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Abstract. — We introduce new metrics on spaces of Lagrangian submanifolds, not
necessarily in a fixed Hamiltonian isotopy class. Our metrics arise from measurements
involving Lagrangian cobordisms. We also show that splitting Lagrangians through
cobordism has an energy cost and, from this cost being smaller than certain explicit
bounds, we deduce some forms of rigidity of Lagrangian intersections. We also fit
these constructions in the more general algebraic setting of triangulated categories,
independent of Lagrangian cobordism. As a main technical tool, we develop aspects
of the theory of (weakly) filtered A,-categories.

Résumé (Ombres des sous-variétés Lagrangiennes et catégories triangulées)

Nous introduisons de nouvelles métriques sur les espaces des sous-variétés
Lagrangiennes dont la classe d’isotopie Hamiltonienne n’est pas nécessairement
fixée. Ces métriques proviennent de certaines quantités associées aux cobordismes
Lagrangiens. Nous montrons également que la décomposition d’'un Lagrangien
a travers un cobordisme a un cofit énergétique non-nul et, a partir d'une borne
explicite de ce cotit, nous déduisons des formes de rigidité des intersections Lagran-
giennes. Ces constructions interviennent dans le cadre algébrique plus général des
catégories triangulées, indépendament du cobordisme Lagrangien. Comme outil
technique central, nous développons certains aspects de la théorie des catégories A
(faiblement) filtrées.
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CHAPTER 1

INTRODUCTION AND MAIN RESULTS

One of the main objectives of this paper is to introduce new metrics and related
measurements on certain classes of Lagrangian submanifolds of a given symplectic
manifold. The (pseudo) metrics that we look for are supposed to have three features:

(i) Have significant symplectic content, in particular, be coherent with respect to
Hofer’s norm.

(ii) Be non-degenerate.
(iii) Be finite for a class of Lagrangians as large as possible.

Symplectic topology is characterized by an interplay of flexible and rigid phenom-
ena, flexibility originating in the Gromov h-principle and rigidity being reflected
through properties of J-holomorphic curves. This tension flexibility — rigidity ren-
ders non-trivial the definition of metrics with the three properties above: without
restricting in an appropriate manner the class of Lagrangians considered, flexibil-
ity leads to pseudo-metrics that are degenerate. On the other hand, having finite
distances between Lagrangians with different isotopy (and even homotopy) types
is non-obvious.

Our measurements arise from the perspective of Lagrangian cobordism. The sim-
plest non-trivial setting in which our metrics exist is the case when (M, w = dA)isa
Liouville manifold.

Denote by £ag®(M) the collection of exact Lagrangian submanifolds in M which
are compact without boundary. Given a Lagrangian cobordism V ¢ R? X M (see Sec-
tion 1.1 for the definition), denote by S(V) the area of the projection of V to R?
together with all the bounded regions bounded by this projection.

We call this measurement the shadow of V. More precisely:

(1.1) S(V) = Area(R*\ U),

where U c R?\ (V) is the union of all the unbounded connected components
of R\ n(V). Here r : R2 x M — R? is the projection.

Fix a family of exact Lagrangians & c Zag®(M). For every L,L’ € Lag™(M)
define:

(1.2) d*(L,L):= igf{S(V); V:L-~>(Fy,...,Fi,L',Fi,...,Fo), k>0, F; € F},



8 CHAPTER 1. INTRODUCTION AND MAIN RESULTS

where the infimum is taken over all (possibly disconnected) exact Lagrangian cobor-
disms V having L as its single positive end and whose negative ends consists of L’
possibly together with other Lagrangians, all taken from the family %. We use the
convention that inf @ = oo, so that d%(L,L’) = oo if there is no exact cobordism V
asin (1.2).

It is easy to see that d7 is a pseudo-metric (possibly with infinite values). How-
ever, d7 is generally degenerate (yet not identically zero). Fix a second family of
Lagrangians ' C Lag® (M) and define

(1.3) d %% .= max{d*,d"}.

One of our main results is:

TaEOREM A. — If (Uxeq K) N (Ugreg K') is totally disconnected, then d % is non-
degenerate, hence a metric, (possibly with infinite values) on Lag™(M).

We calld %% the shadow metric associated to the pair of families %, F’. For example,
one can take F to be a finite family of Lagrangians and for the family " one can take
a small and generic Hamiltonian perturbation of each of the elements in %. Then

(Ugez K) N (Ugregr K”) is discrete and Theorem A applies.

The shadow metrics bear a simple relation to the well known Lagrangian Hofer
metric [Cheoo] on the space of Lagrangian submanifolds in a given Hamiltonian
isotopy class. Indeed, it is not hard to see that if L” is Hamiltonian isotopic to L then

d 7% (L, L") < dyofer(L, L)

and, in particular, shadow metrics satisfy property i from the beginning of the in-
troduction. This is so because any Hamiltonian isotopy {¢:(L)} between two exact
Lagrangians L and L’ gives rise to an exact Lagrangian cobordism V : L ~~» L’ (called
the Lagrangian suspension of the isotopy) with S(V) = length; . {¢:(L)}.

When ¥ = & the pseudo-metric 49 is already non-degenerate and coincides with
the metric introduced in [CS19] which infimizes the shadow of cobordisms having
only L and L’ as ends (these are called simple cobordism). Of course d % < d<.

The use of multiple ended cobordisms and not of only simple ones in the definition
of metrics suchas d 7% isa crucial novelty brought forth in this paper. Three aspects
of this construction are worth underlining at this point. Firstly, in the exact setting,
it is conjectured that any simple cobordism is a Lagrangian suspension (progress on
this question appears in [Sua17]). Therefore, d?, at least conjecturally, coincides with
the Lagrangian Hofer distance and, in particular, d?(L,L")is expected to be infinite as
soon as L and L’ are not Hamiltonian isotopic. However, for nonempty families %, %’
the associated distances d %%’ (L, L) are often finite for pairs of Lagrangians L, L’ that
are not even smoothly isotopic or can even have different homotopy types. Secondly
and more conceptually, the existence of the metrics d *% for F,F’ # @ is a reflection
of the fact that the Lagrangian submanifolds in our setting can be organized in an
Ax-category which in turn, by a further algebraic process, gives rise to a triangulated
category —the derived Fukaya category. As we will explain in detail below (see already
Section 1.2), the metrics d 7 reflect the triangulated structure of this category in

ASTERISQUE 426



1.1. DECOMPOSITION BY LAGRANGIAN COBORDISM 9

the sense that they can be understood as providing the infimum of an “energy”
cost required for certain decompositions by iterated exact triangles in this category.
Finally, the last point to mention is that, as a technical reflection of the second aspect
mentioned just above, proving the non-degeneracy of the metrics d ** requires,
among other steps, a considerable development of A-algebraic machinery in the
filtered setting and this setup could potentially be of use elsewhere.

In Chapter 6 we will study further aspects of shadow metrics. In particular we will
see that analogues of the shadow metric exist also for other classes of Lagrangian
submanifolds, such as weakly exact Lagrangians and monotone ones and variants of
Theorem A continue to hold in these settings.

1.1. Decomposition by Lagrangian cobordism

A Lagrangian cobordism [Arn8o] (see [BC13] for the formalism in use here) is a
Lagrangian submanifold V c R? x M with the property that there exists a compact
interval [a_, a;] € R such that

V\ ([a-, a4] xR x M) = (]jl’_ x{i}xLi)]_[ (ﬁhx{j}xL}),
i=1 =1

where {_ = (—o0,a_), {1 = (a4, ) and the L;’s and L’’s are Lagrangian submanifolds
of M. The L;’s are called the negative ends of V and the L; ’s the positive ends. We write:

Vi(L,... L)~ (L, ..., Ly).

