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Basic set-up
Sp = set of permutations of {1,...,n}.
Motivation : understand the subgroup structure of S,.
If G < Sp, then Gactson [n]={1,...,n}.
@ Gis called transitive if all orbits are the full set [n];

@ Gis called imprimitive if it permutes a non-trivial partition
(Bi,...,B,) of [n];
@ if G is transitive and imprimitive, then |B;| = |B;| for all /, j.

If o is chosen uniformly at random from S, what is the probability that
it lies inside a transitive group G # An, Sp?

Question (special case)

If o is chosen uniformly at random from S,,,, what is the probability that
it has a fixed subset of size n?

Luczak-Pyber (1993): probability is O(n—°) for both questions.
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Imprimitive transitive subgroups

@ G is imprimitive transitive if-f it permutes a partition (By, ..., B,) of
[n] into blocks of equal size n/v. Here, 1 < v < nand v|n.

@ If o € S, permutes a partition (By, ..., B,) as above, then let
& € S, be the induced permutation of the blocks By, ..., B,, and
write (ds, ..., d,) for the cycle lengths of 5.

@ Then o fixes each set of a partition (Cy, ..., C;) of [n] with
|Ci| = din/v and all cycles lengths of o G divisible by d.
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Permutations with fixed subsets of a given size

i(n, k) :==P,cg, (o fixes some set of size k).

o = m - -7 cycle decomposition, ¢j(o) = #{/ : |mj| = j}

L(o) := {lengths of fixed sets of o} = {Z |mi| 1 C [r]}

iel
n

= Zjbj :0< b <cio)Vp.
j=1

J e/

Paes)(6(0) = my (1 < <)) ~ [ ] sy

J=1

i.e. the functions ¢;(o), j < J, are approximately independent and
Poisson of parameters 1/j, j < J.
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Random integers vs. random permutations
wlmy,z)=#{pln:y<p<z}hyo=e<y1 <yp < <yy<Xx

, log y; 1
#n<x:wmy1,y)=m(<J)} li[ log y;_1 (109 gy )™
X log y; (m; —1)!

Also, if n = py - - - pr square-free and w;(n) := w(n; &=, &), then

{logd : d|n} = {Zlogpi lc [r]} = {ij,-(n)}
icl J
Theorem (Ford (2008, m = 2) and K. (2010, m > 3))

Fixm>2. Forzy,>--->2zy>2andz,_1 < 210(1),

#{I‘):Cﬂ'--dm:Z,'<O','SQZ,'VI'}v 1
Zy--2Zm " (log z1)°m(log log z1)3/2

With 5m = Amlog Am — Am +1, Am = (m—1)/log m.
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Transference to the permutation setting

Theorem (Eberhard, Ford, Green (2015))

i(n, k) = P,egs, (0 fixes some set of size k) < W (2< k< n/2).

Heuristics : take neven, k = n/2.
@o=m---m; #FIC[: Yl =k =27/n;
@ need2"/n>1 < r>logn/log2;
@ r Poisson of mean Y., 1/j ~ logn. So i(n, k) ~ n~% /,/log n.
Correction: cj(o) = #{i : |nj| = j} Poisson of parameter 1/j.
@ conditioning to have r = log n+ O(1) cycles,
B[S jcon G0)] = r¥E2) ~ u/log2.

@ Ford: actually, we must have that > ;.. ¢j(o) < u/log2 + O(1).
Leads to a random walk with a barrier. Odds are ~ 1/ log n.
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Theorem (Eberhard, Ford, K. (2016))
Letv|n,1 <v < n. Then

n—%(logn)=%/2 if2 <v <4,

e =T if5<v<logn,

n-1 iflogn <v < n/logn,
R ifn/logn <v < n.

I(n,v) <
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Theorem (Eberhard, Ford, K. (2016))
If p is the smallest prime factor of n, then

n%2(logn)~32 ifp=2,
n=%(logn)~3/2 ifp =3,
n~1+1/(p-1) if5<p<i,
el ifp — oo.

T(n) <




Thank you!



