]’|A+1> ds: 201 log R
Recall the notation \ (t) defined in (9.13), and combine the above with (10.6) to find that

¢ < (loglog R)° / / Ap(t) + (A+1) 322 cos(t; log p)
(lOgR 2kA+2 v P
~TSST (1<j<2k)

S'(q) <

[flv"'afgk]

12k =0
(log(2 + [t;]))*+tA+V (log log R)°™M)
dt; - - -dtor_ A A
’ (H T A 7Y

where we used the fact that s((1 + s) > 1/log(2 + |t|) for Re(s) > 1. Then, following the
arguments of Section 9.5 (with L = 1), and recalling the notations V(Z) and <7 (V (Z)), we find
that

S < IICHI%C)(IOg R)v (14 (V@) ~dim(VENHA+ DU D)= 2kA-1 (65 |6 RYOD)

where
U(Z) = #{1 <j<2k: L{j} € V(I)}.
If U(Z) > 1, then Proposition 7.1(a) implies that .7 (V(Z)) = —1, and the exponent of log R is
then
(A+1)-UZ) —dim(V(Z)) —2kA—-1<A-UZ) —2kA—-1< —1,
since we clearly have that 2k > dim(V'(Z)) > U(Z). Assume now that U(Z) = 0. If &/ (V(Z)) =
(2:) —1and dim(V/(Z)) = 2k — 1, then the exponent of log R is v (% ") — 2k(A+ 1). Finally, if this
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is not the case, then Proposition 7.1 (together with the argument in the end of Section 9.5) implies
that

o(1 + o/ (V(Z))) — dim(V(Z)) — 1 < max{0,v — 1} (2]"') + o/(V(T)) — dim(V(T))

2 2
< max{0, v—l}( k)—l—(:)—?k‘—l
2k
< -2
_v(k) k,

by our assumption thatv > 1 — 1/ (2:) This completes the proof of the theorem. U

10.2. From logarithmic weights to uniform weights. In this section, we show how to go from
Theorem 10.1 to the analogous result for the regular mean value and then prove Theorem 1.6.
Theorem 10.2. Letx > R > 2, k € Z>1, A € Z>opand € € (0,1/2).
(a) Assume that A > - ( ) — 1. Then uniformly for n € [log2/log R, 1], we have
=" Q(n; R My, (n; R)* 1
T Z (n’ ) fA (n? ) <<k7A 10gR

n<x

(b) If A < L(2":) —1and1—1/(2kk) +e-1pmy <v<2—¢ then

—Z 2N (n; R)* <o (log B)'(F) 724 (log log R)O),

n<x

Proof. We start by proving a preparatory estimate. Our goal is to show that there is some constant
C' = C(k) such that

Cx
(10.8) > My, (n; R)* < ~ (x> R>1).

n<x

When z < 2 for some fixed H € Z>1 that will be taken large enough in terms of k£ and A, relation
(10.8) trivially holds by taking C' to be large enough in terms of H. Assume now that (10.8) holds
for all z < 2", where h > H. We wish to prove that (10.8) is also true when z € (2", 2"1].

We follow a variation of the argument leading to Theorem III.3.5 in [25, p.308]: note that

log(z/n) logn
2k 2k
(109) 2 Mp(m R =3 My, (n R =000 '+ 3 My log v

n<lz n<z n<z

For the first sum, we bound log(z/n) by x/n to give

log(x/n) x
ZMfA 2k1— < ZMfA n, R)

n<x ng n<x nlogx
. 2k
(10.10) <ty My, (n; R)™
log R n
P+(n)<R
xr

STog R’
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by Theorem 1.3. In the second sum, we write logn = ij”n J log p to find that

logn 7logp :
> M (R =) > My (mp's R

= log x e log x e
ptm
Since
- log(R/p) "
My s 8) = My o ) = Ty (<2 ) (o )

by (10.1), Minkowski’s inequality implies that

| 1 12k
5" Mo B < (s s )™

n<x Og X
where
J log p N2k
pi<x m<zx/pJ
and

g Zjlogp log(R/P) 2 Z M (mR/ )2k
2 log x log R SalTTs LD

p<s m<a/pi
<

For S;, we note that

logp T M;, (m; R)* T
M R 2k j A )
Z a (m; Z log = log;vmz;x m < log R’

m<z pi<z/m

by (10.10). Finally, we need to bound Ss. First, we bound its subsum with j; > 2. We have that

Z jl(l)(;gxp (lolgo(gRép>) Z MfA (m; R/p)Qk

P <z m<z/p
Jj>2
p<R
. kA
jlogp (log(R/p)\*
< M R
- Z log x ( log R Z ga (3 /p)
Pz m<x/pI
352
p<R
<Y jlogp (log(R/p)\*** logz
— pilogz \ logR log(R/p)’
=1
p<R

by (10.10) with R replaced by R/p. Since A > 1 here, we find that the above is

7logp x T
<2 gk SlogR

P <z
Jjz2

where the implied constant is independent of C'.
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Finally, we need to bound the part of S, with j = 1. We note that z/p < 2" and that R/p < z/p,
so we may apply the induction hypothesis. This gives a bound

- Z log p <log<R/p>)2’“A _Gr o Cr 5~ (ogp)(los(R/p)
<logz \ logR plog(R/p) = (logz)(log R)? < p
2C x
< .
3 logR’

provided that H (and hence z) is big enough, where we used our assumptions that A > 1 and
x > R. Combining the above, and assuming that C' is big enough in terms of k£ and A completes
the inductive step and hence the proof of (10.8).

We now turn to proving part (a), that is bounding the sum

S(x,R,Q) : ZQnQMfA(n R)%*.

n<x

The proof is similar to the proof of (10.8), so we only give the main technical twists: we use
induction on the dyadic interval in which z lies to prove that there is some constant C' = C’(k, €)
such that

C'zlog Q

(10.11) St R.Q) < S

(x>R>Q >2).

When = < 27 for some fixed H € Z>, that will be taken large enough in terms of k, A and e, this
trivially holds by taking C’ to be large enough in terms of H. Assume now that (10.8) holds for all
x < 2" where h > H. We will prove that it also holds for z € (2", 2"!]. Note that the analogues
of (10.9) and (10.10) hold here as well, so let us focus on understanding the sum

1
7= Q(nm;Q)M;, (n; R)* 22"

n<x

logx’

Fix a large integer N and call 77 the portion of this sum with Q(n; Q) > 2N and T, the remaining
sum. Writing logn = »_ ;,  jlog p, we find that

p’(n

jlogp . Lk
=2 Togs 2 Ui QM (mpsR)
pi<z m<z/pl, ptm

Q(mp’;Q)>2N
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If 77 is the part with Q(mp’; Q) < 27 and T}’ is the rest, then
2j%log p
N<Y o 2o Mulmpi R

- log x m
P <z m<a/p’
>N ptm
< Z j*logp Z My, (mp; R)%* N z(log R)O(l)
J Viog R
pI<z,p<evVics R P log It Pt(m)<R eve
>N ptm

9 2k
j~logp logp 1+ (%) —2k(A+1)
- . log R k
<N T _ Z p’ log R {(logR> + (log )
p! <z,p<eVice
J>N
Z 2k(A+1)
<K —(log Ry + z(log R)< £)- ,
where the second to last bound follows from (1'0.5). Finally, in the range of 7}, we note that
Q(m; Q) > (Qm; Q)+7)/2 > N, sothat Q(mp’; Q) < j(1+Q(m; Q)) < (1+1/N)-5-Q(m; Q).
Therefore,

< S B S s QMy, (R

J<x m<x/pl, pfm
(10.12) g ot Q)29

+ z(log B) (%)~ 2k(A+1)).

