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Abstract Diffusion approximations are ascertained from a two-time-scale argument
in the case of a group-structured diploid population with scaled viability parameters
depending on the individual genotype and the group type at a single multi-allelic
locus under recurrent mutation, and applied to the case of random pairwise interac-
tions within groups. The main step consists in proving global and uniform convergence
of the distribution of the group types in an infinite population in the absence of selec-
tion and mutation, using a coalescent approach. An inclusive fitness formulation with
coefficient of relatedness between a focal individual J affecting the reproductive suc-
cess of an individual 7, defined as the expected fraction of genes in / that are identical
by descent to one or more genes in J in a neutral infinite population, given that J
is allozygous or autozygous, yields the correct selection drift functions. These are
analogous to the selection drift functions obtained with pure viability selection in a
population with inbreeding. They give the changes of the allele frequencies in an infi-
nite population without mutation that correspond to the replicator equation with fitness
matrix expressed as a linear combination of a symmetric matrix for allozygous individ-
uals and a rank-one matrix for autozygous individuals. In the case of no inbreeding,
the mean inclusive fitness is a strict Lyapunov function with respect to this deter-
ministic dynamics. Connections are made between dispersal with exact replacement
(proportional dispersal), uniform dispersal, and local extinction and recolonization.
The timing of dispersal (before or after selection, before or after mating) is shown to
have an effect on group competition and the effective population size.
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1 Introduction

Ethier and Nagylaki (1980) provided key conditions for diffusion approximations of
discrete-time Markov chains with two time scales based on weak-convergence results
for perturbed operator semigroups (Kurtz 1975). They applied their results to popu-
lation genetics models for random drift at a multi-allelic locus under selection and
mutation in a finite diploid random-mating population. Considering three different
schemes for reproduction, namely, multinomial sampling, overlapping generations,
and general progeny distributions, they showed convergence in distribution to the
standard, Hardy—Weinberg, one-locus diffusion model for gene frequencies (Kimura
1964), provided that the mutation rates and the selection intensities are appropriately
scaled as the population size goes to infinity. The random-mating limit was also estab-
lished in the case of strong migration for a Wright—Fisher population geographically
structured into a fixed finite number of colonies, which exchange migrants accord-
ing to a fixed ergodic pattern as the sizes of the colonies go to infinity (Nagylaki
1980). A diffusion approximation was derived later on for migration and selection in
a population subdivided into an integer lattice of panmictic colonies, assuming a sym-
metric, finite-range migration pattern (Nagylaki 1989, 1996). In this case, mutation
and random drift were neglected, and space and time scaled with respect to the inten-
sity of selection so that the partial diffusion equation of the diffusion limit could be
obtained as the intensity of selection vanishes. The results were extended to a partially
selfing plant population (Nagylaki 1997).

More recently, Wakeley (2003) and Wakeley and Takahashi (2004) showed that the
conditions stated in Ethier and Nagylaki (1980) hold for models of the island type
(Wright 1931; Moran 1959) with demes keeping the same fixed finite size, N, and
individuals the same fixed uniform migration rate, m > 0, as the number of demes goes
to infinity. This was done in the context of two alleles under frequency-independent
viability selection in a haploid population reproducing according to a birth-and-death
process of the Moran type (Moran 1958) or abinomial sampling scheme of the Wright—
Fisher type (Fisher 1930; Wright 1931). In both cases, mutation was neglected and
migration was supposed to occur just after reproduction. In the latter, it was noticed
that the model can be applied to a diploid population with genic selection and gametic
migration. The main result was that, apart from a change in time scale, the many-deme
diffusion limit for the allele frequencies under selection and drift was identical to the
usual Wright-Fisher diffusion limit with genic selection in a large random-mating
population.

In the case of reproduction of the Wright—Fisher type, Wakeley (2003) result relied
on a conjecture which has been shown to be true (Lessard 2007). Actually, the con-
jecture reduces to saying that the probability of finding any given number of genes
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of a given type in a deme chosen at random in an equilibrium population made of an
infinite number of demes of N genes and in the absence of selection and mutation
can be expressed as a polynomial of degree N with respect to the frequency of the
given type in the whole population. This probability is ancillary to the exact prob-
ability distribution for the genetic configuration of a focal deme with respect to its
ancestral genes once they are in different demes. This distribution extends the Ewens
sampling formula for the infinitely-many-alleles model (Ewens 1972), owing to the
analogy between a migration event to a new deme and a mutation event to a new
allele.

The island model is an ideal framework to examine kin selection theory. Let us
recall that kin selection theory (Hamilton 1964) suggested that all effects on indi-
vidual reproductive success resulting from interactions between relatives should be
transferred to the individuals that caused them, weighted by coefficients of relatedness
to the individuals affected by them, originally defined as Wright (1922) coefficient of
relationship. This inclusive fitness was conjectured to play the same role as Darwin-
ian fitness in populations without interactions. Accordingly, with reference to Fisher
(1930) fundamental theorem of natural selection interpreted as the increase of the
mean fitness (see, e.g., Kingman 1961, for a proof in the case of one-locus multi-
allele viability selection in an infinite diploid random-mating population undergoing
discrete, non-overlapping generations; see also Ewens 1989; Lessard 1997, for other
interpretations under more general conditions), the mean inclusive fitness should tend
to maximize at least in random mating populations. In particular, altruism should
evolve if the coefficient of relatedness of donors to recipients exceeds the ratio of the
cost to a donor over the benefit to a recipient per donor, which is known as Hamilton’s
rule.

Adaptive topographies and covariance approaches to predict equilibrium and sta-
bility in additive models of sibling altruism in an infinite, random-mating population
seemed to support Hamilton’s rule in the case of no dominance for altruism propen-
sity (Uyenoyama and Feldman 1981; Uyenoyama et al. 1981), provided relatedness
is measured by a regression coefficient, as suggested by Hamilton (1970), instead of
a correlation coefficient. Evolution in family-structured populations can also be stud-
ied in the framework of fertility-viability selection, for which approximate adaptive
topographies have been established in the case of weak selection (Nagylaki 1987;
Lessard 1993).

Considering a wide range of group structures and local fitness functions, and assum-
ing an infinite, random-mating population, Karlin and Matessi (1983) showed that
Hamilton’s rule for initial increase in frequency and stability at fixation of an altruistic
allele holds if the penetrance of this allele is small, which is tantamount to conditions
of very weak selection.

Developing Price (1970, 1972) covariance formula for the change in gene frequency
from one generation to the next, Taylor (1989) predicted the initial increase or decrease
of a mutant allele coding for a small behavioral deviation based on an inclusive fitness
formulation using a covariance ratio under neutrality to measure relatedness between
a donor and a recipient (Michod and Hamilton 1980), and applied his findings to a
population organized into an infinite number of discrete patches within which inter-
actions occur at random. In the absence of inbreeding, the covariance ratio reduces to
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a pedigree index, namely, the expected fraction of genes in the recipient identical by
descent (IBD) to one or more genes in the donor, or twice Malécot (1946) coefficient
of kinship. This is not the case with inbreeding unless there is no dominance in gene
action or special relationships between allele frequencies, since then the covariance
ratio depends not only on identity-by-descent measures between pairs of genes car-
ried by two individuals at the same locus (Gillois 1965), but also on average allelic
effects in autozygous individuals (carrying IBD genes) and in allozygous individuals
(carrying non IBD genes). In such a case, it has been suggested to measure relatedness
by resorting to two pedigree indices corresponding to the situations where the donor
is autozygous and allozygous, respectively (Grafen 1985; Lessard 1992).

Group selection involving extinction and recolonization of demes (Lewontin 1965;
Levins 1970), or understood more generally as differential contribution of groups to
the whole population through differential growth or expansion (Wright 1970, and
references therein), plays a central role in population genetics to tackle evolutionary
problems. Group selection is closely related to kin selection theory (see, e.g., Maynard
Smith 1964; Eshel 1972; Boorman and Levitt 1973, 1980; Uyenoyama and Feldman
1980; Wade 1980). Kimura (1984), for instance, used the diffusion equation method
for a large deme size and a small migration rate in the case of an infinite number of
demes to describe the evolution of an altruistic trait through group selection. Assuming
inter-deme competition proportional to the frequency of an altruistic allele contained
in the deme, which induces a selective genic detrimental effect on its carrier within
the deme, he deduced the steady-state in the case of recurrent mutation and confirmed
Aoki (1982) condition on Wright (1922) fixation index for “group selection to prevail
over individual selection” when mutation is neglected. Note that this conclusion relies
on a decomposition of selection into an individual component within demes and a
group component between demes.