We allow any of k’ or k to be 0 in which case the positive or negative end of the
cobordism is void.

Fix a collection £ of Lagrangian submanifolds of M. Given a Lagrangian sub-
manifold L ¢ M we are interested in the “splitting” (or decomposition) of L into
Lagrangian submanifolds picked from the collection £. The type of splitting that we
focus on is through Lagrangian cobordisms V with a single positive end equal to L
and multiple negative ends, V : L ~~» (L1, ..., Lk). This perspective on cobordism
is natural not least because, as is known from previous work [BC13], [BC14] and
under appropriate constraints on &, such cobordisms induce genuine (iterated cone)
decompositions of L with factors the negative ends L; in the derived Fukaya category
of M.

As already mentioned at the beginning of the introduction, the central point of
view for this paper is to regard the shadow S(V) of a cobordism V as an energy
cost for the splitting corresponding to V. We address two natural questions from this
perspective:

1) Assuming L and Ly, ..., Lk fixed, find a lower bound for the minimal energy
cost required to split L in the factors L; (see Theorem B)?

2) Is there some form of Lagrangian intersections rigidity that is specific to low
energy splittings (see Theorem C)?

SOCIETE MATHEMATIQUE DE FRANCE 2021



10 CHAPTER 1. INTRODUCTION AND MAIN RESULTS

For the following results we restrict to the class of Lagrangian submanifolds L ¢ M
that are closed and weakly exact (i.e. w|, ) = 0). Similarly, cobordisms V' are
assumed to be weakly exact.

The next theorem shows that the shadow of cobordisms V : L ~~» (Ly,..., L)
between fixed L and (L1, . . ., Lx) cannot become arbitrarily small unless these Lagran-
gians are placed in a very particular position.

THEOREM B. — Let L, Ly, ..., Ly € M be weakly exact Lagrangian submanifolds. Assume
that L is not contained in L1 U - - U Ly. Then there exists 6 = 6(L;S) > 0 which depends
onlyon Land S := L1 U --- U Ly, such that for every weakly exact Lagrangian cobordism
V:L~» (Ly,...,L) we have

(1.4) S(V) > 36.

The proof is given Chapter 5. A non-technical outline of the proof is presented in
next Section 1.3.

The next theorem establishes relations between L and Ly, ..., L in case they are
related by a Lagrangian cobordism with small shadow.

Tueorem C. — Let L, Ly,...,Lx € M be weakly exact Lagrangians and S as in Theo-
rem B. Let N C M be another weakly exact Lagrangian and assume that the Lagrangians
N,L,Ly,...,Lg are in general position. There exists ' = 6'(N,S) > 0 that depends on N
and S (but not on L) such that for every weakly exact Lagrangian cobordism

VL~~~ (Ly, ..., Li)
with S(V) < 16" we have

k
(1.5) #(NNL) > Z#(NﬁLi).
i=1

The numbers 6, 0’ are variants of the Gromov width from [BCo7]. Namely, 0 is
the Gromov width of L in the complement of S and ¢’ is a symplectic measure of the
intersection S N N. The precise definitions are given in Chapter 5, where more precise
versions of Theorems B and C are restated and proved as parts of a single, stronger
statement, Theorem 5.1.

Analogues of Theorems B and C hold also in the monotone case, see Chapter 5.

1.2. Weighted fragmentation pseudo-metrics on triangulated categories

The construction of the shadow pseudo-metrics can be generalized to a more
abstract setting, as discussed in §6.4.1. In summary, given a triangulated category X
fix a family F of objects of L. Assume that there is a way to associate a weight to each
iterated cone decomposition in X which is well-behaved with respect to refinement
of cone decompositions. For two objects K, K’ in X we infimize the weight of the cone
decompositions of K that express K as an iterated cone involving K’ and elements
of F. By symmetrizing formally the resulting measurement we get a pseudo-metric
on the objects of X.

ASTERISQUE 426



1.3. OUTLINE OF THE PROOF OF THEOREM B 11

These pseudo-metrics are called weighted fragmentation pseudo-metrics. When the
triangulated category in question is the derived Fukaya category an example of such
pseudo-metrics are the shadow pseudo-metrics seen before. We also construct a more
algebraic example, independent of cobordisms, that is based on the filtered chain level
structures that appear in Floer theory.

1.2.1. Remark. — Since the submission of this paper, the machinery developed here
has seen a few other applications beyond the Lagrangian intersection results included
in the text. In one direction [BCc] the shadow fragmentation pseudo-metrics are used
in the setting of certain cobordism categories of immersed Lagrangians. There is a
class of such categories called categories with surgery models. A natural quotient of
such a category is triangulated and carries shadow fragmentation pseudo-metrics as
defined here. Under certain constraints, when the class of Lagrangians in study is un-
obstructed, these pseudo-metrics are non-degenerate, by an extension of Theorem A.
Moreover, the respective triangulated category contains a subcategory isomorphic
to the derived Fukaya category associated to the embedded Lagrangians. A second
direction is related to a conjecture due to Viterbo [Vit, Conjecture 1] on the existence
of a uniform bound on the spectral norm of a exact compact Lagrangian submani-
fold L in a fixed disk sub-bundle of a cotangent bundle T*N of a closed manifold N.
This conjecture was recently proved for a class of manifolds N including the original
case of N = T" in the papers [Sheb], [Shea]. However, Viterbo’s conjecture is still
open for arbitrary closed N. In this general setting some of the filtration machinery
developed here is used in [BCa] to deduce estimates for the spectral distance y(L, N)
(where N is viewed as the zero section) in terms of the boundary depth of the Floer
complex CF(L, T;N), where T} N is a fibre of the bundle. Finally, the paper [KS] that
was partially inspired by the filtered Yoneda approach of the current paper has found
numerous recent applications.

1.3. Outline of the proof of Theorem B

We focus here on the proof of Theorem B (the proof of Theorem C makes use of
similar ideas). We consider a symplectic embedding of a standard ball e : B(r) —» M
such that

e (L)=Br(r), e(B(r)N(L1U---UL) =2
and we put P = ¢(0). The bulk of the proof is devoted to proving that for any
almost complex structure | on M there exists a J-holomorphic polygon u in M
with a boundary edge on L (and possibly on the other L;’s) going through P and
with w(u) < S(V).

Once this is proved, the theorem follows by using a suitable choice of J, an appli-
cation of the Lelong inequality, and the definition of 6 = 6(L; S) as in (5.1).

To control energy bounds in our arguments we set up in Chapter 2 the machinery
of A-categories and modules in the (weakly) filtered setting. Variants of this already
appear in the literature, for instance in [FOOOo9a], [FOOQOo09b] (in somewhat differ-
ent form), but we give enough details so as to be able to extend — in Chapter 3 — the

SOCIETE MATHEMATIQUE DE FRANCE 2021



12 CHAPTER 1. INTRODUCTION AND MAIN RESULTS

results from [BC14] to this setting. The wording weakly means that, to achieve regu-
larity, we allow for small Hamiltonian perturbations in the definition of the various
algebraic structures.

As a consequence, these structures are filtered only up to a system of small,
controllable errors. We also prove in Section 2.6 a structural result, Theorem 2.14,
concerning iterated cones X of (weakly) filtered A.-modules and, in particular, we
show that each such cone admits a quasi-isomorphic model &’ which is an iterated
cone with the same factors as X and such that &’ has a filtration that is well controlled
with respect to that of X and the 1 operation of &’ can be written explicitly in terms
of higher p;’s of the underlying A.-category —see (2.31).

