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ABSTRACT. We prove stability estimates for the isoperimetric inequali-
ties for the first and the second nonzero Laplace eigenvalues on surfaces,
both globally and in a fixed conformal class. We employ the notion of
eigenvalues of measures and show that if a normalized eigenvalue is close
to its maximal value, the corresponding measure must be close in the
Sobolev space W2 to the set of maximizing measures. In particular,
this implies a qualitative stability result: metrics almost maximizing
the normalized eigenvalue must be W~12?—close to a maximal metric.
Following this approach, we prove sharp quantitative stability of the
celebrated Hersch’s inequality for the first eigenvalue on the sphere, as
well as of its counterpart for the second eigenvalue. Similar results are
also obtained for the precise isoperimetric eigenvalue inequalities on the
projective plane, torus, and Klein bottle. The square of the W2 dis-
tance to a maximizing measure in these stability estimates is controlled
by the difference between the normalized eigenvalue and its maximal
value, indicating that the maxima are in a sense nondegenerate. We
construct examples showing that the power of the distance can not be
improved, and that the choice of the Sobolev space W ™12 is optimal.

1. INTRODUCTION AND MAIN RESULTS

1.1. Stability of isoperimetric inequalities. Let M be a compact smooth
surface without boundary. Given a conformal class C on M, we set

(1.1) AR(M,C) = sup \p(M, g),
geC

where g denotes a Riemannian metric, and
(1.2) Me(M, g) = M (M, g) Area(M, g)

is the k-th nonzero normalized Laplace eigenvalue on the Riemannian man-
ifold (M, g). The quantities Agx(M,C) are sometimes referred to as the con-
formal spectrum, see [CE03]. We also set

g
where the supremum runs over all Riemannian metrics g on M. It is well-

known (see [Kor93, Hall, KNPP20]) that Ax(M) < +oo for all surfaces.
Moreover, as was shown for k£ = 1 in [Pet14b] and [MS19], the suprema in
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(1.1) and (1.3) are attained on metrics which are smooth except at a possibly
finite number of conical singularities. We say that a metric is conformally
mazimal for the eigenvalue A if it realizes the supremum in (1.1) for the
given conformal class C. Similarly, a metric is called globally mazimal for Ay
if it realizes the supremum in (1.3).

In the present paper we focus on the following question: suppose that
g € C is a Riemannian metric such that the difference Aq(M,C) — A\1(M, g)
(respectively, the difference Ay(M) — A1 (M, g) ) is small. In which sense the
metric g is close to a conformally (respectively, globally) maximal metric?
In other words, we would like to find an appropriate distance on the space
of Riemannian metrics in which the isoperimetric inequalities for A\; on sur-
faces are stable. We also discuss some related results for higher eigenvalues,
notably for £ = 2. To our knowledge, stability of spectral isoperimetric
inequalities have not been previously investigated in a general Riemannian
setting.

The prototypical problem of this kind is the stability of the classical (geo-
metric) isoperimetric inequality. It is well-known (see [FMPO08] and refer-
ences therein) that the isoperimetric deficit of a Euclidean domain €2 (i.e. the
difference voly_1(99Q) — volg_1(0D), where © C R? and volyg(2) = voly(D))
controls the Fraenkel asymmetry of §2, i.e. a certain measure of its deviation
from a ball. Fraenkel asymmetry also turns out to be the right quantity
in the stability results for the Faber—Krahn and Szeg6—Weinberger inequal-
ities for Dirichlet and Neumann eigenvalue problems on Euclidean domains.
Fraenkel asymmetry can be used as well as a measure of stability for the
Brock inequality, stating that the first nonzero Steklov eigenvalue of a Eu-
clidean domain attains its maximum if the domain is a ball. We refer to
[BAP16] for a recent overview of these and other spectral stability results in
the Euclidean case.

At the same time, as was recently shown in [BuNa20], the Weinstock
inequality stating that the disk maximizes the first nonzero Steklov eigen-
value among all simply-connected planar domains of fixed perimeter is not
stable with respect to Fraenkel asymmetry. However, it is stable with re-
spect to the Sobolev Wfé’Q((?]D))fdistance between the boundary measures.
Here D is a unit disk, and to each simply connected domain ) we associate
the appropriate boundary measure arising from a conformal map 2 — D.
While this distance a priori does not appear to be natural, it turns out to
be indicative of what happens in the case of surfaces.

1.2. Eigenvalues of measures. Let us recall the definition of the eigenval-
ues corresponding to Radon measures on surfaces. Given a conformal class
C on a surface M, we fix a background metric gc with the corresponding
Riemannian volume density dvg.. Let p be a Radon measure on M. Fol-
lowing [KS20] we say that p is admissible if the identity map on C*°(M)
extends to a compact operator W12(M, gc) — L?(M, p1); it is easy to check
that this property depends only on the conformal class but not on the choice
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of a particular background metric. Define

2
(1.4) Ae(M,C, ) = inf sup M,
Ert1 0£feEr fM frdu

where the infimum is taken over all (k + 1)-dimensional subspaces Ej4; C
C°°(M) which are also (k+1)-dimensional in L?(M, u). We refer to A, (M, C, )
as the k-th eigenvalue of the measure p in the conformal class C. We also
set

Let g = p(x)ge € C be a Riemannian metric, where p(x) > 0 is a smooth
conformal factor, and set du := dvy = p(x)dvg,. Then by the conformal
invariance of the Dirichlet energy, the eigenvalues A\x(M,C, 1) are precisely
the Laplace eigenvalues on the Riemannian manifold (M, g).

This approach goes back to [Kok14], and it has been immensely useful in
the study of extremal metrics for Laplace eigenvalues. In particular, it is
shown in [KS20] that for £ = 1,2 one has

Ak(M7C) = sup j\k(Macmu‘)
I

This allows us to consider distances between measures in order to investigate
the stability of isoperimetric eigenvalue inequalities.

Remark 1.1. There is a natural conformal invariance associated with admis-
sible measures. Let ®: (M,C) — (M, C) be a conformal automorphism and p
be an admissible measure. Since the Dirichlet integral is conformally invari-
ant, it is easy to see that @,y is also admissible, A (M, ¢, u) = A\p(M,C, Pyp)
and A\, (M,C, i) = M\p(M,C, ®,p1). Furthermore, if ¢, is the k-th eigenfunc-
tion of y, then (®71)*¢y is the k-th eigenfunction of ®,u. In particular, the
set of \i-conformally maximal measures is invariant under the action of the
group of conformal automorphisms.

1.3. Stability of eigenvalue inequalities on the sphere. To introduce
the main results of the present paper, consider first the isoperimetric eigen-
value inequalities on the sphere S?. Note that that there is a unique con-
formal structure on S?, and therefore a conformally maximal metric for any
eigenvalue is also a globally maximal one.

The celebrated Hersch’s inequality [Her70] states that

(1.5) M(S?g) < 8m

with the equality attained if and only if g is a round metric.

Recall that the Sobolev space W~12(M, g) is defined as the dual space
to WH2(M,g). Given a Radon measure u € (CO(M))*, we say that u €
W-12(M,g) if

(16) lwsong = s [ <o,

Hf”wl,?(M,g):l
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where the supremum is taken over all f € C°°(M). Here (C°(M ))* denotes
the space of all Radon measures, i.e. the dual to the space of continuous
functions on M. One of the principal findings of the present paper is that
the distance between measures in the space W~1?2 induced by the norm (1.6)
can be used to control the stability of isoperimetric inequalities for Laplace
eigenvalues on surfaces. Moreover, the choice of this distance is essentially
optimal.

Note that for g € C the norm W2(M, g) is not conformally invariant. At
the same time, for M # S? the group of conformal automorphisms is compact
and, moreover, it is known that the set of A\j-conformally maximal measures
of fixed area is compact as well [Kok14, Section 6.1]. Thus, given a fixed
metric g € C, one can use the norm W12(M, g) for stability estimates near
any \-conformally maximal metric at the expense of constants depending
on g. However, for M = S? the group of conformal automorphisms is not
compact and, therefore, by Remark 1.1 neither is the space of A;-conformally
maximal metrics. As a result, one has to either be more precise with the
choice of the conformally maximal metric or take the action of the conformal
group into account, see (1.7) and (1.8) below.

Let us now state the first main result. In what follows, we set A (S?, u) :=
Ae(S?,C, 1), given that the conformal structure on the sphere is unique.

Theorem 1.2 (Stability of Hersch’s inequality). Let go be a round metric
of curvature one on S?. Then for any admissible measure i on S* such that
A1 (S?, 1) = 2, there exists a conformal automorphism ® of S? such that

(1.7) 87 — M (S, 1) 2 2]|@apt — dvg, |3y -12(s2 -

Note that (1.7) can be equivalently rewritten as
(L8) 81— AL(S% 1) 2 2|1 — dvwego [-1.2(52.5+g0)-
The proof of Theorem 1.2 is presented in subsection 2.2.
Remark 1.3. Here and further on, we normalize the measure p by the first

eigenvalue. Alternatively, one can normalize the area of pu: up to a constant
factor it yields the same stability estimates, see Remark 2.3 for details.

Note that inequality (1.7) gives a sharp quantitative stability result: the
power 2 on the right hand side of (1.7) can not be replaced by any smaller
power, see Proposition 7.2. The choice of the Sobolev W %2 norm is sharp
as well, see Theorem 7.5 and Remark 1.4 below.

Remark 1.4 (Stability vs. continuity). It was shown in [GKL20] that the
functional p +— A;(S% i) is continuous in the dual of the Orlicz-Sobolev
space Wiz=3 .— W1’2’_%(Sz,go), which lies between W12=¢ and W12, In
particular, it follows that the qualitative stability is impossible in any norm
stronger than (W1’2’7%)*, such as (W127¢)*. Indeed, consider u = dvgy,+v,
where v is sufficiently small in (W1’2’7%)*. Continuity implies that 87— X1 (1)
is small, whereas the strict inclusion W12—¢ C W23 allows us to choose
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v with arbitrary large norm in (W127¢)* thus contradicting stability. Fur-
thermore, we show in Section 7 that the eigenvalue functional above is not
continuous in W12 and is not stable in the space (Wl’z’f%)*. It therefore
appears that we may have either stability or continuity but not both. This
dichotomy seems to be a general phenomenon for spectral isoperimetric in-
equalities: in particular, it is easy to check that the Dirichlet and Neumann
eigenvalues are not continuous with respect to Fraenkel’s asymmetry.

Remark 1.5 (Stability in the Wasserstein distance). As was shown in [Pey18|,
the W~12 distance between measures can be bounded below (and under
some additional assumptions, can be bounded above as well) in terms of
the quadratic Wasserstein distance. Given two unit area measures p,v €

W—2(M, g),
2lp = vilw-120a,9) = Walp,v) = igf g (s L2 (arxnry)s

where 7 is taken among all Borel measures on M x M with marginals p and
v, and d, is the distance induced by the metric g.

As a consequence, stability in W12 norm implies stability in the qua-
dratic Wasserstein distance. The Wasserstein distance is one of the most
commonly used metrics between measures, notably in the optimal transport
theory. In the spectral context it has previously appeared, for instance, in
[KBI19, SaSt20].

Let us now state the analogue of Theorem 1.2 for the second nonzero
Laplace eigenvalue on the sphere. It was shown in [Na02, Petl4a] that
A2(S) < 167 with the equality attained in the limit as a maximizing se-
quence of metrics tends to a disjoint union of identical round spheres. This
phenomenon is called “bubbling”, see [NaSil5, Pet18, KNPP20]. In the lan-
guage of measures it can be viewed as a sum of the Riemanninan measure
on a round sphere and a Dirac measure (i.e. a bubble) of the same mass.
Our next result is the following quantitative stability estimate.

Theorem 1.6. Let gy be a round metric of curvature one on S*. Then for
any admissible measure ju such that \2(S%, 1) = 2, there exists a conformal
automorphism ®: S* = S? and a point p € S? such that

(1.9) 167w — 5\2(82, /,L) =c ||dvg0 + 47T5p - q>*,u||?cl(g2))*

for some constant ¢ > 0. Here 6, is the unit Dirac measure at p, and
(C1(S?))* denotes the dual space to C1(S?).

Theorem 1.6 is proved in subsection 5.2. We remark that the constant ¢ on
the right-hand side can be computed explicitly. We also note the stability is
proved in the norm of the space (C*(S?))* which is larger than W~12(S2, g),
and hence the stability estimate is weaker. While we do not know whether
the choice of the space (C1(S?))* is optimal, due to the presence of Dirac

measures the isoperimetric inequality for the second eigenvalue can not be
stable in W=12(S2, g), as §, ¢ W—12(S2, g).
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As was shown in [KNPP17], \x(S?,¢g) < 87k for any k > 2, with the
equality attained in the limit as a maximizing sequence of metrics tends
to k disjoint identical round spheres (or, equivalently, a sphere with k —
1 bubbles). It would be interesting to extend the stability result to any
k > 2. However, the proof of Theorem 1.6 relies on the min-max energy
characterization of maximal metrics (see the key Lemma 2.1) which has
been so far proved only for & = 1,2 [KS20]. Still, we propose the following

Conjecture 1.7. Let gy be a round metric of curvature one on S?. Given
k > 2, let i be an admissible measure such that \i,(S?, ) = 2. Then there
exists a conformal automorphism ®: S* — S? and m < k — 1 distinct points
D1y Pm € S? such that

m 2
(1.10) 8k — A(S%, 1) = ¢ ||dvgy + D Ameidy, — Tupt

=1

(C1(s%)*

for some constant ¢ > 0 and positive integers «; satisfying the condition
Z?il oy = k—1.

Remark 1.8. The condition m < k — 1 arises since the bubbles can be
attached at the same point (or, in a sense, one on top of the other, cf. the
“bubble tree” construction in [KNPP20]). Hence the number of distinct
points at which the Dirac measures arise may be smaller than k — 1.

1.4. Maximal metrics, harmonic maps and minimal surfaces. In
order to provide the context for our results on a general surface M, we recall
the connection between isoperimetric eigenvalue inequalities and harmonic
maps to spheres. The map u: (M,C) — S™ is called harmonic if it is a
critical point of the Dirichlet energy functional

1
(1.11) E(u) = 2/M |dul2dv,

or, equivalently,
Agu = ]du|§u,

where g € C is any metric in the conformal class. The conformal covariance
of A implies Ay, u = 2u, where g, = %|du\gg. Therefore, A\p(M, g,) = 2
for some k > 0 and A\y(M,g,) = 2E(u). Note that g, is smooth out-
side of finitely many conical singularities at zeroes of du. We say that the
harmonic map wu: (M,C) — S" is a Ap-conformally mazimal map if g, is
a Ap-conformally maximal metric or, equivalently, if components of u are
k-th eigenfunctions of Ay, and Ag(M,C) = 2E(u). If g is a smooth (up
to a finite number of conical singularities) Ag-conformally maximal metric,
then ¢ = ag, for some constant o > 0 and a Aj-conformally maximal har-
monic map u, see e.g [ESI08]. For k = 1 the existence of such metrics is
established in [Pet14b]. At the same time, as was shown in [KS20], if u
is a Aj-conformally maximal admissible measure, then p = advy, for some
A1-conformally maximal map wu.
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An analogous characterization holds for the globally \;-maximal met-
rics. If u: M — S™ is a branched minimal immersion and C,, = [u*gsr], then
u: (M,Cy) — S™is a harmonic map and u*gsn = g,,. We say that a branched
minimal immersion u is a A,-mazimal map if g, is Aj-maximal metric. Sim-
ilarly to the maximizers in a fixed conformal class, if g is a smooth (up to a
finite number of conical singularities) A\;-maximal metric, then g = ag, for
some constant a > 0 and a \j-maximal immersion u, see [ESI08]. For k = 1
the existence of such metrics is established in [MS17].

1.5. Stability in the conformal class. Consider now surfaces other than
the sphere. We have the following qualitative stability result for the maxi-
mizers of the first Laplace eigenvalue in any conformal class.

Theorem 1.9. Let M # S? be a closed surface with a fired conformal class
C and gc € C be a background metric. Let j; be a sequence of admissible
measures of unit area, such that \\(M,C, u;) — A1(M,C). Then there exists
a smooth \i-conformally maximal measure pu of unit area such that up to a
choice of a subsequence p; — p strongly in W=Y2(M, gc).

Theorem 1.9 is proved in Section 3. We also note that under certain
assumptions a similar result can be proved for the second nonzero eigenvalue,
see Theorem 5.7.

In order to state the results on the quantitative stability for maximizers
of the first eigenvalue we will need the following definition.

Definition 1.10. Let M # S? be a surface. We say that the isoperimetric
inequality

(1.12) M (M, g) < M(M,C)

in a conformal class C = [g] on M is quantitatively stable if there exist positive
constants § and ¢ with the following property: for any admissible measure p
satisfying A1 (M, C)—\1(M,C, i) < & , there exists a A;-conformally maximal
metric gmax € C (possibly with finitely many conical singularities) such that

(113) Al(Mvc) - S\I(M7 gmax) 2
> CH)‘l(Mv gmax)dvgmax - >‘1(M7 C, M)MHIQ/V*L?(M,g)'

The theorem below provides a sufficient condition for the quantitative
stability of conformal maximizers for the first eigenvalue.

Theorem 1.11. Let (M, g) be a surface with a Riemannian metric, possi-
bly with finitely many conical singularities. Suppose there exists a branched
minimal immersion u: M — S™, n > 3, by the first eigenfunctions of the
Laplacian Ay, such that its image is not contained in a totally geodesic sub-
manifold S> C S™. Then the isoperimetric inequality (1.12) is quantitatively
stable in the conformal class C = [g].

Note that g is a globally extremal metric for the first eigenvalue if and
only if the corresponding branched immersion by the first eigenfunctions is
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minimal (see [Na96, ESI08]). This is the case, for instance for the standard
metric on the real projective plane that gives rise to the Veronese immersion
into S*. Note that the conformal maximizer is also a global maximizer in
this case, since there is a unique conformal structure on on RP?. Also, by the
results of [ESI00, Na96, JNP06, EGJ06, CKM19], the square and equilateral
flat metrics are the only globally extremal metrics for the first eigenvalue
on the torus, and the Lawson bipolar 73 surface is the unique extremal
metric on the Klein bottle. In all those cases the images of the minimal
immersions are spheres of dimension at least three. The following corollary
is immediate.

Corollary 1.12. The inequality (1.12) is quantitatively stable on the real
projective plane, in the conformal classes of the square and equilateral tort,
as well as in the conformal class of the unique globally Ai-maximal metric
on the Klein bottle.

The proof of Theorem 1.11 is given in Section 2.3. In fact, we prove a
more general result that also implies stability of the inequality (1.12) in some
conformal classes on a torus, for which the conformally maximal metrics for
the first eigenvalue are flat [ESIR96], see Proposition 2.10. Moreover, in
Section 4 we show that the quantitative stability holds under some conditions
on the Jacobi fields along Aj-conformally maximal harmonic maps, see also
Section 1.7 for a discussion.