Assuming diffusion approximations supported by simulations under an island model
or a stepping-stone model, several authors (Cherry 2003a,b; Cherry and Wakeley 2003;
Whitlock 2003) studied the effects of dominance, inbreeding, hard versus soft selec-
tion, local frequency dependence and local extinction on the probability of fixation of
amutant allele. Using a direct fitness approach for a continuous phenotype (Taylor and
Frank 1996), Roze and Rousset (2003, 2004), extending Rousset and Billiard (2000),
expressed this probability under those different effects in terms of probabilities of
genetic identity in the neutral model and partial derivatives of the fitness function
defined as the expected number of successful gametes, with respect to the phenotype
of the individual, the mean phenotype in the deme and the mean phenotype in the
whole population. Furthermore, extending a heuristic argument of Maruyama (1983)
to compute fixation probabilities and exploiting a separation of time scales, Rousset
(2006) examined the effect of isolation by distance in a haploid population. Earlier,
Taylor et al. (2000) had addressed the proper definition of inclusive fitness in predict-
ing the expected change in the frequency of a mutant allele in such a population with
either a deme structure or a one-dimensional stepping-stone structure.

In this paper, we will ascertain diffusion approximations for group-structured dip-
loid populations undergoing discrete, non-overlapping generations, with recurrent
mutation and viability parameters depending on the individual genotype and the
group type at a single multi-allelic locus. For the use of diffusion approximations in
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population genetics, we refer to Crow and Kimura (1970), Karlin and Taylor (1981),
Ewens (2004), and Lessard (2005a). A group will be made of a finite number of
mating pairs and the group size will be kept fixed as the number of groups tends to
infinity. In particular, the results will apply to family-structured populations. Dispersal
at any fixed rate will be assumed to take place either before viability differences within
groups, in which case selection will be soft, or after viability differences, and then
selection will be hard, since the groups will contribute equally to the next generation
in the former case and proportionally to the mean viabilities in the groups in the latter
(see, e.g., Christiansen 1975). In the latter case, uniform dispersal, with groups receiv-
ing the same number of migrants, proportional dispersal, with exact replacement of
all migrants, and local extinction and recolonization will be compared. The particular
case of random pairwise interactions within groups will be considered.

The diffusion approximations will result from Ethier and Nagylaki (1980) condi-
tions. The main preliminary step will be to prove that the frequencies of the group
types in the case of an infinite number of groups in the absence of selection and
mutation, which obey a non-linear system of recurrence equations, converge globally
and uniformly to stationary limits that depend only on allele frequencies and identity
measures. Since genes descending from the same ancestral gene will be identical by
state (IBS) and their allelic distribution given by the allele frequencies in the whole
population in the absence of mutation and selection, the key argument in the proof of
this lemma will be to partition the genes in a focal group according to the ancestral
genes ¢ generations back and let ¢ go to infinity. This shares some similarity with the
coalescent for partition structures (Kingman 1982), with the possibility of simulta-
neous coalescence events (Pitman 1999; Sagitov 1999) and mutation events (Griffiths
and Lessard 2005; Lessard 2007), but with migration playing the role of mutation and
without the usual condition of exchangeability.

The diffusion approximations obtained for the different models considered in this
paper in the case of a large number of small groups will make possible to address the
following questions: How does the diffusion approximations compare with the clas-
sical one-locus multi-allele diffusion for a panmictic population (Kimura 1964) and
the replicator equation for a deterministic game-theoretic model (Taylor and Jonker
1978)? What are the exact roles of individual competition, group competition and
inbreeding in the selection drift functions and diffusion functions? Are the selection
drift functions in agreement with an inclusive fitness formulation in a diploid popula-
tion and what are the appropriate coefficients of relatedness coming into play?

With respect to previous works in kin selection theory in a finite population as the
population size goes to infinity, the present treatment is more rigorous. Moreover, it
integrates kin selection in relation with individual selection and group selection into
the classical mathematical population genetics theory in a general multi-allele diploid
setting and the more recent evolutionary game theory.

In Sect. 2, the group-structured population with proportional dispersal after selec-
tion and recurrent mutation is described, and the key lemma on global and uniform
convergence in the case of an infinite number of groups in the absence of selection
and mutation is stated. The diffusion approximation method as the number of groups
becomes large is introduced in Sect. 3 and applied to the case of random pairwise
interactions within groups in Sect. 4. The effects of uniform dispersal after selection,
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dispersal before selection, dispersal after mating, and local extinction and recoloniza-
tion after selection are considered and compared in Sect. 5. The proof of the lemma
stated in Sect. 2 and some technical details in the proof of the diffusion approximation
are presented in Sects. 6 and 7. Concluding remarks and perspectives follow in Sect. 8.

2 Group population structure

We consider a group structure for a finite diploid population. The population is assumed
to be subdivided into a finite number D of groups made of a finite number N of mating
pairs. Therefore, with respect to a single autosomal locus at which L alleles Ay, ..., Ap
are segregating, there is a finite number of group types. A group will be said to be of
type i if ordering arbitrarily the mating pairs in the group, the individuals in the mating
pairs and the genes at the given locus in the individuals yields the (4N )-dimensional
vector

Gi = (Gi1, ..., Gian), 2.1
where G;, is a specific allelic type among Aj, ..., Ar, fori = 1,...,n, with
n=L*.

We assume discrete, non-overlapping generations, and let z; = D;/D be the fre-
quency of the groups of type i, for i = 1,...,n, in the initial generation, ¢t = 0.

Following reproduction, the frequency of the ordered genotype AxA; among the off-
spring within a group of type i, assumed to be in infinite number, is given by xy; ; for
k,I =1,..., L. The frequency of allele Ay among these offspring, which is also the
frequency of Ay in their N parental pairs assuming Mendelian segregation at meiosis,
is then

L
Xei = Xkl 22)
=1

Note that the frequency of the ordered genotype Ay A; among the offspring in the
whole population is

n
Xkl = ZZisz,i, 2.3)
i=1

while the corresponding frequency of allele Ay, which is the same in all the offspring
and all their parents, is

n
Xe= ) ZiXi. (2.4)
i=1

This allele frequency can also be represented as

Xk = Ey(qk,1), 2.5
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where E, designates an expectation with respect to the current distribution of the group
types, z = (21, ..., Zn), and g,y stands for the frequency of allele A in an offspring
I chosen at random, which is 1 if the ordered genotype of I is Ax Ay, 1/2 if itis Ax A;
or AjAy forl # k, and 0 otherwise.

In order to model kin selection, the viability of an offspring from conception to
maturity will be assumed to depend not only on its genotype but also on its group
type. It will take the general form

wiri = 1+ sow,; >0, (2.6)

for an Ay A; offspring in a group of type i. The parameter oy, ; = oy, represents a
scaled selection coefficient with respect to an intensity of selection s > 0. In the case
s = 0, selection is neutral.

Selection changes the frequency of the ordered genotype Ay A; and the frequency
of allele Ay in a group of type i into

Wii,i Xkl,i
x,flyi = — 2.7)
l
and
Wk,iXk,i
x;{‘"l. = 0 (2.8)
l
respectively, where
L
w; = Z Wil i Xkl i 2.9
k=1
and
L ix
kl,iXkl,i
Wi =Y B (2.10)

=1

are the mean viability and marginal viability of allele Ay, respectively, in a group of
type i. The mean viability in a group of type i corresponds also to the relative size of
a group of type i after selection.

To incorporate migration, it is assumed that a fixed proportion of offspring in each
group, m > 0, disperse and are replaced with as many offspring chosen at random
among all migrant offspring. Following this dispersal, called proportional dispersal,
the relative sizes of the groups remain unchanged, but the frequencies of the ordered
genotype ArA; and allele Ay in a group of type i are transformed into

X = (L=m)xg ; +mxy (2.11)
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and
i;i =1- m)x;:’l- + mx;:’., (2.12)

respectively, where

x,’:l’. = (2.13)
and

S zjwixy
j=12i WX

X o= (2.14)
: w
are the corresponding frequencies among all migrant offspring, with
n
D=z (2.15)
i=1
being the mean viability in the whole population. This gives
%= = m)xg +mx;,, (2.16)
where
n
xXp= D uxt;, (2.17)
i=1

for the frequency of Ay among all offspring in the population after selection and
migration.