This result is based on a (weakly) filtered version of the following property of the
Yoneda embedding [Seio8]: for an As-module & and an object Y there is a natural
quasi-isomorphism N (Y) = hom(¥, N) (Where ¥ is the Yoneda module of Y). We
prove in Section 2.5 a weakly filtered version of this property which seems to be new
(and somewhat delicate to prove).

With this preparation, the proof of the theorem is given in Chapter 5. By neglecting
a number of technicalities, the argument can be sketched as follows. We consider a
new cobordism W : @ ~~» (L,Ly,...,Ly) obtained from V by bending the end L
of V clockwise half a turn, as in Figure 4. The main result in [BC14] implies that the
Yoneda modules £, &; associated to the negative ends of the cobordism W fit into an
iterated cone of Aw-modules over the Fukaya category, Fuk(M). The output of this
iterated cone is a module Jlyy defined as:

My = Bone (L ki Gone (Lr- LA Bone (% % £)--+)),

and, moreover, this module is acyclic. In view of our preparatory step all the modules
and structures involved here are filtered.

By typical cobordism arguments, we show that there exists a null-homotopy & of
the identity of #w (L) (this is the chain complex given by applying the module 4w
to the object L of Fuk(M)) that shifts filtrations by at most p < 8§(V') + € where we
can take € as small as desired. A cycle ¢;, in CF(L, L) representing the fundamental
class [L] € HF(L, L) still remains a cycle in J#lw(L). We deduce that it has to be the
boundary of some element in /(L) of filtration higher than that of e; by not more
than p or, in other words, the boundary depth (see [Ush11], and also Section 2.7) of ¢,
is at most p. By suitable choices, we may assume that ey is the maximum point of a
Morse function on L, which is achieved at P.

At this pointitis crucial that Jly is an iterated cone of (weakly) filtered A-modules.
We now use the structural Theorem 2.14 to associate to Jlw the quasi-isomorphic
module J (provided by that theorem). Because the filtrations on ./ and Jly are
tightly related, we deduce that the boundary depth of ey, in M((L) is at most p + €’
where €’ > 0 can be taken arbitrarily small. From the special form of the differential
of JiL(L) which involves the higher order A-operations 4, we conclude that there is
a pseudo-holomorphic polygon u in M with boundary on L and on some of the L;’s
that appears in the differential of (L) and that passes through P. Moreover, the area
of this polygon is not more than p + €’. In essence, this concludes the argument by
making €, — 0.

ASTERISQUE 426
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CHAPTER 2

WEAKLY FILTERED A.-THEORY

In this chapter we develop a general framework for weakly filtered A-categories,
with an emphasis on weakly filtered modules over such categories. In our context
“weakly filtered” generally means that the morphisms in the category are filtered
chain complexes but the higher A-operations do not necessarily preserve these
filtrations. Rather they preserve them up to prescribed errors which we call dis-
crepancies. In the same vein one can consider also weakly filtered A-functors and
modules. Related notions of filtered Ac-structures have been considered in the lit-
erature (e.g. [FOOOo9a], [FOOOo9b]), but the existing theory seems to differ from
ours in its scope and applications.

Below we will cover only the most basic concepts of As-theory in the weakly
filtered setting. In particular we will not go into the topics of derived categories, split
closure or generation in the weakly filtered framework. Our main goal is in fact much
more modest: to provide an effective description of iterated cones of modules in the
weakly filtered setting in terms of weakly filtered twisted complexes.

Some readers may find the details of the weakly filtered setting somewhat over-
whelming, especially in what concerns keeping track of the discrepancies. If one
assumes all the discrepancies to vanish, the theory becomes “genuinely filtered” and
is easier to follow. However, the additional difficulty due to the weakly filtered setting
is largely superficial. Indeed, significant parts of the theory developed in this chapter
do not become easier if one works in the genuinely filtered setting, except in terms
of notational convenience. We also remark that, as far as we know, a good part of the
theory developed in this chapter, particularly the study of iterated cones, is new even
in the genuinely filtered case. The reason for developing the theory in the weakly
filtered setting (rather than filtered) has to do with the geometric applications we aim
at which have to do with Fukaya categories of symplectic manifolds. For technical
reasons, the weakly filtered framework fits better with the standard implementations
of these categories.
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2.1. Weakly filtered A..-categories

In the following we will often deal with sequences € = (€1,...,€4,...) of real
numbers that we will refer to as discrepancies. We will use the following abbreviations
and conventions:

> For two sequences ¢, € we write € < € in order to say that €5 < e; for all d.

> For c € R we write € + ¢ for the sequence (€1 +¢,...,€4+¢,...).

> For a finite number of sequences eV, ..., e" we define max{e(l), ceey e(r)} to be
the sequence € = (€1, ...,€4,...) with ez := max{e(dl), e, e(dr)}.

Fix a commutative ring R, which for simplicity we will henceforth assume to be of
characteristic 2 (i.e. 2r = 0 for all r € R). Unless otherwise stated all tensor products
will be taken over R.

The A-theory developed below will be carried out in the ungraded framework.
Also, in contrast to standard texts on the subject such as [Seio8], we will work
in a homological (rather than cohomological) setting, following the conventions
from [BC14].

Let o be an A-category over R. To simplify notation, in what follows we will
denote the morphisms between two objects X, Y € Ob(d) by

C(X,Y) :=homy(X,Y).

We denote the composition maps of o by y?, d>1.

Lete? = (ef, €, ..., €7,...) bean infinite sequence of non-negative real numbers,

with ef' = 0. We call ol a weakly filtered Ac-category with discrepancy < € if the
following holds:

1) For every X,Y € Ob(d), C(X,Y) is endowed with an increasing filtration of
R-modules indexed by the real numbers. We denote by
C=(X,Y)c C(X,Y)
the part of the filtration corresponding to o € R. By increasing filtration we
mean that C=%(X,Y) c C=%"(X,Y) for every &’ < a”.

2) The ug-operation preserves the filtration up to an “error” of eg. More precisely,
for every Xy, ..., Xq € Ob(d) and a1, ..., aq € R we have

14 (C=¥1(Xo, X1) ® - - ® CS%(Xy_1, X)) C CSU+ "+t (X, X,).

Note that since eiﬂ =0, [uiﬂ preserves the filtration, each C=*(X,Y), @ € R, is a sub-
complex of C(X,Y). Note also that the discrepancy is not uniquely defined — in fact
we can always increase it if needed. Namely, if €’ = (6'1 =0,€),..., e;,, ...)is another

sequence like € but with €? < €’ then o is also weakly filtered with discrepancy < €.

By analogy with symplectic topology we will often refer to the index of the filtration
as an action and say that elements of C=*(X, Y) have action < a.
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2.2. TYPICAL CLASSES OF EXAMPLES 17

2.1.1. Unitality. — Let o be a weakly filtered Aw-category and assume that o is
homologically unital (h-unital for short). We say that o is h-unital in the weakly filtered
sense if there exists u? € Rs( such that for every X € Ob(d) we have a cycle ex
in C=*"(X, X) representing the homology unit

lex] € H(C(X, X), 1.

We view the choices of ex, X € Ob(d) and u as part of the data of a weakly filtered
h-unital As-category. We call u® the discrepancy of the units.

Occasionally we will have to impose the following additional assumption on .