Remark 1.13. The quantitative stability remains open for the conformal
class of the Bolza surface on a surface of genus two, since the branched
immersion by the first eigenfunctions is in this case into the sphere S2.
Moreover, the required condition on the Jacobi fields is not satisfied either,
see Example 4.5. Note that the genus two case is particularly difficult from
the stability standpoint, because there is a continuous family of maximal
metrics, see [JLNNPO5, NaSh19]; in all examples covered by Corollary 1.12
the conformal maximizers are unique.

1.6. Stability of global maximizers. Given a closed surface M, denote
by Metcan(M) the space of all constant curvature Riemannian metrics on
M of unit area. By the uniformization theorem, Metc,, (M) is in one-to-one
correspondence with the space of conformal classes of metrics on M. Note
that the diffeomorphism group Diff(M) acts naturally on pairs (g,pu) €
Metcan(M) x C(M)*, by

©-(g,1) = (279, (@7 )upr),
such that
Me(M, [@*g], (@7 1) ep) = (M, [g], 1)
It was shown in [MS19] that the equality in the isoperimetric inequality

(1.14) M(M, g) < A (M)
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is attained on any surface M by a metric g = gmax Which is smooth possibly
except a finite number of conical singularities. The following qualitative
stability result holds.

Theorem 1.14. Given a sequence g; € Metcan(M) on M # S? and admis-
sible measures of unit area p; such that

lim Ay (M, [g;], p1) = Ay (M),
J]—00

there exists a subsequence (un-relabelled) (g;,115), a sequence of diffeomor-
phisms ®; € Diff (M), and a globally A\i-mazimizing unit area metric gmax
on M conformal to go € Metcan(M), such that the pairs

(95, fij) = ®; - (g5, 115)
satisfy
g; — go smoothly

and
fij — dvg,.. strongly in W~12(M, go).

Theorem 1.14 is proved in Section 6.
Similar to Definition 1.10, let us introduce the notion of the global quan-
titative stability.

Definition 1.15. We say that the isoperimetric inequality (1.14) for the
first eigenvalue is globally quantitatively stable on a surface M # S? if there
exist constants §,C' > 0 with the following property. Given a metric g €
Metean (M) and an admissible measure p on M satisfying A1 (M, [g], ) >
A1 (M)—6, there exists a A\;-maximizing metric gmax € [go], go € Metean (M),
such that

(1.15) lg = 9ol (o) +J|A1(M, (9], 1) = M (M, Gmas) Qg [F7-1.2g9) <

Note that if 1 = dvy, for some metric h € [g], then (1.15) implies
”)\1(M, h)h — )\1(M7 gmax)gmax||%/[/—1,2(M7gmax) < C (Al(M) — 5\1(M, h)) .

Here and above the C* and W12 distances between metrics are understood
in the sense of the corresponding norms on tensors, see Remark 6.2 for a
formal definition.

Remark 1.16. Since g, go € Metcan (M), the C! norm in the left-hand side
can be replaced by C* norm at the expense of a possibly different constant C.

Note that the globally maximal metrics for the first eigenvalue are known
only for the sphere, the real projective plane, the torus, the Klein bottle and
the surface of genus two. The first two cases have already been covered in
the previous subsections, since the conformal maximizers coincide with the
global ones. The case of the surface of genus two is beyond our reach for
the reasons explained in Remark 1.13. At the same time, for the remaining
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cases of the torus and the Klein bottle, the quantitative stability of global
maximizers can be shown.

Theorem 1.17. The isoperimetric inequality (1.14) is globally quantita-
tively stable on the torus and on the Klein bottle.

Theorem 1.17 is proved in Section 6.

1.7. Ideas of the proofs. Our approach to a large extent relies on the
characterization of the conformally maximal metrics in terms of the min-
max energy of harmonic maps, see [KS20]. Suppose we have an admissible
measure £ on a surface M with a fixed conformal class C = [g], and assume
that for some n > 1 there exists a sphere-valued map u € W12(M,S")
satisfying a “balancing” assumption, i.e. all of its components are orthogonal
to constants in L?(M,u). Consider the Dirichlet energy E(u) of the map
u defined by (1.11). It turns out that the difference 2E(u) — A1 (M, C, 1) is
positive and, moreover, if it is small, then the map w is in an appropriate
sense close to being harmonic, and its components are close to being the first
eigenfunctions corresponding to A; (M, C, p). This result is proved in Lemma
2.1 which is the key technical statement of the paper. Recall that a map
is harmonic if and only if its tension field (see, for instance, [EeSa64] for a
definition) vanishes. Informally, Lemma 2.1 states that if 25 (u)—\y (M, C, )
is small, then the tension field of u is small in the appropriate norm, see
Remark 2.2 for further details.

At the same time, as was shown in [KS20], p is a conformally maximal
measure for the first eigenvalue if and only if it arises from the energy density
of a harmonic map u by the first eigenfunctions of Ay, , such that

(1.16) 2B (u) — A1 (M, C) = 0.

In view of this characterization of conformally maximal measures, Lemma
2.1 provides a tool to prove stability estimates. The main challenge is to
find for each admissible measure p an appropriate balanced sphere-valued
map u, such that 2E(u) < Ay (M,C). This way

2B (u) — M (M,C,p) < A (M,C) — A\ (M,C, )

and the stability estimate follows from Lemma 2.1. For particular cases, it
is possible to arrange these maps in a comparison family, see Definition 2.4.
For example, to prove Theorem 1.2 we use Hersch’s lemma: for any measure
p there exists a balanced conformal automorphism ®: S?> — S?. Setting
u = ® and applying Lemma 2.1 yields the result.

A more elaborate argument is required to prove Theorem 1.11. We con-
struct a canonical comparison family (see Example 2.5) by composing the
minimal immersion u satisfying the assumptions of the theorem with con-
formal automorphisms of the target sphere S™. Once again, Hersch’s lemma
is used to show that for each measure p the automorphism can be chosen in
such a way that that the resulting map is balanced. The equality in (1.16) is
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achieved, because a minimal immersion into a sphere by the first eigenfunc-
tions (which, as was mentioned earlier, yields a globally extremal metric for
the first eigenvalue) corresponds to a conformally maximal metric. Indeed,
by [LY82, ESI86], see also [CKM19, Proposition 3.1], conformal automor-
phisms reduce the area of minimal surfaces, which equals the energy (since
the map is conformal), and the energy in turn provides an upper bound
for the normalized first eigenvalue. Moreover, one can show that inside the
canonical comparison family, the maximal metric given by the minimal im-
mersion is a non-degenerate maximum, and therefore quantitative stability
in the sense of (1.13) holds inside the canonical comparison family. Theorem
1.11 then follows by an application of Lemma 2.1.

Intuitively, the quadratic dependence on the right-hand side of the sta-
bility estimate (1.13) is of the same nature as the stability of the “model”
nondegenerate maximum of the function f(r) = —22. Note that the as-
sumption in the more general quantitative stability Theorem 4.2 that there
are no nontrivial Jacobi fields along a conformally maximal harmonic map
is of similar nature: essentially, it provides a certain nondegeneracy condi-
tion on the maximum. The same can be said about the assumption on the
maximality of the Morse index in the global quantitative stability result pre-
sented in Theorem 6.1. Note that for the surface of genus two the maximum
is degenerate (see Remark 1.13) and hence the quantitative stability can not
be shown by our methods. Still, we believe that the quantitative stability
in a conformal class is a rather general phenomenon (see also Remark 4.6):

Open problem 1.18. Let M be a surface of negative Fuler characteristic
and C be a conformal class such that no \i-conformally mazimal harmonic
map is a conformal branched cover of S?. Show that the inequality (1.12) is
quantitatively stable in C.

Remark 1.19. We suspect that quantitative stability also holds for the con-
formal class of the Bolza surface and, more generally, for conformal classes
with branched covers as Aj-conformally maximal harmonic maps. For such
conformal classes the maximal metric is not unique, and more a appropriate
model seems to be that of a “plateau” f(x) = min{l — |z|,0}. However, new
ideas are required to tackle this case.

At the same time, it is possible to obtain a qualitative stability result
in full generality. Theorem 1.9 holds in any conformal class on any sur-
face except the sphere (which has been treated separately). The analog of
comparison family is constructed using the techniques of [KS20], and the
proof of the stability follows the approach of [KNPP20, Section 4]. In par-
ticular, we show in Proposition 3.11 that to each conformally maximizing
sequence of admissible measures we can associate a sequence of appropri-
ately balanced sphere-valued maps that converge strongly in W12(M,S"?)
to a A\;-maximal harmonic map. Along the way we simplify some of the ar-
guments of [KNPP20]: the main novelty here is Proposition 3.9 that allows
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to avoid using the language of quasi-open sets, which significantly short-
ens the proof. The global qualitative stability result, Theorem 1.14, is a
relatively straightforward consequence of Theorem 1.9 and the results of
[Pet14b, MS19] establishing compactness of the moduli space of conformal
classes with A1 (M,C) sufficiently close to Aj(M).

The stability of the isoperimetric inequality for the second eigenvalue on
the sphere (Theorem 1.6), as well as more general qualitative and quanti-
tative stability results for the second eigenvalue obtained in Section 5 are
proved using the same set of ideas. The main difference is that in this case we
have to take into account the bubbling phenomenon, which dictates a more
careful choice of spaces in which stability estimates are shown, see discussion
following Theorem 1.6. Lemma 5.5 is the key new ingredient. It can be seen
as a generalization of a non-concentration estimate for A\; [Gir06, Kok14]
and could be of independent interest. As we have already noted, our ap-
proach is based on the characterization of the conformally maximal metrics
via min-max energy, which was proved in [KS20] only for k¥ = 1,2. Since
Lemma 2.1 holds for any k > 1, extending the results of [KS20] to & > 2 will
open the path to proving stability of isoperimetric inequalities for higher
eigenvalues.

1.8. Plan of the paper. The paper is organized as follows. In Section
2 we obtain quantitative stability results for conformally maximal metrics.
In particular, we prove the quantitative stability of Hersch’s inequality for
the first eigenvalue on the sphere, and introduce the notion of stable com-
parison families. Qualitative stability of conformally maximal metrics is
investigated in Section 3. In Section 4 we revisit the quantitative stability,
and show that conformally maximal metrics are quantitatively stable pro-
vided the corresponding conformally maximal harmonic maps do not admit
non-trivial Jacobi fields. In Section 5 we explore stability for the second
Laplace eigenvalue and, in particular, investigate stability of bubbling se-
quences. Results on global quantitative stability for the first eigenvalue are
obtained in Section 6. Finally, Section 7 is concerned with the sharpness of
the quantitative stability estimates and the optimality of the choice of the
Sobolev space W12,
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(ANR-18-CE40-0013); this paper is part of his Ph.D. research at the Uni-
versité Savoie Mont Blanc under the supervision of Dorin Bucur. Research
of IP is partially supported by NSERC and FRQNT. Research of DS is
partially supported by the NSF fellowship DMS-2002055.
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2. QUANTITATIVE STABILITY OF CONFORMALLY MAXIMAL METRICS I:
COMPARISON FAMILIES

2.1. Key lemma. In this section we assume that M is a closed surface with
a fixed conformal class C and a distinguished choice of the background metric
g € C. To simplify notation, throughout this section we set W12(M) :=
W2(M, g). Consider an admissible measure y on M with the corresponding
map T),: WH2(M) — L?(u) and denote the L?(u1)-normalized eigenfunctions

of (M,C,u) by ¢o = \/ﬁ, B1, ... Op, i € WEH2(M). In what follows, for
f € WHA(M) we write [ fdu instead of [T),(f)dp whenever it does not
cause confusion. This way the collection {¢g, ¢1, ...} can be considered an

orthonormal basis of L?(p).

Lemma 2.1. Let u € WH2(M,S") be a sphere-valued map such that
/ qﬁjudu:OER"Jrl foreach0<j<k—1
M

for some k € N. Then

and for any v € WH2(M,R"H1),
(2.1)

/M(du, dv) dvg—X,(M,C, 1) /M<u,v> dp < [2E(u)—5\k(M,C,u)]l/szvHLz(M).

In particular,
(2.2)
| du|? dvg—Ne (M, C, ) pill (cornmwrz(arys < lullwreoan (2B (w)—Ak(M, C, )]/

Moreover, if u € W (M,S"), then
(2.3) )
l|dul? dvg = Me(M, C, ) ptllww=1.2(a) < [lullwr.o (ary[2E(u) — Ap(M, C, )]/

Remark 2.2. A harmonic map is characterized by vanishing of its tension
field. The tension field 7(u) of a map u: (M,g) — S™ is given by 7(u) =
Agu — |du|?u. Combining (2.1) with (2.2) yields

I (@)l conwr 2y < (14 llullwean) E(u) = M(M, C, w)] 2

Thus, if [2E(u) — A\(M,C, )| is small, then the lemma implies that the
tension field is small in (C° N W2(M))* and, therefore, one can think of u
as an “almost” harmonic map.

Proof. Denote by Qp: W12(M,R"1) x WH2(M,R"*!) — R the quadratic

form

Qr(v1,v2) :=/

(dv1, dva)dvg — )\k(M,C,,u)/ (v1,v2)dpu.
M

M
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Letting

Vi i= {v e Wh (M, R™)

/ ¢jUdp:0€Rn+1fOI'0<j<k—1},
M

it is clear from the definition of \x(M,C, ) that Qy is positive semi-definite
on Vi, and the Cauchy-Schwarz inequality therefore gives

Qr(v1,v2) < v/ Qr(v1,v1)v/Qr(v2, v2) for all vy, vy € V.

Since u € WH2(M,S") lies in V}, by assumption, for any v € W12 (M, R 1),
decomposing v as v = vy + v1 where v1 € V;, and

k—1

vy = Z(%W)L?(u)%,

j=0
we see that Qi (u,vo) = 0, so that
Qk(u7 U) = Qk(u7 Ul) < \/Qk(ua U) \/Qk(vlv Ul)'

In particular, noting that

Qr(u,u) = / |du|*dv, — )\k(M,C,,u)/ lul?dp = 2E(u) — \p(M, C, )
M M

(since |u| = 1) and

Qk<v17v1></ dvlervg</ dol? dv,,
M M
it follows that

/ <d’u,,d’U> dUg—)\k(M,C,,U)/ <u7v>du < \/2E(u> - S\k(M,C,/J/)Hd’UHLZ(M),
M M

as claimed in (2.1).

To obtain (2.3), for any ¢ € W12(M) one sets v = @u in (2.1), which is
possible due to the fact that « € W1 implies pu € W2(M,R"*1). Since
lu? =1, (2.1) reads
(2.4)

/M<d<sou>, du) dvy — M(M,C, 1) /M i < \J2E(w) — 2 (0) (w200
For the left-hand side one has
1
| tdtw.duydu, = [ (elauf} + (g du?) ) vy = [ pduf} o,
M M g2 M g

For the right-hand side one has
/M d(iou) 2 dvy = /M dof2 + (od(p), dlul®) + ¢*|dul? do,

< ||U\|%/V1,oo(M)H90||12/V1,2(M)-

Substituting these two expressions into (2.4) yields (2.3)
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The proof of (2.2) is similar. One sets v = 1u, where ¥ € CONWL2(M).
It is easy to see v € W12(M,S™). One has the inequality similar to (2.4)
with the Lh.s equal to the Lh.s. of (2.2). For the r.h.s. one has

/ d(u) 2 dvg = / 21l + (pd (), dlul?) + 2| dul? dv,
M M

< Nullyrsagary (1lB0n + 413z -
O

In the following Lemma 2.1 is applied in the situation, where 2FE(u) is
close to Ax(M,C), so that the r.h.s. of (2.1) is small when the measure p is
almost \j-conformally maximal. For general conformal classes, the existence
of such maps u satisfying the conditions of Lemma 2.1 is far from obvious.
In Section 3.1 we show how the min-max characterization of [KS20] can
be applied to this problem. For now, we focus on the particular examples,
where the existence can be shown directly.

2.2. Proof of Theorem 1.2. By Hersch’s lemma, there exists a conformal
automorphism ®: S? — S? such that

/ ddp=0¢eR3
S2

Thus, Lemma 2.1 can be applied with k =1, u = ®, g = gg. The rest of
the proof is almost identical to the arguments after (2.4). Namely, since ¢
is smooth, we can set v = ® € W12(S2,R3). As a result, since |®]2 = 1
the inequality (2.1) reads

25) [ (do®).d®)do, — () [ i

< \2B(@) — X1 (8% )l d(®) | 2(e.

Furthermore, ® is conformal, so one has

/(d(gp@),d@}dvg:/ g0|dq)|§dvg:2/ PV g.
S2 S2 S2

Similarly,
[ e oy = [ 1a6l2 + (odte). dlof) + g?laaf3 v,

= /S2 \dgp\%*g + 2¢? dvgeg.
Substituting these two equalities into (2.5) yields

(2.6) (i, 2dverg — M\ (S?, )

_ 1/2
< yor (@) ([ (delhey + 2000, )
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Applying this inequality to both ¢ and —¢ and taking into account the
normalization A\;(S?, 1) = 2 we arrive at (1.8). The estimate (1.7) is obtained
by applying (2.6) directly to ®,u and noticing that the components of the
identity map have vanishing @, u-average. O

Remark 2.3. As was mentioned in Remark 1.3, one can equivalently nor-
malize the measure p by the area instead of the first eigenvalue. Indeed, by
Cauchy-Schwarz inequality,

1/2
(¢, dvarg)| < <47r /2 <,02dvq)*g> ,
S

and combining this with (2.6) we get that

2
[AL(S%, wpllw-12(2) < e,
for some explicitly computable constant c¢;. Hence, if p has area 4w, from
estimate (1.8) and the triangle inequality we obtain

1200 = 2dvg g[lw—1.2(s2) < [12dvag — Mi(S?, ) pallw—1.2(s2)+
2 — A (S? gy < 2
(2= M (S%, ) lpllw-12(s2) < SWEA

for some other explicitly computable constant cy. Note that the new nor-
malization was used in the last inequality. Since we are interested in the
case when \;(S?, 1) is close to 2, the denominator on the right-hand side
may be essentially absorbed in the constant.

8m — A ((S% )

2.3. Comparison families. In order to effectively apply Lemma 2.1 to the
stability of Aj-maximal measures it is convenient to have an explicit fam-
ily of maps in W12(M,S"), such that for any admissible measure y there
is a member of the family with vanishing p-average. This way, by inequal-
ity (2.3) the stability of a general measure p follows from stability properties
of the explicit family of absolutely continuous measures. Theorem 1.2 is a
particular example of this principle, where the family of maps consists en-
tirely of A\j-maximal harmonic maps and, as a result, the argument is very
straightforward.

Definition 2.4. Let Z be a smooth manifold, possibly with boundary. We
say that a family F' € C°(Z, W1°(M,S"™)) is a comparison family if
(1) for any admissible measure y there exists z such that [, F, du = 0;
(2) max By (=) = 1A (M, [g).