Note that the frequency of allele Ay among all offspring in the population after
selection and migration can be written as

C [ ) C )
)E,f:xk+(1—m)Ezl OV’(wwf q"”)]+m OVZ(u;_)’ wD )
14
where
n L
Cova(wr, qi1) = D D ziwkixari — xg = sCovg(or, qrr)  (2.19)
i=11=1
and
Cov, (wy, " Cov; (wy,
EZ[MI=Z&[M]7 (2.20)
w; w;

i=1
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with

L
Covi(wy, q.1) = D wirixki — Wixk.i = sCovi (o7, i 1) (2.21)
I=1

and
w; =1+ s06;, (2.22)

where 6; = Z,I; /=1 Okl,iXk1,i 1S the mean scaled selection coefficient in a group of

type i, fori = 1, ..., n. In the absence of selection (s = 0), migration has no effect

on the allele frequencies in the population, and then X = x; fork =1, ..., L.
Mutation is assumed to follow selection and migration with

upr = spx = 0 (2.23)

being the probability that each gene of type Ay, independently of all other genes,
mutates to a gene of type A;, fork,/ =1, ..., L, so that ¢y, is a scaled mutation coef-
ficient with respect to an intensity of mutation s > 0. Using the convention uy; = 0
fork =1,..., L, and defining

L
Ugy = (1 - Z Mkk/)&d + ui, (2.24)

k'=1

with 8;; being the Kronecker delta, that is, 1 if k = [, and O otherwise, for k,/ =
1, ..., L, the frequencies of the ordered genotype AxA; and allele Ay in a group of
type i become

L
kk kK o~k
Xpp= D wd &y (2.25)
k' I'=1
and
L
X = up i (2.26)
k'=1

respectively, for k,/ =1, ..., L. This gives

L L
== D w4 s Dk (2.27)
=1 =1

for the frequency of Ay in the whole population after selection, migration and muta-
tion, for k = 1,..., L. In the case s = 0, there is no selection nor mutation, and
xF=x=xfork=1,..., L.
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The next generation, t+ = 1, is obtained by random mating and random sampling
of N mating pairs within each group. Therefore, the frequency of Ay in the next
generation will be

D.
1 o
D D
XP = Z > XP 4, (2.28)
i=1 di:1
where X,?i’di(l), ford; = 1,...,D; andi = 1,...,n, are independent random
variables in the form
|
XCia (D =50 VZ;qk,I;m), (2.29)
with I7*(i), ..., I3y (i) representing 2N offspring chosen at random and indepen-

dently in a group of type i after selection, migration and mutation. For the expected
value, we have

n
E,(XP (1) = D" zixs = xj, (2.30)
i=1

which reduces to xj in the absence of selection and mutation. Therefore, in the limit
case of an infinite number of groups, the allele frequencies in the whole population
will not change if s = 0.

More generally, a group of type i will be transformed into a group of type j in
the next generation with some probability that depends on the intensity of selection
and the distribution of the group types in the current generation, P;; (s, z). Then, the
frequency of the groups of type j in the next generation can be expressed as

n Dj
1
ZPM =522 204, 2.31)

i=1di=1

for j = 1,...,n, where the random vectors (D; ZD (1) , D; Z,?l 4 (1)), for
d=1,..., D and i = , n, are independent and follow multlnomlal distri-
butions of parameters D; and P,l(s, z), ..., P, (s, z), respectively. In particular, the
expected value is given by

n
E((ZP (1) =D ziPy(s, 7). (232)
i=1
Note that the recurrence equations
n
2t + 1) =Dz (1) Pyj(s, 2(1)), (2.33)

i=1
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for j = 1,...,n, give the deterministic transformation for the frequencies of the
group types under the assumption of an infinite number of groups.
In matrix notation, we have the transformation

2t + 1) =z()T P(s, 2(1)), (2.34)

where z(t) = (z1(?),...,z,(t)) is a frequency vector, and P(s,z(t)) = (P;;(s,
z(t)))ﬁ j=1 is a stochastic matrix. If s = 0, then the iterates of this transformation
will converge to a limit that is a function of the allele frequencies in the population,
which remain constant over time. This result will provide a key argument for a diffu-
sion approximation in the case of a finite number of groups as this number tends to
infinity.

Lemma 1 Consider the recurrence system of equations

jt+1) = Z zi (1) Pij (0, z(1)), (2.35)
i=1
for j =1,...,n, or in matrix notation
2zt + 1) =z()T P(0, z(1)), (2.36)
fort > 0, where z(t) = (z1(t), ..., z,(t)) represents the frequency vector for the

group types in the case of an infinite number of groups and P;;(0, z(t)) is the prob-
ability of transition from a group of type i to a group of type j in the absence of
selection and mutation, fori, j = 1, ..., n. Let s ji be the number of genes of type Ay
in a group of type j and define s; = (sj1,...,s;.) withsjp > 0fork =1,...,L
and Z,le Sjk =4N, for j =1,...,n. Then,

lim z;(r) = Z;(x), (2.37)
11— 00
where
gix) = > cjmaf .- X7k, (2.38)
0<r<s;
for some non negative coefficients cj(r) forr = (r1,...,rp) # (0,...,0) with

O<m<sjfork=1,...,Land j=1,...,n, and

n
X =D 2Ok, (2.39)
i=1
fork =1,..., L. Moreover, the convergence of Z(t) as t goes to infinity is uniform

with respect to 7.(0).
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The coefficient c; (r) represents the number of ways that the genes in a group of
type j can have ry unrelated ancestral genes of type Ay, for k = 1, ..., L. This ry
is between 1 and s for each type Ay represented in a group of type j. The types of
unrelated ancestral genes are independent and identically distributed with probability
distribution given by xi, fork = 1, ..., L. The genes having the same ancestral gene
are IBD and therefore, in the absence of mutation, IBS. The proof of Lemma 1 is
relegated to Sect. 6.

3 Diffusion approximation

In this section, we shall apply a general diffusion approximation theorem for Markov
chains in the case of two time scales that is due to Ethier and Nagylaki (1980).

Let ZP(r) = (ZID @),..., Z,? (t)) be the frequency vector for the group types
i =1,...,namong D groups of N mating pairs at the beginning of some generation
t > 0. The vector Z (¢) has all elements that are multiples of D~! and belongs to the
simplex

n
Anz[z=<m,...,zn>:z,~zo,izl,...,n,ZZizl}. (3.1)

Assume a frequency x; ; and a viability in the form

Okl,i

— 32
4A4ND (3:2)

wii =1+

for offspring of genotype AxA; in a group of type i, so that the scaled selection coeffi-
cient of Ay A, is oy ; with respect to an intensity of selection given by the inverse of the
total number of genes, that is, s = (4ND)_1, fork,l=1,...,Landi =1,...,n.
Similarly, let

Mkl
4ND

Ukl = (33)

be the probability of mutation from Ay to A; in one generation, so that the scaled
mutation coefficient of Ay to A; is uy; with respect to an intensity of mutation s =
@4ND) ! fork,l=1,...,L.

Define

XP ) =Y zP0xi, (3.4)

i=1
fork=1,...,L,and

YP(6) = 2P - 2P ). (3.5)
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for j =1,...,n, where

2Py = > X @) (X2, (3.6)

O<r<s;

with ¢;(r) defined in Lemma 1. Let us introduce the vectors X (1) = (XP (1), ...,
XP@) and YP (1) = (YP@),...,Y,P(t)). Note that XP(¢) takes its values in the
simplex

A = [x: (X1, ...,xp) i x>0,k = 1,...,L,ixk = 1]. (3.7
k=1
Consider
AXP = XP () - xP0) (3.8)
and
AYP =YP () —YP(0), (3.9)

fork=1,...,Land j =1,...,n, withZ”(0) =z, XP(0) =x,and Y2 (0) = y =
z — 7, where Z = 7(x) is given in Lemma 1.
The following conditions will hold:

br(x,y)

L E,(AXP) = i T o(D™, (3.10)
Il E,(AXP)(AXP)) = % +o(D7Y, (3.11)
L. E,((AXP)*) = o(D7Y), (3.12)
V. EZ(AYJ.D) =cj(x,y) +o(l), (3.13)
V. Var,(AY?) = o(1), (3.14)

as D — oo, uniformly in z, where

L L

bi(x,y) = Covy(or, q.1) — (1 —=m)Covy(0, gk 1) + D kXt — ), ki,
=1 =1
(3.15)

au(x,y) =2 {Covalger, a1.1) = (1 = m*Covy(au.r. a1.n) |, (3.16)
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and
n
cj(x.y) =D ziP0.2) -z (3.17)
i=1

with o7 and g ; being respectively the scaled selection coefficient and the frequency
of allele Ay in an offspring / chosen at random in the population before selection,
migration and mutation, and similarly for an offspring J chosen at random in the same
group as I. Explicitly, we have

n
Cova(07. k1) = D 20k iXki — O Xk, (3.18)
i=1
n
Covz(oy, gr,1) = Zzif_fixk,i — O Xk, (3.19)
i=1
n
Xkl i + OkiXk,i
Cov,(gr,1,q1,1) = 2&' (%) — XkX], (3.20)
1=
n
Covy(gr,1,91,7) = Zzixk,ixl,,- — Xk X1, (3.21)

i=1
= L : -15L - -
where 6; = > ;| 0k,ixk,; With oy ; = X > okiXii.and & = D7 Giz;.
Condition I is obtained by expanding the expected change in the frequency of allele