Assumption U°. — Let of be a weakly filtered As-category which is h-unital in the
weakly filtered sense. Let 2u® + €5 < C € R. We say that o satisfies Assumption U°(C)
if for every X € Ob(sf) and for some ¢ € C=¢(X, X) we have

s (ex, ex) = ex + i (c).
Put in different words, the assumption U° says that
[ex] - [ex] = [ex]
in H.(C=%(X, X)), where the dot " stands for the product induced by p5' in homology.
(The superscript e in U° indicates that the assumption deals with the cycles ex

representing the units.) Below we will sometimes write o € U°(C) to say that o
satisfies Assumption U°(C).

2.2. Typical classes of examples

Before we go on with the general algebraic theory of weakly filtered A-structures,
we make a short digression in order to exemplify what types of filtrations will actually
occur in our applications. We resume with the general algebraic theory in Section 2.3
below.

The weakly filtered A-categories that will appear in our applications are Fukaya
categories associated to symplectic manifolds. They will mostly be of the following
types, described in §§2.2.1—2.2.4 below.

2.2.1. Filtrations induced by an “action” functional on the generators. — In this class of
weakly filtered A-categories the collection of morphisms C(X, Y) between any two
objects is assumed to be a free R-module with a distinguished basis B(X,Y), i.e.
C(X,Y) = @ Rb.
beB(X,Y)
We also have a function A : B(X,Y) — R, which (by analogy to symplectic topology)
we call the action function, defined for every X,Y € Ob(d), and this function induces
the filtration, namely:
C<*(X,Y) = @ Rb.
beB(X,Y), A(b)<a
We will mostly assume that C(X, Y) has finite rank and that R is a field.
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18 CHAPTER 2. WEAKLY FILTERED A.-THEORY

2.2.2. Filtration coming from the Novikov ring. — Here we fix a commutative ring A and
consider the ( full) Novikov ring over A:

. A={D e ap e A, lim Ak = o),
(21) ; ak ax ] gr;lo k= 00

as well as the positive Novikov ring:

(2.2) Ao = {Z akT™; g € A, Ak 2 0, lim Ay = oo}.
k:0 —00

The weakly filtered A-categories o of the type discussed here are defined over A,
but the weakly filtered structure is only over the ring R = Ay.

As in §2.2.1 above, we assume
C(X,Y) = @ Ab.
beB(X,Y)
The filtration on C(X, Y) is then defined by
C<%(X,Y) = @ T~ Agb.
beB(X,Y)
Note that C=%(X, Y) is not a A-module but rather a Ap-module.

We will mostly assume that B(X, Y) are finite (hence C(X, Y) have finite rank) and
that A is a field (in which case A is a field too).

2.2.3. Mixedfiltration. — Insome situations the filtrations on our A -categories occur
as combination of §§2.2.1—2.2.2 above. More specifically, we have
C(X,Y)=AB(X,Y)
as in §2.2.2 and an action functional A : B(X,Y) — R as in §2.2.1. We then extend A
to a functional
A:CX,Y)=A-B(X,Y) — RU{-c0}
by first setting A(0) = —co. Then for P(T) € A and b € B(X,Y) we define:
A(P(T)b) := —Ag + A(D),

where Ag € R is the minimal exponent that appears in the formal power series of
P(T) € A, ie. P(T) = agT" + 332, a;T" with agp # 0 and A; > A for every i > 1.
Finally, for a general non-trivial element

¢c=Pi(T)by +---+Pi(T)b; € C(X,Y),
define

A(c) = max {A(Pk(T)bk); 1<k< l}.
The filtration on C(X, Y) is then induced by A:

C=*(X,Y)={ceC(X,Y); Alc) < a}.
It is easy to see that C=%(X,Y) is a Ag-module.
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2.3. WEAKLY FILTERED A-FUNCTORS AND MODULES 19

2.2.4. Families of weakly filtered Ao,-categories. — The weakly filtered A-categories in
our applications will naturally occur in families {sls}sep parametrized by choices
of auxiliary structures s needed to define the As-structure. The parameter s will
typically vary over a subset # C E \ {0} where E is a neighborhood of 0 in a Banach
(or Fréchet) space. The subset & will usually be residual (in the sense of Baire) so that
0 is in the closure of &.

Typically all the members of the family {o; }se will be mutually quasi-equivalent
(see [Seio8, Section 10] for several approaches to families of A-categories). Of course,
in the weakly filtered setting the quasi-equivalences between different d;’s are sup-
posed to bear some compatibility with respect to the weakly filtered structures on
the d’s.

Apart from the above, in our applications the families {d;}scp will enjoy the
following additional property which will be crucial. The bounds € for the discrep-
ancies of the #;’s can be chosen such that

lim e?s =0, forall d.

5—0
Moreover, the categories o5 will mostly be h-unital with discrepancy of units #* and
satisfy Assumption U°(Cs). The latter two quantities will satisfy

lim s =1lim ¢, = 0.
s—0 s—0

Below we will encounter further notions in the framework of weakly filtered Ac-
categories such as weakly filtered functors and modules. Each of these comes with
its own discrepancy sequence €. In our applications everything will occur in families
and we will usually have lim;_,o €4(s) = 0 for each d.

While the algebraic theory below is developed without a priori assumptions on the
size of discrepancies, it might be useful to view the discrepancies as quantities that
can be made arbitrarily small.

2.2.5. The case of Fukaya categories. — The general description in §2.2.4 applies to the
case of Fukaya categories which will be central in our applications. More specifically,
in order to define the A-structure of Fukaya categories one has to make choices of
perturbation data (e.g. choices of almost complex structures as well as Hamiltonian
perturbation — see e.g. [Seio8, Sections 8—9]). The space & will consist of those per-
turbation data that are regular (or admissible). This is normally a second category
subset of the space of all perturbations E. The discrepancies occur as “error” curva-
ture terms (associated to the perturbations) when defining the p4-operations. These
discrepancies can be made arbitrarily small (for a fixed d) by choosing smaller and
smaller perturbations. The same holds for the discrepancy of the units and the Cs’s.

2.3. Weakly filtered A, -functors and modules

Let o, B two weakly filtered A-categories and F : d — % an Ae-functor. Let
e’ =(e],€],...,€],...) be a sequence of non-negative real numbers. In contrast
to e! and € we do allow here that e # 0.
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20 CHAPTER 2. WEAKLY FILTERED A.-THEORY

We say that F is a weakly filtered As-functor with discrepancy < €% if for all
Xo,..., X5 € Ob(d) and a1, ...,a; € R we have

F
(23)  Fa(C5M(Xo, X1)® -~ ® C3¥(Xgo1, X)) € TN (F X0, FXy).
Here we have denoted by Cy and Cg the hom’s in d and 9 respectively and by %y
the higher order terms of the functor F.

There is also a notion of weakly filtered natural transformations between weakly
filtered functors but we will not go into this now as our main focus will be on a special
case — weakly filtered modules and weakly filtered morphisms between them.

2.3.1. Weakly filtered modules. — Let ol be a weakly filtered A«-category with discrep-

ancy €. Let .l be an sd-module with composition maps yé”, d>1. Let

M (ol v
e’ =(er,€),...,€50,...)
be an infinite sequence of non-negative real numbers with €] = 0. We say that J( is
weakly filtered with discrepancy < e the following holds:

1) For every X € Ob(d), 4l(X) is endowed with an increasing filtration J4(=%(X)
indexed by a € R.

2) The yé”—operation respects the filtration up to an “error” of eé”. Namely, for all
Xo, ..., X4-1 € Ob(d) and a1, ...,a; € R we have

it (C5*(Xo, X1) ® -+ - ® C=%1 (X4, Xa—1) ® M=(X4-1)) C ST (X )

Again, since e{” =0, every (M=*(X), ,uf/L) is a sub-complex of (M(X), y{“).

