Values of Bernoulli polynomials

Andrew Granville * and Zhi-Wei Sun 7

Let By, (t) be the nth Bernoulli polynomial. We show that
B,_1(a/q) — Bp—1 = q(Up, — 1)/2p (mod p), where U, is a
certain linear recurrence of order [¢/2] which depends only on
a,q and the least positive residue of p (mod ¢). This can
be re-written as a sum of linear recurrence sequences of order
< ¢(q)/2, and so we can recover the classical results where
#(q) < 2 (for instance, B, 1(1/6) — B,_1 = (3? — 3)/2p +
(2?7 —2)/p (mod p)). Our results provide the first advance on
the question of evaluating these polynomials when ¢(q) > 2, a
problem posed by Emma Lehmer in 1938.

Dedicated to Emma Lehmer.

Introduction.
It has long been known that the nth Bernoulli polynomial B,,(t) , where

By(t) = zn: (;‘) B, _;t!

§=0
and By, the kth Bernoulli number, defined by the power series

k
x x
et —1 :ZB’CH ’
k>0

take ‘special’ values at certain rational numbers with small denominators:

B,(1) = B,(0) =B, forn#1

1
B, (—) = (27" — 1)By;
2
and for all even n > 2,

n(0)n ()
o a)en()-
(3)-n()-
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It is not known if B,(a/q) has as simple a ‘closed form’ for any other rational a/q
with 1 < a < ¢—1 and (a,q) = 1, though this has long been considered an interesting
question.

Following work of Friedmann and Tamarkin [FT], Emma Lehmer [Lh, 1938] considered
Bernoulli numbers and polynomials modulo primes and prime powers, and showed amongst
other things that (1) and (2) imply

(%) By =22 (mod p)
1 =B, 1 (2) B, == (mod p)
Bl<>3131<§>31?<3f3>+%5

The “Fermat quotients”, (2P — 2)/p and (3P — 3)/p play a central role in the study of
the first case of Fermat’s Last Theorem (see Ribenboim’s elegant account [Ri]), and this
connection with Bernoulli polynomials has recently been explored in much greater depth
by Skula [Sk] (see also [Gr]).

However, until now, no progress has been made in extending the table of intriguing
congruences given in (3). This is the intention here. (It should be mentioned that recent
papers of H. C. Williams [W1], [W2], of G. Andrews [An] as well as of the second author
and his twin brother Zhi-Hong Sun [SS], each come close to doing this.)

Before stating our main result, which is of a somewhat technical nature, let’s discuss
the next class of examples after (3). The two important things to note about (3) are that,

(i): We've evaluated B,_1(f) — Bp—1 (mod p) where ¢(q) =1 or 2 (¢ is Euler’s totient
function);

(ii): Each of the terms of the right hand side, like 2P, 3P, are numbers taken from a

first-order linear recurrence sequence (41 = 2uy, and u,+1 = 3u, respectively).

This is the viewpoint we need to generalize. We shall show, for ¢ > 2, that Bpfl(%) —B,
(mod p) is congruent to a sum of multiples of terms, each of which are numbers taken from

a kth-order linear recurrence sequence with

k< ¢(q)/2.
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Thus the next class of examples are those ¢ for which ¢(¢q) = 4, namely ¢ = 5,8,10, 12.
We shall show that, for 1 < a < g — 1 with (a,q) = 1 (there being four such integers a),
we have, when prime p does not divide g,

Br (3) - B =5 {() 2 6 P (o

p b
a 8\ 1 (2P=1 = 1)
( ) Bp,1 (g) — Bp,1 = {2 <a_p) 2_9 Gp_(%) +4 T} (mod p)
4
a 15 sap\ 1 5 5P 11 202071 1)
B, 1 (1—()) - B, 1 =T <E) » pr(%)—i- 1 » + ’ (mod p)
a {12\ 1 3(2p-t—1) 3P t-1)
B, 4 (E) — Bp_1 = (;) > Hp_(l_p2)+ — + 2, (mod p)

where (—) is the Jacobi symbol, and we define the following second-order linear recurrence

sequences:
F() = 0, F1 = 1, and Fn+2 = Fn_|_1 + Fn for all n Z 0

Gop=0, Gy =1, and Gpy2 =2G,4+1 + G, foralln>0
Hy=0, H=1,and H,y2 =4H,,y; — H,, foralln >0.
({F.} is, of course, the Fibonacci sequence.)