Ay, given by (x,f* — Xxi), with respect to D! using (2.18) and (2.27) with viabilities
and mutation rates in the form (3.2) and (3.3), respectively, and by noting that

E,{Covi(o1,qr.1)} = Covz(or. qr.1) — Cova(07, qi.1)- (3.22)

where [ and J are two offspring chosen at random in the same group.
Moreover, using the representation (2.28) for the allele frequencies, we find that

E,(AXP)Y(AXP)) = Cova(XP (1), XP (1) + E.(AXPYE(AXP), (3.23)

where
) n 2N
Covy(XP (1), XP (1)) = 4N—2DZ > 2iCova(qr iy, qriz )y (3.24)
i=1v,u=1
with I7*(i), ..., I35 (i) being 2N offspring chosen at random in a group of type i

after selection, migration and mutation. The product of the expected changes in the
frequencies of Az and A; is a function o(D~") owing to condition I. On the other
hand, we have

Cova(qr, 1:+)» q1,13+@)) = 0, (3.25)
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for all i # v, while

Ex(qr, 1)) = (1 — m)xyi + mxy 4 o(1) (3.26)
and
Ea(qr. 13+ q1.13+)) = (1 —m) (M)
m (@) +o(1). (3.27)
Then, we get

1 - Xkl + SkiXk.i
D D _ . N i)
COVz(Xk (D), X[ (D) = 2N_D { E Zi (—2 ) XpX]

i=

T AN TiXk,iXl,i — XkXI o )
2ND i=1

(3.28)
which is equivalent to condition II.

When y = 0, that is, z = Z(x), the function ay; (X, y) in condition II takes a simple
form.

Lemma 2 For everyx = (x1,...,x1) in A, we have
ar(X,0) = (1 — f)xk (S — x1), (3.29)
fork,l=1,..., L, where

B (1 —m)?
T ANmQ2 —m) + (1 —m)?

fr (3.30)

is the inbreeding coefficient of an offspring I chosen at random before migration,
namely, the probability for the two genes of I to be IBD, in the case of an infinite
number of groups without selection nor mutation.

Proof We have

au(x,0) =2 {Cova(qi.r a1.0) = (1 = mP*Covilgrr.qn)}. (331

where I and J are two randomly chosen offspring in the same group before migration.
The distribution Z = Z(x) for the group types is the equilibrium distribution in the
case of an infinite number of groups without selection nor mutation and with constant
allele frequencies given by x.
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Then, we find

Covilqr,1,q1,0) = froxk(Sk1 — x1), (3.32)
where f7; is the probability that two genes chosen randomly and independently, one

in / and one in J, are IBD. An analogous formula holds if J is replaced with /.
Therefore, we get

ari (%, 0) = 2{ fr1 — (1 — m)? f17}xx(Brs — x1). (3.33)

Moreover, the identity measures f7; and f7; are related by the equations

fr= 2 ta—men, (3.34)
22
fir = %f” + (1 - %) (1 —m)?fr. (3.35)
from which
2fir = (A =m)fry =201 = fuy=1- f1. (3.36)

where f; is the probability for the two genes of 7 to be IBD, as given in the statement
of Lemma 2.

The above lemmas and conditions will ascertain the convergence result below (see
Sect. 7 for the remaining details of the proof).

Proposition 1 Consider the vector of allele frequencies XP ([4N Dt]) at time T > 0
in number of 4N D generations in a diploid population subdivided into D groups of
N mating pairs with scaled selection coefficient oy ; with respect to an intensity of
selection (AN D)~ for an offspring of genotype AyA; in a group of type i, a fixed
proportion m > 0 of offspring in each group replaced by migrants each generation
after selection as a result of proportional dispersal, and scaled mutation coefficient
Wit for Ax to Aj with respect to an intensity of mutation (AND)™), fori =1,....n
and k,l =1, ..., L, where [4N Dt] designates the integer part of 4N Dt. Then, as
D — oo, the process XP (4N D)) converges in distribution to a diffusion X(t) in
A1 whose generator is

1 < 52 e 9
L=— ,0 br(x,0)—, 3.37
ZZwm>Mm+Zux%M (3.37)
k=1 k=1
with diffusion functions ay(x, 0) given in Lemma 2, for k,l = 1, ..., L, and drift
functions
b (x, 0) = o3 (x) + pr(x), (3.38)
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where
L L
ik (X) = ZMMI - ZMkMk, (3.39)
I=1 =1
and
ox(x) = Cov;(or, qk,1) — (1 —m)Covy(0y, qk,1), (3.40)

with I and J being two offspring chosen at random in the same group before migration
and 7 = Z(x) being given in Lemma 1, are respectively the mutation and selection
drift functions for allele Ay, both with respect to the allele frequency vector X, for
k=1,...,L.Moreover, ZD([‘L'D])—ZD([‘L’D]) converges in probability to 0 whenever
Tp — 00, where ZP ([tp]) is the vector of the group type frequencies at time Tp in
the model with D groups and 7P ([tp]) the corresponding equilibrium vector in the
model with an infinite number of groups, without selection nor mutation, and with
allele frequency vector given by XP ([tp]).

4 Intra-group pairwise interactions

In this section, we suppose a scaled selection coefficient in the previous model deter-
mined by the individual genotype and the group type in the form

ok,i = hki + Vi, 4.1
where
L
b= > kX, 4.2)
k,l=1
with symmetric parameters hy; = hjx and vy = vy, fork,l = 1,..., L and i =
1, ..., n. This models random pairwise interactions occurring between the offspring

within the same group and having additive effects on fitness. More precisely, the scaled
selection coefficient of an offspring is a sum of two different effects: one that depends
on its own genotype and one that depends on the genotype of an offspring chosen at
random in the same group. Then, we have

Cov; (o, gr,1) = Covy(hy, gi.1) + Covz(vy, qr,1) (4.3)

and

Cov;(oy, qr,1) = Covy(hy, gk,1) + Covz (v, gk, 1), 4.4)

for two offspring / and J chosen at random in the same group after migration.
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Conditioning on the number of genes in J having ultimately the same ancestral
gene as the gene chosen at random in / in the case of an infinite number of groups,
without selection nor mutation, and using the fact that unrelated ancestral genes are
independent under the distribution Z for the group types yield (Lessard 1992, see also
Grafen 1985)

Cov;(hy, gr,1) = Covy(hy, gk, s1Jallo)y r + Covy(hy, gk g1 Jauto)d,;, (4.5)

where y;; is the probability for a gene chosen at random in / to be IBD to one and
only one gene in J, and §,; the probability for a gene chosen at random in 7 to be
IBD to both genes in J. In the former event, J is allozygous (abbreviated by allo),
while in the latter, J is autozygous (abbreviated by auto). In the case J = I, we have
877 = frand y;; = (1 — f7). Direct calculation leads to

Covy(hy, qr.s1 allo) = xphf (x), (4.6)
where
L L
hE) = D huxi = > humXixm 4.7)
=1 [,m=1

is the average effect of Ay on the genotypic value % in an allozygous offspring, and
Cov;(hy, qx, 7| Jauto) = 2xxhp®(x), 4.8)
where

L
hik — D11 hux

he* (x) = >

(4.9)
is the average effect of Ay on & in an autozygous offspring (see, e.g., Lessard 1992,
1997, and references therein, for more details).

Finally, defining the relatedness coefficients

. Vil . Sy1
Pj—s1 = y Py = 5 (4.10)
YiJ JJ

which are the expected fractions of genes in / that are IBD to one or more genes in J
at the same locus, given that J is allozygous or autozygous, respectively, Proposition 1
yields the following result.

Corollary 1 With scaled selection coefficient for genotype Ay A; in a group of type i
in the form oy = hiy + vi, fork,l =1,...,Landi =1, ..., n, the selection drift
function for Ay in Proposition 1 can be expressed as

ok (x) = Covz(hy, gk, 1) — (1 —m)Covy(hy, gr,1) +mCov;(vy, qk,1), (4.11)
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where

Cov(hy, qr.1) = xi {(1 = PRI thi®) +2f1p53% i )}, (4.12)

and similarly for the other covariances, with h} (x) and h}* (X) being the average effects
of Ay on the genotypic value h in allozygous and autozygous individuals, respectively,
with respect to the allele frequency vector X, while [ is the inbreeding coefficient of
J,and p§_, ; and p§°, ; are relatedness coefficients of J to I given that J is allozygous
and autozygous, respectively, J and I being two offspring chosen at random in the
same group before migration in an infinite population without selection nor mutation.