2.3.2. Remark. — It is easy to see that weakly filtered sf-modules are the same as
weakly filtered functors F : o — Ch?lop (having some discrepancy). Here Chy is
the dg-category of filtered chain complexes (of R-modules) and Ch?pp stands for
its opposite category. (Note that Ch¢ and Ch?pp are in fact filtered dg-categories, i.e.
they have discrepancies 0.) The correspondence between weakly filtered functors and
weakly filtered modules is the same as in the “unfiltered” case [Seio8, Section (1j)].
Note thatif F : o — Ch?p P has discrepancy < €7 then the weakly filtered module .t
corresponding to it has discrepancy < e with eé” = eil for every d > 2.

Next we define morphisms between weakly filtered #-modules. Let .o, ./l be
two weakly filtered 9-modules, both with discrepancy < €. Let f : Mlo — .l be a
pre-module homomorphism. We write f = (f1,..., fz,...) where the f;-component
is an R-linear map

fa:C(Xo, X1)® -+ ® C(Xy—2, Xg-1) ® Mo(Xg-1) — M1(Xo).

Leta € Rand ¢ = (e{ S ,65, ...) be a vector of non-negative real numbers. In
contrast to €? and € we do allow that 611[ #0.
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2.3. WEAKLY FILTERED A-FUNCTORS AND MODULES 21

We say that f shifts action by < p and has discrepancy < € if for every d, the map f;
shifts action by not more than p + eg , namely: ;

fa(C=(Xo, X1) ® -+ ® C=1(Xy_, Xyo1) ® My (Xa-1)) C /ﬂfﬁmﬁﬁp%d (Xo).
We will generally refer to such f’s as weakly filtered pre-module homomorphisms.

As before, if p < p’ and €/ < € then f also shifts filtration by < p’ and has
discrepancy < e.

We will now define a filtration on the totality of pre-module homomorphisms.
Denote

> hom(.ly, /(1) the pre-module homomorphisms My — (1 and

> hom®" (Mo, M1) < hom(JMly, A1) the weakly filtered pre-module homomor-
phisms of discrepancy < €” (and arbitrary action shift).

The filtration will depend on an additional “discrepancy” parameter

e = (ei’,c—:g,...,eg,...)
which is a sequence of non-negative real numbers (the superscript i stands for
“homomorphisms”). Again, we do not assume here that e? is 0.

Our filtration is indexed by R and is defined as follows. The part of the filtration
corresponding to p € R is denoted by

hom =" (o, .0l )

and consists of all pre-module homomorphisms f : Mg — 1 which shift action by
not more than p and have discrepancy < €”. Clearly this yields an increasing filtration

on homEh (M, A1). Note however that, when viewed as a filtration on hom(/tg, /1),
this filtration might in general not be exhaustive since not every pre-module homo-
morphism must be weakly filtered.

Recall that dl-modules (and pre-module homomorphisms between them) form
a dg-category mody with differential yi“"d and composition ,ulzm’d (see [Seio8, Sec-

tion (1j)] for the definitions).

We now analyze these operations in the weakly filtered framework.
For the operation y‘lno‘i one encounters the following problem. For general choices
of ¥, €™ and €’ and two weakly filtered modules .y, .l; with discrepancy < € the
differential ylln"d does not preserve homSP;eh(/ﬂo, Jl1). Nevertheless it is possible to
correct this problem by restricting the choice of €" as follows:

Assumption €. — A sequence € = (&1,...,¢&q4,...) is said to satisfy Assumption € if for
every d > 1 we have

&4 2 max{e;" +¢j, efg+ej; i+j=d+1}.
Sometimes we will need to emphasize the dependence of Assumption € on the

choices of € and €” in which case we will refer to it as Assumption &(e”, €).
Alternatively we will sometimes write & € €(€", €).
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22 CHAPTER 2. WEAKLY FILTERED A.-THEORY

An inspection of definition of yi‘wd (see e.g. [Seio8, Section (1j)]) shows that if

el
€' satisfies Assumption % then hom=f"¢ (lly, 1) is preserved by u™°? hence is a
chain complex.

The following will be useful later on:

LemMMA 2.1. — For every € and €™ there exists e that satisfies Assumption €(e™, e™).
Moreover, there exists a sequence of real numbers {Az}aen which is universal in the sense
that it does not depend on € or €™ and has the following property: for every sequence
6 =(61,...,04,...) of non-negative real numbers there exists an e that satisfies Assump-
tion €(e", ™) and such that for all d:

d
(2.4) 84 < €4 < AdZ(ejﬁ + el +5)).

j=1
Proof of Lemma 2.1. — One can easily construct ¢; and A, inductively: start with
€1 := 01 then set &, := max{e}’ + €1, €} + €1, 62} and so on. (Note that 5! = €' =0
so that the inequality in Assumption € is obviously satisfied fori =1, j = d.) m]

2.3.3. Remarks

1) If € € B(e™, €*) then the same holds for € := € + ¢, wherec = (c,...,c,...)isa
constant sequence.

2) When dealing with hom=" " we can always arrange that e;’ = 0 by applying

the following procedure. Suppose that " € €(e™, €?). Put p:= p + €, €l := e — €l

Note that €' = 0, €/ > 0 and that €” still satisfies Assumption €. It is easy to see that

homgﬁ;gh (/ﬂo, Jﬂh) = homSp;eh (/ﬂo, Jﬂh).

We now turn to the yg“’d operation. Let [y, L1, M, be weakly filtered sf-modules
with discrepancy < €”. Let f : Mo — M1, § : M1 — My be two weakly filtered
pre-module homomorphisms with f € hom=F":’ (M, M), g € hom =" (ty, AL).
Set ¢ := yg“’d( f,8) Mo — M. A simple calculation shows that ¢ is weakly filtered

and that ¢ € hom='*+¢ g;ef*eg(/ﬂo, JAl>), where the sequence of discrepancies e/ €8 is
defined as:

(2.5) (¢/ +€8), =max{e{ +e]3,' i+j=d+1}.

Moreover, a simple calculation shows that if e/, €8 € €(e", ") then the same holds
for €/ + €8.

A few words are in order about the structure of the totality of weakly filtered
d-modules. Ideally one would like to view the weakly filtered modules (say with
discrepancy < €", and with morphisms of discrepancy < €") as a sub-category of
mody and define a weakly filtered structure on it. As seen above, Assumption 8
assures that the hom= e (Mo, Al1)’s are closed under y’ln‘)d. However without further
restrictions on €”, the operation yg‘(’d does not map

7. h

hom =P (Mo, .M1) ® hom™* ™' (M1, Mlz) to  hom™"**"*" (o, ).
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Thus for general €" € B(e", €) we still do not get a dg-category. We refer the reader
to the expanded version of this paper [BCS] for possible solutions to this issue, as well
as to further discussion on categorical aspects of weakly filtered modules such as the
Yoneda embedding and triangulated structure in the weakly filtered framework. For
the applications in this paper, we do not need the weakly filtered modules to form
a dg-category, and therefore will generally not restrict " beyond Assumption €. We
stress that Assumptlon € will continue to play an important role since it assures that
the hom=P¢"s are preserved by ymOd Thus we will mostly continue to assume it.

2.3.4. Action-shifts. — Let Jll be a weakly filtered module over a weakly filtered Ac.-
category 9. Let vy € R. Define a new weakly filtered sf-module S/l to be the same
module as ./ only that its filtration is shifted by vo, namely:

(SM)=*(N) := M=**"(N) forall N € Ob(d), a € R.