In what follows, we take Z = B"t1

Ezample 2.5 (Canonical family). Recall the assumptions of Theorem 1.11:
let (M, g) be such that there exists a branched minimal immersion u: M —
S™ n > 3 by the first eigenfunctions, such that its image is not contained

in the equatorial S? C S™. Let Go(z) 1—|a|” (r+a)+a,ac B"*! be a

~ Jota]?
conformal automorphism of the unit sphere S”. Then the canonical family
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{Gqou},ecpn+1 is a comparison family. Indeed, property 1) follows from the
Hersch’s trick [Her70, ESI86, LY82]. Property 2) is a consequence of the fact
that conformal automorphisms decrease the area of minimal surfaces [LYS82,
ESI86], [CKM19, Proposition 3.1], see also subsection 1.7 for a discussion.

To any comparison family F’ one can associate the corresponding compar-
ison family of measures {|sz|3 dvg}.cz. Note that by (2.3) this family of
measures has to contain all A\;-maximal measures. In particular, for each \;-
maximal measure, it has to contain at least one corresponding A;-maximal
harmonic map. Furthermore, (2.3) yields a stability estimate in terms of the
distance to the comparison family of measures. In order to obtain the stabil-
ity of A\;-maximal measures the comparison family has to satisfy additional
assumptions.

Definition 2.6. Let F' be a comparison family. Then F' is called stable
if the Aj-maximal measures are stable in the family {|dF. |2 dvg}.cz in the
following sense. There exists C,dy > 0 such that as soon as Aj(M,[g]) —
2E(F,) < 0o then z € K — a compact subset of Z, and there exists a
A1-maximal harmonic map v € F satisfying

(2.7) |dul? dvg — |dF. |2 dvgllw-12(arg) < CV/AL(M, ¢) — 2E(FY).

The following theorem is a straightforward application of Lemma 2.1.

Theorem 2.7. Let ¢ = [g] be a conformal class, such that there exists a
stable comparison family. Then there exist dg,C > 0 such that if p is an
admissible measure satisfying A1 (M, c) — M\ (M, ¢, 1) < &g, then there exists
a A1-mazimal measure py such that

IM (M, ¢, oo = MM, e, wpllw 1200y < C/AL(M,0) — M (M, e, ).

Proof. Let F be a stable comparison family and let 69 > 0, K € Z be as
in Definition 2.6. Consider an admissible measure p such that Ay (M,c) —
M (M, c,p) < d and let z € Z be such that fM F.du = 0. By Lemma 2.1
and the definition of a comparison family one has A\;(M, ¢, u) < 2E(F,) <
A1 (M, c). Therefore, A1(M,[g]) — 2E(F,) < 9 and, in particular, z € K.
Thus, combining (2.7) with (2.3), one has that there exists a Aj-maximal
measure pg such that

[ A1 (p0) o — A () pllp-12 <
< [[A1(po)po — ‘sz’g dvg“W71’2 + H’sz‘g dvg — A () -2 <

< OV, ) = 2E(F) + | Fo 2B (F2) = M (1) <

< 2(C+ ma |y i)y M €)= M),

In this computation we use a simplified notation Aj(u) := A1 (M,C, ), and
denote by C different constants. We also note that max,cx || Fy|lw1.0 can
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be absorbed in the constant because K is compact and F, € Wh*°(M,S"),
see Definition 2.4. This completes the proof of the theorem. O

In order to apply Theorem 2.7 we need to have examples of comparison
families.

Proposition 2.8. The canonical family of Fxample 2.5 is a stable compar-
ison family.

Proof. As we discussed in Example 2.5 the conformal automorphisms de-
crease the area. More precisely, the results in [CKM19, ESI86] imply that
the area strictly decreases in the radial direction, i.e. if & € S™, then
Area(Fy(M)) > Area(Fg(M)) > Area(Fye(M)) whenever 0 < s < t < 1.
Moreover, since the family F, := {G, o u} consists of conformal maps, area
agrees with energy and, therefore, one has Ay (M, c) = 2E(Fy) > 2E(Fg¢) >
2E(Fye) for 0 <s <t < 1.

We first claim that a = 0 is a non-degenerate critical point of E(Fy). This
fact is implicitly proved in [CKM19, page 11]; we sketch below a more direct
proof for completeness. The explicit formula for G, yields

1 (1 —a[*)? >
E(F,) == dFy|; dvg.
(5= |, s T 0
Thus, the Hessian of E(Fy) at a = 0 is the quadratic form
Hy(v,v) = 4/ (3(v, Fp)? — |v\2)\dF0]§ dvy.
M
Assume for now that Fyy does not have branch points. Let h = Fjgsn, h € [g]

since Fy is conformal. Denote by v" the projection of v onto the tangent
space of Fy(M), then one has

/ <’U, F0>2|dF0‘3 d’l)g =
M
(since Fp is harmonic AgFy = ]ng\gFo) = /M(Ag<v,F0>)<v,F0> dvg =
(integrate by parts) = / (d(v, Fy), d(v, Fy)) g dvg =
M

(conformal invariance) = / (d(v, Fo),d(v, Fo))p, dvp, =
M

| 1 | 1
= [ WPdwm =g [ [WPlaRf o = [ o PlaF
M M M

Thus,
Ho(v.0) =4 [ (30, Fo)? — o) dFof3 e, =
M

—4 / (0, Fo)? + |02 — o) dFo 2 du, = —4 / o PdEy 2 dvg < 0,
M M
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where v is a projection of v onto the normal bundle of Fo(M) in S™. If Fy

has branch points, this formula still holds, see [CKM19]. In this case, one
can define the tangent plane (and, hence, normal bundle) at branch points
as a limit of nearby tangent planes, see [GOR73]. Finally, it is easy to see
that v = 0 for some v implies that Fy(M) is contained in an equatorial
S?, see [CKM19, ESI86], which is ruled out by our assumptions. Hence,
Hy(v,v) < 0 and this completes the proof of the claim.

Since a = 0 is a non-degenerate maximum, there exists C > 0, 1/2 >
ro > 0 such that |a| < 2rg implies that E(Fy) — E(F,) > Clal?>. Set
So = 2073, This way if |a| < 2rg and Ay(M,[g]) — 2E(F,) < &, then
la] < r9. Furthermore, since the energy decreases radially, we have that
A1 (M, [g]) — 2E(Fy) < dp implies |a| < 1, i.e. we can take K = {|a| < ro}
in Definition 2.6.

To show (2.7) we use the explicit formula for G, to obtain

2 2| _ (1— \a\2)2 2 _
“dF0|g_|dFa|g{_ 1- |F0—|—a|4 ’dF0|g_

(Fy,a) + (Fy,a)? + (Fy, a)|al?® + |a|?
-4 Fot af [l < Claldfaly

where in the last step we use |a| < rop < 1/2 and |Fy| = 1. Finally, assume
A1(M, [g]) — 2E(F,) < 6. Then |a| < ro, 1A1(M, [g]) — E(F,) = E(Fp) —
E(F,) > Clal? and Vo € W12(M, g) one has

[ e lanf - 1ari) o

<C'lal [ IlldRdv, <
M

<

C/ 1/2
o ([ anlian)  VROLS - 2B el
In particular, after relabelling the constants one has
|dFo[; dvg — [dFu|} dvgllw-12(a1,9) < CV/ A1 (M, ¢) = 2E(F),

i.e. {F,} is a stable comparison family. O

Proof of Theorem 1.11. The result then immediately follows from Proposi-
tion 2.8 and Theorem 2.7. (]

Remark 2.9. Let 39 be a surface of genus 2 and let C be a conformal class of
the Bolza surface. Then the only branched minimal immersion by the first
eigenfunctions is the hyperelliptic projection II1: (X2, c) — S%. However, the
corresponding canonical family is not a stable comparison family, since the
energy of all maps in the family equals 87. Therefore, in order to establish
a quantitative stability estimate for Aj(39, c) one needs to come up with an
alternative argument, cf. Remark 1.13.

Consider the following modification of Example 2.5. It turns out that for
some harmonic (not necessarily minimal) maps u the associated canonical
family is a stable comparison family. Let I' ¢ R? be a rhombic lattice:
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I'=7(1,0)®Z(c,d), where 0 < ¢ < %, d>0and *>+d?= 1. Let Je,d be
the corresponding flat metric of unit area on T2. It was shown in [ESIR96]
that for any g € g.q we have

(28) Xl(TQ)g) S >\1 (T2a gC,d) = Al(T27 [gc,d])'
The following proposition holds.

Proposition 2.10. The isoperimetric inequality (2.8) is quantitatively sta-
ble.

Proof. Consider the map ®.q: (T?,[g.q4]) — S? given by

1 . 27y 2y . c c
Q. a(z,y) = % <sm —7 o8 ——,sin 21 <gy — x) ,CO8 2T <gy - x)) )
It is proven in [ESIR96] that ®.4 is a Ai-maximal harmonic map. It is
achieved by showing that the conformal automorphisms of S* decrease the
energy and, thus, the associated canonical family {G,0®, 4} is a comparison
family. In particular, it is shown that

Egc,d(Ga o q)c’d) _ Egc,d(écyd)
Ego,1 (Ga © (1)071) Ego,l ((I)O,l) ‘

Hence all the monotonicity properties of Ey, , (G,0®o,1) also hold for E,_, (G40
®. 4). Since ®q ; is the minimal immersion of the Clifford torus, one has that
a = 0 is the non-degenerate global maximum of Ej_,(G, o ®.4) and that
Ey,. (Gqo®. ) strictly decreases in the radial direction. One can then follow
the proof of Proposition 2.8 to deduce that {G, 0 ®. 4} is a stable compari-
son family and, as a result, the quantitative stability estimate holds for the

inequality (2.8). O

3. QUALITATIVE STABILITY OF CONFORMALLY MAXIMAL METRICS

3.1. Min-max characterization. The goal of this section is to prove the
existence of suitable maps satisfying the conditions of Lemma 2.1. Namely,
we have the following proposition.

Proposition 3.1. Let M be a surface with a fized conformal class C. Then
there exists n > 0 such that for any admissible measure p there is a map
u € WY2(M,S"™) such that

/ wdp =0 e RV
M

M (M,C,p) < 2E(u) < A (M, C).

In order to prove it we recall the min-max characterization of A;(M,C)
obtained in [KS20, Section 3.1].
For each n > 2 we define the collection I',,(M) of continuous families

n—+

B sam F, € WH2(M,R™ ) such that F, = a for a € S".
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For any € > 0 and any u € WH2(M,R"*!) we further define the e-energy

=5 | [ 1+ it - g
and the associated min-max quantities
Ene(M,g) = inf sup E.(Fp)
Fel'y, ae@n#»l

En(M,C) =1lim &, (M, g).
e—0

Theorem 3.2 ( [KS20]). There exists N = N(M,C) such that for alln > N
one has 2E,(M,C) = A1 (M,C).

Proof of Proposition 3.1. Let n be as in Theorem 3.2. For each ¢ > 0 let
F* € T'y be such that sup, Fe(Fg) < &, +¢. By Hersch’s lemma there

. =n+1 .
exists a. € B"" such that u. := F: e Wh2(M,R™1) satisfies

/ usdp =0, E(us) < E-(ue) < Epet+e— &y,
M

/ 11— uc] dvy < / 11— [uc|?| dv, < 2=(Area(M, ) E-(u))Y? = 0.
M M

Thus, there exists a subsequence u., which converges weakly in W1-2(M, R"+1)
and strongly in L?(M,R"*1) to u € W12(M,R"). Since p is admissible, the
subsequence can be chosen to also converge strongly in L?(u) and, thus,

(3.1) /Mudu —0.

Since |1 — |u|| < |1 — |un|| + |un — ul, one also has

|- talias, =0,
M

and, therefore, u € W12(M,S"™). Since the energy is upper-semicontinuous
with respect to weak convergence in W12 one has

1
E(u) < lim E(us) <&, = §A1(M,C),

e—0

where Theorem 3.2 was used in the last step. Finally, the inequality 2F(u) >
A1 (M, e, p) follows from (3.1) and Lemma 2.1. O

For the remainder of this section we study the behaviour of almost Ai-
conformally maximal measures. Let us be a conformally maximizing family
of admissible measures, such that A;(M,C, us) = A1(M,C) — §2. By Propo-
sition 3.1 there exist corresponding maps us € Wh2(M,S") with vanishing
ps-average and i (M, C, us) < 2E(us) < A1(M,C). First, we show that the
sequence ug converges strongly in W12(M,S") to a Aj-conformally maxi-
mal harmonic map u. Second, we show that the measures \i(M,C, us)us
converge in W2 to the Aj-conformally maximal measure |du|§ dvg. This
constitutes a qualitative stability result for A;(M,C).
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3.2. Convergence of us. Our goal in this section is to prove the following.

Proposition 3.3. Let M # S?. Then, “up to a choice of subsequence, us
converge strongly in WY2(M,S"™) to a A\i-conformally maximal harmonic
map u.

The proof is heavily inspired by the ideas of [KNPP20] with only slight
modifications. Moreover, we provide an additional observation which allows
us to simplify some of the technical points in [KNPP20], see Remark 3.10
below.

First of all, up to a choice of a subsequence us converges weakly in
Wh2(M,S™) and strongly in L?(M,S") to some u € W12(M,S"). Our goal
is to show that the convergence is in fact strong and that u is A\;-conformally
maximal. We start with the following Lemma.

Lemma 3.4. There exists a point p € M such that up to a choice of a
subsequence for any compact K € M \ {p} the sequence us|kx converges to
ulg strongly in WH2(K,S™).

We present two versions of the proof of this lemma. One is a direct
application of the ideas in [KNPP20, Proposition 4.7], but it uses the lesser
known notions of quasi-continuous representatives of Sobolev functions and
quasi-open sets. The other is a variation of the first proof, where we show
that it is possible to use approximation methods in order to avoid appealing
to these lesser known concepts.

First proof of Lemma 3.4. By inequality (2.1) for any v € W5h2(M,R*H1)
one has

(3.2) / (du, dv) dvg — M\ (M, c, ;Lg)/ (u,v) dps < d||dvl|p2(ar
M M

In the remainder of this proof we identify ug, u with their quasi-continuous
representatives, see [KNPP20, Section 3].

Lemma 3.5. Let Q@ C M be open. Let A C € be quasi-open and let
be an admissible measure on M. Suppose that ¢s € WH2(Q) is such that
VfeW,?(A)

(3.3) /Q (s, df ) dv, — /Q o5 dyi < COlldf || 2an)

(3.4) Lo~ [ a0

Then for any ¢ € WH2(Q) such that (¢ — ) € VVO1 %(A) one has

/\dw /w di > /|d<z>|2 /¢ dpi — Cold(d — ¥) |2 o
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Proof. The inequality (3.4) implies that

(3.5) J1at =P, - [ (6= vPauzo
o Q
Moreover, pairing up the inequality (3.3) with ¢ — 1, we obtain

/ (dd,d(6 — 1)) duy — / o6 — ) du < C3]1d(6 — )|z an»
Q Q

or, equivalently,
(3.6)

/Q (A, i) oy — /Q ooyt > /Q d|? dvg — /Q &% dp — COl|d(6 — )| 2an).

Summing up (3.5) and two copies of (3.6) yields
/ |do|* + [dy|* dvg— / (6% + %) du >
Q Q

>0 [ ol oy~ [ 6 d— 2056 — )l
Rearranging the terms completes the proof. O

Definition 3.6. We say that the point p is good if there exists an open
neighbourhood €2, and a subsequence d,, — 0 such that Vf & WO1 ’2(Qp)

J

Otherwise, we say that the point p is bad.

\df\gdvg—/\l(M,Cwam)/Q f*dps,, = 0.
3

P

The following is essentially [KNPP20, Proposition 4.6]. The proof is the
same.

Proposition 3.7. There is at most one bad point.
The following is an adaptation of [KNPP20, Proposition 4.7]

Proposition 3.8. Let p be a good point. Then there exists a neighbourhood
U, and a sequence 6, — 0 such that us, — u strongly in WH2(U,).

Proof. The proof follows closely that of [KNPP20, Proposition 4.7]. We
outline the main steps below.

Let 6, be the sequence as in Definition 3.6 and set us,, = wm, K5, = tm-
After a choice of a subsequence, the energy measures \dum@ dvg converge
weakly in (C°)* to a Radon measure v. Arguing by contradiction, we may
assume that p is in the support of the defect measure dv — \dulg dvg. In
particular, we can choose B,(p) C Br(p) C 2, and € > 0 such that

v(B(q)) —/ |du|? dvy > 2¢
B,
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Furthermore, by passing to a subannulus of A, g := Br(p) \ Br(p) if neces-
sary we may assume that for all large enough m one has

(3.7) /|dum]2dvg>/ duf? dvy + ¢
B Br

€
(3-8> ,Um(Ar,R) < m7
where N was defined in Theorem 3.2.

The rest of the proof is almost identical to [KNPP20, pp. 25-26, after
(C4)]. We apply [KNPP20, Corollary 3.12] to each component u’,, u’. This
yields sequence w!,, such that w’, — u in WH2(Bg) N L™ and w?, > u, on
OB,; wi < ui, on OBg. This allows us to apply [KNPP20, Lemma 3.10]
to get a quasi-open B, C A, C Bp such that w?, —u!, € W&Q(Ain), which
in turn allows to apply Lemma 3.5 with A = A! ¢ = vl , ¢ = w! and
= A1(tm)im- Note that the definition of a good point is chosen precisely
so that the non-negativity hypothesis (3.4) of Lemma 3.5 is satisfied. All
this results in the following inequality

[ PN i) i > [ oy ) ()2 = Ci
where in the last step we used that both u!, and w?, are uniformly bounded
in W12 L> so that the correction term involving ||d(uf, — wy, )| 2 (ar) can

be absorbed in C'. Rearranging the terms yields

[ bt Pavy =) [l = (> [ i P, ~
R

7
m B r

Since |(w,)? — (u?,)?| is bounded in L* by 3, by condition (3.8), we can

replace the domain of integration in the middle term by Bgr with a loss of
at most g5 . Then, summing up for all i yields

/ ]dwm|2dvg—)\1(,um)/ Wy |? — ]umIQdum—i-i 2/ | At [2dvg — Cépm
Br 3~ JB

Br

T

Furthermore, since w,, — u in W2 N L* and §,, — 0, so for large enough
m one has

2
[ tauPavy = Xt [P = fun Pl + 5> [ JdunfPa,
BR 3 r

Br

Finally, recalling that |u,,|?> = |u|> = 1 we obtain that the integrand in
middle term vanishes, so

2
/ |du|*dv, + = / |y, | dvg,
BR 3 By

which contradicts (3.7). O



STABILITY OF ISOPERIMETRIC INEQUALITIES 25

To complete the proof for a fixed compact K, one applies the previous
proposition on the finite subcover of K. To show that there is a subsequence
independent of the choice of K, one uses Cantor diagonal process on the
countable compact exhaustion of M \ {p}.