Note that

. . fii
Pjs1 = Pj>1 = m (4.13)

when N = 1, which corresponds to a partial sib-mating model (Lessard 1992). This is
also the case in the limit of N large and m small such that M = 8§ Nm is kept constant,
since then the Ewens sampling formula (Ewens 1972) with migration playing the role
of mutation and identity by descent that of identity by state (see, e.g., Lessard 2007,
and references therein) tells us that the probability for a third gene chosen at random
to be IBD to at least one of the previous two genes chosen at random is given by

2 __ v _Jn
24+M 1+4Nm  f5;°

(4.14)

independently of the IBD status of the two previous genes.

5 Other population assumptions

In this section, we consider other assumptions about the different factors of evolution
in the previous model and their ordering.

5.1 Uniform dispersal after selection

One of the main assumptions of the previous model is that the number of migrant
offspring entering a group is equal to the number of migrant offspring leaving the
group. Under this proportional dispersal, the group size is unaffected by migration.
An alternative assumption is that each group receives the same number of migrant
offspring as a result of uniform dispersal of migrants among all groups. Then, the
relative size of a group of type i after migration of a proportion m > 0 of offspring
will be (1 — m)w; + mw, where w; is its relative size before migration, which cor-
responds to the mean viability in a group of type i, and w is the mean viability in all
groups. Moreover, the frequency of the ordered genotype AxA; in a group of type i
after selection and migration becomes
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(1= mywixgy ; +m >y 2wixf

X5 = 5.1
. (1= m)iv; + mib e
Summing over [ = 1, ..., L and developing with respect to the intensity of selection
yield
n
=k
Xpi = (A —m)xg; +mxi +s (1 —m)og ixk; +m szok,jxk,j
j=1
—s{(1 —m)o; +m5}{(1 — mM)Xk i +mxk}+0(s). 5.2)
Then, multiplying by z; and summing overi = 1, ..., n give
n n
B =x+s [(Z Zi0k,iXki — 6xk) —(1—m)? (Z 2iGiXpi — 6xk)] + o(s),
i=1 i=1
(5.3)

for the frequency of allele Ay in the whole population after selection and migration.
The other arguments in the proof of Proposition 1 can be applied mutatis mutandis.
Therefore, we have the following result.

Proposition 2 Under the assumptions of Proposition 1 but with uniform dispersal,
so that a fixed proportion m > 0 of offspring disperse uniformly among all groups
each generation after selection, the same conclusion holds but with the selection drift
function for Ay given by

o (x) = Covy(07, gk,1) — (1 —m)*Covi(ay. i, 1), (5.4)
in the general case, and by

ok (x) = Covz(hr, qr.1) — (1 —m)>Covy(hy, qi. 1) + m(2 — m)Covy(vy, qi.1)
(5.5)

in the particular case of Corollary 1, fork =1, ..., L.

5.2 Dispersal before selection

With dispersal of offspring before selection, there is no difference between uniform
dispersal and proportional dispersal. Following such a dispersal, the genotype and
allele frequencies in the population remain the same and the groups keep the same
relative sizes. Only the frequencies within the groups are changed. If x4;; and xi ;
represent the genotype and allele frequencies, respectively, in a group of type i after
migration, fork,/ = 1,..., Landi = 1, ..., n, then the formulas for the changes due
to selection apply with m = 0. The covariances, however, are computed with respect
to the state of the population after migration. In particular, we have

@ Springer



Diffusion approximations for group-structured populations

ar (x, 0) = 2{Cov(qi.r. 9.0} = (1 — f)xi(rr — x1). (5.6)

with I being an offspring chosen at random after migration in an infinite population
without selection nor mutation. Note that the inbreeding coefficient f; is then the same
for I chosen after migration or before migration. Finally, we conclude the following.

Proposition 3 Under the assumptions of Proposition 1 but with dispersal preceding
selection, so that a fixed proportion m > 0 of offspring disperse uniformly among all
groups each generation just after reproduction, the same conclusion holds, but with
the selection drift function for Ay given by

ok (x) = Cov; (o1, gk,1) — Covz(07, qk,1) (5.7)
in the general case, and by
ok (x) = Covy(hr, gk,1) — Covz(hy, qk,1) (5.8)

in the particular case of Corollary 1, for k = 1,...,L, with I and J being two
offspring chosen at random in the same group after migration in an infinite popula-
tion without selection nor mutation.

Therefore, the only effect of dispersal before selection is to change the identity
measures between the individuals in the population.

5.3 Dispersal after mating

With dispersal of a proportion m > 0 of mating pairs before population regulation,
the changes in allele frequencies from one generation to the next have the same means
as the changes with dispersal of a proportion m > 0 of offspring after selection. How-
ever, the covariances are not the same, since g jx+(;) and g, 13*(i) are not independent
random variables for v # p with 1;*(i) and / /’j* (1) in the same mating pair. In this
case, we have

n
Ez(qr. 1+ 4. 13+)) = (1 — m)xp X i +m Zijk,jxl,j +o(1), (5.9
j=1
from which
n n
> 2iCovalqr 1) g1 =m(2 — m)[z ZiXk,iXli — XkXI] +o(l). (5.10)
i=1 i=1

Incorporating these terms in the covariance of the allele frequencies in the whole pop-
ulation from one generation to the next and ignoring terms of order o(D~!), we find
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the approximation

Covy(q.1, qi.1) — (1 — 4m + 2m>)Covy(qk.1, q1.7)

Cov,(XP (1), xP (1)) ~ IND

(5.11)

with I and J being two offspring chosen at random in the same group before selection,
mating and migration.

On the other hand, in an infinite population without selection nor mutation, the
identity measures f7; and f7; satisfy the relationships

fir = % + %fu, (5.12)
frr = %fu + %fu + (1 — %) (A =m)f1, (5.13)

from which
2fir — (A —d4m+2m?) fr;) =1 — (1 — 8m + 4m>) f, (5.14)

where f[ = f] J-
We conclude the following.

Proposition 4 Under the assumptions of Proposition 1 and Corollary 1, or Proposi-
tion 2, but with m > 0 being the proportion of mating pairs dispersing after selection
and local mating, the same conclusions hold, except that the diffusion functions are
given by

(X, 0) = {1 —(1—8m +4m2)f1}xk(8kl —x). (5.15)

fork,l=1,..., L, where

1

= Nma—m 1 (4 —m)y?

(5.16)

is the inbreeding coefficient of an offspring I chosen at random before migration, in
an infinite population without selection nor mutation.

5.4 Local extinction and recolonization after selection

If m > O represents the probability of extinction of a group after selection, indepen-
dently of what happens to all other groups, and if all groups contribute in proportion
to their size to colonize any extinct group, even the extinct group itself, which will
not make any difference in the limit of a large number of groups, then the frequency
of the ordered genotype Ay A; in a group of type i after selection, recolonization, and
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mutation will be
L
X/flfi = Z ”k’k”l’lx;/l/’i (5.17)
KL I'=1
with probability (1 — m), and
L
Xile = Z URKUIX Gy (5.18)
K '=1

with probability m. Therefore, the frequency gy jx+(;) of allele Ay in an offspring 777 (i)
chosen at random in such a group will take the value

L
X=Xt (5.19)
=1

with probability (1 — m), and the value
L
=2 (5.20)
=1

with probability m. This gives the same approximations for the expected values of
G, 13y and g 1+ qu, 12+ (i) as before, given by Egs. (3.26) and (3.27), respectively.
But this time, gg, rx+(;) and qu.1+(i) are not independent random variables for every
v#u p=1,...,2N), since either all offspring in the same group are migrants
or none of the offspring in the same group is a migrant. In this case, we have

E2 (i 1y q1.13+y) = (1 = m)xg iy, i +mxgx; + o(1), (5.21)
from which
n n
ZZiCOVz(‘]k,I\j‘*(z‘)» q1.5+iy) = m(l —m) [ZZixk,ixl,i - xkx1] +o(1). (5.22)
i=1 i=1

Incorporating these terms in the covariance of the allele frequencies in the whole pop-
ulation from one generation to the next and ignoring terms of order o(D~!) yield the
approximation

Cova(gr. 1> q1.1) + (1 —=m)2Nm — 1)Covy(qk,1. q1.1)

Cov,(XP (1), XP (1)) ~ SND

(5.23)

with 7 and J being two offspring chosen at random in the same group before selection,
extinction and recolonization.
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On the other hand, in an infinite population without selection nor mutation, the
identity measures f7; and f;; satisfy the relationships

fi1 :%+%(1—m)f[j, (5.24)
f17 = %f]]-i-(l—%) 1 —m)fry, (5.25)

from which
2fir + (1= m)@Nm 1 f17) = 2~ m)(d ~ fi). (5.26)

where f; =2f1; — 1.
The changes in the allelic frequencies take the same form as previously and all the
other arguments for the diffusion approximation can be applied in the same way.