Clearly S0 .l has the same discrepancy as J(.
We call S/l the action-shift of M by vy.

In what follows we will use the same notation 5™ also for action shifts of other
filtered objects such as filtered chain complexes or more generally filtered R-modules.

2.3.5. Homologically unital si-modules. — We have already discussed h-unital Ac-
categories in the weakly filtered sense on page 17. In what follows we will sometimes
need an analogous, yet somewhat stronger, notion for modules.

Assumption U,, . — Let ol be a weakly filtered A -category with discrepancy < €.

Assume that o is h-unital in the weakly flltered sense as defined in Section 2.1, i.e. we
have u > 0 and choices of cycles ex € C=*"(X, X) for every X € Ob(sl) representmg
the units in homology. Let /l be a weakly filtered sf-module with discrepancy < €”
and let u + el <k eR.

We say that Jl satisfies Assumption Uy, (x) (or 4 € Uy, (x) for short) if for every X
in Ob(d) and every a € R the map

(2.6) M= (X) — M=(X),  br— uy(ex, b)

induces in homology the same map as the one induced by #M=*(X) — M=***(X).
Note that in particular, 4 is an h-unital module.

Sometimes the module .# will be a Yoneda module ¥ associated to an object
Y € Ob(dA). In that case we will sometimes write Y € U, (k) instead of % € U, (x).
Note that in this case the map in (2.6) becomes

C=*(Y,X) — C=**™(Y,X), b+ ps(ex,b).

There is also a homotopical version of U,, (see [BCS, Section 2.3.4], where it is
called Us) but we will not need it here.
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2.3.6. Pulling back weakly filtered modules. — Let 91,9 be two weakly filtered Ac-
categories and F : o — B a weakly filtered A-functor with discrepancy < 7.
Let .l be a weakly filtered -module with discrepancy < e. Consider the #-module

F* M which is obtained by pulling back J( via %. We filter F* .l by setting
(FM)=*(N) = M=*(FN).

The following can be easily proved.

LemMaA 2.2. — The module F*Jl is weakly filtered with discrepancy < €% ", where
foralld > 2
efw:max{ez+-~+e;‘7k+eﬁl; 1<k<d-1, 51+---+sk:d—1}.

In particular, if the higher order terms of & vanish, i.e. s = 0 for all s > 2, then

efw‘ =(d- 1)6;‘; + eé”, forall d.

Let Jlo, /L1 be two weakly filtered B-modules and f : Mg — 1 a weakly filtered
module homomorphism that shifts action by < p and has discrepancy < €/. Pulling
back we obtain a homomorphism of sl-modules F* f : F* g — F* 1. The following
can be easily verified.

Lemma 2.3. — The module homomorphism F* f is weakly filtered with action shift < p

and discrepancy < TS where €] f = e{ and

Ff
d
In particular, if the higher order terms of F vanish, i.e. Fs = 0 for all s > 2, then

€ :max{ei+---+e:}k+€f 1<k<d-1, sl+~-+sk:d—1}, forall d > 2.

k+1 ’

el = (-7 +€l, forall d.

2.4. Weakly filtered mapping cones

Let Jly, A1 be two weakly filtered si-modules with discrepancies < e and < e/
respectively. Let f : Mlo — M1 be a module homomorphism, i.e. f is a pre-module ho-
momorphism which is a cycle: M?Od( f) =0. Assume that f shifts action by < p and
has discrepancy < €/, or in other words f € hom="¢' (Mo, M1). We generally do not
assume that €/ satisfies Assumption %(e™, €) unless explicitly specified.

Consider the mapping cone € := BGone( f) viewed as an 9-module and endowed
with its standard A..-composition maps [u;@. We endow 6 with a weakly filtered
structure as follows. For X € Ob(sf) and a € R, put

et
(2.7) B=(X) ==y "N (X) @ MEN(X).
Define (see page 16 for the precise meaning of this notation)

€® := max {e/”", e“”“, e - e{}
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Then 6 is weakly filtered with discrepancy < €©. This follows from (2.7) and the fact
that

ul(ar, ... aq-1,(bo, b1)) = (u)°(ay, ..., a4-1,bo),
fa(ar, ... ag1,bo) + ) (ay, ..., a4-1, by)).

2.4.1. Remark. — If we assume in addition that
el e <" and € € B(e™, €M),

f

then we have ¢/ — €

> €", hence €€ = ¢/ — e{.

It is important to note that the filtration we have defined on Gone( f) in (2.7)
f

strictly depends on the choices of p and €7 . Therefore, whenever these dependencies
are relevant we will denote the weakly filtered cone of f by

f (fip.ef)
(2.8) Bone( f;p,€/) orby Bone(Mo ———— JMy).

2.4.2. Remark. — We opted to define the filtration on the cone as in (2.7) so that the
inclusion J/l; — ‘6 becomes a strictly filtered map.

We now discuss several elementary properties of weakly filtered mapping cones
that will be useful later on. We begin with the effect of action-shifts (see §2.3.4) on
mapping cones. The following follows immediately from the definitions.

LemMA 2.4. — Let f : Mo — M1 be a weakly filtered module homomorphism between two
weakly filtered sd-modules. Assume that f shifts action by < p and has discrepancy < €.
Let vy € R. Then we have the following equality of weakly filtered A-modules:

" (fip.eh) "
S" (Gone(My ——— 1)) = Bone (S* Ay

:0ef —
(frpr vo) SVO,/M,l)

v ef
(f:p=vo,€) SVO./ﬂ1).

0,ef
(fipe) S"1y)

= Gone (Mo

= Gone (Mo

Next, we analyze (a special case of) cones over a composition of module homo-
morphisms, from the weakly filtered perspective. Let f : Mo — i be as at the
beginning of the present chapter. Let ./l be another weakly filtered s/-module with
discrepancy < e and let & : M, — /Mi be a weakly filtered module homomorphism

with & € hom=%¢" (M1, AL7). Denote the composition of f and & by
f’zéof:z,urzn()d(f,é):ﬂo_)‘/ﬂ’i’
We have f’ € hom” +siel’ (Mo, AL;), where

(—:g,:(ef*eé)d ::max{e{+e]§; i+j=d+l}.
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LemMA 2.5. — There exists a weakly filtered module homomorphism
Y : Gone(f;p,e) — Bone(f';p+s,¢)

that shifts action by < s and has discrepancy < €. The homomorphism 1 fits into the
following (chain level) commutative diagram of d-modules:

f

Ao Ay C607’16( f) —— Ty
(2.9) idJ/ lé ll/» J/id
Mo / M3 Bone( f') — Ty

where the horizontal unlabeled maps are the standard inclusion and projection maps (with zero
higher order terms), and Ty stands for the shift of Mo with respect to grading. Moreover,
if & is a quasi-isomorphism then so is .

As indicated earlier, in this paper we work in the ungraded setting, hence the
equality TJlyg = M. Nevertheless we have written Tl in (2.9) as a suggestion for
how the statement should look like in the graded case.

Proof of Lemma 2.5. — Simply define 11(bo, b1) = (bo, &£1(b1)) and for d > 2:
Va(ay, ..., aa-1,(bo, b1)) == (0,&a(ar, ..., a4-1,b1)).
All the statements asserted by the lemma can be verified by direct calculation. m|

Next we discuss how the weakly filtered mapping cone changes if we alter the
cycle f by a boundary. Assume now that /o and .#; have both discrepancies < €.