In general we fix residue classes a and b (mod q), with (ab,q) = 1. Then, for each
divisor d of ¢, there exists a recurrence sequence w, = u,(d,a,b) of order D = ¢(d)/2,
with characteristic polynomial

D-1
11 (X — 24 *mi/d 4 e*%”/d) =XV =) fixPT
1<j<d/2 =0
(J,d)=1

so that
Un+D = foun+p—1 + fitnyp—2+ -+ fD—1Up

for all n > 0. The values of ug,---,up—1 depend on a and b (mod d) and are somewhat
complicated to describe — see section 2 for precise details.

Our main result is that, for any (a,¢) =1, 1 < a <g,

5) By (—) By 1= Y o (nldiah) - (6~ @)} (mod p)

4 d|q

where b is the least positive residue of p (mod ¢) (and p is the M&bius function), provided
prime p does not divide gq. Each term in the sum is a p-unit.
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Our formula involves such an awkward sum of recurrence sequences though each ap-

pears “naturally” in

©) S n(§) (B (%) = Bor) =5 tuslaiah) = (6la) = (@)} (mod )

d|q

where a4 is the least positive residue of @ mod d. Indeed this is the formula we shall prove
and then (5) is deduced by summing (6) over divisors of g.

We are unable to answer the question as to whether it is possible to give such a
congruence for Bpfl(%) — B, involving only lower order recurrence sequences. Indeed
this seems difficult, unless one can give a complete characterization of all linear recurrence
sequences (X,,),>0 for which X, = 0 mod p? for all but finitely many primes p. However

we do not even know how to decide this for X,, = 2" — 2.

However, it is easily shown that any sum of recurrence sequences can be written as

one recurrence sequence, though of higher order. Thus (5) can be rewritten

a
(7) Byi (=) =By =5 {Up(aia,b) =1} (mod p)
q 2p
where, now, U,, has characteristic polynomial
I1 (X _ 9y eimi/a 6—2i7rj/q) _
1<j<q/2
Again it is complicated to compute the values of U,, for small n.

It is tempting to provide one “concrete” example for arbitrarily large q. We will
now completely describe U,(g¢;a,b) in the case that « = +b (mod ¢) (that is a = £p
(mod ¢)) and ¢ is odd:

Theorem. If q is an odd integer > 3 and 1 < a < q with (a,q) = 1, then

a

(s) Byt () = s =L fe =1} (modp

whenever p = £a  (mod q) where {7, },>0 is the 45 th order recurrence sequence given

1 /2 —1
xn:—(n>, 0§n<q—§
n
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where

(D —j)! o D—2j—k
— _1 ,72 ¥
i 2. (D=2 —k)! (=1)
0<j<[3(D—k)]

Since this is the simplest general case, we hope the reader understands why we suppress

so many details in this introduction!

Finally we give the first example with ¢(¢) = 6, namely ¢ = 7: Here we have that,
for 1 < a <6, and any odd prime p #£ 7,

B, 1 (;) ~ B, 1 52—; {(U,(7:a,b) — 1} (mod p)

where b =1,2 or 3 with b= +p (mod 7), and U, satisfies the recurrence relation
Un+3 = 7Un+2 - 14Un+1 + 7Un

The values of Uy, Us, Us are given in the table below:

+a | £b | Uy | Uy | Us
2 1 1 5
3 2 2 7 26
1 3 2 6 19
3 1 1 2 6
1 2 3 11 41
2 3 2 5 13
a a 1 3 10

Analogous results can be given for generalized Bernoulli numbers (for Dirichlet char-
acters) since they may be expressed in terms of values of Bernoulli polynomials. It is
perhaps more obvious that there should be simple expressions for these since they can be
described in terms of p-adic L-functions which, in turn, can be written in a number of
elegant ways. The case of quadratic characters has been examined in [KS] and [W2], and
here we give a somewhat different proof of a result proved there:

Suppose that ¢ is a prime = 1 (mod 4). Let h, and ¢, be the class number and
fundamental unit, respectively, of the real quadratic field Q(,/g). It is well-known that

5gp_(5)) = U + p/qV for some integers U and V', where (%’) is the Legendre symbol.
Thus the generalized Bernoulli polynomial
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O =S (5 {5 (§) -} =2 () ean

The organization of the paper is as follows: In the next section we shall develop basic

Q

e
Il

identities and results about Bernoulli polynomials that we shall require in our proofs. In
section 2 we shall see how the values of Bernoulli polynomials can be expressed in terms
of certain functions of roots of unity. This leads to the proof of a number of the cases
mentioned in the introduction; though, because of the computations needed, we give the
complete proof of the Theorem in section 4, and the complete proof of (4) in section 5. In
section 3 we develop the analogous formulae for those generalized Bernoulli numbers with
quadratic characters, which leads to (9) above.

We thank Emma Lehmer, Hugh Williams and the anonymous referee for many useful comments.

1. The (regular) theory of Bernoulli polynomials.

The nth Bernoulli number B,, is defined by the power series

x "
(1.1) =2 B
n>0

The nth Bernoulli polynomial B,,(t) is defined by the power series

(1.2 S N

er —
n>0
so that B, (0) = B,, and
n n iy
(1.3) Ba(t)=>_ ( ,)Bjt" 7,
— \J
j_
Perhaps the most important property of Bernoulli polynomials is that
(1.4) B,(t+1) = B,(t)=nt""' foralln>1

as is easily deduced from (1.2). From (1.4) we notice that B,(1) = B,(0) = B,, for all
n # 1, and that it is “easy” to deduce the value of B, (t) for any real number ¢, once we
understand the value of B, (t) for t in the interval [0, 1).
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It is thus of interest to determine B, (t) for ‘special’ values of ¢ in [0, 1), for instance
those rational ¢t with small denominator. We already have

B,(0) = B,(1) =B, forn#1,

and from the identity
2we® 5 x 2x
e2r —1 7 er—1 21

we easily deduce that
1
B,l=)=('"-1)B,,
(3)-C-1
and thus we have proved (1). We next observe that

(1.5) Bn(1—1t) = (=1)"B,(t)

from the identity
rel-t)z (_x)et(fm)

et —1  el-z) 1’

so we study only ¢ € (0, ).
The next important observation is due to Lerch [Lr|: By taking the identity

qre” qwe(a—l—l)x qxe(a+2)m N qwe(a—i—q—l)m_ qre®®
e —1 et —1 e — 1 et —1  er —1
we obtain
a a+1 a+2 a+qg—1 n
(1.6) B, <5> + B, ( y ) + B, ( y ) 4. +B, (+) = ¢ "B, (a).

and, in particular if a = 0,

1 2 —1
(1.7)q Bn + By (5) + By (5) +o+ By (—q p ) = ¢ "B,

In order to remove those B, (j/q) in which j/q is not in lowest terms we may use the

standard Md&bius inversion formula, as follows: Take } 1u(d)(1.7)4/q for ¢ > 3, so that
dlq

(1.8) § B, (2) Dty <%>1_" B,.
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Using (1.5) we have, for all ¢ > 3 and n even,

(1.9) > B, (%) :% ¢ "[]@-p"") B

G Pla
Taking ¢ = 3,4 and 6 we deduce (2).

The seven values %, %, %, i, %, %, % are the only rationals with small denominators
for which such “straightforward” values of B,(t) are known, with 0 < ¢ < 1. It has,
however, been recently observed [AM] that B,,(t) — B, shares one surprising property with
polynomials which have integer coefficients: namely that ¢"(B,(a/q) — B;,) is an integer

whenever a and ¢ are non-zero integers.