Proposition 5 Under the assumptions of Proposition 1 and Corollary 1 but with
m > 0 being the probability for a group to go extinct after selection, independently of
all others, and to be recolonized proportionally by all groups, the same conclusions
hold but with diffusion functions given by

ar (x,0) = 2 —m)(1 — fr)xr (8 — x1), (5.27)
fork,l=1,..., L, where

1 —m)

= m (5.28)

I1

is the inbreeding coefficient of an offspring I chosen at random before extinction and
recolonization, in an infinite population without selection nor mutation.

According to Proposition 5, the only difference between the diffusion approxi-
mations with local extinction after selection and with proportional migration after
selection is a multiplicative factor in the diffusion term.

6 Proof of Lemma 1

Assume an infinite number of groups, neutral selection and no mutation, and take a
focal group at random in generation ¢ > (. Consider the ancestral genes of the focal
group in the whole population in generation O obtained by tracing the history of the
genes of the focal group ¢ generations back. The number of the ancestral genes is
necessarily between 1 and 4N. Some are carried by mating pairs in the focal group
and others by mating pairs in other groups. Let us label the focal group with 0 and
number arbitrarily the other groups that contain ancestral genes with the next positive
integers. Moreover, in each group, order arbitrarily the mating pairs, the individuals
in the mating pairs and the genes in the individuals. This labels the genes from 1 to
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4N in each group. Then, an ancestral gene can be represented by a couple of integers
o = (a1, o), where 1 < a1 < 4N is a gene label and 0 < oy < 4N is a group label.

Let A(r) be the set of ancestral genes of the focal group ¢ generations back. The
ancestral process {.A(f)};>0 is a Markov chain on a finite state space with initial state

AQ0) = {(@1,0) :a1 =1,...,4N}. 6.1)

With probability one, the ancestral set A(f) can be partitioned into three subsets. The
subset of ancestral genes in the focal group,

Ao(t) = {ae A(t) : ap = 0}, (6.2)
the subset of ancestral genes that are single in groups different from the focal group,

A1) = {aeA@) : fo # o2 = 1, VB # a, Be A1)}, (6.3)

and the subset of ancestral genes that are in pairs in groups different from the focal
group,

Ao(t) = {ae A(r) : 1B # o, Be A(t), o = o > 1}. 6.4)

With probability one, there are at most two ancestral genes in groups different from
the focal group, since every migrant carries two genes, and comes from a group chosen
at random among an infinite number of groups.

Let ng(z), n1(t), and ny(¢) be the numbers of ancestral genes in Ay(¢), A (¢), and
Aj (1), respectively, so that

n(t) = no(t) +ni (1) + na(t) (6.5)

is the total number of ancestral genes in A (7). With probability one, the number n¢ ()
does not increase as ¢ increases, since any migrant from another group chosen at
random almost surely does not carry ancestral genes of the focal group. Actually, this
number decreases to O with probability one as ¢ increases as a result of coalescence
events (when two or more ancestral genes are copied from the same parental gene one
generation back) or migration events (when one or more ancestral genes are carried
by migrants one generation back), which occur with some positive probability as long
as there remain ancestral genes in the focal group. In the model considered, we have
the uniform bound

P(no(t + 1) < no(t)) > m, (6.6)

as long as ng(t) > 1, where m is the probability for a particular individual carrying
ancestral genes to be a migrant one generation back. Therefore, with probability one,

no(t) 0 ast 4 oo. 6.7)

Then, the stopping time fo = inf{r > 0 : no(¢t) = 0} is almost surely finite.

@ Springer



S. Lessard

Similarly, with probability one,

na(to+1) 1 0 ast 1 oo. (6.8)
In this case, we have
P(na(to+1+1) <na(to+1)) =1 (6.9)
and
P(ny(to +1+2) <nato+1)) = m, (6.10)

for all ¥ > 0, as long as n>(fp + t) > 2. The decrease in the last inequality occurs
with probability at least m in one generation in the model considered if there is at
least one group at time #( + ¢, other than the focal group, that contains two ancestral
genes in different individuals, and then one of them in particular is a migrant one
generation back. Otherwise, it occurs in two generations, since it takes only one gen-
eration back for two ancestral genes in a single individual to be in different parental
individuals. Note that n,(¢) is always even and bounded by 4N. Then, the stopping
time #, = inf{r > 0 : ny(¢) = 0} is almost surely finite.

Actually, the stopping time #; = inf{r > 0 : no(t) = n(t) = 0} is almost surely
finite and, with probability one,

ni(t) P ni(ty) ast 1 oo, (6.11)

where the variable n| (¢1) represents the ultimate number of ancestral genes in different
groups other than the focal group. Therefore, with probability one,

n(t) — n(t)) ast — oo. (6.12)

In other words, with probability one, the ancestral genes end up in different groups
other than the focal group after considering enough generations back, and then their
number remains fixed. The above arguments can be adapted to the case of dispersal
of mating pairs instead of individuals.

For each o in A(z), let &,(t) € {1,...,4N} be the subset of genes in the focal
group in generation ¢ that have « as ancestral gene in generation 0. Then,

§(t) = {8a(1) - e A1)} (6.13)

belongs to the set of partitions of S = {1, ..., 4N}, represented by P(S), since

U & =5 (6.14)
aeA(t)
and
£ (1) [)Ep(1) = 0. (6.15)
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for every B # « in A(¢). Note that the initial partition is

£(0) ={{1},.... {4N}}. (6.16)
On the other hand, with probability one,

E(t) — &(n) ast — oo. (6.17)

This means that the partition £(¢) does not change almost surely backward in time,
once all ancestral genes are in different groups other than the focal group. Let

p&) =PE@M) =§), (6.18)

for every & in P(S), be the probability mass function of (7).
Note that z;(#) in Lemma 1 corresponds to the probability for a focal group chosen
at random in generation ¢ to be of type j defined by

Gj=(Gj1,...,Gjan), (6.19)
where G, is the allelic type of gene v in the focal group, for v = 1,...,4N and
j=1,...,n Let

nj={njx:k=1,...,L}, (6.20)
where

njk = {veS: Gjyis Ag}, (6.21)

be the partition of S determined by the allelic types in a group of type j, for j =
1, ..., n. Denoting the type of the focal group in generation ¢ by G(¢), we have

zj(t) = P(G(t) =G}), (6.22)
which can be decomposed into
i) =P(G(t) =G, t >1) + P(G@) =Gj,t <ty). (6.23)
First, we have
P(Gt)=Gj,t <t)) < P(t <t), (6.24)
where

lim P(t <t;) =0. (6.25)
=00
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On the other hand,
P(Gt)=Gj,t=t1)=P(GH)=Gjlt =t)Pt = 11), (6.26)
where
tirgo Pit>1)=1 (6.27)
and

P(G@)=Gjlt =) = Z P(G@)=GjlE@t) =&t >1)PE@) =&t > ).
Ee€P(S)
(6.28)

Since all genes that are copies of the same ancestral gene are of the same allelic type,
and ancestral genes that are in different groups other than the focal group in generation
0 are independently of allelic type Ay with probability given by its frequency in the
whole population in generation 0, given by xj, we have

L
PG =Gjlen =&1=n)=]]x" (6.29)
k=1

it & = {&, : ae A(§)} is a finer partition of S than n;, denoted by £ < n;, with

L
A = Au®), (6.30)
k=1
such that
= U & 631)
ae Ay (&)
and Ay (§) contains ri elements, for k =1, ..., L. Of course, we must have
Tk = Sjk, (6.32)
where s j; is the number of elements in i, for k =1, ..., L. Otherwise, the condi-

tional probability is 0. Moreover, we have

tl_i)rgo PE@) =&t > 1) = pé). (6.33)
Then, we conclude that
1 e L) — . 1 “ee e rL
lim PG =G = D ¢ X, (6.34)
0<r<s;
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forr = (ry,...,7r) #(0,...,0),withO <r; <sj fork=1,..., L, where

cim= > p@, (6.35)

§=<nj.rj§)=r
andr;(&) = (rj1(8),...,r;jL(§)), with rj; (§) being the number of non void subsets
of £ in nj, for k = 1, ..., L. Moreover, this convergence does not depend on the

distribution of the group types in generation 0.