Second proof of Lemma 3.4. The functions in W12(M) are only defined up
to a measure zero set. As a result, in order to talk about fine properties
of such functions one has to introduce the machinery of quasi-continuous
representatives and quasi-open sets. If we could ensure that our maps wug,
u are a priori continuous, there would be no need for quasi-continuous rep-
resentatives and the quasi-open sets A’ would simply be open (recall that
quasi-open sets arise in the proof as superlevel sets of quasi-continuous func-
tions). We show, in fact, that us can be approximated by smooth maps and
that v is a priori smooth.

Recall that by [SU83, Section 4] smooth sphere-valued maps are dense
in Wh2(M?2 S™). Furthermore, since ug satisfy (3.2) and the map W1? —
L%(ps) is bounded it is possible to find ws € C°°(M,S™) such that

(3.9) / (dws, dv) dvy — M (M, C, 1) / (w5, 0) dps < 28dv][ 2
M M

and ||us — ws||y1.2 — 0 as § — 0. Since (3.2) is the only property of ws
used in the first proof and the strong convergence of us is equivalent to the
strong convergence of wg, it is sufficient to show Lemma (3.4) for smooth
maps ws.

It turns out that v is automatically harmonic and, in particular, smooth.
Indeed, since Lemma 2.1 implies that the maps us form a Palais—Smale-type
sequence for the energy functional on sphere-valued maps, this should follow
from a variant of the results in [Be93]. In our setting, however, it is possible
to give a simple self-contained proof, via the following proposition.

Proposition 3.9. Let u;: (M,g) — B

Eq(uj) < Ep and v; > 0 be such that

be a sequence of maps with

(3.10)  Q(uj)(v) := /M<duj,dv> dvg — v; /M<Ujav>duj < €jlldvll2(an

for all v € WE2(M,R"™Y), where e¢; — 0. Assume further that uj converge
weakly in W2 to a map uw € WY2(M,S™). Then u is harmonic.

Proof. Given a map w: (M, g) — B"" and 1 <a<b<n+1, consider the
1-form

a®(w) := wdw® — wbdw®.
It’s not hard to check that if w is a map to the sphere, then w is harmonic if

and only if the codifferential &,(a®(w)) = 0 for all a and b [Hel02, Section
3.5].
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One has that Yo € C°(M)

/ (a®(w),dp) dvy, = / (dw®, wdp) — (dw®, w’dep) dv,
M M

= / (dw®, d(w?p)) — (dw®, d(w’e)) dv,
M

= Q(w)(wpep) — Q(w)(w’pea),

where e,, €, are the corresponding base vectors in R"T!. Here the notation
wpeyp is used to denote a function M — R"*! with the b-th component
equal to w*¢ and all other components equal to zero. Thus, for maps u;
satisfying (3.10), one has

(3.11)

M(@“b(w%d@ dvg < €jlld(puj)l > < Cej(lldel > + [[@llcolldus| L2)-

Up to a choice of a subsequence one can additionally assume that the
convergence u; — u is strong in L?. Then for the limiting map u one has
the following

/M<u?du? — u®dub, dp) dv, = /M<(u;‘ - ua)du?- + uad(uz’- —uP),dp) dvy, =

= /M(u? - ua)<du2, dy) + (u? —u?) (A — (dip, du®)) dv, <

< lluy — ull 2 (I dugl| p2lldell oe + ldul| p2(|dell o + | Al 2) <

1/2
<y — ull 2 By *dpll e + | Al z2),
and the right-hand side clearly vanishes as j — oo for fixed ¢ € C*°(M),
since u; — u in L2, Combining this with (3.11), it’s clear that d,(a%(w)) =
0 for all a,b, so u: M — S™ is indeed a harmonic map. O

The rest rest of the proof proceeds as before, only now all quasi-open sets
can be assumed to be open.

Remark 3.10. Proposition 3.9 also allows to remove the necessity for quasi-
open sets in [KNPP20]. There, one has a sequence of maps ¢y, r by eigen-

functions to the closed ball B"™" such the limiting map ¢, is a map to the
sphere S". In particular, elliptic regularity implies that the maps ¢n;,, » are
continuous and the reason quasi-open sets appeared is that it is not clear
that the limiting map ¢y, is also continuous. However, Proposition 3.9 en-
sures that ¢y is smooth and, as a result, it allows for some simplifications
in the proofs of [KNPP20, Section 4].

Proof of Proposition 3.3. Again, up to a choice of a subsequence, we can
assume that the measures |du(5|§ dvg converge in *-weak topology. Let us
denote the limit by p. Lemma 3.4 implies that

w= \du|§ dvg + wd,
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for some w > 0.

First, we claim that after a further choice of a subsequence vg := Ay (us) s —*
. Indeed, assume that vs —* v. Then since us are uniformly bounded
in W142(M,S") the inequality (2.2) implies that Vo € C'(M) one has
[y edv = [,;¢du. Then since C'(M) is dense in CO(M) for any ¢ €
CO(M) there exists a sequence pp € C1(M) such that ¢, — 9 in CO(M)
and thus

/wd,u: lim/ prdp = lim/ @kdyz/ Y dvy,
M k—o0 J 1 k—o0 J 1 M

ie. p=uv.

Second, we claim that w = 0. By [Kok14, Proposition 1.1] the eigen-
values are upper-semicontinuous with respect to *-weak convergence. Since
vs(M) — p(M) one has

(3.12) M(M,C,pu) > (yn% A (M,C,vs) = M (M,C, us) = A (M, C).
—

At the same time, if |du\§ # 0 and w # 0, then by [Kok14, Lemma 2.1] one
has A1(M,C, 1) = 0, which contradicts (3.12). If |dul? = 0, then by [Kok14,
Lemma 3.1] one has A1(M,C) = lims_0 A1 (M, C, ps) = 8. This is in contra-
diction with Petrides’ rigidity result [Pet14b], which states that for M # S?
one has Ay(M,C) > 8r. Thus, the only remaining option is w = 0.

The rest of the proof easily follows. If w = 0, then |du(5|§ dvg —* ]du|§ dvg,
i.e. us converges strongly in W12(M,S") to u. By Proposition 3.9 u is har-
monic, therefore, y is admissible and A1 (M,C, u) < A1(M,C, ). Combining
with (3.12) one has A\;(M,C, 1) = A1(M,C), therefore, u1 is A\j-conformally
maximal and, as a result, u is a A;-conformally maximal harmonic map.

3.3. Convergence of us. We have already seen in the proof of Proposi-
tion 3.3 that us *-weakly converge to a Aj-conformally maximal measure.
In this section we show how to improve this convergence to a strong W —12-
convergence.

Proposition 3.11. Let us be an admissible measure with A\ (M,C, ps) >
A1 — 62, and let us: M — S™ be a map with vanishing jus-average such that
2B (us) < A (M,C). If u: M — S"™ is a Ai-conformally mazimal harmonic
map, then there exists C,dy > 0 depending only on n, (M,C) and ||du|| e
such that

IM (M, ¢, ps)ps — |dulzdvgllw—12(arg) < Cllu — usllwr2(arg) + 6)-
whenever ||u — ugl|yw1.2(ar,g) + 9 < do-

Remark 3.12. If M # S?, then the space of A\j-maximal maps u is compact
in C*°-topology [Kok14, Theorem E1] and, thus, the dependence on ||dul| e
can be eliminated.
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Proof. Since u: M — S™ is harmonic, one has

/M |du|*(u, v) dv, = /M(du, dv) dvg

for all maps v. Thus, it follows that

(3.13) ’/ |du\§<u,v>dvg—/ (dus, dv) dvg
M M

Combining this with Lemma 2.1, it follows that
(3.14)

‘/M ‘dU’ZW,wdvg = i) /M<u5,v>d,u5

Let us define the average

1 1
(u)s: = / udps = / (u — ug)dps,
ps(M) Jar ps(M) Jar
Set v = (u’ — u})us, then one has
ldvl72 < 2 ([ld(u — u') |72 + llus — 'l 2 | dus?) < C,

where we used 2E(us) < A1(M,C) and |u|? = |us|? = 1. Similarly,
| Iaulu.vldu, < Cllaulf 0 = )l

Thus, (3.14) implies that once A1 (us) = 2A1(M,C) one has
i At (ps

051 = |32 [ tus. )
A1(ps)

We choose &y so that |(u)s| < 5 and A (us) > $A1(M,C).
Furthermore, for any v: M — R™! one has

‘/Mw(S ~ (u = (W) v)ds| - = '/<u5 — (u— (u)s), v — (v)s)dps

Ju — (u)s — usl L2(us) v — (V)51 L2 (puy)
M () ™l d(u — ug)| 2| dv]| 2.
Thus, adding A1 (p5) [3,(us — (u — @), v)dus to the left-hand side of (3.14),

we obtain the estimate
(3.15)

’/M | dul*{u, v)dvg — M (ps) /<(u — (u)s),v)dus

for all v.

Recall that |(u)s| < 3, so for any ¢ € W12 we can take

< lld(u = us) || z2]|dv] 2.

< ([ld(w = us)l L2 + )| dv]| 2.

< O(ll(u’ = up) w2 + )

< O(llu—usllwr2+6)]|dv]| .2

_u—(u)s
T = ()
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Since 1 < |u— (u)s| < 2, we have ||dv||2 < C|l@|wrz2. As a result, inequal-
ity (3.15) implies
(3.16)

'/ |du ’2 (u())| >)s0dvg —Al(ua)/M pdus| < C

< |u— (u)s| < 2 one has

(lu—usllwr2+0) [ @llwr.2-

Finally, since %

1—(u, (u
,uf(u()(f@ - 1\ < Cl(w)s] < C(llu = ugllyrz +9).

Applying this inequality in the first term on the Lh.s. of the inequality (3.16),
we deduce that

/M |dul*odvg — Al(ua)/sodua <C
as desired. O

(1w = usllwr2 + 0)llellwr2,

Proof of Theorem 1.9. Combining Proposition 3.11 with Proposition 3.3 im-
mediately yields the result. O

4. QUANTITATIVE STABILITY OF CONFORMALLY MAXIMAL METRICS II:
NON-TRIVIAL JACOBI FIELDS

4.1. Slow convergence implies infinitesimal deformations. We con-
tinue to study the conformally maximizing sequence us of admissible mea-
sures satisfying A1 (us) = A1(M,C) — 62 and the corresponding sequence
of maps us € WH2(M,S") with zero ps-average and Ai(us) < 2E(us) <
A1(M,C). We already know that if M # S?, then up to a choice of a subse-
quence ugs converge strongly in W12 to a Aj-conformally maximal harmonic
map u: M — S™. By Proposition 3.11, the obstruction to the quantita-
tive stability estimate is the slow convergence of ||us — ul[y1,2 to 0. The
goal of this section is to show that slow convergence implies the presence of
non-trivial Jacobi fields along w.

First of all, one has freedom in the choice of us. Up to the replacement
us — Aus, A € SO(n+1) we can assume that A = id minimizes ||u— Aus|| 2.
This implies that for any B € so(n + 1),

(4.1) / (Bug,u — ug) dvg = 0.
M
According to Lemma 2.1 one has the estimate
(42) [ sy ey = utus) [ G vha] < sl

for any v € WhH2(M,R™H1).
Define

B3 = llu — usll72
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and note that

ld(u — ug) |25 = /M (dul® — 2(du, dug) + |dus|?) dv, =
_ /M (2(du, d(u — ug)) + |dus|? — |dul?) du, < 2/<du,d(u ~ug)) dug =
= 2/ |du|® (u, u — ug) dv, = / |du|?|u — us|* dvg < ||dul|3 55
M M
Thus, setting

._'U,—U(S

one has
|ws|[z2 =1 and [Jws |y < C,

where the constant C' does not depend on u by Remark 3.12. Furthermore,
note that

[ wwsllan, = 57 [ (0= )y,

_ 1 1
= 5 [ Gl usP oy = 565 0
M

as § — 0. Thus, passing to a subsequence, we find w € W2(M, R"*1) such
that

ws — w weakly in W2, strongly in L?, and (w,u) = 0.

Now, suppose that the convergence us — u is slow, that is

and let v € WH2(M,R"*1) be a variation field with (v,u) = 0. Recall
that v is called a Jacobi field along w if I,,(v,v") = 0 for all variation fields
v’ € C°(M,R"1) with (v',u) = 0, where

I,(v,w) := /M<dv,dw> — |dul? (v, w) dv,.
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We claim that under the slow convergence assumption w is a Jacobi field
along u. Indeed if v € C*°(M,R"*!) one has

/ ((d(u — ug), dv) — |du|*(u — U5,1}>) duy
M

[ Fu(w, v)| = lim 571

(u is harmonic) = lim 85! ‘/ (|du|2<u5, v) — (dus, dv)) dvg| <
6—0 M

(o 12) < Jim (55| [ s, )0, = Mas) [ o)

)
+ —||dv > =
55” 2

8
(since u L v and A —0) = lim ;! / (us — u, v) [|dul*dvg — A1 (us)dpus]| <
M

6—0

lus — ullpre2
Bs
since |du|? — A\ (us)dus — 0 in W12 and ||us — ully12 < CBs.
For any harmonic map u: M — S™ there are many trivial Jacobi fields
generated by the rotations of the target sphere. Namely, if B € so(n + 1),
then Bu is a Jacobi field along u. Nevertheless, by (4.1) one has VB €
so(n+1)

[ By o, = i 557 [ 0= s By, -

(since v is smooth) < gin% I||du|® = Xi (pas)dpss || yy—1.2 =0,
—

= lim ;' / (u —ugs, B(u —ug)) + (u — us, Bus) dvg =
6—0 M

(since B € so(n+1)) = — lim 55_1/ (B(u — ug), us) dvg =
0—0 M

(by (4.1)) = %%Bgl /M(u —ug,u) dvg = /M<w,u) dvg =0,

and hence w is a non-trivial Jacobi field along u. Combining these consid-
erations with Proposition 3.11 we arrive at the following.
Proposition 4.1. Let us be a sequence of admissible measures such that
M(ps) = M (M,C) — &2
and for some Ai-conformally mazimal measure g one has Ai(us)ps —
A1 (po)po strongly in W=L2(M) as 6 — 0. Then either
A1 (ps) s — M (ko) pollw-1.2 < €9

for some C < oo, or there exists a \i-conformally mazimal harmonic map,
such that A\ (po)p = |dul*dvy andt u admits a nontrivial Jacobi field (i.e., a
Jacobi field not of the form Bu for B € so(n+1)).

This yields the following quantitative stability estimate.

Corollary 4.2. Let M be a closed surface with a fizved conformal class C
and let g € C be a background metric. Assume that for any n and any A;-
conformally mazimal harmonic map u: (M,C) — S™ there are no non-trivial
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Jacobi fields along u. Then there exist constants C,dy > 0 depending only
on M,C,g such that for any admissible measure pu satisfying Ai(M,C) —
M(M,C,u) < 0g there exists a Ai-conformally maximal measure gy such
that

H)\1<M,C, M)M - /\1(M767MU)MOHW*L2(M,Q) < C\/AI(M7C) - S‘I(Mvcvu)

Proof. Since the harmonic map Id: S? — S? admits non-trivial Jacobi fields
generated by conformal automorphisms, the conditions of the Corollary im-
ply that M # S?.

Assuming the contrary to the conclusion, there exists a sequence of ad-
missible measures ps such that Aq(M,C) — A (M,C, us) < 62, but for any
A1-conformally maximal measure o one has

5_1")‘1(M7C7:u5):u5 - )‘1(M’C7/L0)N0||W—1»2(M,g) — 0.

Let n be as in Proposition 3.1, and let us € WH2(M,S™) be maps satisfying
the conclusion of Proposition 3.1 with respect to us. By Proposition 3.3 us in
turn converge (up to a choice of a subsequence) strongly in W12(M,S") to a
harmonic map u: M — S™ of spectral index 1 such that 2E(u) = A(M,C)
and the measures \j(M,C, us)ps converge in W12 to a Aj-conformally
maximal measure f19 = |du|? dv,. Finally, the application of Proposition 4.1
results in a contradiction. O

4.2. Examples. The intuition behind Proposition 4.1 is the following: if
the convergence is slow, then the map w is not the closest Aj-conformally
maximal harmonic map to ug, i.e. the problem occurs when there are other
maximal maps in the vicinity of u. If one indeed knows that this is the
case, then one could try to perturb u to a nearby maximal map in order to
improve the stability estimate. Unfortunately, the presence of Jacobi fields
does not necessarily imply that there are other harmonic maps close to wu.
For that one would need to show that the Jacobi field is integrable, which,
in general, is a notoriously difficult problem. Nevertheless, the conditions of
Corollary 4.2 hold for some conformal classes, which we demonstrate below.
Recall that a harmonic map u: (M,C) — S™ is called linearly full if its image
linearly spans R,

Ezample 4.3. Let M be a projective plane RP? with its unique (up to a dif-
feomorphism) conformal class. According to [LY82] one has A;(RP?) = 127.
Then by [Ej86] the only linearly full harmonic map from RP? to S™ of en-
ergy 67 is the Veronese immersion v: RP? — S* Consider the antipo-
dal lift o: S2 — S*. By [MU97, Corollary 10], the dimension of the space
of normal Jacobi fields along v is 14. Adding to it the dimension of the
space of tangential Jacobi fields, see e.g. [Mo07, Section 7], one obtains that
nulg(0) = 20; here nulg denotes the energy nullity [Kar20, Definition 3.1],
which is precisely the dimension of the space of all Jacobi fields along a corre-
sponding harmonic map. Applying [Kar20, Theorem 3.19] one obtains that
nulg(v) = 10, which is the same as dimso(5), i.e. there are no non-trivial



STABILITY OF ISOPERIMETRIC INEQUALITIES 33

Jacobi fields along v. This settles the case of linearly full A;-conformally
maximal maps. Let v,,: : RP? — S™ be a non-linearly full maximal map,
then m > 4 and v, = jam o v, where jy ,m: S" — S™ is a totally geodesic
embedding. By an argument analogous to [Kar20, Proposition 3.11] one has
that nulg(v,,) = nulg(v) + (m — 4) nulg(v), where nulg denotes the spectral
nullity [Kar20, Definition 2.7]. Since in our case nulg(v) = mult(A;) = 5,
one has nulg(vy,) = 10+ 5(m — 4) = dimso(m + 1) — dim so(m — 4), which
is precisely the dimension of trivial Jacobi fields along vy,.

We remark that it is also possible to verify that the conditions of Corol-
lary 4.2 are satisfied for the conformal class containing the metric induced
by the immersion 731. However, since we have already shown the stabil-
ity estimate in this case using the methods of Section 2.3, the argument is
omitted.

At the same time, there are conformal classes where this condition does
not hold. We have already mentioned that it does not hold for S?.

Example 4.4. Consider a torus T? endowed with a conformal class of a
flat metric g, on R?/T, where I' = Z(1,0) + Z(a,b), a®> + b*> = 1. Then
according to [ESIR96] the flat metric is A;-conformally maximal. Consider
the harmonic map u: T? — S? by first eigenfunctions given by u(z,y) =
(sin(27x), cos(27wx),0). Then u is Aj-maximal. At the same time, v(z,y) =
(0,0,sin(27y)) is a non-trivial Jacobi field along w.