X
0 (e

Next, we need to bound

logn
T, = Q M R)*
> Z (n: Q)My, (mp’s R {2
Q(n;Q)<2N
If Q > RY(2N*)  then we simply note that
rlogQ

Ty <2NS My, (n; R)* <y —2 <y 2085
2 SN D My, (m: R € o <8 o

n<x

by (10.8). Here the implied constant depends on N but does not depend on C".
On the other hand, if Q < RY2N”| then we have that D pifn,p<qJ 10gp < (log ) /N, so that

S(z, R 1
gij S QM (R Y L8

15

_ log x
n<z P, p>Q
Q(n;Q)<2N
S(x, R S(z, R, Q) Jlogp :
S PV ML
mgm/pj,Mm
p>Q Q(mp?;Q)<2N

Combining the above inequality and (10.12), we deduce that

Sz, R,Q) N+1 j2logp . %k xlog Q
rH0RO T I 5 sz(m,cz)MfA(mpaR)?+0N(—<logR)2>.

pi<z m<z/pl, ptm
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We thus conclude that

S(z, R, Q) < N+1

21 '
lo(g)ip > Qm; Q)My, (mp’; R)* + Oy (

pJ <z m<x/pi, ptm

xlog Q)
(log R)Q) '

We can bound the sum on the right hand side in an entirely analogous way to the proof of (10.8).
Choosing N sufficiently large, and then C”’ large enough in terms of N completes the inductive
step and thus the proof of (10.11). This proves part (a) of the theorem.

(b) The proof of part (b) is, for the most part, similar to the proof of (10.8). An important detail
is that, after applying the induction hypothesis, we use the fact that

vlogp (log(R/p)\*** (log(R/p))" (%)~ D(1oglog(R /p))”
> ()

(10.13) oy log x log R P

v 'logR
U(Q:) —2k+1 logx

(log R) (%) =241 (100 10g R)P

for any fixed D > 0, as R — oo. This is sufficient when k > 2, because

v 1-1/(*) 1
ozl () —(Qkk) =3
k k

in this case.

However, when k = 1, the situation is more tricky. First of all, we note that the above argument
allows to establish the theorem for > R?"/(*=1_ (Note that if p < R and z > R?"/(?*=1_then
we also have that z/p > (R/p)?*/(*=1, so that the inductive hypothesis can be applied.) Finally,
it remains to treat the case when z < R?%/(2*~1)_ We then observe that Q(n; R°, R) <. ; 1, for any
fixed 9. It would thus suffice to prove that

004y DI RING (0 R)? < Ca(log R)* P (loglog R)YY (2> R > 2),
n<x
for some appropriate constants C”, D > 0. Then, in place of (10.13), we note that

(v Lpems + 0 Lpsper) logp (log(R/p)\**  (log(R/p))"(+) 2D (1oglog(R /p))”
Z log ( log R ) D

p<R

1 (logR)( $) -2k (A+) )(loglog R)P

as R — oo, as long as 0 is small enough. This allows us to complete the inductive step and
establish (10.14), thus completing the proof of the theorem. U

Given the above result, proving Theorem 1.6 is quite easy:

Proof of Theorem 1.6. (a) This an immediate consequence of Theorem 10.2(a).

(b) We use Rankin’s trick: Given a small @« > 0 and 1 < v < 3/2, we have that
Z Mg, (n; R)% < Z UQ(n;R)’(Qkk)(Ha) loglog RMfA (n; R)Qk

n<z n<z
Q(n;R)> (2:) (14«)loglog R
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Theorem 10.2(b) then implies that
Z Mf(n; R)2k < (log R)(2:)f2k(A+1)+(2kk)(vflf(1+a) logv)7
n<z
Q(n;R)>(2kk)(1+a) loglog R
provided that v is close enough to 1. We optimize this by choosing v = 1+ a, so that 1 — v + (1 +
a)logv = lea(log t)dt > 0.
Similarly, we have that

> My (s R < 320200 () eelen i (5 Ry,
n<x n<lx

Q(n;R)< (2:) (1—a)loglog R

forany 1 — 1/(2:) + €-13-1v < 1. Applying Theorem 10.2(b) and choosing v = 1 — « for small
enough o completes the proof of the theorem. U

10.3. Estimates for general weight functions. It is not so hard to go from estimates for the
moments of My, (n; R) to the moments of M¢(n; R) for a general weight function f. The following
lemma provides the key link.

Lemma 10.3. Let f : R — R be supported in (—oo, 1]. Assume further that f € C*(R) and that

all functions f, f', ..., fY are uniformly bounded for some integer A > 1. Then
1
1
. P2k 2k(A—1) . puy\2k L
Mf(n, R) LAk, f 1oz U MfA71<n? R ) du + (log R)QkA'
og

Proof. Since f(r) = 0 for z > 0 and f € C*(R), we must have that f)(1) = 0 for j < A.
Taylor’s theorem with the integral form of the remainder term implies that

z  r(A) U _1\A
fe) = /1 (Jj‘lf(l))!(m ~du = % 1] F ) (u = 2) " du,

for all x, since both sides vanish if z > 1. Therefore,

A o A1
M¢(n; R) = %dzl:,u(d) /Ogd f(A)(u) (u_ 1 gd) du

logRSuS:L log R
(-~ /1 (A) log d At
= — d - d
G, 10 S (e ggp)
d<R™
= —(_1)A 1 AWM, (n; RY)du + O _
(A=1)1 Jioez fai i (logR)A )
by noting that d = 1 if d < R* < 2. Holder’s inequality then completes the proof. U

We use the above lemma to show the analogue of Theorem 10.2 for general weight functions f.

Theorem 104. Let k € Z>1, v > R > 2 and f : R — R be supported in (—oo, 1]. Assume
further that f € CA(R) and that all functions f, f', ..., f‘Y are uniformly bounded for some
integer A > 1, and fix some € € (0,1).
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1 (2k -
(a) Let A > 5 ( ! ) Uniformly for n € [log2/log R, 1], we have

1 7
- Q(n: RNYM . 2k )
— D Q(n; R")My(n: R) Ciog R

n<x

(b) If A < ﬁ(%) and1—1/(°F) + ¢ 1=y <v <2 —¢ then

— ZUQ(”R (n; R)** < (log R)" o(%)- k4 (log log R)°W

n<a:

All implied constants depend at most on k, f and e.