One of the most important, and elegant, applications of these valuations is to the
study of Bernoulli polynomials modulo p for p prime. The Von Staudt-Clausen theorem
asserts that

pBa = -1 (mod p)

whenever 2k is divisible by p— 1. In 1850 Eisenstein observed the following (easily proved)

congruences:
D11 ar-l -1 1
(ab) =2 + (mod p)
p p p
and (1)
—(p-1) _ p_
a 2 _ (a? — a) (mod p).
p b

Thus we deduce (3) from (2) with n = p—1. Such congruences fit elegantly into the general
overview of the first case of Fermat’s Last Theorem (see chapter 8 of [Ri]).

Actually, by the same method, we can transform (1.9) to read, for any even n > 2,
j qBn ~— p(d) ((q - )
Bn — — BTL e -~ 7 _> _ 1 .
> (5(0) =)= 2 (G

1<j<q/2
(4, a)=1

Taking n = p — 1 we thus obtain

S (B (1) By = Sy LU WD)

1<j<aq/2 p
(J,9)=1

[ |

= + Z m (mod p)

llq
!l prime
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However such a formula allows us to evaluate B, (a/q) only for particular values of a
coprime to ¢, provided ¢(q) < 2. It is the main purpose of this paper to determine the

value of

a
Bpfl (5) - Bpfl (mOd p)

2. Working with roots of unity.

Key Proposition. If1 < a < q and odd prime p does not divide q then

(2.1) By (g) _B, =Y (ya _2+7a) ((1 N G

S\ =247 p
y#1

) (mod p).

Proof:  If ¥4 =1 then

p P \J

j=1

since

(mod p).

1 (p ;i _(=pl-p2-p)---(G-1-p_ 1
<>(_1) - pl2-(G-1)-j T
We also have

v =24+~ S N (i —
= mE Y (m— )P+ )
VP =24 7P P

by substituting £ = v? and m = a/p mod ¢ into the identity

(2.2) xm_2+I_m:m+2(m—i)(:vi+x_i).

1 & 1 1
=—q{m g —.+E (m—z) E — — — (modp),
0<s<p Ji4 0<i<p w+J 0<i<p p=J
ql|] qltpTJ qlip—jJ
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using the fact, for v = 1, that Zf;% 1/7=0 (mod p). Now, since ip <ip+j < (i+ 1)p
and (i — 1)p < ip — j < ip, we replace ¢/(ip = j) by 1/k so that the above is

1 ) 1 1
=—<m Z E+Z(m—z) | Z i Z % (mod p)
0<k<?Z i=1 P ck<(i+1)2 CoDp cpcip
1
=— Z z (mod p)
0<k< TP
=(p-1) Z kEP~2?  (mod p).
OSkSmpfa

q

But this equals the coefficient of zP~1/(p — 1)! in

(mp—a)/q (mp—a+q)/qz
kz € —1
T Z et =g =1
k=0

which is B,_1 (mp%“ﬂ) —B,_1 by (1.2). However the Von Staudt-Clausen Theorem tells

us that p divides the denominator of B, if and only if p — 1 divides n; and so, by (1.3),
the denominators of the coefficients of B,_1(t) — B,—1 are not divisible by p. Therefore

mp—a -+ —a +
Bp,1 (%) - Bp,1 = Bp,1 ( p q) - Bp,1 (mod p)

a
= Bp—l (5) - Bp—l (mOd p),

by (1.5), and the Proposition follows.

Corollary 1. If1 < a < q—1 and odd prime p does not divide q then

(2.3) B, (g) _B, z% 3 (1— %) % ((2 e Bl 0 —1) (mod p) .

o 2 — fyp — ,Y—p
Y#1L

Proof: It is evident that
(1-=7)P=1-747=2""1(1—-+P) (mod p).

Therefore

0={(1=7)" =2 {(1=7")}2/(27)" (mod p*)

- vy —Pp
-~ (- %)p (=) (1 =ty et (1_ %) _
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Thus

A—y)P+ Q=7 )P =247+ 777
p
+71 p D_I_ —-p
(-2) - (1-2%) w (1_ APy

Now, adding each term to its conjugate in (2.1) we get the following congruence modulo
p:

vyt )P
1 ayn~maN |1 <1— 2 ) 21 _1
Bt (2) =By 3 (- )4 [y )

q 2 2 (1_ 71’4-27*?) p

ve4=1
Y#1

Since the two terms in the final brackets are both units mod p we may multiply the first

by 2?1 =1 (mod p) to get

1 ((2 —v = _2p_1) N (27"17—1) E% ((2 —v =) _1) (mod p).

p\2—yP—y7P P 2—4P —y7P

The result follows

The next result follows immediately by applying Mobius inversion to (2.3) and asso-
ciating the v and y~! terms.