Example 4.5. Let M = 35 be a genus 2 surface and ¢ be a conformal class
of a Bolza surface. Then according to [NaSh19] the hyperelliptic projec-
tion II: (X2,¢) — S? is a Aj-conformally maximal map. The map II has
6 branch points on S? and, therefore, perturbing branch points results in
a 12-dimensional family of deformations of II. Since the Teichmiiller space
of genus 2 surfaces has real dimension 6, there is a 6-dimensional family of
hyperelliptic projections I, : (X2,¢) — S2. This family gives rise to a 6-
dimensional space of Jacobi fields along II. Since dimso(3) = 3, there exist
non-trivial Jacobi fields along II.

Remark 4.6 (Jacobi fields vs comparison families). One can observe that
in comparison with Theorem 2.7, Corollary 4.2 does not currently add to
the list of conformal classes where the stability estimate holds. Neverthe-
less, in theory Corollary 4.2 is easier to apply. Indeed, one only needs to
study the Hessian of \j-conformally maximal harmonic maps, whereas in
order to apply Theorem 2.7 one needs to construct an explicit family and
then additionally study the hessian of A;-conformally maximal harmonic
maps restricted to this family. However, the big downside of Corollary 4.2
is that it deals with all \j-conformally maximal harmonic maps, whereas
Theorem 2.7 deals with all \;-conformally maximal measures. Thus, Corol-
lary 4.2 might not be applicable if there are many Aj-conformally maximal
harmonic maps corresponding to the same \;-conformally maximal measure,
which is exactly the situation in Example 4.4. However, this situation seems
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to be specific to surfaces of lower genus. If one additionally restricts oneself
to conformal classes where the degenerate situation of Example 4.5 does not
occur (there are many of those, see e.g. [MS19, Corollary 1.8]), then Open
problem 1.18 stated in the introduction appears to be natural.

Remark 4.7. Finally, we remark that if the hypothesis of Corollary 4.2 is
satisfied for the conformal class Cy, then it is also satisfied for all conformal
classes C sufficiently close to Cy in C*°-topology. Indeed, suppose that C,, —
Co and Uy, : (M,C,) — S™ are Aj-conformally maximal harmonic maps.
Note that n can be chosen independently of m, because the multiplicity of
A1 is bounded only in terms of the topology of M, see e.g. [Na88]. Then,
similarly to the proof of Proposition 3.3, one can show that up to a choice of
a subsequence u,, — u, where u: (M, Cy) — S™ is a A;-conformally maximal
harmonic map. If u,, admit non-trivial Jacobi fields, then their limit is a
non-trivial Jacobi field along wu.

5. STABILITY FOR THE SECOND EIGENVALUE

5.1. Stability for higher eigenvalues: new challenges. In the present
section we discuss how our arguments can be adapted to prove stability for
Ao(M,C). In fact, we only present the results for the second eigenvalue,
since the min-max energy characterization is not yet proved for Ag(M,C)
with £ > 3. However, it is the only obstruction to obtaining the stability
estimates for higher eigenvalues.

The main difference between the theory for A1(M,C) and Ax(M,C), k >
1, is that there are examples for which the maximizing sequence does not
converge to an admissible measure. Namely, there are at least two distinct
types of Ap-conformally maximizing sequences of admissible measures:

(1) Regular sequence that converges to an admissible Ag-conformally
maximal measure. In this case one expects the same behaviour as
for k =1, i.e. that the convergence is strong in W~"2-norm.

(2) Bubbling sequence that converges to p = ul—i—Zf:_ll w;dp,, where [ < k
and p; is a Aj-conformally maximal measure. In this case one can
not have strong W =12 convergence since p ¢ W12,

In this section we verify that for £ = 2, up to a choice of a subsequence,
there are no other maximizing sequences. While the optimal type of conver-
gence for bubbling sequences is not immediately clear, we present the results
for the *-weak convergence that appears to be natural in this setting.

In the exposition below we omit the proofs that are analogous to the case
k=1

5.2. Stability for A3(S?). The proof of stability for A;(S?) in Section 2.1
relies on Hersch’s trick [Her70]. Similarly, the proof of stability for Ay(S?)
relies on Nadirashvili’s generalization of Hersch’s lemma obtained in [Na02],
see also [GNP09, Petl4a, KS20, Kim20]. We describe Nadirashvili’s con-
struction below.
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Let Z be a collection of spherical caps in S?, i.e. non-empty intersections
of S? with affine half-spaces in R3. For each Z € Z there exists a conformal
reflection 757 across 07 interchanging Z and S?\ Z. We define Rz: S? — Z

to be
z, if z € S%\ Z,
Ryz(x) = ) \
Toz(x), ifxeZ.

Let 1 be an admissible measure and let ¢1 be its first eigenfunction. Then
one can show that there exists Z’ € Z and a conformal automorhism ® of
S? such that

/émugdu—/fm@oRZmu—OER?
S2 S2

Equivalently, one can phrase these conditions in terms of the measure &, pu.
Indeed, the first eigenfunction of ®,u is (®~1)*¢; and one has

0_/ (bORZ’dM_/ ((I)ORZ/OQ)il)(I)*d/j,,
S2 S?

0= [ or(@oRz)du= [ (@71)61)@0 Ry 087 D
S2 S2

Thus, the condition of Lemma 2.1 are satisfied for ®,u with v = Rz :=
doRy od L

Proposition 5.1. Let 1 be an admissible measure on S* and g be a round
metric on S®. Then there exists a conformal automorphism ®: S? — S? and
a spherical cap Z satisfying

1.
Area(Z) < 4w — 1/\2(/1)

such that the measure vy = |dRyz|2dv, satisfies

[[dRz; dvy — Ao (1)@t conmr 2(s2y)- < (12m)124/16m — A1)
In particular, if p € S? is the center of the spherical cap Z, one has that
(51) ||2d1}g + 87T5p — )\Q(M)q)*u|’(cl(g2))* < Ciy/16m — 5\2(#)
with an explicit constant C1.

Proof. By the preceding discussion, we can find a conformally equivalent
measure i = ®,u and a spherical cap Z such that i satisfies the conclusions
of Lemma, 2.1 for k = 2 with respect to the map u = Ry.

Thus, the inequality (2.2) implies that

[|dR 2|3 dvg — Ao (1) ®spall (conmr 2 (s2y)r < HRZ||W1’2(S2)\/2E(RZ) — (i)
It remains to note that 2E(Rz) < 167 and || Rz||w1.2 < 127. More precisely,

2B(Ry) = 2 /

s2\Z

dvg + / |d7'62|§ dvy = 4A1reau(S2 \ Z) =167 — 4 Area(Z2).
z
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Since A2(p) < 2E(u), one arrives at Area(Z) < 4w — o (p). B
To prove the final (C*(S?))* estimate, we may assume that 167 — Aa(u) <
8, so that the spherical cap Z is a geodesic disk D, (p) of area
1-
Area(D,(p)) < 4w — 1)\2(#) < 2m,

so that the radius r < 7 satisfies an estimate of the form

(5.2) r < coy/Area(Z) < coy/16m — Aa(p).

Then for any ¢ € C*(S?) one has that

/SQ\Zw\dRzzdvg—2/82godvg :2'/Zcpdvg

\ / sOIdRzlf,dvg—&w(p)‘ < [ I = olldRal} vy + 2 Aren(2)o(p)| <

< 2[lgllco Area(Z);

<rfleller /C |[dRz [ dvg + 2 Area(Z)||llco < Cay/16m — Ao (1) ol
Summing up the two inequalities yields the desired bound. ([

Proof of Theorem 1.6. The result follows immediately from Proposition 5.1
in view of the normalization \a(p) := A\2(S?, p) = 2. d

We remark that it is possible to develop the theory of stable comparison
families for Ay(M,C) following Section 2.3. Unfortunately, we do not have
any examples of such families apart from the Nadirashvili’s family used to
prove Proposition 5.1, which is already used to obtain quantitative stability
for A2(S?). As a result, the details of these definitions are omitted.

5.3. Min-max characterization. Since the min-max characterization of
Ao (M, C) is proved in [KS20] the proof of the following proposition is the
same as the proof of Proposition 3.1.

Proposition 5.2. Let M be a surface with o fived conformal class C and
let p be an admissible measure on M. Then there exists n > 0 such that for
any admissible measure i and any function ¢ € WY2(M) there is a map

u € WH2(M,S™) such that

/ud,u:/ Yudp =0 e R*H
M M

and 2E(u) < A2(M,C). In particular, if ¢ is chosen to be the A1 (M,C, p)-
eigenfunction, then

No(M,C, 1) < 2E(u) < Ao(M,C).
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5.4. Convergence of the maps. Let y5 be a sequence of admissible mea-
sures such that A\o(M, C, us) — A2(M,C) as § — 0. Then by Proposition 5.2
there exist maps ug: (M,C) — S™ such that

[ wsdus = [ wsusdus =0 e R

M M

where 15 is any A\ (M, C, us)-eigenfunction. As a result, Lemma 2.1 can be
applied with k = 2.

Proposition 5.3. Let M # S?. Then up to a choice of a subsequence one
of the following holds.
(1) us converge strongly in WL2(M,S™) to a Aa-mazximal harmonic map
u.
(2) There exists a point p € M such that us|x converge strongly in
WL2(K,S") to a A\i-maximal harmonic map u|x for any compact
K @ M\ {p}. Furthermore, lims_,g E(us) = E(u) + 4.
In particular, if Ao(M,C) > Ay (M, C) + 8x, then assertion (1) holds.

The following result is analogous to Lemma 3.4.

Lemma 5.4. There exist two points p1,p2 € M such that up to a choice of a
subsequence for any compact K € M \ {p1,p2} the sequence us|x converges
to u|k strongly in WH2(K,S").

Proof of Proposition 5.3. Up to a choice of a subsequence, we can assume
that |dus|? dvy —* p. Lemma 5.4 implies that

w= |du\§ dvg + widp, + wadp,

for some wy,we > 0. Similarly to the proof of Proposition 3.3 one has
vs == Xa(M, C, ps)ps —* pu.
The following lemma is a generalization of [Kok14, Lemma 2.1, 3.1].

Lemma 5.5. Let u; be a sequence of admissible measures such that
i —* W=ty + w16p1 + w25p23
where p, s a smooth absolutely continuous measure.
b Ifwlaw%:ur 7é 07 then

lim sup Ao (M, C, i) = 0.
o If . =0, w1 # 0 then

lim sup Ao (M, C, p;) < 167.
o If u, #0, wy #0, we =0, then

lim sup A2(M, C, i;) < min {)\I(M, Cy iy ), QSUW} .
1

In particular,
(5.3) limsup Ao (M, C, ;) < 87 + A\ (M, C, i)
with equality only if 87 = w1 A (M,C, uy).



38 M. KARPUKHIN, M. NAHON, I. POLTEROVICH, AND D. STERN

We postpone the proof of the lemma until the end of the section. Let us
use it to finish the proof of Proposition 3.3. By Proposition 3.9 the map
u is harmonic, i.e. it is smooth. Thus, Lemma 5.5 can be applied to the
sequence vs. Since Petrides’ bound A;(M,C) > 87 (see [Pet14b]) implies
that Ag(M,C) > 167 and M\o(M,C,vs) — A2(M,C) > 167, Lemma 5.5
implies that u is not constant and at least one of wy, ws is zero. Thus, there
are two cases.

Case 1: w; = wy = 0. Then us converge to u strongly in W12(M,S").
By upper-semicontinuity of the eigenvalues one has \o(M,C, |du\§ dvg) =
Ao(M,C) and, thus, u is a Ag-conformally maximal harmonic map.

Case 2: we =0, wy # 0 and v is not constant. Then by Lemma 5.5 one
has

Ao(M,C) < M(M,C, |dul? dvg) + 87 < A1(M,C) + 87 < Ao(M,C),

where the last inequality is a well-known property of conformal eigenvalues,
see e.g. [CE03]. In particular, one has A;(M,C,|dul? dvy) = A1(M,C), i.e.
u is Ai-conformally maximal harmonic map; Ay(M,C) + 87 = As(M,C);
and the equality in (5.3) holds. Thus, 87 = w1\ (M,C, |du|£27 dvg) = wi,
i.e. w; = 8n. Since E(u) is half the total measure of ]du|§ dvg, the equality
lim E(us) = E(u) + 4w follows. O

Proof of Lemma 5.5. The idea is to construct test-functions associated to
the three components of u, such that for different components these test-
function have disjoint support.

For each point p;, j = 1,2 there exists a neighbourhood of p; and a
conformally flat metric g; defined in this neighbourhood. In the following
B,.(p;) denotes the (open) ball around p; of radius = in the metric g;. It

is defined for r small enough. It is easy to see that up to a choice of a
J

subsequence there exist %j ) 5{ — 0 such that W—; — 0,

&

(B )\ By (py)) = 0(1); i (B (py)) = wi+o(1); e (Bi(py)) = o(1)
and for a fixed ig one has

(5.4) i (Bafo (p)) \ By (pj)) = pr (Bffo (pj)) :

This is a simple measure-theoretic fact, er the proof see e.g. [KNPP20,

, — j j
Lemma 5.1]. Set 6] = \/~/e], then % = % — 0. In particular, there exist

cut-off functions 0 < 1!1{ < 1, j = 1,2,r such that ||d1/)gHLz — 0 and for
J=r

- 1 on M\ (Bs} (p1) U Bsg(p2>)a
¢ 0 on B(51_1 (p1)U ng (p2),
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and for j = 1,2

dij B 1 on B%j(pj),
! 0 on M\Béf(pj)‘

These cut-offs have disjoint support and serve as multipliers for our test-
functions.

Test-functions associated to .. Suppose that u,. # 0. Let V| be a
direct sum of the eigenspaces corresponding to A, (M,C, u,), m =0,... k.
Since p, is smooth and V" is finite-dimensional, there exists C,, > 0 such
that for any f € V) one has || f|[r < Ol fllz2(a1,,)- Consider a function
! f, then one has

ld@i Pl < O+ a)ldfllZe + (1 + o DIFIE v Iz <
(1 + @AM, ¢ pp) + (1 + ™Rl d] 1 22] 11201 0,
Setting a = ||dy] || 2 = o(1) one obtains
(5.5) (7 1172 < (M, ¢, i) + 0O FlF2 (g -

In order for ¢} f to be a good test-function one needs to obtain the same
estimate with HfH%Q(MM) replaced by HgZJ;-"fH%Q(MM). Fix n > 0 and 7y such

that g, <B€J_- (pj)> < nfor j =1,2. Then for fi, fo € V" one has
20

[ st i [ sigea N

< ‘ [ st an - [ 52 an

<

; \ [ s an = [ fin00 di

+ ’/flfQ(l/J;O)Qdﬂr—/fldeﬂr

2
< Uil folioe | Yo (B 00\ Byto)) s (B ) | +
j=1

+ ’ / F1Fa (002 i — / P 160 dpr

= 2l ol (B (09) < C

where in the limit we used (5.4) and that the support of fi fo (wiro)2 is disjoint
from p1,p2. Since n > 0 is arbitrary we conclude that

(5.6) / fifadpe = (1+ 05, 5, (1)) / f1 1o (602 dps,

where the index in the o(1) indicates that the speed of convergence depends
on fi, fo. Since f1, fo lie in a finite-dimensional space, this estimate can be
interpreted as the convergence of a sequence of quadratic forms on V;/. To
be more precise, let fi, i = 1,...,k + 1 be an L?(u,)-orthonormal basis of



40 M. KARPUKHIN, M. NAHON, I. POLTEROVICH, AND D. STERN

Vi and f =) a;f; be a function in V;/. Then one has
k+1

/ W F2dp =Y apag / Fofa@)? dss =
p,q=1
k+1
(1 0(1)) Y apag [ fodyditr = 1+ o)
p,q=1

where the advantage of taking the basis is that now we apply (5.6) to finitely
many pairs and, thus, o(1) does no longer depend on the function f. Com-
bining with (5.5) one obtains

(5.7) (w7 17> < (M, C, i) + oG] £l 72,0
Note that this construction works for any number k£ and the min-max char-
acterisation is not required.

Test-functions associated to bubble points. Fix j = 1,2 and as-
sume that w; # 0. We show how to use the min-max characterization to
construct good test-functions concentrated near the bubble point p;. They
are constructed inductively, such that each function is L?(j;)-orthogonal to
the previous ones. The first function is f{, := 47, so that

ol = [ 16 duy = o).
At the same time,
0By > (B () = w; + o(1) > 0.
Combining these two inequalities yields
(5.8) ldfoll72 < ool 72 (-

To construct the second function ff ; one could use the Hersch trick.
For example, this is the approach in [Kok14, Lemma 3.1], [Pet14b, Claim
12], [Gir06, Theorem 1.1.3]. In order to emphasize the role of the min-max
characterization, we phrase our construction in a different way. This makes
the construction of ff’ o an easy modification of the argument below.

Let m: B 5 (pj) = Qg C S? be the inverse stereographic projection and g

be the standard metric on S?. Define the sequence of measures ug on S? by
the formula ug = ﬂ*((wf )211;). Since 7 is conformal, it preserves the Dirichlet
integrals. In particular, it is easy to see that admissibility of u; implies the
admissibility ug . By Proposition 3.1 there exists a map ug’l: S? — S™ with
vanishing ug—average and 2E(u§1) < A1(S?) = 87. In fact, Hersch trick

implies that n = 2 and ui 1 is a conformal automorphism of S?, but it is not
important for the argument. Since

el dil = [ (02 dus =y + o1
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- I (Y™ j
there exists a component vy, := (u; ;)" of u;, such that
(5.9)

dvl |2 d g/?zd? /?2d?>d?2.
vty < s [l [l ad > vl

Indeed, otherwise there exist n > 0 such that for all k = 1,...,n+1 one has

L6 ] aud < S ad ) 13 + a5

Summing over all k yields

wit o) = [ oy did < 2B0) S 4 o 0 s =

which is a contradiction.
We define f/, := ¢/7*v] | on Bsi(p;) and 0 outside. Then one has
K b J

| ffladni= [ (el )1 dui = [ ol dud =0,
Mo Mo s

where the last equality holds because ug -average of ufl vanishes. Further-

more, since wlj , ]vf 1| <1 one has
/M ‘dfi],ﬂ?; dvg = /82 ’d((ﬂ_l)*l/%j')”g,lgo dvg, <

. 1 .
< (1+a)/ |dv] 1|2, dvg, + <1+ >/ |dap |2 do,.
S2 ’ « M

Setting o = ||d1!)f||L2 and using (5.9) one obtains

. 87T . . .
[ o, < 5 [l (o)l =
J

—a +o(1))8”/s2(vg'1)2dug e —|—o(1))87r/M(W*vil)z(@bgfdm _

wy ’ wj
8T ;
= W0 [ (7 d
U]j M
As a result, we arrive at a 2-dimensional space Vlj := Span{ fijo, fij 1} of

functions supported in B 5 (pj) such that for any f € Vlj one has

8T
(5.10) lfl7> < (14 o) =117z
J

The third function fij 5 is constructed in the same way as fg 1- We use

Proposition 5.2 with ¢ = vil, = ,ug and find a map ug;?: S? — S™ such
that

(5.11) /S2 ul o dpi = /S2 uj o] 1 dpt; = 0
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and 2E(u) < Ay(S?) = 167. Similarly, there exists a component UZ{Q =
(ug’Q)mgv2 such that

(5.12)
. 167 . , . . C1
2 2 2
[ taetalsy v < s [l [ Rl > vl

We define f1,]2 = T/fgﬂ*vg2 on B(;i (pj) and 0 outside. Then all the arguments
for f7, carry over to fij2 In particular, fj2 1 fJO in L?(u;) and
167 .
/ |2 dvg < (14 0(1))— / (f74)? dpss.
w5 Jm

The additional property is that fi] 1 fj L in L%(;). Indeed, by (5.11)

|ttt = [ 7 @l @l = [ oyl o
M M 82

As a result, we arrive at a 3-dimensional space VQJ := Span{ ff 05 l 1> ff o} of

functions supported in B 5 (pj) such that for any f € V3 one has

(5.13) ldfI2s < (14 o0(1 >>16—”Hf\|Lz )

Estimates on the eigenvalues )\2(M,C”U/i). Suppose that p, # 0,
wi,wy # 0. Consider the 3-dimensional space 9] Vj ® VO1 &) V02. Since the
supports of distinct summands are disjoint, the inequalities (5.7),(5.8) imply
that

lim sup Ao (M, C, p;) = 0.
At the same time, p;(M) — pr(M) + w1 + wa < oo, therefore, the same is
true for the normalized eigenvalues Ao (M, c, 11;).