Proof. (a) Lemma 10.3 implies that

1
ZQ n; R")M;(n; R)** < u%(A’l)ZQ(n; R"M;, ,(n; R*)**du

log 2

(1015) n<z log R n<x
xloglog R
O ===
i ((@R)%A)’
When u > n, Theorem 10.2(a) implies that
1
k(A1) w2k nx
Q(n; RMM R")*"d
(10.16) /77 ; n; R") My, (n; R*)™du < —— g B

Finally, we consider the integral over u € [log 2/ log R, n]. Observe that
> Q(n; RY)Mj, , (n; R")* <

n<x

by Theorem 10.2(a). If x < R, then we also have that Q(n; R*, R"7) < 100/u for each n < z,
so that

log R’

x
u?log R

™ Q(ns R, R M, (n; R <
n<x

by Theorem 10.2. We thus find that

. n ,2k(A-1)—2
§ <n7 ) fa—1 (n’ ) LS fogé log R U IOg R
og

log 2
log R n<x

Together with (10.15) and (10.16), this proves part (a) in the case when z < R,
Finally, let us consider the case when x > R'%°. Then

> Qm R RMy, (R <Y 5 Y My, (m; R
n<w pi<e  m<az/p
RU<p<RY
When p’~! >/, then we bound the inner sum trivially by < (x/p’)(log R)°W, so that the total
contribution of such summands is < v/z(log R)°. Finally, when p’~* < /z, then we see that
z/p > \/r/R > 2919 > R" so that the sum over m is < (x/p?)/log(R"), by Theorem 10.2(a).
We thus conclude that

log(n/u) z x
Q(n; R*, R")M R < Z '
Z (7’L7 ) ) fA—l(n’ ) < UIOgR + (u IOg R)2 < UIOgR

n<x
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Therefore,

2k(A-1) Q(n: RNYM - RY de < nx )
fgs;u ; (n7 ) fAﬂ(nv ) U log R

in this case as well, thus completing the proof of part (a) of the theorem.

(b) This proof of this part is similar. We start again with Lemma 10.3 to find that Lemma 10.3
implies that

1

Z UQ(n R 7’L R)Qk u2k(A—1) Z ’UQ(n;R)MfA_l (n’ Ru)Zk’du
(1017) n<x llc?ggf% n<lz

+ 0 (:ﬂ(log R)”_I_QkA) ,

where we also used Theorem II1.3.5 in [25, p.308]. Next, if w = max{v, 1} and log2/log R <
u < 1, then note that

Z QnR)M TL Ru)Zk: Z Q(a;RY) MfA ) (1, Ru Z w Q(b;R“,R

n<z a<lz b<z/a
P*(a)<R* P~ (b)>Rv

When x/a > R", the sum over b is < u'"%z/(alog(R")) by Theorem IIL.3.5 in [25, p.308].
Hence,

1—w Q(a;R“)M (CL' Ru)2k
Q(n;R) . pu\2k u z v fa—1\%
> oM R < s D

a
a<x

Pt(a)<RY

+ Z P MfA 1((1 Ru)

a<x
PH(B)<R"

n<x

We bound the first sum by Theorem 10.1(b) and the second one by Theorem 10.2(b) to find that

Z Q(n;R) MfA 1<n R“)2k<<xu1 w+v(3F) - 2kA<1OgR) v(*F)- 2kA

n<z

Inserting the above bound into (10.17) completes the proof of the theorem. U

We conclude this section with the proof of Theorem |.4. We need a preliminary lemma.

Lemma 10.5. If m € Z>1, g € CY(R™) and z > y > 3, then there is a positive constant ¢ > 0
such that

1 ... log pum 1 oot
3 g(logpy, ..., logp ):_‘/ g(ta )dtl---dtm
Yy<p1<--<pm<z (pl - 1) T (pm - 1) m: [log y,log z]™ byt

0 (ngum + 1Vgllos | Cyepe: 1/2)"" + (U, dt/t logwm—l) |

ec\/logy ml/mQ
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Proof. First of all, note that

Z g(logps,...,logp,) 1 Z g(logpi,...,logpm)

(=1 (pm—1)  ml =1 (o= 1)

Y<p1<-<pm<z y<pi,.--sPm

dlstmct
1 Z g(logpy,...,logpm)

Y<PL,eespm <z PrPm

o (m2llg||oo(2y<p<z 1/19)’”1) |

mly

So, if we can show that

1 ..., log pm t,. . tm
Z g(logpi, . ... logppn) :/ Mdtl...dtm
[log y,log z]™

bt
Y<P1,. Pm <2 PrPm ! m

. m_j
9lloc + 1109/ 0]l /z e\’ 1
0 Z ecVlogy , tlogt Z P ’

y<p<z

then the lemma will follow. But this estimate can be easily proved by induction on m and the
Prime Number Theorem, and the proof is completed. U

Let us now see how we can deduce Theorem 1.4 from the above results:

Proof of Theorem 1.4. The first estimate of part (a) follows by 10.4(a) and part (b) follows by
Theorem 10.2(b). It remains to prove the second estimate of part (a). Note that it suffices to prove

that
1 Mf(n; R)2k . Ck,f 1
H <1 5) Z n ~logR 0 (log R)>=< )’

p<R P*(n)<R

since z > R*log® R here. Fix n € [log2/log R, 1] to be chosen later. Then Theorem 10.4(a)
implies that

Z Mf(n;R)%S Z Q(n; R)M;(n; R)**

n

<.

Pt(n)<R " Pt(n)<R
P~ (n)<R"

Moreover, for each positive integer m, we have that

3 My(n; R)* 3 My (py---pm; R)
pln=R"<p<R n R1<p1<--<pm<R (pl - 1) o (pm - ]-)
w(n)=m

‘We note that

log p log pn,
Mf(p1-~pm;R)=gm< sP1 S )

logR’" " logR
where

st = S (1) (ztj)

jeJ
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which is a smooth function satisfying the estimates ||g2*||o. < 4% f]|?* and ||V g2* |0 < 2k4%™ || ||| £1122 1.
Therefore Lemma 10.5 implies that

M¢(n; R)?* 1 (1, ot )R 4k log(1 1))™
3 f(n; R) :_|/ gm(t1, - tm) b dt. +0 (4%log(1/n) + O(1))
n m! [n,1]™ t1: -t ec\/log(R")m!/mz

pln=R"<p<R
w(n)=m

for all m € Z>,. We thus conclude that

M (n; R)* log*(1/n)
(10.18) Y ———=F)+0|n+——L=] (0<n<l, R">2),
PE(m<R n4k€c\/10g(R”)
where
>~ 1 Gm(te, ..o tm)?E
F(n) =1+ — dtq -+ - dt,,.
(n) mz—:l m' [n’l}m tl e tm !