Corollary 2. If ¢ > 3,1 < a < g and odd prime p does not divide g then
(2.4)

q/2 J = I)P
Su(@) e (§) =5 X o) (T 1) medn
dlq =

(G, a)=1
where w = €?™/9 and ay is the least positive residue of a (mod d).

Next note that if (a,q) = 1 then

q/2 q

Yo @-w-wI)=¢(qg) - Y w =e(g) - plg).

=1 i=1
(4,a)=1 (i,9)=1

Thus if we define

a2 2 — I — e - -
wiwan= 3 )= wl —ui)

2 — wib —q—ib
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where a, b are taken  (mod ¢), then by Corollary 2,

S u(§) B (%) =55 {unlasap mod o) = (9(0) — ua))} - (mod p)

dlq
Now u,, so defined is a recurrence sequence with characteristic polynomial

q/2
Fy(X):= [[ X-2+w/+uw™).

j=1
(4.9)=1

Note that

q/2
R(1-x-x) = [ (- 5 ) X - e)x —u)

j=1
(d.a)

— (_Xfl)qﬁ(q)/?(bq(X)

where ¢,(X) is the gth cyclotomic polynomial.

D—1
If F(X)=XP — Y fiX?where D = ¢(q)/2, then
i=0

Un+D = fD-1UntD-1 + [D-2UntD—2+ -+ + fou, foralln >0.

We get the same recurrence relation for all u, with a given ¢, but the starting values,
Uug, U1, -+, up_1, are different.

Let’s define .

Valgik) = Y w2 —w! —w )"

(4.9)=1

This satisfies the same recurrence relation. Moreover since for m = a/b (mod ¢) we have

wi® — 2 4w I ;
wib —2 +w b Z (m—1 & [uw’™,

thus
1
un(q; b mod g, b) =3 > (m— |k )Va(g; bk mod g);
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so we may find the starting values, wug,---,up_; given those of Vy,---,Vp_1. Now, for
0<n<¢(q)/2= D, we have

q
wk(2 —w! —w )" = Z (—=1)"wdCE=n) (1 — )2n

=1
1 (4.a)=1

q
)(_l)n—i-m Z wj(bk—%—mfn)

Jj=1
(4, a)=1

Jeur S w(f)

d|q,d|m+bk—n

@ 3 ()

m=n—bkmod d

Valg k) =

M-

S
Il
=

I
[\
S s
N
S 3

—~
.

Il
[\~
3
N
S 3

I
=
~~
SHES
~—
SH

since

taking r = ¢/d. This is computable (though not too beautiful!).

3. Generalized Bernoulli numbers.

For any even character y (mod ¢) define

Bp1x = qil x(a) (Bpl (g) - Bpl)

a=0

Assume that ¢ is prime, so that from Corollary 2 we have for w = 2"/4,

4pB,_1 = Z (Z x(a)(2 — w® — wj“)> ((22__;1];]__2__21) —1) (mod p?) .

7=1 \a=0
However
a-1 v (i a1 b b f . . 1
ia —ja — w or 'y non-principa
3 x(@)(2 - w' — wIe) = X(J)EOX() X non-princip

a=0 2q for x principal .
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If x is principal we thus obtain from (1.7),,

q—1 j —j

2 (B2 Z " N _ B, = 4pBy (g "V —g) = 4P —q) (mod )
<\ 2 — whi —wPI PmoX i ,
o

using the Von Staudt-Clausen theorem. On the other hand if y is even and non-principal
then, for g(x) = >_1<p<, x(b)w®, we have

By 1, = 2900 3 X0) ((2 —w Zw)p —1) (mod p).