7 Proof of Proposition 1

Note that X2 (1) = ®(ZP (1)) and Y2 (1) = W(ZP (1)), where ®(z) = x = (x1, ..., xL)
and ¥ (z) =z — 2(x) = (z1 — 21(X), ..., Zn — Zn (X)) are defined by Egs. (2.4) and
(2.38), respectively, forevery z = (z1, ..., z,) in A,. The applications ® : A, — R
and ¥ : A,, — R" are continuous, and the set

E={xy)eR xR" : x = ®(z),y = ¥(2), 26 A} (7.1

is compact. Moreover, the application (&, ¥) : A, — E is one-to-one and
®(A,) = Ar. Forevery (x,y) in E, the difference equation

Yy +1) —y@) =cx,y®)), (7.2)

for ¢t > 0, with y(0) =y, and
e(x,y(1) = z(t)" P(0,z(t)) — z(1), (7.3)

forz(t) = y(t) +Z(x) in A,, is equivalent to the recurrence system in Lemma 1. Then,
(x,y(t)) belongs to E for all + > 0, and y(¢) converges to 0 as ¢t — oo, uniformly
with respect to (x, y(0)) = (x,y) in E. This ascertains the conclusion of Lemma 3.2
in Ethier and Nagylaki (1980).

On the other hand, the expression for ax;(x, 0) given in Lemma 2, and the fact that
br(x,0) = Zle wikx; > 0 when x; = 0, guarantee that the closure of £ defined
on C>(A7) generates a strongly continuous semigroup on C(A7) corresponding to a
diffusion process in Ay, (Ethier 1976).

Conditions I and II have already been checked in Sect. 3, and therefore it remains
to ensure that conditions III, IV and V are satisfied to apply Theorem 3.3 in Ethier and
Nagylaki (1980).

For the fourth moment of the change in the frequency of Ay, we have

E,(AXP)YY = E,((XP (1) — x4+ 308" — x) E2(XP (1) — x7)?)
+o(Ix}* — xil), (7.4)

where o(|x[* — xi|) = o(D~1). Using (2.28) and denoting the frequency of allele Ag
in any given group of type i attime t = 1 by X ,? ; (1), we deduce that
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1 n
E (X2 (1) —xj*)%) = o D LE(XLi (D) = x5, (1.5)

i=1
which is a function o(D~1), since the random variables (X,?l. d; (1) — x,f“;), for d; =

I,...,Djandi = 1,...,n, are independent, centered at 0, and uniformly bounded
in absolute value by 2. For the same reason, we have

1 n
EL(XP (D) =) = 5 D GE(XP (1) = x7)h

i=1

— % > [EZ«X,?,,-(D — x;:j;)2>]2

i=1
R - 2
+ D2 |:Zl Zi Ez((X]?i(l) - x,fj-)z)j| , (7.6)

which is a function o(D~1). This establishes condition III.
Using Lemma 1, Eq. (3.6) for = 1 can be rewritten in the form

L
P = > c,»(r)( [Jaxp + xm)

O<r<s; k=1
L
=5®+ D v ( H(AX,?)vk), (7.7)
0<v<r<s; k=1
for some uniformly bounded non negative coefficients ¢ (r, v, x), forr = (r1, ..., 7rL)

and v = (vi,...,vr) # (0,...,0) satisfying 0 < vy < rg < sjg,fork =1,...,L
and j =1, ..., n. Therefore, recalling (2.32), we find that

n L
EJAYD) = ziPij(s,))—z;— D cjr,v, x)Ez( H(Aka>”k),
i=1 0<v<r<s; k=1

(7.8)
where s = (4ND)~!, and
Pij(s,2) = P;ij(0,2) + o(1), (7.9)
as D goes to infinity. In order to get condition IV, it remains to show that
L
E( H(AXE)”k) =o(1), (7.10)

k=1
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as D goes to infinity, for every 0 < v <r <'s;. Note that

L L
El( H(Ax,?)vk) = EZ( [P - x;:*)"k) +o(1), (7.11)
k=1 k=1

since (x;* — xx) = o(1), for k = 1,..., L. Using the representation (2.28) for the

. L
allele frequencies, the above product can be expressed as a mean of D=1 U products
of Z,le v terms in the form (X kD i d; (1) — x;%), each one bounded in absolute value

by 2. Hence, all these products are bounded by 2%J=1 %, We claim that at least D
of these products have an expected value 0. As a matter of fact, if vy > 0, then the
product of each term in the form (X ,e g, (D= x,’fj), whose expected value is 0, with all
other independent terms in the form (X ll? jd; - xl”fj) with the same (j, d;) different
from (7, d;) will have an expected value 0. We conclude that the mean of the expected
values of the products is of order D~!, and therefore a function o(1) as D goes to
infinity.
Finally, we have

Var, (AYP) = Var,(ZP (1) — ZP (1)) < 2Var,(ZP (1)) + 2Var,(ZP (1)), (7.12)

where, owing to (2.31), (7.7) and (7.10),

VarZ(ZjD(l)) = %ZZ"P"J'(S’ Z)(l — P,-j(s, Z)), (713)

i=1

withs = 4ND)~!, and

L
Var,(ZP (1)) = Var, | > cj(r,v,x)(H(Ax,?)“k),

0<v<r<s; k=1

= Z Z cj(r,v,x)c;(r', v, x)

0<v<r<s; 0<v'<r'<s;

L L
-COVZ( [TcaxPy™ H(AX,?)”:Q), (7.14)

k=1 k=1

which are both o(1) as D goes to infinity. This shows condition V.

Note that all functions o(1) and o (D ') above are uniform in z, since all parameters
and all variables, which are finite in number, are uniformly bounded. This completes
the proof of Proposition 1.

@ Springer



S. Lessard

8 Concluding remarks and perspectives

The group structure model for a diploid population with migration of offspring after
selection considered in Proposition 1 encompasses, and extends, the classical one-
locus multi-allele viability model for a panmictic population, which corresponds to
the case of complete dispersal (m = 1, also known as the Levene model; Levene 1953)
and scaled selection coefficient depending only on the individual genotype (ox;; = hy
for genotype AxA; in a group of type i for k,l = 1,...,Landi = 1,...,n). This
leads to the selection drift function for allele Ay given by

0k (X) = xphg (x), 8.1)

where hg(x) = Zle hiix; — ZIL,m=1 himxixy, stands for the average effect of A; on
the genotypic value & in allozygous individuals, with respect to the allele frequency
vector X = (x1, ..., xr). Neglecting mutation and drift, which is equivalent to con-
sidering the limit of a pure selection model in an infinite population with the inverse
of the intensity of selection (1/s) as unit of time as the intensity of selection goes to 0,
leads to the replicator equation (Taylor and Jonker 1978; see Hofbauer and Sigmund
1998, 2003, and references therein)

i = x ((Hx)k —xT Hx), (8.2)

for k = 1,..., L, with symmetric fitness matrix H = |hy|| and increasing strict
Lyapunov function x” Hx = z,f 1=1 P xex;.

With random pairwise interactions within groups having additive effects on viabil-
ity (ox1,i = hi + v;), and complete dispersal of offspring after selection (m = 1),
so that there is no inbreeding, the selection drift function for allele Ay according to
Corollary 1 is given by

ok (X) = xx(hy(x) + pj_, jv; (X)), (8.3)

where p5_ ; = 2fy; = 1/2 is the expected fraction of genes in [ that are IBD to
genes in J with / and J being two offspring chosen at random in the same group
before dispersal in an infinite population without selection nor mutation. This leads to
a symmetric fitness matrix

A = |lhg + P, yvill- (8.4)

This is in agreement with an inclusive fitness formulation for kin selection (Hamilton
1964), a genotype AxA; in an offspring J having an effect iy, on the fitness of J
itself and an effect vg; weighted by a coefficient of relatedness pj_, ; on the fitness
of an offspring I chosen at random in the same group. More importantly, this sup-
ports the conjecture of an increase of the mean inclusive fitness in the context of a
deterministic model with an infinite number of groups in the absence of inbreeding,
if mutation is neglected and selection is weak enough. The result can be extended to
a wider variety of group structures without inbreeding as those considered in Karlin
and Matessi (1983).
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Local mating and complete dispersal of mating pairs (m = 1) after selection intro-
duce inbreeding and local mate competition (Hamilton 1967). For a pure viability
model, that is, a viability model without interactions (oy;; = hy;), Proposition 4
yields

ok(x) = xi (1 = fDhp(X) + 2 f1h* (%)), (8.5

where f; = 1/(4N) is the inbreeding coefficient. This corresponds to a fitness matrix

A== fDha + frie, (8.6)

which is not symmetric in general. However, evolutionary game theory (see, e.g.,
Hofbauer and Sigmund 1998, 2003, and references therein) tells us that an evolution-
arily stable strategy x = (x1, ..., xz) for the game matrix A in Maynard Smith and
Price (1973) sense, that is, a Nash equilibrium such that €7 A& = §THE < 0, for
all £ = (&,...,&) with ZiL=1 & =0and & = 0if x; = 0, is an asymptotically
stable rest point of the replicator dynamics. In the case of two alleles segregating in
the population, the replicator dynamics can be described by Wright (1942) adaptive
topography (see Nagylaki 1997, for a detailed stability analysis).