Fix a sequence €’ that satisfies Assumption €(e", €?). Let f € hom=\ e (Mo, A1) be
a module homomorphism and f’ = f + tugn"d(G) for some 0 € hom=P" (Mo, J7).
Consider the two weakly filtered mapping cones Gone( f; p, €") and Bone( f’; p, €").
LEmMMA 2.6. — There exists a module homomorphism
9 C60116(f;p,eh) — %one(f’;p,eh)
with the following properties:
(i) 9 is a quasi-isomorphism.
(ii) O does not shift action (i.e. it shifts the action filtration by < 0) and has discrepancy
<ed =€l - e?. In particular (since €] = 0) the chain map
91+ Gone( f; p, ")(X) —> Gone( f'; p, €")(X)
preserves the action filtration for every X € Ob(d).

Proof. — Define 91(bo, b1) := ((—1)/P1"1bg, (=1)1®11by + 64 (bp)) and for d > 2 define:

Salai, ..., a4-1,(bo, b1)) = (0, 64(as, ..., a4-1,bo)).
Cf. [Seio8, Formula 3.7, p. 35].
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Note that in this paper we work with a base ring R of characteristic 2, hence
the signs in the preceding formula for 91 can actually be ignored. Nevertheless we
included them, just as an indication for a possible extension to more general rings. O

The next lemma shows that weakly filtered cones are preserved under pulling
back by weakly filtered functors.

LEMMaA 2.7. — Let:
> o, B be two weakly filtered Ac-categories and F : o — B a weakly filtered Aco-
functor with discrepancy < €%;
> Mo, M1 weakly filtered B-modules and f : Mo — My a weakly filtered module homo-
morphism which shifts action by < p and has discrepancy < €.

Then we have the following equality of weakly filtered d-modules:

0.l F fip,e®f
F* (Gone (Mo M) My)) = Bone (F* Mo w Fly),

Cp* . . .
where € ¥/ is given in Lemma 2.3.

The proof is straightforward, hence omitted.

We now return briefly to unitality of modules, more specifically to Assumption U,,.
The following lemma shows that this assumption is preserved under certain quasi-
isomorphisms of weakly filtered modules.

Lemma 2.8. — Let:
> ', M be weakly filtered sd-modules with discrepancies < € and < ™"
> ¢ M — M be a weakly filtered module homomorphism, ¢’ € hom""*’ (o', ).
> Let ¢ bea collection of chain maps ¢% : M"(X) — M'(X), defined for all X in Ob(dl),
and assume for all X € Ob(d) and a € R,
;E(M,/Sa(X)) C ﬂ/Sa+p”+s”(X)
for some fixed p”,€” € R. (For example, if ¢” : M" — M’ is a weakly filtered module

homomorphism with ¢” € hom?"7<’ (", M), where e‘f” < €”, then the assumptions
on ¢” are clearly satisfied.)

> Let v, k" € R and assume further that
a) For every X € Ob(dd) and every o € R the composition of chain maps
m’S“(X) Pk M/Sa+p’+p”+e(l’5/+e”(x) inc M/Sa+p/+p”+e;p,+e”+1/(x)

induces in homology the same map as the one induced by the inclusion

M/Sa(X) N ﬂ/ga+p'+p"+ef,+e”+V(X)'
B) M € Uy (k")
Then M’ belongs to Uy, (x”), where

¢)/
1

¢
1

+um+e£” +v,€ +1<”,e¢’ +um}.

r_ ” ”
(2.10) K'=p +p" +e +max{€ 5
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Proof. — Fix X € Ob(d), @ € R and let b € M'=*(X) be a cycle. Since ¢’ is a module
homomorphism (i.e. pﬁ“"d(cp’) = 0) we have
P11y (ex, b) = py"" (ex, (b)) + i j(ex, b).
Applying ¢’ to both sides of this identity we obtain
(2:11) PxPra’ (ex, b) = Pu” (ex, 1 (0) = " Py Plex, b).
Since p¥(ex, b) € A=l (X) our assumption on ¢% o ¢; implies that there
exists x € A/Sarut e wplap el +€"+(X) such that
(2:12) PxP1z" (ex, b) = 13" (ex, b) — i ().
Since Jl” € Uy, (k") there exists an element y € AseEe e *<"(X) such that

5" (ex, $1(0)) = @4(b) + 1" ().

Substituting the last identity together with (2.12) into (2.11) yields:
(213) " (ex, b) = 1 () + PR L (0) + " (0% () + " (¢ Prlex, b)-
Using our assumption on ¢% o ¢], we can write the second term of (2.13) as

YP1b) =b+ ,u{”/ (z) for some z € A0t P HeY *+€"+v(X). Substituting this in (2.13)
we obtain
214) gV lex,b) = b+ p () + uf" (2) + p (%)) + 1 (P Pylex, b)),
where

x e l/%/saﬂt&ueé“l+p’+p”+€?/+e/’+V(X)/ I)E(y) c m//§a+p'+p”+ef’/+e”+1<”(X)’

’ 7 ‘?/ ” K g e ¢,
7 € ‘/yLISlX+p +p +€1 +€ +1/(X), (1)3/( é(eX/b) c ./M//SOH—H +p +pT+e€ +€2 .

The estimate (2.10) for x’ readily follows. O

It is known that h-unitality is preserved under mapping cones [Seio8, Section 3e].
The following Lemma is a weakly filtered analogue, concerning Assumption U,,.

LEmMMA 2.9. — Assume that 9 satisfies Assumption U¢(C) (see page 17). Let:
> Mo, Jy be weakly filtered sA-modules with discrepancies < €' and < 't respectively
and assume that My € U, (x™0) and My € Uy, (™).

> f € hom=/"¢' (o, M1) be a module homomorphism.
Then the weakly filtered module €one( f; p, €') satisfies Assumption U, (x), where

(2.15) K = max {21</”0,21<M1,2uw + 6;6,2149’ + 26;6, C+ e;@},

and € := max{eto, el f — e{ }. (Recall that € is the standard bound on the discrepancy
of € = Gone( f;p, el) —see page 24.)

To show this lemma we will make use of the following proposition that is of
independent interest.
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PROPOSITION 2.10. — Assume that s € U°(C). Let M be a weakly filtered A-module with
discrepancy < e and let X € Ob(dd). Then the chain maps

v M(X) — M(X), v(b):= yé“(ex,b)

and v o v : M(X) — M(X) are chain homotopic via a chain homotopy that shifts action by
not more than max {2u + eft, C+ eé”‘}

Proof. — The A-identities for 4l (+ the fact that ex is a cycle) imply that for every
b € M(X) we have
M

(216) ' (ex, ex, b) - i (ex, ' (ex, b)
+ 3y (ex, ex, p" (b)) + 3" (15 (ex, ex), b) = 0.
Since ol € U°(C) wehave g (ex, ex) = ex+pi'(c), forsomec € C=¢(X, X). Substituting
this in (2.16) together with p* (15! (c), b) + (¢, (b)) + i (e, b) = 0 yields:
w3t (ex, uy'(ex, b)) — 3" (ex, b) = u{*h(b) + hy(b),

where h(b) = uf'(ex, ex, b) — u3*(c, b). Clearly the chain homotopy h shifts action by
not more than max {Zum + eg”, .+ eé”} O

We now return to the proof of the lemma.
Proof of Lemma 2.9. — Denote 8 = Bone( f;p, €/). Recall that this module has dis-
crepancy < €© := max{e®, el ef — e{ }. Put

5 := max {ugg + e;g,K”/LO,K/”l}, x := max {206, 2u® + eff, L+ e;@}.

It is easy to see that the latter expression for x coincides with (2.15).

For an Ax-module J and X € Ob(df) we will typically denote by

Vi 2 Ho (M=4(X)) —> H. (M= (X))
the map induced in homology by the chain map
va s M (X) = ME(X), b i (ex, b).

