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A. Motivation,

Question 1. How ko understand:

rigidity < > ftexibii.&j
LA s:;mptec&t &Opotogtj ¢

Ainm: Endow classes of objects (in our case Lagrangian
submanifolds) with certain pseudo-metrics:

oS ()

Study when these are non-degenerate/degenerate.



2. In a variety of conbexts we compare objetes bj
type and in many others bj size.

Type (homotopy)

2.
o
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Size (volume)

Question 2: How ko compare objects by taking into
account the two points of view ot the same time?



We will discuss a solution based on homological od.gebrou

Types of
ob jects

Homological
functors

Objecks with

sLzes

Persistence theory
(modules ebe)

Homological

algebra

Relevant notion: triangulated persis%ewce to&egorv (TPC).



Remark, There is a fundamental reason why this is
nakural in svmpt&&&m &Oyotogv

Grromov cmmwathess thvolves simulbaneous,
conbrolled chanqes in size (symplectic area)

and of type (bubble trees). -




B. A brief introduction to TPCs

1. Triangular weights,

f = triangulated category (Verdier and Puppe
early ‘6o%s).

<€= (Lﬂ, T,T) ; T: translation {umc&or

TV = distinguished class of
triangles

A%>L°> > —> TA

wikh ﬂfumcﬁormi.i&j properties similar to cone attachments
in topology.

(o Cove. (L))




Remark: Trianqulated cateqories are a biE\\primE,&Lve.// (more
sophis&ic&&ed notions: Quillen model cateqories;
Waldhausen catqories; stable cateqories).

In a btriangulated category Lf we will consider
iterated distinguished triangles to build an object
Y oubt of anocther X :
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iterated cone decomposition of ¥ from X with

”7_’ Linearizakion g(z‘(); ( A17A2,) oS AK)



Remark: Iterated cone decompositions are useful (and
have been extensively used) to esktimate “type” complexity,

Examples: Morse Lv\equatiﬁes; Lusternik=Schinirelman
inequality; Arnold conjecture inequality and wore,

Mebhod: e
- choose a f&mitv of objects X
- define:

;:%(X’O> ™ U'n_fgl,(e Nx ‘ ﬂ‘r( tterated cone

d@.&:omrwsi;&om c:wf X ﬂfrom O with

Linearization ( ,4/ ; A . AK} and

Aw €7



rFor inskance:

- if C is k?u\’\m( SN) and & is the module

%
represe_v&ed bsj one fiber i i ) L\7 , then:

# (L LR Ma\‘?() > ,Cg(L) o) a\Z’ !5,'( L)
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: By Fhe Arnold
Question ¢

con} + FSS




Definition (trianqular weigh&)z A triangular weight W/

on a triangulated category ¢

W Tl

that satisfies

is a function -

L) a weighted octahedral axiom,
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i) a hormalization axiom,

B, o(2) > w, ¥ acTr
and X \”(AX\ ..

(o)
where AX ’ Q_BX 3X~)O

Exampt&: The flat weight - W—‘(’Q ( AX = il g e ’(’/ JAL = Tr

‘3 T :
2 )= vl | (oA e

tterated cone decomposition of \/ from

0
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Weighted octahedral axiom —

S ¥
5 S (6 Mg SIS (2.Y)

We can svmme&ria@.:

ai
0\?0()\/5 = TV\CNX% Sﬂ{(X,Y\) S (\/;%3@
Thus 0{%\ (Y) Y> is a pseudo-melric.

Crucial gquestion: Are there non-trivial triangular weights?



2. Persistence cateqories.

Definition, A category f is a persistence category it

for each two objects A : B Cﬂé (f) the worphisms

M oL </\ ; BB have the skructure cwf persis&emte modules

Mon (A, 5) ‘M“‘P”\Mre,,{, -

- T (A)ﬁg% va’(A,l&) ¥ v cr

with Ehe usual tomya&ibui&v condiktions and such Ehak

LT

persistence is tompa&ibi& with composition:
V4s

Moy (A\B) @M (B,C) — M (AC)



Example: The elements of a filtered algebra / Zn  can
be viewed as the morphisms of a persistence category
with a single object.