Completing the proof is now an exercice in real analysis. We start by proving that lim, _,o+ F'(7)
exists. Indeed, applying (10.18) twice, we deduce that

log*(1/n;)
4k cy/log(R"7)
n; e

F(n) —F -
(1) (n2)<<jg?}2<} n; +

whenever 0 < 77 < 1y < 1and R™ > 2. Letting R — oo, we find that
(10.19) Flm)—F(p) <n (0<m <n<1).

In particularly, Cauchy’s convergence criterion implies that lim,_,o+ F'() exists. Call F this limit,
which clearly equals F'(0), and note that letting n; — 07 in (10.19) implies that

F(n)=F+0(@m) (O<n<l).

Together with (10.18), this yields the estimate

> MO pio(ye 0L 0eysr

P+(n)<R 774k eeV 1os(i)

Selecting 1 such that

R — lloglog R)?
completes the proof of Theorem 1.4. O
We conclude this section with the proof of Theorem 1.7.
Proof of Theorem 1.7. The first estimate of part (a) can be proven following mutatis mutandis the

proof of Theorem 1.6(a) above, using Theorem 10.4 in place of Theorem 10.2. Similarly, part (b)
follows from the proof of Theorem 1.6(b). L]
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11. THE ANALOGY FOR NON-EXCEPTIONAL DIRICHLET CHARACTERS

In the section, we study the sum

2%k
1 1
B =TI (1-2) X ~| X x@
p<R p P+(n)<R d|n
R/2<d<R

when k£ > 2 and L(1, x) is not very small and prove Theorem 1.5(b).
We have that

Xor(R) = Z X(dr)x(da) - - - x(dax)

dy,....d
R/2<dq,...,d2x <R [dy, ..., do]

We want to introduce new variables D;, I € S*(2k), as in Section 2, but first we perform a
technical manoeuvre to simplify the situation. We write d; = d;d, where P*(d}) <y < P~ (d}),
where

y = (log R)4k+1.

The contribution to Xy, (R) of d’s for which d” is not square-free for some i is < (log R)*"~1/y
by a crude upper bound, and so is the contribution of those d’s with max; d;, > B, where

B = e(log log R)3

)

by Rankin’s trick. Then we let D;, I € §*(2k), be the product of those primes that divide d; when
i € I, and are coprime to the other d/’s. The numbers D; are pairwise coprime and square-free,
and d = Hles*(zk) 15: D1, so that

X(dD)x(dg) - x(dy) _ resten xo(Pr) Ilres-@n X(P1)
[dllla s ’dIQIk] HIGS*(%) Dy

We may now drop the condition that the D;’s are square-free and coprime, since the contribution
to Zo(R) of the D;’s not satisfying these conditions is < (log R)*"~! /y. Finally, we may drop the
condition that (D;, q) = 1 for I € S*(2k), encoded in the notation y(D;), since the contribution
of D;’s with P~(D;) > y and (D;,q) > 1is < (log R)* '3 1/p < (log R)* /. The
above discussion implies that

plg, p>y

Xo(R) = Z x(dy) - x(dyy,) Z ers—(zk) x(Dr)

dy,....d com D
praraes (Do dal P~(Dy)>y (18" (2K)) Hies-n s
1<i<2k R/(2d;)<I1;cs*(any, 15: D1<R/d;

1<i<2k
1
X (log R) '

Next, we note that

> x(n) <2 E) (1> max{g", y}),

n<x
P~ (n)>y
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by Lemma 2.4 in [16]. Therefore,

x(n)
(11.1) 2

n>q¢*B
P~ (n)>y
This implies that the contribution to Xy, (R) with D; > ¢*B forsome I € S~ (2k)is < (log R)**~/y.
To conclude, we have shown

x(d) - x(dy) s @n X(D1)
X%(R) - Z Z d' d’ 2} ' H D
*(d})<y,d'<B D;<¢'B o 2k Ies—(2k) ~1

1<i<2k P~ (Dp)>
(11.2) IGS*I(Zk)y

1
© <1ogR)'

where ; = R/(d; [ [ cs- (ap), 12 D1) and

1
D O Y 1
P~ (D)>y (I€S+(2k)) HIES*(Qk) Dy
Ri/2<H1€S+(2k), 15: DI<R;
1<i<2k

-T(Ry,...,Ro)

Our task now becomes estimating 7'(R). Let d = 2?*~1 — 2k and recall the definition of V(-)
from the statement of Theorem 1.5(b). The proof of Theorem 1.1 shows that Vj,(m) < m<?. We
claim that

(11.3) T(R) = Vi(log R) (1 L0 (ﬁg)) 11 (1 _ ]19)

p<y

2216—1_1

whenever R/B < R; < R for all 4, as is the case here. Proving (11.3) can be accomplished easily
using a lattice point count and the fundamental lemma of sieve methods. First of all, note that the
part of T(R) where D; < B forsome I € S*(2k) is trivially < (o(P)/P)*" " ~'(log R)* ' log B
by an upper bound sieve, where we have set P := Hp <, b for simplicity. In the rest of the range,
we set p = 1 + 1/log R and divide the variables D; into boxes of the form (p™, p™ 1], m; > 0.
Replacing D; by p™ in the conditions R; /2 <[] jcs+ (o, s2: D < R creates a total error of size

< (o(P)/P)?* "~1(log R)*!. In addition, if p™ > B = e(*e°eR)’ then we have that

1 o(P) 1
00 ()
pm1<DIZ<pmz+1 D; P (log R)“

P~ (Dr)>y

for any fixed C, by the fundamental lemma of sieve methods (see, for example, [25, Theorem
1.4.3]). We thus conclude that

2k—1_
T(R) = ((logp)p(P)/P)*" > 1
mr>log B/ log p (1€ST(2k))

log(R;/2) log R;
log p <ZIES+(21€)’ =Y mr< log p

+0 ((go(P)/P)Q%_I_l(log R)*'log B> :
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A straightforward lattice point counting argument implies that the sum on the right hand side equals

Wi(log Ry, . .., log Ray) log B
1+0
(log p)2*~'-1 * logR) )’

where W, (m) is the volume of the polytope {(z7)rcs+(r) : 1 > 0V, m; —log2 <>, o1 <
m; Vi}. Since m; = log R; = log R+O(log B) here, we may show using the Mean Value Theorem
that Wi (m) = Vi(m) + O((log R)? ! log B). Relation (11.3) then follows.

We are now ready to complete the proof of Theorem 1.5(a): inserting the estimate (11.3) into
(11.2), we conclude that

Vi(log R) x(d x(dy) ' HIGS‘(Qk) x(Dr)
B = prpyE 22 i ) T B

Pt(d})<y,d;<B D;<q¢*B
1<i<2k P~ (Dp)>y
IeS—(2k)

+ O((log R)* " (log(qlog R))°™).

