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Different mathematical subjects
Involve different basic objects; e.q.
Integers Permutations in

IN
numbers

These objects come from very different worlds
¢ Can we compare then?

A mathematicatletectivecan compareand
contrast them, by studyintheir ~Anatomy"



Integers: Th&umbers-3-2-1,0,1,2,3,...

A primenumber is an integex 2, only divisible byl and itself

All positive integers can béactoredinto a (unique) product of
prime numbers.

TheFundamentall Theeremr of Arithmetic
(Euclid'sElements 4th centuryA.D.)

Example 12=2x2 X3

Eachof 2 and 3 are primes.
No otherway to factorl2though

12=2x32and12=3 x 2 x 2

Integers cannot be decomposed any further than into primes



The genetic code of Integers

The decomposition of an integer into primes cannot be broken down
any further, so the primes are indeed the fundamental constituent
parts of integers.

Everyinteger is composed girimes,and each integer is composed of
a different set of primes (keeping track of how often each prime
appears in the decomposition). Therefore you can just as accurately
identify an integer through its set of prime factors as through the
Integer itself. It's like the DNA of the integer.

Primes are the fundamental constituent parts of integers, their |
genetic code, if you like. Any integer can be identified by the primes it
contains, which ones and how many of each type.



Permutations:Reorganization of\l objects

Playing card games at the casino:

You easily win if you know the order of the cards.

When the croupier shuffles one want to know how the cards
are reorganized. (thisis a permutation of the cards)

Useful fact 1: After seven riffle

§ shuffles most of the 52! possible
orders of the cards can occur, with
roughly equal probability




Permutations: R@&rganization of\ objects

Playing card games at the
casino:

You easily win if you know
the order of the cards.

Useful fact 2. After eight
perfect riffle shuffles the
deck of cards returns to Its
starting position.




Permutations: R@&rganization of\ objects

Organizingpbjectscomesup

INn manyareas:
A e

Al{ The order of the
{ competitors in a
. Sports competition




Permutations: R@&rganization of\ objects

In the theory of reorganization, it is not
the actual type of object that matters.

PersiDiaconideft home atl4to travel

with card magic legen®ai Vernon
entertaining oncruise shipsDiaconis
started creating his own card tricks basec
mathematics. Discovered by Martin

We can label the ObjeC'lE > H N> X > Gardner he started university at 24, getir

a Ph.Dat 29, and is now Professor of
MathematicalStatisticsat Stanford.

their starting order, and then look at the
order of these numbers at the end.

This is a permutation:

Theobjectin position 1 moves to position(1)
Theobjectin position2 moves to position (2)

X X
Theobjectin positionN moves to position (N)

Thenthe numbers’ (1), 6 H 0 IN)iXaXe-
arrangementof thenumbersm > H 2 X Z



http://en.wikipedia.org/wiki/Dai_Vernon

Permutations: R@&rganization of\ objects

Example, N=2Possible maps:

M 3 and2h2, the identity map;
or
1Mh2 and2hl,
whichwe can represent as
1Mh2M1 2 NJ 2.



All possible permutations

N=2 Possible maps
A mMm 1T M YR H T HZ 0 KS ARSyGAGe YI LT
or
A 1M H YR H I ™
whichwe can represent as
1Th H Tbm 2N M T HOD
N=3 Six permutations
A 11T M H T HZ o T O

A 1M H ™ o M ™

A M Tho H M



Permutations break umto cycles

A M 1T M YR H T HZ 0 KS ARS@pAde Y LT
or or
A M Th H YR H b ™ (1 2)

which we can represent as
M b H TbM 2N M T HO®

N=3: Six permutations: N=3: Six permutations:

A°mM T MZ H T HZ o T O 1) 2) 3)

A°'mMm T H b o b wm (123

A°M ™o MH MM (132

A M 1T mMZ H T O (1) @3)
2) (1 3)

A o 1 o%f M T H 3) (1 2)



Permutations break umto cycles

All permutations break up into cycles in a unique way.

12345678 910

0 I O I
7510986421 3

Example: The permutation



Permutations break umto cycles

All permutations break up into cycles in a unique way.

12345678 910

0 I O I
75109864 21 3

ismore transparently writteras (1 7 49) (2 58) (310) ©)

Example: The permutation

All permutations can be written into a product of cycles (each involving
entirely different elements) in a unique way, apart from the order in which
the cycles are written, and the element with which each cycle begins; e.g. the

aboveequals (6) (2 58) (10 3) (7 4 91)
oo (10 3 (91 74) ) (8 25)



Thegeneticcode of Permutations

The decomposition of a permutation into cycles cannot be broken down any
further, so the cycles are the fundamental constituent parts of
permutations.

Everypermutation is composed of them, and each permutation is composed
of a different set of cycles. Therefore you can just as accurately identify a
permutation through its set of cycles as through the permutation itself. It's
like the DNA of the permutation.

Cycles are the fundamental constituent parts of permutations, their genetic
code, if you like. Any permutation can be identified by the cycles that it
contains

Sounddamiliar?



Comparinghe geneticcodes

Integers

The decomposition of an integer into primes
cannot be broken down any further, so the
primes are the fundamental constituent parts
of integers.

Everyinteger is composed of them, and each
integer is composed of a different set of
primes. Therefore you can just as accurately
identify an integer through its set of prime
factors as through the integer itself. It's like
the DNA of the integer.

Primesare the fundamental constituent parts
of integers, their genetic code, if you like. Any
integer can be identified by the primes that it
contains.

Permutations

The decomposition of a permutation into cycles
cannot be broken down any further, so the
cycles are the fundamental constituent parts
of permutations.

Everypermutation is composed of them, and
each permutation is composed of a different
set of cycles. Therefore you can just as
accurately identify a permutation through its
set of cycles as through the permutation itself.
It's like the DNA of the permutation.

Cycles are the fundamental constituent parts of
permutations, their genetic code, if you like.
Any permutation can be identified by the cycles
that it contains.



Integersand Permutations:
Chalkandcheesé@

The fundamental The fundamental components
components
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. of Permutations are cycles.
of Integers are primes

A vague gqualitativeanalogy ----
Needa richer quantitativeanalogy.

A calibration tocompare cycleand prime factors?



A calibration to compare cycles and prime facftors
medicalégal
1 Exercémurmaidela justiceencasde
crime

2. Concerndatilisatial®lasciencaula
technologi@n$enquéstl'etablisseme
dedaitoudeelémerdspreuve

-Le Robert micro (2006)



Forensicg Science or Art ?

A When comparing the anatomies of two seemingly different organisms, the
forensic scientist knows that one must calibrate their sizes else one might
be misled into believing that thegre different whereas they might be
twin organisms that havgrown atdifferent speeds in different
environments In order to do such a calibration, one needs to Bode
essentialfeature of the organisms, that allows ot better compare the
two objects. So how does onéentify whatare thekey constituentf
each organism? Forensic scientists considerselectionand
measurement of this key constituent to be as much anaara science.

A In order to properly calibrate integers and permutations, we must
therefore get a better idea of how they typically look. We have already
identified their fundamental, indecomposable components, the question
IS how to compare them. We begin with a fundamermfaéstion

A What proportion of integers, andf permutations are fundamental?



A possible calibration?

What proportion of integersand of
permutations arefundamentar

Thatis:

A What proportion of integers are printe

A What proportion of permutations are
cycleg



The autopsies