As an example we’'ll consider x, the real non-principal character (mod ¢); that is
x(a) = (%), the Legendre symbol. We will need ¢ to be 1 (mod 4) to ensure that x is
an even character. Then

1 (g) {Bp—l (g) ) Bp_l} =By =, 9 ((6)) .

—1

; —wl — P
where Y, = (1) ((2 oW ) —1) (mod p?).
: q 2 —wbkPl — =PI

J

R

a

Q

Il
=

We will examine 3, using p-adic logarithms (see chapter 5 of [Wa| for definitions): Since

2ot sy, () o).

9 _ wPi — —PJ 2 — wpPl —w—PI

we deduce that

9 — P — q—PJ

qﬁ1(2 —wl — w_j)p(%)

=log, ]q_ (mod p?)
I[1E2—-w — w‘z)(%)

o, (T2~ w z)<s)<p—<§>>> (mod )
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since ¢ =1 (mod 4). Now, as Dirichlet discovered (see Ex. 4.6. of [Wal),

where ¢4, h(,/q) are the fundamental unit and class number of Q(,/q), respectively. Thus

(9 {5+ (2) -5} =20 (1)) rivmion, (57O ooa

a=1

So, as €4 = u + v,/q where u? —v%q = —1, then

Egzup+vp\/§pzu—l—v<%)\/§ (mod p)
that ¢ () = (2 d p) and thus e;* ") =1 (mod p). S that
so that ey = (%) (mod p) and thus g, =1 (mod p). Suppose tha
(P
@) g4 +pv'y/q  (mod p?)

Then

2(p—(5))_2(r—(7))
€q

1 =¢q =(1+pu)? = (p'/@)> =1+ 2pu’  (mod p?),

so that p divides u/. So if
-
PN

Therefore log p(ez(pi(a)))

2(p—(%))
q

then ¢ =1+ vx2(p_(2))\/§ (mod p?).

= UTy(p—(2))/q (mod p?), and since g <<5>> = /4 (which
was proved first by Gauss), we have

(3.1) qz—l (g) {Bp—l (g) - Bp—l} E_?q h(Va)vay(, (»y)  (mod p);

a=1

this is equivalent to (9).

4. Proof of the Theorem.

Take p=+a (mod ¢) in Corollary 1 to get

a 1 I\p P —p
By (5)—319_1 -1 7;1{@—7—7—) @77} (mod p).
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Now % 21(2 — 4P —~7P) = ¢q. Thus, for z, :2—1(1 21(2 —~ —~~H" we obtain (8). Now
»YII: »‘Yq:

ingnqu_l then
= j{: — )"

7‘11

=%z_<i’;‘>< S P

’Yq 1
_1 2n
2
(¢g—1)/2

If w = €*7/4 then the characteristic polynomial for ,, is [[ (X —2+w/ +w™7). The
j=1
anonymous referee noted that this polynomial seems to be closely related to the Chebyshev

polynomial of the first kind; and we should be able to determine its coefficients directly
from known results. Although we agree with this opinion we have been unable to do so.
To compute the coefficients we thus proceed as follows: First note that

(" g ()R e

>0 >0 J

Cy e (S (79) ()

k>0 §=0 J —J

taking ¢ + 7 = k. The inner sum

G )

coeff of T9 in (1 — T)* % coeff of T™ %7 in (1 —T)*!

|
.M?T

Il
=

J

I
.M?r

<
I
=

_ ﬁ\ me—k' 1_T—1:{]— 1fk§m
coett o in ( ) 0 otherwise.

Thus .
(M= w2 ;
Z(—w( ; )(X+X D . G
]20 ] i=—m
i=m (mod 2)
So define
g =1 . /943 =3 o
IR OES NE ) RS RS DI M [
>0 i>0
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Then F,(y) is a polynomial in y of degree ;1. For any k, 1 < k qu_l

2 Y

R —w) =3 (Tt

D e L D VAR

120 l==(*3%)

Actually F,(X) =R ot (X) where R,,(X) satisfies the recurrence

Ron(X) = (2 = X) Ry (X) + Rpn_o(X).

