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An  

    integer: 

There have been  

        two homicidesΧ 



There have been  

        two homicidesΧ 

 
 And a           

permutation 



anatomy [a-nat-o-my ] noun 

  

1. The scientific study of the shape and structure of an 
organism and the inter-relation of its various parts.  

2. The art of separating the parts of an organism in 
order to ascertain their position, relations, structure, 
and function..  

 
                                                       -



We need a mathematical 
forensics expert 

i 

Professeur 



And his two students / assistants 



 Integers  
         in    
            numbers 

 
 

 Different mathematical subjects 
involve different basic objects; e.g. 

 Permutations in 
combinatorics and 
group theory 

 These objects come from very different worlds  

                                       ς Can we compare them  ? 

A mathematical detective can compare and 
contrast them, by studying their  ` Ànatomy''  

 



Integers:  The numbers -3,-2,-1,0,1,2,3,...  
 A  prime number is an integer җ 2, only divisible by 1 and itself. 

All positive integers can be  factored into a (unique) product of 
prime numbers.   

       The Fundamental Theorem of Arithmetic. 

                     (Euclid's  Elements,    4th century A.D.) 

Example:                 12=2 x 2 x 3 . 
Each of 2 and 3 are primes.  

No other way to factor 12 though  

12=2 x 3 x 2 and 12=3 x 2 x 2. 

 

Integers cannot be decomposed any further than into primes 



The genetic code of Integers 

The decomposition of an integer into primes cannot be broken down 
any further, so  the primes are indeed the  fundamental constituent 
parts of integers.  
 
Every integer is composed of primes, and each integer is composed of 
a different set of primes (keeping track of  how often each prime 
appears in the decomposition). Therefore you can just as accurately 
identify an integer through its set of prime factors as through the 
integer itself. It's like the DNA of the integer. 
 
 Primes are the fundamental constituent parts of integers, their 
genetic code, if you like. Any integer can be identified by the primes it 
contains, which ones and how many of each type. 



Permutations:  Re-organization of N objects 

 Useful fact 1:  After seven riffle 

shuffles most of the 52! possible 
orders of the cards can occur, with 
roughly equal probability 

   Playing card games at the casino: 

     You easily win if you know the order of the cards. 

  When the croupier shuffles one want to know how the cards 
are re-organized.  (this is a permutation of the cards) 

  



  

  

Permutations:  Re-organization of N objects 

   

Useful fact 2:  After eight 
perfect riffle shuffles the 
deck of cards returns to its 
starting position. 

 Playing card games at the 
casino: 
     You easily win if you know 
the order of the cards. 
  



Permutations:  Re-organization of N objects 
 Organizing objects comes up 

in many areas: 

 

 The order the 
balls are sunk, 
playing pool      

  

 The order of the 
competitors in a 
sports competition  

 

Where students sit in class 

 



    

 

Permutations:  Re-organization of N objects 

  
  

In the theory of re-organization, it is not 
the actual type of object that matters. 
We can label the objects мΣнΣоΣΧΣN in 
their starting order, and then look at the 
order of these numbers at the end.   

 This is a permutation ̀: 
 
The object in position 1 moves to position ̀(1) 
The object in position 2 moves to position ̀(2) 
    ΧΧ 
The object in position N moves to position ̀(N) 
 
Then the numbers ̀ (1), ̀ όнύΣ ΧΣ (̀N) is a re-
arrangement of the numbers мΣ нΣ ΧΣ bΦ 

 Persi Diaconis left home at 14 to travel 

with card magic legend Dai Vernon, 
entertaining on cruise ships. Diaconis 
started creating his own card tricks based on 
mathematics. Discovered by Martin  
Gardner he started university at 24, getting  
a Ph.D. at 29, and is now Professor of 
Mathematical Statistics at Stanford. 

http://en.wikipedia.org/wiki/Dai_Vernon


Permutations:  Re-organization of N objects 
 

Example, N=2:  Possible maps: 

 

  мҦ 1 and 2 Ҧ 2,  the  identity map;  

                       or  

  1 Ҧ 2 and 2 Ҧ 1,  

         which we can represent as  

                         1 Ҧ 2 Ҧ 1      ƻǊ       мҭ 2. 



All possible permutations 
N=2:  Possible maps 

Å м ҭ м ŀƴŘ н ҭ нΣ  ǘƘŜ  ƛŘŜƴǘƛǘȅ ƳŀǇΤ  

                          or 

Å         1 Ҧ н ŀƴŘ н Ҧ м  

which we can represent as   

                                         1 Ҧ н Ҧ м ƻǊ м ҭ нΦ 

--------------------------------------------------------------
N=3: Six  permutations: 

Å 1 ҭ мΣ н ҭ нΣ  о ҭ о 

 

Å 1 Ҧ н Ҧ о Ҧ м 

 

Å  м Ҧ о Ҧ н Ҧ м 

 

Å  м ҭ мΣ  н ҭ о 

 

Å  н ҭ нΣ м ҭ о 

 

Å  о ҭ оΣ  м ҭ н 

 

 