Suppose p, = 0, but wy,ws # 0. Consider the 3-dimensional spaces
VO1 ®VEand Vo = VI @ VOQ. Similarly to the previous case, the inequali-
ties (5.8),(5.10) imply that

lim sup Ao (M, C, ;) < min { 87T, o }
w1 W

In particular,

lim sup Ao (M, C, pt;) < min { B{uwn + w2)7 Sl + wQ)} < 167.
w1 w9
Suppose p, = 0, we = 0, but wy # 0. Consider the 3-dimensional space

V4. Then the inequality (5.13) implies that

16

lim sup Ao (M, C, ;) < =7

w1

Since p;(M) — wq one has

lim sup Ao (M, C, p;) < 167.
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Finally, suppose p, # 0, w; # 0, wo = 0. Consider the 3-dimensional
spaces YV @ Vi and 7Vy @ ViL. Then the inequalities (5.7),(5.8),(5.10)
imply

lim sup Ao (M, C, ;) < min {Al(M,C,uT), 87T} .
w1

Since pi(M) — pr(M) 4wy one has

8m

lim sup Ao (M, C, 1) < min {M(M,C, ),
w1

} (1 (M) + 1) <
< MM, C, )i (M) + 8.
O

Remark 5.6. The only non-trivial part of the proof is the min-max charac-
terization of Ay(M,C). In particular, the same proof could be generalized
to k > 2 once the min-max characterization of Ag(M,C) is proved.

5.5. Convergence of y;s. The contents of Section 3.3 carry over with only
minor modifications to the case of a regular Ao-conformally maximizing se-
quence. Below we state the analog of Theorem 1.9.

Theorem 5.7 (Qualititative stability for Ao(M,C)). Let M # S? be a closed
surface with a fized conformal class C and g € C be a background metric. Let
w; be a sequence of admissible measures, such that Ao(M,C, uj) — Aa(M,C).
If Ao(M,C) > A (M, C) + 8m or if the sequence Ao(M,C, pj)pj converges to
an absolutely continuous measure, then there exists Aa-conformally mazimal
measure p such that Ao(M,C, puj)p; converges to Ao(M,C, p)p strongly in
W=12(M, g).

For bubbling sequence one has the *-weak convergence by definition. Since
for any 1 > a > 0 the embedding C%(M) — C°(M) is compact, *-weak
convergence implies strong (C“(M))*-convergence. The case of & =1 is of
particular importance, see Section 5.7.

5.6. Quantitative stability for regular maximizing sequences via
Jacobi fields. The content of Section 4 easily carries over to the case of
regular Ao-conformally maximizing sequences. We state the corresponding
result.

Corollary 5.8. Let (M,C) be such that Ao(M,C) > A1(M,C)+87 and g € C
be a background metric. Assume that for any n and any Aa-conformally
maximal harmonic map u: (M,C) — S™ there are no non-trivial Jacobi fields
along u. Then there exist constants C,dy > 0 depending only on M,C, g such
that for any admissible measure p satisfying Ao(M,C) — Xo(M,C, 1) < o
there exists a \a-conformally mazimal measure pg such that

IA2(M. C, )t — Aa(M, C. uo)ptollw—12(arg) < O/ A2(M.C) = Aa(M,C. p).
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5.7. Quantitative stability for bubbling sequences. In this section we
briefly discuss the quantitative stability estimates for bubbling \o-conformally
maximizing sequences. General estimates of this type do not immediately
follow from our methods and require additional considerations. As a result,
we do not present any concrete results, but, instead, outline the difficulties
and formulate an open problem.

First, the proof of Proposition 5.1 suggests that in order to obtain the
stability estimate in terms of the natural quantity v/As(M,C) — Xa(M,C, p)
one needs to consider the norm in (C'(M))*. Second, the same proof high-
lights one of the challenges for the general conformal class. Namely, that
one needs to obtain a bound on the concentration scale of the maximiz-
ing sequence of the form (5.2). This observation raises another interesting
question: does the location of the concentration point have any effect on the
stability estimates, in particular, would attaching a bubble at a branch point
affect the concentration scale? Finally, it is clear that any obstruction to
stability of A\;-conformally maximal metrics should still be an obstruction to
the stability of bubbling sequences. Putting all these observations together,
one arrives at the following problem.

Open problem 5.9. Let (M, C) # S? be such that there are no Az-conformally
mazimal metrics. Assume that for any \-conformally mazimal harmonic
map u there are non non-trivial Jacobi fields along u. Then there exist con-
stants C, 69 > 0 depending only on (M,C) such that for any admissible mea-
sure o satisfying Ao(M,C) — Xo(M, c, 1) < do there exists a \j-conformally
mazimal measure pg and a point p € M such that

H)\Q(M7C7H)H_)\1(Macu /’LO)HO_87T(S;DH(C’1(M))* < C\/AQ(M,C) - S‘Z(M)Ca ,LL)

6. STABILITY OF GLOBAL MAXIMIZERS FOR THE FIRST EIGENVALUE

In the preceding sections (see, in particular, Theorem 1.9) we have ob-
served that any \j-conformally maximizing sequence of unit-area metrics
g; € C in a fixed conformal class C on M # S? converges subsequentially
in W2 to a conformally maximizing metric gmax € C. In this section, we
establish an analogous stability result for globally A;-maximizing sequences
g; of varying conformal type, and describe some circumstances under which
the rate of convergence can be quantified.

6.1. Qualitative stability. Given a closed surface M, denote by Metcan (M)
the space
Metcan (M) := {g € Met(M) | Area(M,g) =1, K, =27nx(M)}

of unit-area metrics on M of constant curvature K = 2mwx (M), where x (M)
denotes the Euler characteristic. By the uniformization theorem, Met (M)
is in one-to-one correspondence with the space of conformal classes of metrics
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on M. Note that the diffeomorphism group Diff (M) acts naturally on pairs
(9, 11) € Meteqn (M) x (CO(M))", by

®- (g, 1) = (g, (D )upr),
such that
Ae(@ - (g, 1)) = (g, 1)

As we’ll see below, the global quantitative stability result in Theorem 1.14
is a relatively straightforward consequence of Theorem 1.9 and the results
of Petrides [Pet14b] and Matthiesen—Siffert [MS19] establishing compactness
of (the moduli space of) conformal classes with A;(M,C) sufficiently close
to Al(M)

Proof of Theorem 1.14. Since the moduli space of conformal classes on RP?
is trivial, the theorem reduces trivially to Theorem 1.9 in this case, so in
what follows we consider the case x(M) < 0.

By the combined work of [Petl4b, Theorem 2], [MS17], and [MS19],
we know that for any sequence g; € Metcan (M) satisfying Ai(M, [g;]) —
A1 (M), there exists a subsequence (unrelabelled) and diffeomorphisms ®; €
Diff (M) such that g; := ®7g; converges smoothly to a metric gy € Metcan (M)
such that

A1 (M, [g0]) = Ar(M).
Let fi; == (<I>j_1)*uj, so that

M((95], ) = Mi(lgg) ) = A(M).
By the smooth convergence g; — go, we see that there is a sequence §; — 0
for which
(1+6;)7'3 < g0 < (1465,
and in particular, it follows that
M(M, [go], /1) = (1 +8;) M (M, [g5], /7).

Thus, the admissible probability measures fi; satisfy

lim Ay (M, [go], f37) = lim (1+6;) "M (M, 5, fi;) = A (M);

)0 j—oo

ile., fijis a A1-conformally maximizing sequence within the maximizing con-
formal class [go]. It then follows from Theorem 1.9 that fi; — dvg,,. in
W=12(M, go) for a A\j-maximizing metric gmayx in [go], completing the proof
of the theorem. O

6.2. Quantitative stability. In some cases, we can upgrade the qualitative
convergence statement to a quantitative one, bounding the distance from a
given metric g to a Aj-maximizing metric gmax in terms of the spectral
gap A1(M) — X\1(M,g). When the minimal immersion M — S" inducing
the \j-maximizing metric gmax is not contained in an equatorial 2-sphere
S? C S", we have seen already in Theorem 2.7 and Proposition 2.8 that
such a bound holds for metrics g within the mazimizing conformal class
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9 € [gmaz]- The question then becomes whether a metric g not conformal

to any Aj-maximizing metric lies a distance at most C’\/Al(M) — (M, g)

from some maximizing metric gmax, in a W12 sense.

Our main result in this direction gives a positive answer provided the
branched minimal immersion u: M — S™ by first eigenfunctions realizing
A1 (M) has mazimal Morse index

(6.1) indg(u) =n+ 1+ dim(M(M))
as a critical point of the area functional, where
M(M) := Metcan (M) /Diff (M)

denotes the moduli space of conformal structures on M. We postpone the
proof to the end of the section.

Theorem 6.1. Suppose that the (possibly branched) minimal immersion
u: M — S™ by first eigenfunctions inducing each globally Ai-mazimizing
metric gmaz on M has Morse index

indg(u) =n+ 1+ dim(M(M)).

Then the global quantitative stability estimate holds for Aq(M) in the sense
of Definition 1.15.

In general, if u: M — S"™ is a (branched) minimal immersion by first
eigenfunctions, then by [Kar20, Proposition 1.6], we know that u has Morse
index indg(u) at most n + 1 as a critical point of the energy functional in
the conformal class [u*(gsn)], and we know from the proof of Proposition 2.8
above that equality indg(u) = n+1 holds provided u(M) is not contained in
a totally geodesic S? C S", with the (n + 1)-parameter family of conformal
dilations of S™ giving an energy-decreasing family. By the results of Ejiri
and Micallef in [EjMi08], it follows that the area-index ind4(u) of such a
map is bounded above by

indg(u) < n+ 1+ dim(M(M));

moreover, equality implies that u is a true immersion, with no branch points.

On the other hand, in view of the min-max characterization of confor-
mally Aj-maximizing metrics in [KS20], it is natural to expect that the
minimal immersions arising from maximization of \; over all metrics may
be constructed via a (n + 1) + dim(M(M))-parameter min-max construc-
tion for the area functional, roughly corresponding to adding a Teichmiiller
parameter in the construction of [KS20]. From this perspective, the max-
imal index assumption (6.1) is a natural one, perhaps corresponding to a
Morse-Bott nondegeneracy condition for the area functional at the critical
value A (M).

One can show directly that the maximal index condition (6.1) is satisfied
in all examples where the \;-maximizing metric is known and the associated
minimal immersion u: M — S™ is not given by a branched cover of S?. In
particular, we have the following corollaries.
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Remark 6.2. In what follows, and throughout the section, we denote by

C*(go) the norm
k

1Tl v (goy = max > D5 T,
j=0

on tensor fields T' (possibly taking values in a Euclidean space ]RL), where
Dy, is the Levi-Civita connection for go; note that the norms C*(gg) and
C*(g1) are equivalent for any pair of reference metrics gg, g;. We define the
LP? and Sobolev norms of T" similarly.

Corollary 6.3. Let g1 € Metean(T?) be a unit-area flat metric and p an
admissible measure on T? with A\ (T?, [g1], ) > % — 00(T?). Then there
exists a metric gy isometric to RQ/Feq, where I'cq is the lattice generated by

(1,0) and (l @> such that

27 2
\mr?[ b= | <c(8”2 Au(T2, o] >)
) 9 — ———av X - = ) )
1 gl lu’ lu’ 3 gqo W71Y2(T2’g0) \/g 1 g]. H’
and )
2 872 _
a-2gl <c ( (T, [gﬂ,m) .
V37 o1 (go) V3

Proof. By virtue of Nadirashvili’s proof [Na96] that the equilateral flat torus
R? /T, is the unique global maximizer of A (T?, g), the result will follow from
Theorem 6.1, provided the homothetic minimal embedding

u: R? Ty — S°

of the equilateral flat torus R?/ I'e, into S5 by first eigenfunctions has max-
imal Morse index

(6.2) inda(u) = (n+ 1) + dim(M(T?)) = (5+ 1) + 2 = 8.

Indeed, (6.2) is known to hold for the “Bryant-Itoh-Montiel-Ros” torus
u: R?/T.; — SP; see, for instance, [KW18, Proposition 3.4, Remark 3.7].
More explicitly, viewing S° as a unit sphere in C?, one can write

u(z) = \}g((ﬁl, P2, 3),

where
2mi(21- %) AmiZ2 omi(z1422)
o1(z) =e V3] ga(x) = V3, and ¢3(x) =e V3,
One can find an 8-dimensional space of area-decreasing variations
Vg = {(6 - <U, e>u) | €< R6} S Span{(_¢17 07 ¢3)7 (_¢17 2¢27 _¢3)}

corresponding to the deformations of u by conformal dilations of S® and the
deformations along a natural two-parameter family of maps g, T2 — S°
considered by Montiel and Ros in [MR&85]. These maps give homothetic
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immersions of the flat metrics T, := R?/ (Z(1,0) & Z(a, b)) into S® by the
first six nontrivial eigenfunctions of the Laplacian on T, .
O

Corollary 6.4. Let g1 € Metean(K) be a unit-area flat metric and p an
admissible measure on the Klein bottle K, with A\(K, [g1], 1) = M\ (K) —
50(K). Then there exists a unit-area \i-maximizing metric gmax on K (as
described in [EGJ06, JNPO6]) conformal to a unit-area flat metric gy €
Metcan (K) such that

1M K [g1], i) = A (K)dvg,,, [fr-12(01,0) < € (M1(K) = M (K, [91], )
and _
llgr = g0l (g < C (M(K) = Mi(K, [g1], 1) -

Proof. Again, by Theorem 6.1, it suffices to show that the minimal immer-
sion u: K — S? by first eigenfunctions inducing the maximizing metric gmayx
has maximal Morse index

(6.3) indg(u) =(n+1) +dim(M((K))=5+1=6.

To prove (6.3), we employ the arguments of [KW18], with minor mod-
ifications for the nonorientable setting. Let u: K — S* be the minimal
immersion described in [EGJ06, JNP06] inducing the A\;-maximizing metric
Jmax, and choose a > 0 such that gmax is conformal to the flat metric

(Kv gO) = R2/Fa7
where ', C Isom(R?) is the group generated by

- (@,y) = (2,9 +a) and 72 - (2,y) = (z + 7, —y).
Denote by v: R? — S* the induced conformal minimal immersion v = u o,
where 7: R? — R?/T', is the obvious projection.

Now, let N'(v) C v*(T'S*) denote the normal bundle associated with v,
and let a be the second fundamental form. Following [KW18], consider the
normal sections Ny, Ny € T'(NV (v)) given by

Ni = a(0y,0;) = —a(0y, 0y), and No = «(0y, 0y).

In the notation of [KW18], N1 and N3 coincide (up to a constant factor) with
the sections €21 and s giving the real and imaginary parts, respectively, of
the section 2 of the complexified normal bundle given by the normal pro-
jection of %. As in [KW18], we note that the Codazzi and Ricci equations
(together with the minimality of v) yield

1 1
(6.4) Dy, N1+ Dg Na = D N1 — Dy Nz =0,
and
(6.5) LNy = 2Ny +2p~ 4 [(|N1]? — |N2|*) N1 + 2(Ny, No)Ns]
where p := |0v/0x| = |0v/dy| and L: T'(N(v)) — T'(N(v)) is the Jacobi

operator associated to the minimal immersion v.
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Since
and
(71)«(9y) = —(12)(8y) = Oy,

we see that Nj is invariant under the action of Iy, and therefore descends to
a section N7 € T'(NV(u)) of the normal bundle for the embedding u: K — S4.
The section Ny is invariant under the translations (z,y) — (z,y + a) and
(z,y) — (x + 2m,y), but changes by a sign Ny o5 = —Ns under the action
of 79, and therefore does not descend to a section on the Klein bottle K.

It is a standard consequence of (6.4) that

. 1 .
(0 = i0y) | 5 (IN1[* = [Naf?) + (N1, No)| =0,
and since N; and Ny are both periodic with respect to the translations
(z,y) = (x,y +a) and (z,y) — (z + 27,y), it follows that
(IN1[* = |Naof?) + 2i(Ni, No) = A+ Bi € C

is constant. Since (Np, Na) oy = (N1, —Na) = —(N1, No), it follows imme-
diately that B = (N1, No) =0, and (6.5) gives

(6.6) LN = 2N, + 24p~2Ny.