With dispersal before selection rather than after selection, complete or partial, there
is pure competition within groups and only the viability differences between the off-
spring in the same group come into play, even in the case of interactions within the
group. This corresponds to a situation of soft selection (Christiansen 1975) or local
resource competition (Clark 1978), which is caused by population regulation within
groups. In this case, Proposition 3 reveals a fitness matrix

A= (1= fA = pj_ Pha + fr (1= p3% Dhill, (8.7

with interactions stemming only from viability differences. This is in agreement with
Whitlock (2003) when the dispersal rate m is small and the group size N large, in
which case p5_ ; = p3%,; = fr1/fss. A similar effect of competition has already
been pointed out for family-structured populations (Lessard 2005b), which can also be
studied from approximate adaptive topographies in fertility-viability selection models
(Nagylaki 1987; Lessard 1993). Let us stress that the inbreeding coefficient f; in
Proposition 3, as well as the coefficients of relatedness p5_, ; and p5°, ; defined as the
expected fractions of genes in / that are IBD to genes in J given that J is allozygous or
autozygous, respectively, are computed after dispersal rather than before dispersal, in
an infinite population without selection nor mutation. Moreover, they are all different
from O if dispersal is incomplete.

Note that Wakeley (2003) model corresponds to dispersal before selection with
h; = 2yq, for some mutant allele A; and some constant y > 0, in which case

ox(x) = (1 — fPyxi (S — x1), (8.8)

with inbreeding coefficient f; given in Lemma 2.
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Group selection comes into play with partial dispersal after selection (0 < m < 1),
which corresponds to the Deakin model; Deakin 1966). In the case of intra-group pair-
wise interactions and proportional dispersal, for instance, Corollary 1 of Proposition 1
yields a fitness matrix in the form

A= |1 = fpax + frbikll, (8.9)

with
ag = hiy — (1 —=m)p5_, thig +mp5_ vk (8.10)

and
bix = hix — (1 —m)p3%, thik +mp3°, jvik. (8.11)

These parameters represent the inclusive fitness of an individual J, allozygous with
genotype AxA; or autozygous with genotype Ay Ag, respectively, in a group with indi-
vidual competition in a fraction 1 — m of the group, and group competition in the
complementary fraction m. Proposition 2 asserts that uniform dispersal of a fraction
m of offspring has the same effect as proportional dispersal of a fraction m(2 — m) =
1 — (1 —m)? of offspring. Proposition 2 in the case of two alleles with fitness param-
eters in the form Ay = —cgy and vy = bgy;, for k, 1 = 1, 2, and some constants b
and c, corresponds to results given in Roze and Rousset (2003, 2004).

Dispersal after mating, proportional or uniform, have the same effect on the alle-
lic selection drift functions as dispersal of offspring after selection, proportional or
uniform, respectively. As ascertained in Proposition 4, the only difference is found in
the effect of the population structure on the diffusion functions for a random mating
population. While the population structure decreases these functions by a multiplica-
tive factor (1 — f7), where f7 is the inbreeding coefficient, in the case of dispersal
of offspring in agreement with Wakeley (2003) and Whitlock (2003), it decreases
less (or even increases if m > 1 — +/3/2) the same functions by a multiplicative
factor (1 — (1 — 8m + 4m?) f7) in the case of dispersal of mating pairs. This sug-
gests an effective population size (2N D) /(1 — f7) in the former case (Wright 1943),
and 2ND)/(1 — (1 — 8m + 4m2)f1) in the latter, compared to 2N D for a random
mating population. Therefore, drift in a group-structured population is stronger with
dispersal of mating pairs than with dispersal of offspring, and even stronger than drift
in a random mating population if the dispersal rate is high enough. These will be the
only differences in the diffusion approximations in the absence of selection.

Group selection is often modeled with local extinction and recolonization. The
effect of these factors on the allelic selection drift functions is the same as proportional
dispersal after selection, if local extinction occurs after selection with probability
m > 0 equal to the dispersal rate, and all groups, including groups going extinct, con-
tribute to recolonization in the same proportions as their relative sizes after selection.
In this case, the population structure decreases the diffusion functions for a random
mating population by a multiplicative factor (2 — m)(1 — f7), but with inbreeding
coefficient f; given in Proposition 5. This factor is smaller than the factor (1 — f7)
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for proportional dispersal with f; given in Lemma 2, leading to a larger effective
population size, if and only if 4Nm < 1. The effective population size given by
(2ND)/((2—m)(1 — fr)) is in agreement with previous works under corresponding
assumptions at least in the case where the extinction probability is small (see, e.g.,
Slatkin 1977; Wade and McCauley 1988; Wakeley and Aliacar 2001; Rousset 2003;
Whitlock 2003).

Note that the diffusion approximation studied by Kimura (1984) concerns the den-
sity of the frequency of an altruistic allele among an infinite number of demes. It
assumes an island model with a large deme size even though a small deme size seems
to be more appropriate for extinction and recolonization, and genic selection at both
the individual and group levels, whose intensity is proportional to time. Group com-
petition is modeled by an extinction-recolonization rate that is a linear function of the
frequency of the altruistic allele. The model also incorporates mutation and dispersion
occurring before group competition and acting with the same intensity as selection.
Similar assumptions have been made for other diffusion equations modeling group
selection (see, e.g., Levins 1970; Boorman and Levitt 1973). Under such assumptions,
a two-time-scale argument cannot be applied, since there is no evolutionary force that
dominates the others. Moreover, the variability between groups, which is a neces-
sary ingredient for group selection to occur, is then a result of local isolation that is
maintained by weak migration.

On the other hand, a two-time-scale argument has been used for a population geo-
graphically structured into a fixed finite number of demes that exchange migrants
according to a fixed ergodic scheme as the deme sizes go to infinity (Nagylaki 1980).
Then, the limiting diffusion result relies on the fact that the allele frequencies within
the demes converge globally and uniformly to the same limits under the mixing effects
of migration, before these frequencies change under the evolutionary effects of selec-
tion and mutation. The result is a consequence of the Perron—Frobenius theory (see,
e.g., Gantmacher 1959, or Karlin and Taylor 1975) applied to a constant backward
migration matrix, at least in the case of soft viability selection determined by the indi-
vidual genotype. Actually, the limiting diffusion, known as the strong-migration limit,
is analogous to the one obtained for a panmictic population provided the effective
population size and the selection coefficients are appropriately defined with respect
to the deme sizes and the stationary distribution of the backward migration matrix,
which is not given by the relative deme sizes unless migration is conservative. Note
that, in this model, the variability in the genetic structure of the groups vanishes in the
limit of a large population.

The diffusion approximations ascertained in Propositions 1-5 hold for groups of
a fixed finite number of mating pairs, either going extinct and being recolonized by
offspring produced in the whole population with a fixed probability each generation,
or producing a fixed proportion of migrant offspring each generation that disperse in
the whole population. The variability between groups is maintained in this case by the
finite size of the groups as the number of groups tends to infinity. This can be seen as
an extension of individual selection, which arises from groups of single individuals
producing gametes that disperse in the whole population. The proofs rely on apply-
ing Ethier and Nagylaki (1980) diffusion result on two-time-scale Markov chains and
the main step has been to show global and uniform convergence of the distribution
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of the group types in an infinite population in the absence of selection and mutation.
The transformation of this distribution involves a stochastic matrix that depends on
the population state, and convergence to an equilibrium distribution resorts to a coa-
lescence approach (Kingman 1982; Pitman 1999; Sagitov 1999), extended to a single
deme in an infinite collection of demes of finite size with the possibility of multiple
simultaneous migration events and coalescence events. The equilibrium distribution
given in Lemma 1 is obtained by conditioning on the relatedness structure of the deme
at stationarity, that is, the number of ancestral genes and the multiple ways that their
descendants can be distributed within the deme. In the particular case of genic selection
and gametic migration, the genes in the deme are exchangeable and the relatedness
structure of the deme has a probability distribution given by an extension of the Ewens
sampling formula to an exact Wright—Fisher population with the mutation rate to a
new allele corresponding to the migration rate to a new deme (Lessard 2007).

The diffusion approximations in Propositions 1-5 are valid for general selection
coefficients in a group-structure model for a diploid population that depend on the
individual genotype and the group type. Interactions within groups, not necessarily
pairwise, may occur between parents and offspring, and have different effects, not
necessarily additive, according to sex, ploidy, or the degree of relatedness between the
interacting individuals. In such cases, however, extended coefficients of relatedness
as in Lessard and Rocheleau (2004) for family-structured populations may have to be
considered.
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