We now remove the conditions D; < ¢*B and d; < Bvia (11.1) and Rankin’s trick, respectively.
‘We conclude that

Vi.(log R) x(d X(dy;,) H[esf(%) x(Dr)
X2k(R) J2 22k 11 Z Z d/ d/ % D
( /90 P+ d’)<yP (DI)>y 2k] H[ES_(Qk‘) I
1<i<2k  TeS™(2k)

+ O((log R)* ' (log(qlog R))°™).

Finally, we note that

") (d, & Jite+iak
Z X d/%]):H 1+Z Z X(p)pj

/
P+ d’ )<y 1
1<z<2k maX{Jl ~~~~~ Jok }=j

The coefficient of 1/p is (2% — 1)xo(p) + 2%~ 1x(p). We thus conclude that

(p(P)/ Py Z Z X dl x(dy) Ilres(on) X(D1)

/ !
PH(d))<y P~(D1)>y dy, d%] HIES*(%) Dy
1<1<2k IeS—(2k)
o0 . . 22k—171 7221@ 1
x(p)irt iz ( 1) x(p)
IR S S [ R (e
<y Jj=1  Ji,..,J2x >0 P’ p P>y p
max{j1,....Jox } =J
Iy X DT ()
p =1 Ji,., j2k>0 P’ p Y

An easy calculation then completes the proof of Theorem 1.5(b).
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12. THE ANALOGY FOR EXCEPTIONAL DIRICHLET CHARACTERS

In this section, we consider the quantity Xox(R) when & = 1, or when when x(p) = —1 for
most primes p < R, and complete the proof of Theorem 1.5. Our arguments here resemble closely
the ones of Section 8, so we only highlight the key points here. Throughout the proof, we assume
that R > ¢*t, the complimentary case being trivial.

12.1. Initial preparations. Arguing as in Section 8.4, we find that

125, x(dy)d; ™ 2

X h )(1—27%)d -d
ok (R) e do] ]1;[ r(s5)( )dsy -+ - dsogp

Re(sj )\J/logR """
[Im(s;)|<T
1<5<2k

()

where £ is a smooth function with h(z) = 1 for z < 1 — 1/(log R) k=121 +200k+2 and p(z) =
forz > 1, T = exp{(loglog R)*}, and \ is some large parameter > 1 to be chosen later.
By expanding as an Euler product, we find that for Re(s;), ... Re(sg,) > —1/4k we have

ijl X(d )d " X 1
Z [dl, R ,dgk] - H 1+ Z 1+S] <p22k/4k>
= p

IeS*(2k)

) TI L +sx®),

1€S*(2k)

where P(s) is given by an Euler product which converges absolutely in the region Re(s;) > —1/4k
for all 5. Next, we set

F(s)=P(s)[] hir(s)) g— 27%)

J=1

and
1
) = s =TT (1- ).
plg p
so that
Xoy,(R) s)Red [ L+ s1,x)
Re(s;)=M/log R 1e57(2k)
12.1) st
1
H Cq(1+51)d51"'d32k+0 <W) .

1€8+(2k)

Similarly to Section 8, we let CNg denote the class of complex-valued functions f defined in a
domain containing

Q= {s € C": [Re(s;)| < 1/5k, |Im(s;)| < T+ 1 (1 < j <)},
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it is analytic in Qg, and its derivatives satisfy the bound

ontif , ﬁ (1 + (¢7)~Retm)) (log log )]
Os - Ds)t |sm| + 1

(12.2)

forall ji,...,j, > 0andall s = (s1,...,8¢) € 52@.
Since there is an absolute constant ¢; > 0 such that
. . 1,
(12.3) LU (s,) <o (1+ (g + )77 log"™ g + #1) + =0
for j € Zso, ¥ € {x, Xo} and j € {0, 1}, a standard consequence of bounds on the exponential
SUM Y o e (modg) 7 (S€€, for example, Lemma 4.1 in [16]), we have that I is in the class Coy,.

12.2. The case k = 1. We first deal with the case £ = 1 that is easy and will help us clarify some
of the technical details of the argument. When & = 1, we move the variable s, to the line Re(s;) =
—e, for a sufficiently small e. The contribution of the horizontal contours is < (log R)°") /T, and
the contribution of the contour Re(sy) = —d is < R~?, for some positive § = () by (12.3), and
by our assumptions that F' € C, and that R > ¢**'. In conclusion,

1 1
X(R) = — F(s1,—s1)L(1 L(1 = s1,x)ds; + O | ——— ).
2( ) i / (Sl’ 31) ( +317X> ( SI’X) s1+ ((10gR)100>
Re(s1)=A/log R
|Im(sA1)|§T
1<5<2k

Finally, we move s; to the line Re(s;) = 0. No poles are encountered, and the contribution of the
horizontal lines is easily seen to be < (log R)°M /T, so that

1 /T 1
Xo(R) = — F(it, —it)|L(1 +it, x)Pdt + O [ ————
2( ) ot /—T (Z ) )‘ ( + 7X)| + ((lOgR)IOO)
1 (log R)102 ~ 2 1
= — P(it, —it ‘Ll it ) he(it)(1—2%) dt+0 [ —— ),
o (g Ry102 (i it) | L(1 +it, x) hr(it)( ) + ((log R)IOO)

since hp(it)(1 — 2i*) < 1/(1+ |¢|). Finally, using 6.6 to replace h(s) by R*/s, choosing C' to be
large enough, and then extending the range of integration to R yields the estimate

which proves Theorem 1.5(a). (Obviously, we can obtain a much stronger error term, but we have
chosen to content ourselves with a more qualitative result.)

L(1+it,x) -

12.3. Contour shifting. Next, we focus on the case £ > 2 and prove Theorem 1.5(c). From now
on, we will always be working under the assumptions and notations

L(B,x)=0, B>1-1/(100logq), Q="

As it is well-known, we have that 3 _ (1 + x(p))/p < Land 3 _,x(p)/p < 1 (see, for
example, Theorems 2.1 and 2.4 in [17]). As a consequence, we note once and for all that

(12.4) L(1, QH( L L ))_

p<q
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As in Section &, we shift the contours of the variables s1, ..., so; in a certain order. As in that
section, to describe the general contour shifting argument after N steps, 0 < N < 2k, we fix sets
I, ..., Iy, and distinct integers j,, € I, for each n. Recall, also, that s; denotes a variable and z;
denotes a linear form. We then define

Vi = Spang(y,,...,25,) and Iy ={I € S(2k):z;€V,} (0<n<N).

Imposing the conditions z;, = --- = x;, = 0, we may write x;,, ..., x;, in terms of the variables
s; with j € [2k] \ {j1,...,7n}. Hence z; becomes a linear form Ly ; in the variables s; with
J € 2k]\ {J1,.-.,jn}- Moreover, z; € Vi if and only if Ly ; = 0.