For the minimal Klein bottle given by maximization of A1, we can compute
the constant A = |N7|? — | N2|? explicitly. Recalling from [EGJ06, JNP06]
that the minimal immersion v: R?> — S* has the form

v(z,y) = (o(y), p1(y)e™, pa(y)e™),

where ©f + 7 + 05 = 1 and ¢} + 495 = (¢))? + (¢1)* + (¢h)?, one may
check by direct computation that

A=|Ni> = |No|® = 0} 4+ 1605 — (0] +493)% — (1) — 4(h)*.
That is, in the notation of [JNPO06, p. 7], we have
A= —ko=—3F; = 402(0)%(3 — 4p2(0)%) = 9/4,

since the solutions satisfy 2(0) = /3/8.
Hence, for the minimal Klein bottle in question, the section Ny € T'(N (v))
satisfies

9
LNy =2N; + §p74N1,

and, in particular, descends to a normal section Ny € T'(NV (u)) C I'(u*(TS?*))
over the embedding u: K — S?* satisfying

(67) ,CNl = 2N1 + gp_4N1.
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Thus, the second variation of area 62A(u)(N1, N1) at u along N satisfies

62A(U)(N1,N1) = /<N17EN1>dvgmax
K

9 _
S A CRR-T] [T
K
< —2”N1”%2(gmx)‘

Arguing as in [KW18, Theorem 3.1], we therefore deduce that the lowest
eigenvalue )\ of the second variation §%A(u) must satisfy Ag < —2. On the
other hand, (cf. [KW18, Lemma 2.2]), the conformal deformations give a
5-dimensional subspace of T'(N(u)) within the (—2)-eigenspace of §2A(u),
which together with the Ag-eigenspace gives a 6-dimensional subspace of
(N (u)) on which §2A(u) is negative definite. In particular, it follows that
ind4(u) > 6, as desired. O

We turn to the proof of Theorem 6.1. The main ingredient is the following
lemma, showing that the assumption of maximal index gives rise to a nice
family of comparison maps associated to conformal classes [g] sufficiently
close to the Aj-maximizing conformal class. It is convenient to formulate
the result of this lemma in terms of the “Teichmiiller” space of conformal
classes Mo(M) := Metcan(M)/Diffo(M), where Diffo(M) is the group of
diffeomorphisms isotopic to the identity. If M is oriented, then the space
Mo(M) agrees with the classical Teichmiiller space of complex structures
on M. The advantage of M(M) is that it is a manifold whereas M (M) is
only an orbifold.

Lemma 6.5. Let u: M — S™ be a minimal immersion by the first eigenfunc-
tions whose induced metric u*(gsn) is conformal to the constant curvature
metric go € Metean(M). Assume that u has the maximal Morse indez, i.e.
that

inda(u) =n+ 1+ dim(M(M)).

Then there is a neighborhood U of the class (go) in the Teichmdiiller space
Mo(M) and a family of immersions

UsT— FreC™®(M,S")

such that the constant curvature metrics g € Metean (M) conformal to
F*(gsn) satisfy (gr) = 7, for which the following holds: denoting by F:, :=
G o F; the composition with the conformal automorphism G, € Conf(S™)
as in Remark 2.5, there exist C < oo and 61 > 0 such that for every
(a,7) € B"" x U, either

Area(F;,) < Area(u) — d1,
or

(6.8) llgr — 90”%1(90) + || Fra — u||%2(g0) < ClArea(u) — Area(F; ,)].
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Remark 6.6. The constants C' < oo and §; > 0 in the lemma depend only on
the conformal structure (go) € M (M), since each conformal structure carries
at most one minimal immersion by first eigenfunctions, up to isometries (by
[MRS&5, Theorem 1]). In particular, for those minimal immersions u arising
from maximization of A1, the constants C = C(M) and 6;(M) may be
taken independent of the conformal structure (go) € M(M) as well, since
the collection of conformal structures achieving Aj(M) is compact (recall
that we are assuming M # S? throughout this section).

Proof. Recall that the maximal index condition implies by [EjMi08] that du
never vanishes, so the assumption that u is unbranched follows from the
index condition.

Denote by go € Metcan (M) the unit-area constant curvature metric con-
formal to u*(gsn). As discussed above, since u is a map by first eigenfunc-

tions for A «(g.,), we know that u has Morse index

(6.9) indp(u) =n+1

as a critical point of the energy functional Ey,), with an (n + 1)-parameter
family of area-decreasing deformations given by the conformal variations
(6.10) Veonf 1= {e — (e,u)u | e € R"}.

Now, for any variation vector field v € I'(u*T'S™)), denote by n(v) the
symmetric two-tensor

n(v) = du'dv + dvtdu = —

d U+ tv *( )
dt|,_o L\ |u+tv] g

and denote by n(v)T its go-traceless part

()" = n(v) — {du, dv)g,g0.
A straightforward computation (cf., e.g., [Mo07]) shows that the second
variation 62A(u)(v,v) of area along v € I'(u*(TS")) is given by

6.11)  FAW(,0) = EEp@(o,0) — 5 [ Sl o)

Recall that 62A(u)(v,v) depends only on the component of v orthogonal to
the tangent space du(TM); indeed, for any tangent vector field X € T'(T'M)
generating a family of diffeomorphisms ®; € Diffo(M), we have

@ Area m od; | =
+=0 |u + tv t
_ u+ tv

T oare
= —| A =524
il rea <\u+tv\> 5 A(u)(v,v),

by the invariance of the area functional under reparametrization.
By the assumption of maximal index

indg(u) = Inax :==n+ 1+ dim(M(M)),

62 A(u) (v + du(X), v + du(X))




52 M. KARPUKHIN, M. NAHON, I. POLTEROVICH, AND D. STERN

we can find a space of sections V C I'(u*(T'S™)) of dimension dim(V) = Inax
such that

52 A(u)(v,v)

(6.12) <—c<0
0#veyY HUH%Q(QO)
for some ¢ = c(u(M)) > 0. Moreover, we take V to be of the form
V= Vconf S5 W,

where Vot is the (n+1)-dimensional space of conformal variations given by
(6.10) and W C I'(u*(T'S™)) is a complementary dim(M (M ))-dimensional
space of variations.
With V as above, consider the linear map
T:V — S:=T(Sym?*(T*M))
onto the symmetric two-tensors, given by
T(v) := 2|du]g_0217(v) = 2|du|;02(dutdv + dv'du).
Now, recall (e.g., from [FiMa77]) that the space S of symmetric 2-tensors
admits a direct sum decomposition (determined by go)
S=5)® 51 d S5

into the components

So == {pgo | ¢ € C*(M)},

S1:={Lxgo—divg(X)go | X € T(TM)},
and

Sy :={h €S| (h,g) =0, divg(h) =0}.
The latter summand S5 corresponds to those variations of gy within the unit-
area constant curvature metrics Metea, (M) which are L?(gg)-orthogonal to
the orbit {®*gg | ® € Diffo(M)} of go under the action of Diffy(M), and
may, in particular, be identified with the tangent space T,y Mo(M) to the
Teichmiiller space Mo (M) at (go).

Denote by T5: V — Sy the composition of T: V — S with the projection

S — S5. We claim now that 75 is surjective. To see this, consider the kernel
Vo := ker(T3). It follows from the definition of 75 that each v € Vy satisfies

1
n(v) = @90 + 3ldulg, Lxg0

for some ¢ € C*(M) and X € I'(T'M) which are determined uniquely
(and linearly) by v, provided we select X in the L?(go)-orthogonal comple-
ment to the space of conformal Killing vector fields for gy. Moreover, it is
straightforward to check that

Lx (pgo) = pLx(g90) + X(p)go
for any conformal factor 0 < p € C*°(M), so we can write

1 \
n(v) = e190 + 5 Lx (Idul2,90) = 190 + Lx (u*(gsn))
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for some ¢ € C°(M) and X € I'(TM). On the other hand, it is easy to
check that

n(du(X)) = Lx (u"(gsn)),
so that
(v — du(Xy)) = n(v) = n(du(Xy)) = ¥190 € So.
In particular, since du(X) is tangential to du(M), it follows from (6.11) that

82 A(u)(v,v) = 82 A(u) (v — du(X),v — du(X)) =
= 62 Ey, (u) (v — du(X),v — du(X)) — ;/M \du!;f In(v — du(X))T‘zo dvg,
= 62 By, (u) (v — du(X),v — du(X)).

Thus, it follows that the second variation of energy §?Ey,(u) is negative
definite on the space

Vo = {v—du(X,) | v € Vo} € D(u*(TS")),

and since indg(u) = n + 1, it follows that dim <l~)0) < n+ 1. Moreover, it

is easy to see that the map v +— du(X,) is injective on Vy, since 62 A(u)(-, -)
vanishes for the tangent vector field du(X,). Hence,

dim(Vy) = dim(ker(73)) < n+ 1.
In particular, it follows that
ker(72) = Veont,
and since dim(S3) = dim(M(M)), we deduce that

W — SQ
gives an isomorphism.
Now, for each v € W, let
F, = utv M — S,
|u + v

and for v in a small neighborhood 0 3 W C W of 0 (so that F, remains an
isomorphism), let g, € Metcan(M) be the unique constant-curvature unit-
area metric conformal to F;(gsn). A straightforward computation reveals
that

d

(6.13) |, () =2 (ldulgFn(wo)

In particular, for v in a sufficiently small neighborhood 0 > W’ C W, since
T5: W — So is an isomorphism, the assignment
U3sve (gy) € Mo(M)

gives a homeomorphism onto a neighborhood of (gp) in the Teichmiiller
space.
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Letting B"*! 3 a +— G, denote the family of conformal dilations of S”,
note that the subspace of variations in I'(u*(7'S™)) given by differentiating
the families G, o F, at (a,v) = 0 € B"*! x W is precisely

V = Veont + W.

In particular, it follows from (6.12) that for (a,v) in a neighborhood 0 €
OCVof0inV,

|Ga o Fy — uHég(go) < C[Area(u) — Area(G, o F)).

Moreover, since the maps G, are conformal, for any (ag,vg) € B x W,
we see that

d _92 T —92 d
G| o =2 (el 2n00)” =2ty (5

from which it follows that

T
[Gtao © Ftvo])

t=0

lgv — gollcr(go) < CllGa 0 Fy — ull o249

for (a,v) in a sufficiently small neighborhood O of 0 in B"*! x W. In
particular, for (a,v) € O C W, it follows that

(6.14) ||go — 90”%11(;;0) +||Ggo Fy — uHég(go) < ClArea(u) — Area(Gg 0 Fy)].

Finally, letting O be such a neighborhood of 0 in B"*! x W, we claim
that there exists 0; > 0 and a neighborhood U of 0 in W such that if
(a,v) € B"! x U and Area(G, o F,) > Area(u) — d1, then (a,v) € O,
Indeed, if no such d; and W existed, then we could find v; — 0 in W
and a; = a # 0 in B"* for which lim; o Area(Gy; o Fy;) = Area(u). If
a € B"t! then lim; o Area(Gy; o Fy;) = Area(G, o u), which contradicts
the fact that u is the unique maximizer of area among the maps G, ou. The
case a € OB"! is more subtle and we postpone the detailed argument until
Section 6.3. In Corollary 6.9 we show that in this case lim;_, Area(Gaj o
Fy;) < limgyq Area(Gq o u), which contradicts the fact that Area(Giq o u)
is strictly decreasing in t, see the proof of Proposition 2.8.

Combining the conclusions of the preceding three paragraphs, we see that
we can find a neighborhood U of 0 in W such that

Usves (go) € Mo(M)

gives a homeomorphism onto its image U C My(M), and such that for every
v €U and a € B**!, either

g0 = 9ollZn (go) + 1Ga © Fo — ul|gay,y < C[Area(u) — Area(Gy 0 F,)]
or
Area(Gq 0 F,) < Area(u) — 4;.
Thus, we see that the family of maps
U3 (gy)— F, € C°(M,S")

satisfies all the desired properties, completing the proof of the lemma.
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O

With the preceding lemma in place, we can now complete the proof of
Theorem 6.1.

Proof of Theorem 6.1. Let Cpax C Mo(M) denote the set of (equivalence
classes of) conformal structures (g) achieving the maximum A;(M,[g]) =
A1(M). By assumption, for each (gy) € Cpax, the minimal immersion
w: M — S" arising from maximization of \; satisfies the hypotheses of
Lemma 6.5. Thus, for each (go) € Cmax, there is a neighborhood U, of
(go) in Mo(M) and a family of maps U > 7 — F, € C°°(M,S") satisfy-
ing the conclusions of the lemma. Namely, the constant curvature metric
gr € Metcan(M) conformal to Ff(gsn) lies in 7 € Mo(M), Fiypy = ug is
the minimal immersion inducing the A;-maximizing metric in (go), and for
every (a,7) € B"t! x U with
do(M) 1

Area(Gg4 0 F;) > Area(ug) — 5 = 5[1\1 (M) — do(M)],

we have
1
llgr — go||%1(go) +||Gg o Fr — uOH%Q(QO) <C §A1(M) — Area(Gq o Fr)| .

Now, let g1 € Metcan(M) and let p be an admissible measure such that
M (M, [g1], 1) = A (M) = do.

By the qualitative convergence result of Theorem 1.14, provided g = dp(M) >
0 sufficiently small, it follows that (g1) € U, for some (go) € Cimax. Thus,
we have a map F' = F,y: M — S" and a representative gg € Metcan (M) of
(g0) € Cmax (possibly after replacing (F(gl>,go) with (F(g1> o, <I>*go) for an
appropriate ® € Diff(M)) such that for every a € B"! if

do(M) 1

= 5[A1(M) — do(M)],

Area(Gg 0 F) > Area(up) — 5 5

then
(6.15) |lg1 — 90||%11(g0) +||Gyo F — u0||202(go) < C[A1(M) —2Area(Gyo F)).

Since p is admissible, we know that there exists a € B"*! for which
F, .= G, o I satisfies

/ F,du=0e R,
M
and since ug: (M, g1) — S™ is conformal, it follows that

Area(Fy) = By, (Fa) > S0a(M, o) > 3 [Aa(M) — 6]

N | =

Hence, (6.15) holds, and we have
(6.16)  llg1 — gollg gy + 1Fa — wollg(gyy < CIAL(M) = Ai (M, [g1], )]
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Moreover, by Lemma 2.1, we see that

2
H‘dFa’_thdvgl - )‘1([91]’ M)NHWfl,z(gl) <
< Nl dFal[Foo g0y [2 Area(Fo) — Mi(M, [g1], 12)] <
< [ dFul[F oo (g M1 (M) = A1 (M, [g1], )]

Finally, it follows from (6.16) that, provided A1(M) — A1 (M, [g1], i) is suf-
ficiently small,
JdFulB gy < CldFalZ iy < C.

go)
I lw-12(0) < Cll - lw-12g1),
and

|HdFa|§1dvg1 - |du0|§0dngHW_1,2(go) S

N |=

< Cllgr — gollen, + 1Fa — uollor(gy)) < CLALM) = Au(M, [ga], )] 2.

Combining the preceding observations, we therefore see that

lIduo 2, dogy = M ([g1]s )iy -2y < Oy M) = Aa(M, ], ).

In particular, since

|du0|§0dv90 = Al (M)dvgmax7

where gmax is the globally \j-maximizing unit area metric conformal to go,
by combining the preceding estimate with (6.16), we see that

I, [g1], s)pe = Aa (M) dvg (12050 + llg1 = gollEs <
< C[AL (M) = A (M, [g1], 1)),

as desired.
Finally, note that in the special case in which u = dv, for a metric g
conformal to g1, it follows that

M (M. 9)g — As(M) gl By 2(00) < CLALM) = Xe(M, 1], 1)
O

6.3. Limiting behaviour of the canonical family. Let F': M — S™ be
an immersion with induced metric gp = F*(gsn). Given y € S™ and r > 0,
consider the area density

GF(yar) : r

and recall the following standard monotonicity result for immersions M —
R+ with bounded mean curvature.

_ Areag, ({|F —y| <r})
= 5 ,

Lemma 6.7 (see e.g. [Si83], section 17). Let F': M — R™"! be an immersion
with induced metric gp = F*(gsn). Then for r > 0 one has
d

£ [eruHFuoo@F(y,r)} >0,
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where Hp = Ay, F is the mean curvature of F' as an immersion into R™*1
and ||Hpl|co is its L*-norm.

An immediate corollary is the well-definedness of the density
@F(y7 0) = lim ®F(y7 T’),
r—0
and for any 0 < r < s one has
Or(y,r) < elrl=t=rgp(y,s).

Recall that the canonical family B"*! > a — G, € Conf(S") is given by

T +a ta

Ga(q:) = (1 - |CL‘2) ‘SL’+(Z|2 :

We then have the following.

Proposition 6.8. Let I': M — S™ be an immersion with mean curvature
Hp = Ay F as a submanifold of Euclidean space, and let a € B" 1 with
1 —|a| < 82 < 1/2. Then there exists a universal constant Cy (independent
of F', n) such that, letting « = —a/|a|, we have

(6.17)

Or(a,0) 52
e it A 2,CollHplloo) 2
Area(Ggo F) = (14 |a) T Co (1 + %€ ) al? Area(F)
and
(6.18)
2
Area(G, o F) < 4ellflrll=dQ L (a, 5) 4 Cy (1 + 5600HHFH°°) |6|2 Area(F).
a

Proof. By a direct computation, we have
1—lal?)? 1— lal2)2
Area(G, o F) :/ %de :/ (1 —lal®) .
m |Ftal W (JallF = af? + (1~ [a])?)
_/ (1—lal)?
{F—al<s} ([a]|F — a2 + (1 — |a])?)?

Vgp =

dvg.+

(1—la[*)?
+ 2 UQF’
{(IF-alz6} ([al|F —af> + (1 —|al)?)

so that
1412)2
Area(Gg o F) —/ u 5 o) V)
{F-al<s} ([a]|[F —a* + (1 —[a])?)
(1—a*)? 46?
NS WAI'G&(F) < W Area(F),
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where in the last line we used the bound 1 — |a| < §3. Next, applying the
coarea formula for |F' — «| and integrating by parts, we see that

/ (lal|F — af + (1 — |a)?) v,y =
{|F—a|<6}

J d
:/ (Jals® + (1~ Jal)?) - Axea({|F — ] < s})ds =
0

Or(a,d)s> 5 d 9 9\—2
= S} — 1-— :
T 0 [ Ot st ol + (1)) s
Set v,(s) == |als? + (1 — |a|)? > 0. Combining the previous computations
gives
(6.19)

4 2
Area(Gy 0 F) —2(1 — |a?) / Or(a, s)s?v; 3] (s)ds| < | 5’2 Area(F)+

a2y Op(a,§)s? 462 46
0= 1P e g e < e A ) T

where we used the bound (1 — |a]?)? < 4(1 — |a])? < 46° in the last step. By
Lemma 6.7 one has

—0Op(a,9),

Op(a,d) < €2HHFH0<>@F(a 2) = eQHHFHOOAI”L(F)'
) X s 4

Substituting this into (6.19) yields

‘Area(GaoF)—2 — |af?) /@Fassv 30/ (s)ds| <

< (4 n 5262\\HF\|00) 52

Area(F
a2 (£).

Finally, we estimate the integral term in the l.h.s. The monotonicity
statement of Lemma 6.7 gives that for all s € [0, 4] one has
(6.20) e Pl Q 1 (a,0) < Op(a, s) < elPFlledQ p(a, 6).

At the same time,

/0582st N |a|/ val(s 1—al))vlv(s)ds=

a a

- |a|/ ds< +<;;(|:)\32>d3:

_ L-la)? 11 (-lah?\ _
- ra\<2va<5>2 EAORER 2va<o>2>
1 (1= [a])? — 2[]a]6? + (1 — |a])?