Sim[zei.e nokions associaked ko a PC.

- r-equivalent morphisms £ % € e CA B
et Y ) < °
- r-acyclic objects X € Ok G A
3 l'({xé oA, Zé,«(’dx\ §

- O and 0 slices. Cateqories ‘fo , za A with the same
objects as & and wikh morphisms



We will also need the notion of a shift functor.

2:%2(\ toc 14 55

SR — 6 functor such that:

MWLS<A|P53 = YYLQVE_(( ZFA) B\ o
= W\:f:((/b\;zr%\ : 7 S

There are hatural Eransformations “7( giving these
isomorphisms and everything is «:ompa&ibie with the persistence

skructure, B
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3. Triangulated persistence categories.

Definition. A  TPC is a persitence category %

toqether with a shift functor 2. such that the o-slice

f)g is Erianqulated ;| each YX : Z X — )< has
r

an r-acyclic cone and the functors . are exact

(+ compa&ibiti&ies)«

The most important property of o TPC is that we can
define weighted triangles.



S

The definition is in two steps: v

= a Mmap A %ﬁ B Ls al rwisomorpkism ik

embeds in an exact triangle in ' =
+ oy
A a1 A > TA
such that C is r-acyclic,

e
- a btriangle A > B > Ll A
is exact of weight r if there exists a distinquished

Eriangle in \60 and a commutative diagram

> T A

A > N9 Nale
\I n ‘Il ~ -v
A > P G > A (+>

\le




Upshot: 3 L@ s a TPC, then k{ is Eriangulated

oV

and the weighted exact briangles as before induce a

trianqgular weight on ?f g

Thus, for a family of objects %’

We have the associaked Fseudo-—-me&rits:

3
ol T
on the objects of (



Ci E?xo\mpi.es‘

- maekric spaces + Lipsch&z. maps

- Eopa-tog&cat spaces wikth additional skructkures
inducing a filkration (such a real valued function)

- Tamarkin categories

- homotopical co&egc;r:z of filtered chain complexes
(main algebraic example)

- homological category of a filtered, pre-triangulated
dg-category

Remark: Some of these examples are not quite TPC’s but
naturally map to one ( \6 is not quite triangulated).
o



- DFuk (M)

(M W 5 exact symplectic manifold : u) = 0! A

06 (Pt = § (4,4) | £ ™
Lagrangian | i g L—){Q) 04-1%: ‘/\lL l{

Fuk (M) = Filiered A - category

Not quite: it is only weakly filkered., Will
neqglect the distinction here,




7-'/()&\&([\0 L% > MOIF k(M)

filkered modules / For ( 7»,)

Complete ‘6 (‘F uR ( M>) bj cones

Nt TG
A
A Fuk (M=« (M) )
Corollary | b 1{0&\(/\1) is a TPC



Remark: The category (\> ?\)&8\ UN\\B coincides
R

with the usual derived Fukaya category (forgetbting
filkrations)

Put € = BAF(A%%A\T&)

Assume , . /? C @ [ / €> generates foa

— ' generic Hamiltonion

perturbation of

> / e T
Theorem [BCS] : hd)(,f’? ( N me\b(éo{ )cy{£§

s movxwdegmerera&e ,



X (803 = Grothendieclk group of the o-slice of
€ = N¥ux (M)

-1t is a huge abelian group

Wb\%:{,\\/ T R AN
- It is endowed with & pseudo-metric B induced bj b :

’&(a,a-—- l}nﬁhm)g)l@]m) [g}U{

Theorem (in progress) L) ]} s hon-degenerate
L) ]\/M (M) E> GL(K(‘@O)) induced b:j
¢ o arl A\] - [Al=0o s injective.

i) The represe.m&a&om KI] induces a bi-tnvariant

mebric o H A\ (,M\ that is bounded above b-j the
Hofer norm.



VAN
Remark: There are éxam[ates whein h is bounded and

strictly smaller than the Hofer norm.
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