As we will see, we will always be able to assume that j,, = 2k — n 4 1. Let d € Z>( and Given
the above set-up with j,, = 2k —n + 1, an integer d € Z>o and b = (hy,.1)o<n<n, res+(2r) be a
vector of non-negative integers such that:

o 0= hOJ S hLI S cee S hN,I for [ € S*(2k’),
e If/ €Z,\Z,_; forsomen € {1,..., N}, then h,, ; = hy, ; for all m > n;
e Xy > N +d, where

XN = #(INHSJ“(Qk)) — Z hNJ.
15— (2k)U(S+(2k)\IN)
A function J : R>5 — Cis a called a fundamental component of level N and of type (I, h, d)
if:
e when NV = 2k, it equals
J(R) = (log Ry* M= TT  LU0(1,y);
1€5(2k)

e when N < 2k, it is of the form

J(R) _ (‘p((D)MN (log R)XN_N_d H L(hN,I)(L X)

(2im)2k—N
1eS— (2k)NIn
/ / REN H L(hzv¢1)(1 + LN,I(S),X)
Re(s;)=X;/log R TeS~(2k)\In
\Im(sJ)\<T
1<j<2k—N
x I ™0+ Lya(s)dsan - dsy,
IeS+(2k)\IN

where A;/Aj—1 > A, En(8) := Ly px(8),

My = Z Z (hn—11+ 1),

n=1 I1e(Z,\Z—1)NST(2k)

and G is a function in the variables sy, . . ., sor._ y that belongs to the class Coi_y, given by

G(S) = F(LN7{1}(S), ey LN’{Qk}<S))
when d = 0. In particular, GG is non-vanishing in {29,y when d = 0 by (12.3).

As in Section 8.2, a fundamental component of level V is called reducible when N < 2k and
Ex # 0. Otherwise, it is called irreducible. With this above terminology, the integral on the right
hand side of (12.1) is a reducible fundamental component of level 0 and of type (), ), 0).
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Again as in Section 8.2, when Ey # 0 there are some v; € Q with 7;,,, # 0 such that
En(x) = mo+ 7222+ + Vin Tivg
If )\ is big enough, then the sign of Re( Ey(s)) throughout the region of integration is constant and

equal to the sign as ;. ;.
The analogies of Lemmas 8.4 and 8.5 can be proven in this setting:

Lemma 12.1. Assume the above setup, let J(R) be a reducible fundament component of level
N < 2k, and let vy, ., be as above. Suppose, further, that k > 2 and that elegd)® < R < Q. All
implied constants below depend at most on k.

(a) If ¥jy,, > 0, then J(R) is a linear combination of fundamental components of level N + 1,
up to an error term of size < 1/ log R. Moreover, the coefficients of this linear combination
are < (log q)°W.

(b) If Vjx,, <0, then J(R) < T+,

We iterate the above lemma till all the fundamental components we are dealing with are irre-
ducible. For such components, we have the following asymptotic formula.

Lemma 12.2. Assume the above setup. Suppose, further, that k > 2 and that ¢!1°8 9”” < R<Q. If
J(R) is an irreducible fundamental component, then there is some complex number ¢ < (log q)°™)
such that

J(R) = c(log R)(%)72 -+ O((log(glog R))°M (log R) ()21,
All implied constants depend at most on k.

Since the integral on the right hand side of (12.1) is a reducible fundamental component of level
0, we apply Lemma 8.4 repeatedly to write it as a linear combination of irreducible fundamen-
tal components, and then estimate these components by Lemma 8.5. This proves that there is a
constant ¢ () < (log ¢)°™) such that

(12.5) % (R) = a(x) - (log B)(2) 7 + O ((log(qlog 7)) (1og B)(#) 21

when & > 2 and e(89° < R < Q. We will show that ¢, (x) > (logq)~°® in Section 12.5 and
complete the proof of Theorem 1.5. The key intermediate Lemmas 12.1 and 12.2 are proven in the
next section.

12.4. Proof of the auxiliary Lemmas 12.1 and 12.2. For easy reference, we record the following
bound that we will repeatedly use: for R < (), we have

(12.6) (log R T L"M¥)(1,x) < (log @) (log R)* ) ~N=2,
IeS—(2k)NIy
where
D=d+ Y hyit Y. (hys—1)
1€S(2k)\In I1€S—(2k)NIy
hn,1>1

and .7 (V) is defined in Section 7. Indeed, when hy ; = 0 with [ € S (2k) N Zy, we use (12.4)
to find that have that
(logg)* _ (logq)®

log@Q — logR
Otherwise, we use the bound L"~1)(1, ) < (log ¢)"~ . Putting these estimates together yields
(12.6).

L(1l,x) <«
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Proof of Lemma 12.1. (a) Here y;,,, > 0. We make the change of variables

sy =85 (1<j <jny1), 8= 8501 (v < J <2k = N), sy n = Sjyrs
and similarly for the forms z; and the parameters \;.

Next, we shift the s, , contour to the line Re(s), ) = —e for a small enough ¢ > 0. The
integral on the new contour is < (log R)°() /T, which is negligible, and we are left with having to
analyze the pole contributions. The poles occur when Ly 1, ,,(s") = 0 for some Iy, € ST(2k) \
Iy such that the coefficient of s}, , in Ly ,,, is non-zero. As we discussed in the previous
section, imposing the relation Ly 7, ., (") = 0 to write the form %, 5 as a linear combination of
Ty, Ty noqg.say xh, v = C(x), ..., xh,_y_,). Inparticular, Ly ;(z’) becomes a linear form
Lyy,7 in the variables ', ..., x5, n_,. We also set En,1 = Ly, o5 and let Ty be the set of

I C [2k] such that Ly ; = 0.
The generic order of the pole at sh,_y = C(s], ..., S5 _n_1) 18

(12.7) m = > (hns+1) —v,

I€(Zn4+1\INn)NST(2k)

where v is the generic order of the zero of

G(s) 1T L1+ Ly 1(s), X)

IeS=(2k)N(INn+1\IN)

at the same point. In particular, v = 0 if d = 0 (so that G(s) = F(Ly13(8), ..., Ln,2x3(8))) and
hyy=0forall I € S (2k) N (Zn+1 \ Zn). By a direct computation, we then find that

(12.8) Xop_1+m= #(IN—H N S+(2]€)) - Z hNJ — .
1€8~(2k)U(ST(2k)\IN+1)

We note that m > 1 for all N < 2k — 1 when £ > 2 and v = 0; otherwise, we would have that
ST(2k) C Zy, which is impossible because the dimension of Vi is NV, whereas the dimension of
the span of the linear forms s;, I € ST(2k), is 2k.