2al(1 — [a])? allald® + (1 — )P’




STABILITY OF ISOPERIMETRIC INEQUALITIES 59
so that
1

/632%(8)%— 1 '
o vl 2lal(1 —lal)*| ™ |al?6?
Combining this with (6.20) yields (note that v),, v, > 0)

2
Area(Gg,o F) > — (4 + 5262”HFH°°> ‘2|2 Area(F')+

0 ! 2
+2(1 — \a|2)2/ Or(a, S)SQL(S)dS > — (4 + 5262”HF”°°> |2’2 Area(F)+

3
0 Vg

_ 1 1
+2(1 = |af*)?e” 1 l=00 p(a, 0) (2\al(1 —la? |a252)

2
> (14 |a))?e” 1Hrll=dQ 1 (a, 0) — C (1 + 526CO||HFH°°) |Z|2 Area(F),

Or(a,0) .

where in the last line we used Lemma 6.7 to bound the term | |2 52
a

terms of Area(F"). Similarly, we find that

a

2 2
Area(G,oF) < m‘—TLDeHFmé@F(a, d)+4 (1 + 5262“HFH°°) 5|2 Area(F).
a

To complete the proof of (6.18) we write

2 3 2 6
(L+la)® @ +2a)? _, e, O
[a [a a

56

and we once again use Lemma 6.7 to bound the term O p(«, J) <453 + H)
a

(]

in terms of Area(F).

As an immediate corollary, we see that for any fixed immersion F': M —
S™ and a € S”,

(6.21) %m% Area(Giq 0 F) = 40p(—a,0).
—

Finally, we can use this to analyze the boundary behavior of the area of
the canonical family for a family of immersions converging in C2.

Corollary 6.9. Let Fj: M — S" be a sequence of immersions converging
in C? to an immersion F: M — S™, and let a; € B! be a sequence of
points such that

aj — £ es”.
Then
(6.22) 40F(—3,0) > limsup Area(G,, o F}).
j—o0

In particular,

(6.23) %m% Area(Gyg o F) > limsup Area(Gy,; o F}).
%

Jj—o0
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Proof. Since the maps F}; are converging in C? to an immersion F': M — S",
it is easy to see that the induced metrics gp;, — gp converge in C', and the
mean curvatures (as immersions in R"*1)

—-1/2
Hy, = Dy, Fy = — (det(gr,))/* 0, (det(gFj)Wg;gaij)
converge Hp, — Hp in CY. In particular, there exists K > 0 such that
|HF;|lLe < K and [|Hp||p~ < K

and
Area(F;) < K.
Thus, applying (6.18) to Fj, we see that there exists C' independent of j
such that
Area(Gy; o Fj) < 4605@Fj(—aj/\aj\, 8) + C4?

for any fixed § > 0 and j sufficiently large that 1 — |a;| < 6%. Moreover, for
fixed § > 0, it is easy to see that

lim @Fj(—aj/\aj|,5) = 0Op(—4,90),
Jj—00
so that passing to the limit as j — oo gives
limsup Area(Gy, o Fj) < 4e“°0©p(—8,0) + C6>.
Jj—o0
Taking 6 — 0, we then find
limsup Area(G,, o Fj) < 40p(—0,0),
Jj—00
giving (6.22).
Finally, it follows from (6.17) (taking § — 0) that

lim Area(Gig o F) > 40p(—53,0),
t—1

which together with (6.22) gives the desired semicontinuity estimate (6.23).
U

7. SHARPNESS OF THE QUANTITATIVE STABILITY ESTIMATES

7.1. Optimality of the exponent. The goal of this section is to show
that the quantitative stability estimates obtained in the previous sections
are sharp. As a test case, we will revisit Theorem 1.2 that gives the quanti-
tative stability of Hersch’s inequality on the sphere, and show that neither
the exponent two on the right-hand side of (1.7) nor the norm W~"2 can be
improved. For the purposes of this section we denote by g a round metric
on a sphere S? of unit area embedded in R3. Unless specified otherwise,
all the functional spaces throughout this section will be considered on S?
with respect to this metric, and the dependence on (S?,g) will be omitted
to simplify notation. As before, we say that a measure p on S? is bal-
anced whenever [, Fdy =0 € R?, where F: §* — §? C R? is the identity
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map. We also denote by F the eigenspace corresponding to the eigenvalue
A1(S?, g) spanned by the coordinate functions.

As will be shown in Corollary 7.10, the eigenvalue functional p — A1 (S?, )
is not continuous in W12 := W~12(S2, g) norm. Following [GKL20, Propo-
sition 4.11] let us introduce the Orlicz-Sobolev space below.

Definition 7.1. For a function u € L'(S?, g) let

| ju/nf?
-— inf >0: 1 dug < 1p.
P R {’7 i ot Ty

The Orlicz-Sobolev space Wha=3 = W1’2’7%(82,g) is defined to be the
space of functions such that

[l 1 + || dul| < 0.

wh2=3 T HUHL2(LogL)—% [2(LogL)~%

In what follows, the only property property of WL2=3 we are using is that
there exists a constant Co, such that for any u € W12 one has ||u? HW”’*% <
Corllul[f1.2, which implies the continuity of y — A1(u) := A(S? ) in the
dual of W23 (see [GKL20] for more details). In the next proposition,
we prove that if a balanced measure p is close enough to v, in the dual of

W23 (and hence in W12 as well), then the exponent two in the sta-
bility estimate (1.7) is sharp on a finite codimension subspace of admissible
measures.

Proposition 7.2. There exist €g,c > 0 such that, for any balanced admis-
stble measure (i, if

(71) [ dtu= ) < alleliyn:
for any ¢ € W12 then
8T
(7.2) A (p) 2 :
l+ec (||,u — dvgllw-1.2 + [[p — dvg||12/[/71,2)

Moreover, if, in addition, for any w € Ey one has that [ w?d(p—wvy) =0,
then

(7.3) M (1) ST

> 5 .
L+ cflp = dvglfy -1

In particular, the exponent in the stability estimate (1.7) is sharp.

Remark 7.3. Assumption (7.1) is verified whenever ||u — UgH(WLQ,7%>* is

smaller than C’arleo.

Remark 7.4. Inequality (7.2) can be interpreted as continuity of Aj(p) at
p = dvy with respect to the W12 distance in the class of measures satis-
fying (7.1). We will see in Corollary 7.10 below that an additional assump-
tion (7.1) is necessary.
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Proof. Since
fs2 |dS0| dvg

W [ (o~ Jon )"
and both numerator and denominator are invariant up to the addition of a
constant to ¢, A\;(¢) may be written as

dy|? dv
Mi(p) = inf Jez 0¢ vy 7
el [ @2 dp — ([ pdp)
where 1+ = {p : fSQ pdvg = 0}. For any § > 0, in order to prove that

Y[
>7
Al(“)/1+6

1+5
(7.4) / / || dv,.
SQ

We write ¢ = w + 1), where w € Ej, ¢ € {1,FE;}*+. Notice that, since
A1(dvg) = A3(dvg) = 8 and Ay(dvy) = 247, it follows that 247 [o, 1? dvy <
Js2 1d|2 dvg and 87 [o, w? dvg = [ |dw]? dvg. Thus, one obtains

146 146
o el = 22 [ (aul+ laul) do, >

146
>(1+6 ) d - dip|? dv, >
(1+ )/S2(w + %) dvg + o /82|¢g Vg

1
> >+ 6w?) dvg + —— / dy|2d
L v ou) vy go [ auae,
Thus, to obtain (7.4) it is sufficient to show that

1
7.5 2d(p—wv,) <6 24 — dip|? dv,.
@5 [ P <o [ wtav+ - [ ava,

Before proving this inequality, let us first remark that since Fy is finite
dimensional, there exists a constant C' such that [|w|p1.0 < C|lwlp2.
Similarly, for any ¢ € {1, E1}*, since A4(dvg) = 247 we have [[¢)[|Z1, <
(14 (24m)~1) [|de|3 2, and for a certain constant C' > 0

lwpllwr2 < Cllwl|g2(lde]l 2,

Let us first verify (7.3). With the hypothesis on p, [ w? d(u — vg) = 0,
thus, the left-hand side of (7.5) may be estimated as follows,

w0 d—u) = [ oo+ 0?) dn—v) <
< 2t — dugllw-1e s + eoll9lins <

1
<200 doglsafollalvlzn + (14 5 ) allavls <

A1(p) =

it suffices to show that for any ¢ € 1+ one has

1 1
2 2 2 2
< 247CH | — dvg |2y 12 w22 + (247r + (1 + 50 ) 60) [dap |72
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where we used the arithmetic-geometric mean inequality in the last step. As
a result, we obtain (7.5) with § = 247C?||u — vy||%, . » as long as we choose

) . Substituting this d in (7.4) completes the proof.

1+t 24rn
To show (7.2) it is sufficient to note that

/S2 w?d(u — vg) < i = dvgllw-12][w?|lwrz < Cllp — dvg w12 wl 7.

Adding this term to the computation above, we obtain (7.5) with § = C/||u—
dvglyy-1.2(1 + 24w C||p — dvglp-1.2). O
7.2. Optimality of the W12 norm. We now show that the Hersch in-
equality is not stable in (WLQ’_%)*, and, consequently, is also not stable in
(W1’2_6)* for any € > 0, cf. Remark 1.4. Note that by Sobolev embedding
theorem, it is thus not stable in (WI_Q’Q)* either. We claim that in order

to show this it is sufficient to prove the following theorem.

Theorem 7.5. There exists a sequence (u)e of admissible, balanced proba-
bility measures on S?, such that A1 (u.) " 8m and
e~

hgglf [ 1ee — vQ”(Wl’Q‘*%)* > 0.

Indeed, assume that there exist conformal automorphisms ®, € Conf(S?)
such that (®c).pe — dvg in (leﬁ%) . Note that since A1 (pe) — 87 and pie
are balanced, an application of Lemma 2.1 with u = id: S? — S? yields that

fe — dvg in W—12. Suppose that ®, converges (smoothly up to a choice
of a subsequence) to a conformal automorphism ®q. Then pe — (P4 1)*dvg

*
in (WLQ’_%) and, at the same time, p. — dvg in W—12. Since the space

W1,27—%>* embeds in W12, one has (®;').dv, = dv, in contradiction
with the conclusion of Theorem 7.5. If ®. does not converge, then (up to a
choice of a subsequence) ®, sends most of S? into a shrinking neighbourhood
of a single point. In particular, g — d, for some p € S?, which contradicts
fe — dvg in w12,

In order to prove Theorem 7.5 we need the following lemma, where we
use the notation a. o) be to mean that lim de _ 1.

e—0 O¢
Lemma 7.6. Let B, be a disk of radius € in R?, then
1
(7.6) sup / utdr ~ 562 log(1/e),
weWg2(B1), ldull 2, =17 Be =0

(7.7) sup / udx ~ e%/%log(l/e),
ueWy*(B1), |ldull 25, =17 Be ¢

where W01’2(Bl) is the completion of C§°(B1,R) with its respective norm.
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Proof. We start with the proof of (7.6). The inverse of this quantity may
be rewritten as the eigenvalue problem

dul? dx
Ae := inf f&%.
wewl?(y) Jp, utdx

By compactness of WO1 2(B1) < L%(B) the infimum is attained for some
. 1,2 . — _ 1

function u. € Wy*(B1). Its spherical mean %.(x) = 9B faBm ue dz has

lower energy, so we may suppose without loss of generality that u.(z) =

¥e(|x|) for a certain function ¢ (r) defined for r € [0, 1]. The Euler-Lagrange
equation associated to this problem is

1
1/12/ + ;¢é = _>\61r<€¢€a

which implies that 1. € C1((0,1]) by elliptic regularity. On B; \ B, we know
that for a certain constant k > 0:

log(1/|x
o = ploel1/le])
log(1/e)
Notice also that at |z| = e we have %t — —m, thus ue|p, is an

eigenfunction associated to the first eigenvalue of the Laplacian with Robin

condition of parameter ﬁ%l/d’ denoted A\ (BE; m) Now by applying

Stokes’ formula to u. on By \ Be we see that
1
I IVue g IVuel* + ogrizg Jon, wl 1
Ae = 5 = > =M|(By——m— ).
fBe Ug fBe Ue elog(1/e)
: L1 _ -2 L1 2

At the same tlme, )\1 (B€7 m) = € )\]_ (B]_, W) ~ W,
where we use in the first step the general scaling property

A (rQ; ) = 7720 (Q;ra),

and in the second step the well-known asymptotic formula A;(€; «) ~
a—0

ol ([Sp73], see also [LOSIS, GiSmo08)).

Similarly, let us now prove (7.7). By compactness of VVO1 2(By) < LY(By),
we find that the supremum is attained for a positive function u.. Using
the same spherical mean argument as earlier, we may suppose that u. is
radial and satisfies the Euler-Lagrange equation —Au, = c.1p, for a certain
constant c.. In particular, u € C'(By) by elliptic regularity. Thus, up to
multiplication by a scalar, u is given by:

log(1/|x|) ife<|z|<1
xT) = 2 1.2
‘ log(1/e) + 525 if 2] < e.

An explicit computation yields the result. O
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Consider two antipodal points x1,z2 on S?, e.g. the north pole N = z;
and south pole S = x3. Let r > 0 be such that By(x;,2r) is the corre-
sponding hemisphere. Using the stereographic projection from x; onto the
equatorial plane one can construct conformal flat metrics ¢; := e*“ig on
By(x;,2r), such that

e w;(x) is bounded and only depends on disty(x, x;);
e B (‘Th ) Bgz(xivl);

o if p;(€) is such that By(z;,€) = By, (x;, pi(€)), then p;(e) ~ ewil@i)e,
€—>!

Corollary 7.7. There exists a constant Cy > 0 such that for any € > 0
small enough one has

(7.8) Yelog(1/e) < sup / ( )u2 dvg < Coe*log(1/e),
i—1Bg(@i

llully1,2=1JU7_

(7.9)  Cyleé*\/log(1/e) <  sup / wdv, < Coe?v/log(1/e).
22 139(1'2'7 )

llullyp1,2=1J Ui

Proof. We prove (7.8), the proof of (7.9) is identical. Let y; € C*°(S?, [0, 1])
be such that {x; # 0} € By(z;,r) and By(z;,r/2) € {x; = 1}. The estimate
(7.6) implies that there exists a constant C; > 0 such that for any small
enough € > 0,

01_162 lOg(l/E) < sup U2 dx < 0162 log(l/ﬁ)
uEW()lv2(B1)7 ”duHLQ(Bl):l Be

Since the functions w; are bounded, for any ¢ € W2, one has

p® dvy < C / xzw)deié
\/Uz Bg(:ci,€) 7= Z I

Bgz x;,pi (e
Cchm 21og(1/ps())|d0xio) 17252, 4) <

<00 (1 + [l dxill 7o) € log(1/€)(1 + o(1)) eIl

where C' is a constant depending only on ||w;||ze, possibly changing from
line to line.

Conversely, for each € > 0 there is a function ¢, € C§°(By(z1,7)) such
that fBgl (@1,01(6)) @2 dvg, = Oy 'p1(e)? log(1/p1(€))|ldee||?.. As a result,

[, sz o0 e o/ m©)ldeR: >
U? 1Bg(acl,e)

CC7H1 +o(1))
- (1 + /\*(Bg(xl,r),g

where A\, (€2, g) is the first eigenvalue of the Laplacian with Dirichlet bound-
ary conditions on 9f2.

))62 log(1/e€)llellfyr.2.
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The proof of (7.9) is the same, except ¢? is replaced with .
O

We are now ready to define our sequence of measures. For any M, e > 0
set
_ luleBg(zi,e) » ,uM _ dUg + My,
e2log(1/e) ~ 97 "€ 14+ Mv(S?)

The following lemma motivates the definition of v.

Lemma 7.8. For any M,e > 0 the measures v, uM possess the following
properties,

(1) ||Vellw-12 = 0 as € = 0. In particular, one has
" = dvgllyy-1.2 — 0;
(2) There ezists ¢ > 0 such that

.. M .
hgglf || e dng( >cM > 0.

W1,2,—%)
Proof. The upper bound (7.9) implies that
_1
lvellw—-12 < Co (log(1/€))"2 — 0.

As a result,

Mve(S*)dv, + Mv,
14+ Muv(S?)

— 0,

1M~ dvg 12 = ]
w-1.2

since v(S?) < C (log(1/€))~! — 0. This completes the proof of (1).
To show (2) we write

fSQ 902 d(,ué\/[ - Ug)

M~ dugll o e > sup
T w7 e 9%y
Qd SQ Qd
> sup M f§290 Ve _Ve( )fS290 Vg >

pewrz 14+ Mv(§?) | Corllelfyi e HsD2II<W1,2,7%)*

cM

> HTVE(SQ)(]‘ — Cre(S?),

where in the last step we used the lower bound (7.8). Since v(S?) — 0, the

proof is complete.
O

Proposition 7.9. There are constants My, C > 0 such that

(1) limsup, o M (') < 57
(2) If M < My, then A\ (uM) — 87 as e — 0.
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Proof. To prove (1) we write

2
M(p)t= sup / o dpl — (/ wduﬁ”>
Js2 ldep|2dvg=1 S2 S2

This formula is invariant up to the addition of a constant to ¢, so we may
take p € 1+ := {’QZJ : fSQ Pdvg = O} without loss of generality. Let H = {¢ €
11, [ |dg|?dvg = 1}, this may be rewritten

M)~ =
1 ) M?2 2
- d Mvy) — ————— dve >
1+MV€(SQ)21€12</82‘P (Ug+ Ve) 1+ My (S?) </S2S0 I/))
1+ (87) " HM?||ve||?, -
. Mu Sup/ SOgdye_( + (81) ) M= |veljy-1.2
1+ Mv(S?) pep Js2 (14 Mv(S?))?

The second term goes to 0 by Lemma 7.8. Moreover, according to the
estimate (7.6), we may find a function 1 with support on Bgy(z1,7) such
that ||dw6HL2(SQ,gl) =1 and

1
/ 2dvg, > ~C e log(1/e).
By (1,01(6)) 2

Let ¢ be the same function on By(z2,r) (which is isometric to By(x1,7)),
then d)‘;;bf € H and there is a constant ¢ > 0 such that

7
2
2 ¢E - we
sup dve > / < ) dve > c.
e H /s? 4 s2 V2

Thus, as € — 0, we obtain Ay (uM)~! > cM.
To show (2) we note that (7.8) implies that for any ¢ € W12,

| #*dve < Codlglna

Therefore, the assumption (7.1) of Proposition 7.2 is satisfied for M < My :=
Cy 'ep. An application of (7.2) concludes the proof. O

Let M be large enough so that limsup,_,q A (M) < % < 8m. Then by
Lemma 7.8 part (1) the sequence (u)._o gives the proof of the following
corollary.

Corollary 7.10. u — \i(u) is not continuous in W12 and the Proposi-
tion 7.2 fails without the assumption (7.1).

At the same time, when M < My we obtain Theorem 7.5.

Proof of Theorem 7.5. Consider M < My and (uM). as defined in propo-
sition 7.9, then \j(uM) " 8m. An application of Lemma 7.8, part (2)
€E—

completes the proof the corollary.
O
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