Permutations break up into cycles 

N=2:  Possible maps 

Å м ҭ м ŀƴŘ н ҭ нΣ  ǘƘŜ  ƛŘŜƴǘƛǘȅ ƳŀǇΤ  

                          or 

Å         м Ҧ н ŀƴŘ н Ҧ м  

which we can represent as   

                                         м Ҧ н Ҧ м ƻǊ м ҭ нΦ 

--------------------------------------------------------------
N=3: Six  permutations: 

Å м ҭ мΣ н ҭ нΣ  о ҭ о 

 

Å м Ҧ н Ҧ о Ҧ м 

 

Å  м Ҧ о Ҧ н Ҧ м 

 

Å  м ҭ мΣ  н ҭ о 

 

Å  н ҭ нΣ м ҭ о 

 

Å  о ҭ оΣ  м ҭ н 

 

N=2:  Two permutations 
                     (1)   (2) 
                          or 
                        (1  2) 
  
 
--------------------------------------------------------------
N=3: Six  permutations: 
                      (1)  (2)  (3) 
 
                        (1  2  3) 
 
                        (1  3  2) 
 
                     (1)   (2  3) 
 
                      (2)  (1  3) 
 
  
                       (3)  (1  2) 

  



   

  

Permutations break up into cycles 

All permutations break up  into cycles in a unique way. 

 

 Example: The  permutation 

 

  

  



Permutations break up into cycles 

All permutations break up  into cycles in a unique way. 

 

 Example: The  permutation 

 

  

is more transparently written as   (1  7  4  9)  (2  5  8)   (3  10)   (6) 
 

All permutations can be   written  into a  product of cycles  (each involving 
entirely different elements)  in a unique way, apart from the order in which 
the cycles are written, and the element with which each cycle begins; e.g. the 

above equals       (6)  (2  5  8)  (10   3)  (7  4  9  1)   

                or     (10  3)   (9  1  7  4)  (6)  (8  2  5) 



The genetic code of Permutations 
The decomposition of a permutation into cycles cannot be broken down any 
further, so  the cycles are   the fundamental constituent parts of 
permutations.  

 

Every permutation is composed of them, and each permutation is composed 
of a different set of cycles. Therefore you can just as accurately identify a 
permutation through its set of cycles as through the permutation itself. It's 
like the DNA of the permutation. 

 

Cycles are the fundamental constituent parts of permutations, their genetic 
code, if you like. Any permutation can be identified by the cycles that it 
contains. 

Sounds familiar? 



Comparing the genetic codes 
Integers 

The decomposition of an integer into primes 
cannot be broken down any further, so  the 
primes are  the fundamental constituent parts 
of integers.  

 

Every integer is composed of them, and each 
integer is composed of a different set of 
primes. Therefore you can just as accurately 
identify an integer through its set of prime 
factors as through the integer itself. It's like 
the DNA of the integer. 

 

Primes are the fundamental constituent parts 
of integers, their genetic code, if you like. Any 
integer can be identified by the primes that it 
contains. 

Permutations 

The decomposition of a permutation into cycles 
cannot be broken down any further, so  the 
cycles are   the fundamental constituent parts 
of permutations.  

 

Every permutation is composed of them, and 
each permutation is composed of a different 
set of cycles. Therefore you can just as 
accurately identify a permutation through its 
set of cycles as through the permutation itself. 
It's like the DNA of the permutation. 

 

Cycles are the fundamental constituent parts of 
permutations, their genetic code, if you like. 
Any permutation can be identified by the cycles 
that it contains. 

 

 



Integers and Permutations: 
Chalk and cheese? 

A  vague qualitative analogy   ---- 
                                      Need a richer quantitative  analogy. 

 
A calibration  to compare cycles and prime factors? 

 

The fundamental components  
 
 
 
 
of Permutations are cycles. 

The fundamental 
components  

 

 

 

of Integers are primes 

  



 
A calibration  to compare cycles and prime factors? 

médico-légal   
 

 1. Exercée pour aider la justice, en cas de 
crime. 

2. Concernant l'utilisation de la science ou la 
technologie dans l'enquête et l'établissement 
des faits ou des éléments de preuve. 

 
                                                       -  



Forensics ς Science or Art ? 

Å When comparing the anatomies of two seemingly different organisms, the 
forensic scientist knows that one must calibrate their sizes  else one might 
be misled into believing that they are different, whereas they might be 
twin  organisms that have grown at different speeds in different 
environments. In order to do such a calibration, one needs to find some 
essential feature of the organisms, that allows one to better compare the 
two objects. So how does one  identify what are  the key constituents of 
each organism? Forensic scientists consider the selection and 
measurement of this key constituent to be as much an  art as a  science. 
 

Å  In order to properly calibrate integers and permutations, we must 
therefore get a better idea of how they typically look. We have already 
identified their fundamental, indecomposable components, the question 
is how to compare them. We begin with a fundamental question: 
 

Å  What proportion of integers, and of permutations, are fundamental? 



A possible calibration? 

What proportion of integers,  and of    

                   permutations, are fundamental? 

That is: 

Å What proportion of integers are prime? 

Å What proportion of permutations are 
cycles? 



 

   

       The autopsies  