We want to understand the pole contribution when m > 1. We separate two subcases:

Case 1 of the proof of Lemma 12.1: N = 2k — 1. In this case, we have that s} = Loy (j}(5]) =
a;sy for all j, where a; € Q. Then the pole occurs necessarily when s} = 0. Thus 7y, = S(2k),
and we obtain an evaluation of J(R) as finite linear combination of powers of log R, the highest of
which has exponent

Xopor+m—2k=2"%"1—2k—1— > hy 17—,
1€S—(2k)

up to an admissible error. The coefficients of the polynomial in log R are given in terms of the
derivatives LU)(1, x). Specifically, the coefficient of (log R)X2s-17m=2k=h (0 < h < m — 1,isa
linear combination of products of the form

( ) Moy,
(90 q ) [T o=,
q 1€5-(2k)

with the coefficients of this linear combination being < 1, and with the parameters hgy, 1 satisfying
hok,1 2 hop—1,1 with equality if 1 € Top—1 \ {0}, and 3~ - oy (haw,r — hag—1,r) < h. Arguing as
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in the proof of (12.6), we find that

(log q)o(l) (log R)X%*Hrm*%*h (log q)O(l) (log R)22k7172k7172165_(2k) hok,1
<

J(R) < (log Q)#UES™(@k):har =0} = (log R)#I€S™ (2k):har, =0} 7

where we used that Q) < R, v > 0 and h > Zles,(%)(hng — hak—1,r). We thus conclude that

(log )" 1
J(R) < (log R)?*+1 " log R’

This completes the proof of the lemma in this case (the linear combination is empty).

Case 2 of the proof of Lemma 12.1: N < 2k — 2. Arguing as in the proof of part (b) of Lemma
8.4, the contribution of the pole s,y = C(s,...,sh._y_1) to J(R) can be seen to be a linear
combination of terms of the form

p(q) " (log R)Xn+m—h-N-1-d 2 N1l
(T) (2im)2h—N-1 G(s) R

Re(s;)=X}/log R, [Im(s;)|<T
1<j<2k—N—1

y L(hN“’I)(l + Lng1,1(8), x)
IeS—(2k)

X H CéhN+1’I)<1 + LN+1,I(S))d52k7N71 cee d81
IeSH(2k)\IN+1

plus an error term of size O(1/log R), where h € {0,...,m — 1}, hny11 > hy with equality
that the power of log R is then Xy,1 — N — 1 — d’ with

d=d+v+h-— > (hny1r — hyg) > 0.
I1eS~(2k)U(ST(2k)\IN+1)

Moreover, X1 —d = Xy +m — h > N + 1. This completes the proof of part (a).

(b) Here ~;,,, < 0. We treat this case using the same argument as in part (b) of Lemma 8.4,
with the difference that the contours of sa;._n, Sox—N—_1, - - -, Sjy,, are shifted to the lines Re(sj) =

N /((log q) + (log T)*?), jn41 < j < 2k — N. Since ¢ < V'8 ® by assumption, we find that
J(R) <« T+l
as needed. U

Proof of Lemma 12.2. We separate three cases.

Case 1 of the proof of Lemma 12.2: N = 2k. Here T,;, = S(2k) and thus J(R) < (log ¢)°" /(log R)?++1
by (12.6), which proves Lemma 12.2 in this case.
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Case 2 of the proof of Lemma 12.2: N = 2k — 1. As in Case 1 of the proof of Lemma 12.1, we
have that s; = Loj_1,(;3(s1) = a;s; for all j, where a; € Q. Then

Mo 1 Xop_1—2k+1—d
J(R) = (sO(Q)) (log 1) 7= [T L0,y

q 211
1687(2k})012k_1

X / ng_l(sl) H L(h%_l’l)(l =+ CL[Sl,X)
Re(s1)=A1/log R 1e8~(2k)\Top—1
Tm(s1)|<T

X H C(gh%il’[)(l + CL[Sl)dSl,

IeSH(2k)\Iok—1

We first show a crude bound on J(R), that will allow us to focus on a more convenient subcase.
We move the line of integration to Re(s;) = A/log(¢7") and use (12.3) to find that the integral
over s is < (log(qlog R))°™. Together with (12.6) and Proposition 7.1, this implies that

J(R) < (log(glog R))°M - (log R)(¥) -2+

unless d = 0, hog—1,; € {0,1} forall I € S™(2k) N Zop—1, hox—1,; = 0 forall I € S(2k) \ Zoi—1,
half of the a;’s are +b and the other half are —b, for some b # 0.

We have thus reduced proving the lemma to the case when d = 0, hoi—1; € {0,1} for all
I € S7(2k)NZIyk—1, hog—1,r = 0forall I € S(2k)\ Zyy,_1, half of the a;’s are +b and the other half
are —b, where b # 0. In particular, we find that Zo;,_1 NS~ (2k) = () and that #(Zy,_1 NST(2k)) =
(2]“) — 1, so that

k
Mag 1 o (2,5)—2]6
J(R) = (M) & / G(s1) H L(1+arsi,x)

q 2mi -
Re(s1)=MA/log R 1€57(2k)
[Tm(s1)|<T

X H Cq(l +a[81)d81.
I€S*(2k)\Zop—1

Since v = 0 here, we saw before that the integrand has a genuine pole of order m > 1 at s; = 0
by a dimension argument. In fact, we have that m > 2: indeed, we know that [2k] € Zy;,_1 by our
assumption that Eop 1 = 0, so that [ € Zy,_; if and only if [2k] \ I € Zy;_;. In particular, since
we know that there is at least one I € ST (2k) \ Zox_1, there must be at least two such I’s.

The presence of this pole make the estimation of J(R) tricky. In particular, we cannot shift the
contour to the line Re(s;) = 0 as in Case 2 of Section 8.2. Instead, we write

L(1+as1,x) = L(B+arsi, x) + Alarsy),
where
A(s):=L(1+s,x) — L(B+ s, ).
We thus find that
b log(q + [t])
A(s) = /,3 L'(u+s,x)du < g Q
by (12.3) and the assumption that 5 > 1 — 1/(100 log ¢). With this notation,

J(R)=M +E,

(0> —1/log(q + [t])),
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where
Moy, 1 2k)72k‘
log R (%
M = (cpéq)) % / G2k71(51) H L(ﬁ_'_aISl,X)
Re(s1)=M/log R IeS—(2k)
[Tm(s1)|<T

X IT GO +ams)ds,

€8+ (2k)\Tajo—1

and F is a sum of similar expressions where at least one of the L(( + a;s;, x) factors is replaced
by A(arsy).
First, we bound E. Moving s; to the line Re(s;) = 1/log(¢T’), we find that

2k
k

(log(glog R))°" (log R) ()2
log @

Finally, we estimate M by moving the line of integration of s; to Re(s;) = 0, and use the fact
that G(s1) < 1/(1 + |s1]|)?" (note that the integrand is now analytic, since the pole of the (,’s is
annihilated by the zeroes of the L(-, x)’s) to find that

EF <

< (log(qlog R))°Y(log R) (5)-2k—1.

2k

Mag—1 N (k)—Qk T
sy = (£0) T ERE [ Gl TT 6+ ity

! o -T Tes— (2k)
X H Co(1 +iart)dt + O((log(glog R))O(l)(log R)(2kk)—2k—1).