5. Proof of (4).

A Lucas sequence {x,}n>0 is defined by g = 0, 1 = 1 and x,, = bxy—1 — cTp_2
for all n > 2, for some integers b and c. As is well-known, if we let D = b? — 4c then
the roots of the characteristic polynomial > — bt + ¢ of {z,,} are a, 8 = (b+ v/D)/2; and
xn = (@™ = (") /(a— (). Let y, = (a™ + ™) be the ‘companion sequence’, which satisfies
the same recurrence relation; and we have a”, 8" = (y, + x,vD)/2.

We shall be considering these recurrence sequences modulo powers of any prime p that
does not divide 2c¢D: Now, since p divides (7;) except when j = 0 or p, we have

5 (mod p).

p _ D
(biﬂ)) _ D V2YD b (F)VD
- T 2

Thus
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Therefore Tp(2) = 0 (mod p) and

2 2 2
y,_oy— Dzl b Y, (b
cp*(%):ap*(%)ﬂp*(%): (%) 1 P~ () = p4(p) (mod p?).

Therefore y,,_(n) = 23 (1=(5)) (Cpizﬁ) (mod p?). In fact ¢ = #+1 in every case below
so that

1+pvD (%pa:p_(g» (mod p?) if c=1;

(5.1) o) g (5) =
(%) ip\/ﬁ (ﬁxp_(%)> (IIlOd p2) if e = —]_,

When ¢(q) = 4, we let ¢t be the unique integer in the range 1 < t < ¢/2 that is coprime
to ¢. Fix a primitive gth root w of 1, and let a; = 2 — w/ — w™7. By Corollary 2

S (5) 8 () =g (G ot G (oo o
d|q p
(5.2) Ei {i (aaaf_(%) —I—Ozataf_(%)> —B} (mod p)

where B = a1 + a3, C =y and C' = C' if ( ) = —1, with ¢’/ = 1 otherwise.

4
The cases ¢ = 5 and ¢ = 10: When ¢ =5 we havet = 2, (z—a1)(x—as) = 2?2 —52+5, so
that B = C' = 5 and we may take o;; = $/5 (V5 + (%)) for 1 <j<4. Leta=(14++5)/2
and 3 = (1 — +/5)/2. By substituting into (5.2) and then using (5.1) (with b= 1, ¢ = —1

so that x,, = F,) we get
a (r—1)/2 a (p a (e
B (5) = Boi =g { v (54 (5)) o0+ (v (5)) o) -1}

2 (5 () 0(3)
)@ o)

giving the first congruence in (4), since 572 = (%) (1+ 4 (571 —1))  (mod p?).

S
bt

_|_

It would be possible to obtain the congruence for ¢ = 10 in a similar way. However,
by taking ¢ =2 and @ = 1/5 and a = 3/5 in (1.6) we get the identities

1 1 3
5 (i) =281 (5) 201 3)

3 _ 3 4
Bei (1) =278 (5) -1 (5).
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By substituting in the first congruence in (4), and by using the Von Staudt-Clausen theo-
rem, we get the third congruence in (4).

The case ¢ =8: Nowt=3, (x —a1)(x —a3) =2? — 4z + 2, so that B=4, C =2 and
we may take a; = /2 (\/§+ (%)) for any odd j. Let a = (14 +/2) and 8 = (1 — Vv2).
By substituting into (5.2) and then using (5.1) (with b =2, ¢ = —1 so that z, = G,,), we
see that the right side of (5.2) is

L (e () (- () 79)-
o () ot ()

or—1 _1 8 1
(F5)2(3) to i

since 2°7 = (%) (1+ 1 (2771 = 1)) (mod p?). Adding this to the third congruence in

(3) gives the second congruence in (4).

The case ¢ = 12: Nowt =5, (z—ay)(x—a3) =2?—4z+1,sothatb=B =4, c=C =1
and we may take o; = 2 + <1J—2> V3 for j =1,5,7,11; and let & = a4, B = a. Therefore,
by using (5.1), the right side of (5.2) is

(e (2)8) 9 (- (2) )7 )

12\ 1
=3 (;) ]—)Hp_(%z) (mod p).
The final congruence of (4) follows by adding the last two congruences of (3) and subtract-
ing the first.
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