€8+ (2k)\Ta—1

Note that G(s) = F(ass, ..., ass) here, because d = 0. When |t| < log R, we use (6.0) to replace
hr by R®/s, and when |t| > log R we use the bound hr(s) < R’/|s| by (6.5). Taking C' to be
large enough, we thus conclude that

J(R)  (p(q)/q) /°°

F(iaqt, ... iagt) H L(5 +iart, x)

2k\ o7
(log R)(’“) 2 2m o0 I€S—(2k)
2k :
L—27 (log(qlog R))*)
1+ dayt ——dt+0 :
- H Gl +iar )H wa;t * ( log R
18+ (2k)\Tak -1 j=1

This completes the proof of Lemma 12.2 in this case.

Case 3 of the proof of Lemma 12.2: N < 2k — 2. As in the corresponding case of the proof of
Lemma 8.5, and using (12.6), we find that

J(R) < (log(qlog R))*W(log R)*>~N=4 T [L0)(1, y)|

1eS— (2k)NIy
< (log(glog k)M (log R) ") =N,

Proposition 7.1(c) then implies that <7 (Vy) — N < (2:) — 2k — 2, thus completing the proof of
Lemma 12.2. O
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12.5. Lower bounds. In order to complete the proof of Theorem 1.5, we show that constant ¢ (x)
in (12.5) is > (log ¢)~°". In order to do so, we follow the argument of Section 9 and prove that,
for any € > 0, there is a constant ¢, > 0 such that

o) (%) —2k—e )
(1 g();loRg)Q) o - O, ((log(qlog R)°D(log R)<k)—2k—1> 7

provided that y/log ) > log R > 2c¢; log g, where ¢, is the constant appearing in (12.3). (For this
section, all constants will be independent of €, unless specified by a subscript, as above.)
We set

y =exp{(logR)*™“} and Y = exp{(logR)'~“/?},
where ¢’ will be taken to be small enough in terms of €, and focus our attention on integers of the
formn = ap, - - - pr with P*(a) < y,a <Y,and py, ..., p; are distinct primes such that p, > v/R
and x(p¢) = —1forall £ € {1,...,k}. Then
2k

R L SR DR B Ny Y

PHa)<y p>VE (=1 R/(2p))<d<R/p(
a<Y  x(p;)=-1 dla
1<5<k

The next step is to drop the condition that a < Y by an application of Rankin’s trick and to
remove the condition that the p;’s are distinct. We further replace the sharp cut-off R/(2p,) < d <

R/p, by the smooth cut-off h(lolggdf{ ) — h(@i)(z—‘%m), where h(z) = 1 forz < 1 —1/(log R)® and

h(z) = 0 for z > 1, with B is sufficiently large. To conclude, we have that

[I,<r(1 —1/p) ] 1 logpj log(dpe)
() > = > > }:}: ( s )

P+(a)<y\f<p <R (=1 d|a

X(pJ): 1
1
O
(bgR)’

1<5<k
where w(z) = h(xz) — h(z + log2/log R).
The rest of the proof follows the argument of Section 9, with a small twist, as we will explain
in the end. We expand the 2k-th power and focus on a convenient subset of summands. We then

conclude that
@mpnm@ UPZX (1)

2k

i log R
with
x(dy) - - - x(dox) logpz log(ped,)
X(J) = DY dl“ " H > HU’(W ’
P+M ’ (=1 VR<p,<R JETe
1<]<2k‘

where J is as in Section 9. We set

s= % (l—x@»bMﬁ:bgR
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and write £ for the set of ¢ € {1,...,k} such that J, # (). Then, using Perron’s formula 2k times
to write each appearance of w as an integral of wg, we find that

Sk=#L(log R)~ 155, x(dy)d; ™ (1= x(pe)) log pe
X<J) 27TZ 2k / / Z d1, .. dgk] H Z 1+SJL7

=1/log R P teL p,>VR P

1<]<2k’
2k 1
X (jr—ll I/L;R(Sj)> d81 dSQk + 0 (1 gR)

where s; = > e Sj» as usual, and the condition that p, < R was dropped because it is encoded
in the support of w. By possibly re-indexing the variables s, . .., Sox, we may assume that £ =
{1,..., L}, where L = #L, and that max J, = 2k — L + ¢ forall £ € {1,..., L} with L = #L.
As in Section 9, we will move the variables so;_111,. .., Soi to the left. We note that
1— lo ! L lo
3 ( i(ﬁ)s) &P _ i(1+s)+f(1+s’X)+O(1)_ 3 p1g+f
p>VR p<R1/2

for Re(s) > —1/3. The above has simple poles at s = 0 and s =  — 1, each of residue 1.
Therefore, using the argument leading to (9.12), we find that

xo- y Slemto [y [, u(d))d,
— = 2L (27i)2k—L +(d)< [dy, ..., doy]
ii<r Re(s; )S}/jzfgilzig;)% L) Jé%y

P 1
X <H wR(sj)) d81 dSQk L+ O (1 gR)

The above expression is sufficient for handling the terms J € J with at least one J; of odd
cardinality: following the argument of Section 9.5 with the obvious modifications implies that

(12.10)

(1ogy)( ) —2k—1+L

(12.11) X(J) < (log(qlog R))°" (log R)L ;

where we used the fact that sup,_,-o(1 + x(p))/p < 1.

However, we need to be more careful on our lower bound for the main term, that is to say
for X (J) with #J, = 2 for all ¢. First of all, by relabelling our variables, we may assume that
Jo = {{,{ + k} for all £. In our expression (12.10) for X (J), we see that s;, = ¢, € {0, — 1}
implies that sy, = —s;, + O(1/log Q). We want to replace sy, by —s,. This introduces an
error that we will control by an application of the mean value theorem. In particular, we need to
understand the derivative of the integrand. If

dj)d; %
Gs) = Y HJle( C)l ,
P+(dj)§y [ 1y 2k]
1<j<k
then —G'(s)/G(s) equals D ;g i) Dopey X" (p)logp/p**s1, plus lower order terms, so that
G'(s) < (logy)G(s) for the vectors s we are considering. Similarly, Wg(s+¢€)/R*T¢ = wr(s)/R*+
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O(¢/(]s| + 1)) by (6.5). Since we also have that

2k
ldsy| oy (logy)(¥)~*
log(qlog R))°M 12~
R/ m/ GO T = fostalos ),
e(s;) og

Isj+xt+s;1<1-8
1<5<k

by the argument leading to (12.11), we conclude that

X (L+RrR7H T o
)= (2milog R)* / / ]1;[1 Or(s;) | sy -dsy

=1/log R

5]+k— Si
1<j<k

logy (log(qlog R)°V(logy) (%) ~*
log Q (log R)*

The main term can now be bounded from below as in Section 9.4. We thus arrive to the lower
bound

+0

(log y)< ) (log R) (log(qlog R))O(l)(log y)( E)—kt1

> _
XU) z e (log q)°M © (log R)k+2 ’

using that -, _ (1 + x(p))/p < landy < R < ev1e® here. This completes the proof of
(12.9), and thus of Theorem 1.5(c).
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