Here r € R is chosen such that u® + eé’/‘ < r so that vy is well defined with the

above given target. We will need to consider such maps for different values of r,
and whenever a need to distinguish between them arises we will use additional
“decorations” such as V', V7, etc.

Fix @ € R, X € Ob(s). Since
<a—p-e! f
B=(X) = Bone(M;" "I (X) > MEV(X))
we have a long exact sequence in homology:
<a : <a n <a—p—¢]
—>Hk(./ﬂ,1_ (X))—>Hk(%_ (X))—>Hk(./l/[0 1(X))—),

where ¢ and 7t are the maps in homology induced by the inclusion J;(X) — B6(X)
and the projection €(X) — JM(X) respectively.
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Replacing a by @ +06 and by a +x we obtain two similar long exact sequences. These
three sequences are mapped one to the other via maps induced from the inclusions
coming from raising the action level from « to a + 6 and then to a +x. In particular, the
degree-k chunks of these exact sequences gives the following commutative diagram
with exact rows:

Hye (5%(X)) —— Hy (€5%(X)) —— Hy (Ju(f“‘P‘e{(X))

Vi =ty Ve | it Vi =t
(2.17) Hi (M (X)) — s H (6500 (X)) —s He (45T (x)
V=i, vz Vo=
<a+x <a+x <a—p- € K
Hi (M3 (X)) —— Hy (6= (X)) —— Hy (ML (X))

% are induced by the corresponding inclusions and similarly for

‘u,- By assumption (and by the choices of 6 and k) we have

The maps i,
! 4 !
Uyor Pt Pty

VJ’%]_:i’M/_, V" —zm, for j=0,1.

Note also that each of the maps Vi, and i, makes the above diagram commutative,
and similarly for Vi and i. Denote by

Ve s Hy (89(X)) — Hy(€59"(X))
the map induced in homology by v¢ : €=%(X) — 6=***(X), and by
i He(8=9(X)) — Hy(€%+%(X))
the map induced by the inclusion. Clearly we have
Vg =ilgoVg=Vgoil.

To prove the lemma, we need to show that V'(x) = i/ (x) for all x € Hr(€=%(X)).
To prove the latter equality, we first note that since both Vi, and if, make diagram (2.17)
commutative, we have

Vg (x) — ify(x) € ker m = image 1.

Now write Vi (x) =it (x) = t(y) for some y € Hk(J#Lf““S(X)). Asboth V7 and iy make
diagram (2.17) commutative we also have Vg o ((y) = i o 1(y). It follows that

Vi (Vg (x) — ity (x)) = ity (Vg (x) — il (x)).
Applying Proposition 2.10 with /il = € we obtain
Vg (x) = Vg o ify(x) = i o Vig(x) — i (x).

Since Vc’g” = VC’@’ o iég = ” ) V’ the lemma follows. |
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2.5. The A-map

Let of be an As-category and J an sf-module. Let Y € Ob(dl) and denote by %
the Yoneda module corresponding to Y. Consider the map:

(2.18) A M(Y) — hom(¥%, M), ¢+ Alc) = (A(c), A(C)2, ..., A(C)d, - ),

where A(c)y(aq,...,a4.1,b) = yd/’/‘+1(u1, ...,a4-1,b,c0).

This map was defined by Seidel [Seio8, Section (11)] in the context of the Yoneda
embedding of A.-categories. A straightforward calculation shows that it is a chain
map. We will refer to it from now on as the A-map.

Seidel [Seio8, Lemma 2.12] proves that, under the additional assumptions that o
and J( are h-unital, the A-map is a quasi-isomorphism. Our goal is to establish a
weakly filtered analogue of this result.

We begin with a technical assumption on a given object Y € Ob(sf).

Assumption UR*?, —Let k > € + u® be a real number (recall that €5' and u® are the
discrepancies associated respectively to the p-operation and units in o, see §2.1.1).
We say that Y satisfies Assumption UR¢(x) (or Y € UR*(x) for short) if for every
X € Ob(d) the map

CX,Y) = C(X,Y), br— uxb,ey)

is chain homotopic to the identity via a chain homotopy hx that shifts action by < «.
The superscript R, e stand for “Right”-multiplication with ey.

We now define the right setting for the A-map in the weakly filtered case. Assume
that of and Jl are both weakly filtered with discrepancies < € and < e respectively.
Clearly ¥ is also a weakly filtered module with discrepancy < e”.

Without loss of generality we assume from now on that e > € so that % can be
regarded also as a weakly filtered module with discrepancy < €. (If needed, we can
always increase € and J will continue being weakly filtered with discrepancy less
than the increased e”.)

Let €” be any sequence that satisfies Assumption € and assume in addition that

(2.19) es > eﬁl forall d.

Under these assumptions, the A-map restricts to maps:

(2.20) A% AEZ(Y) —> hom=%<" (%, 1),
defined for all @ € R. Since €" satisfies Assumption %, the right-hand side of (2.20) is
mod

a chain complex with respect to 7"°“ and the A-map from (2.20) is a chain map.

Let o, M, Y and ¥ be as at the beginning of Section 2.5. Fix also el e as above.
For every a € R set

H=¢ := hom=¥<' (¥, .10)
and for every k > 1:

Qi ={te®=; ==t =0}, Hi=%/Q.
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As explained above, the A-map restricts to maps A* : M=*(Y) — #H=* forevery a € R
and we also have the induced maps:

a <a <a
/\(k) S AMEHY) — %(k)

defined by composing A* with the quotient map () : #=* — %’5{;’

ProPosITION 2.11. — Suppose that d is h-unital in the weakly filtered sense with discrep-
ancy of units < u®. Let x € R such that k > u® + e, u + €5 and assume that M € Uy, (x)

and Y € UR*(x). Let a € R. Fix1 < € € Z and put o’ := a + bx. Consider the commutative
diagram in cohomology:

H. (M52 (Y)) — s H, (9e=0)

l‘HJ J/ZH
Ay

(2.21) H. (M= (Y)) ———— H. (%=

. H
ldJ( J/n“)
Aa'

H. (= (Y)) —= H. (%)

where the i maps are induced by the inclusions JM=(Y) — M=¥ (Y) and H=* — H=~
and ng) is induced by the projection () : =% — %’(?)"", Then for every b € H.(=%) there
exists ¢ € Ho(M>Y (Y)) such that

ng) o itl(b) = /\Z,l)*(c).

In other words, for every cycle p € H=* there exists a cycle y € MY (Y) such that

(2.22) B=AW)+ur(6) + 1,
for some O € H=Y and some cyclet = (11, 12,...) € K=Y withty =--- =1, = 0.
Proof. — The proof below follows the general scheme of the proof of Lemma 2.12

from of [Seio8], however the weakly filtered setting entails significant adjustments
with respect to [Seio8].

Before we go on, two quick remarks on grading. The first is that in this paper we
generally work in an ungraded framework. Nevertheless, the proof below works also
in the graded case, hence we have written it in this setting. ! The second remark is that,
in order to keep compatibility with the proof of Lemma 2.12 from of [Seio8], we will
work in this proof with cohomological grading (although we generally use homolog-
ical conventions). We will therefore denote by H' the homology in “cohomological
degree” i.

1. The ungraded case can be viewed as a special case of the graded one, by replacing each chain complex
in the statement of Proposition 2.11 by a graded one which equals in all degrees to the original chain
complex. Note that, in the graded case, none of the chain complexes in the statement of Proposition 2.11
is assumed to be bounded.
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We begin with some preparations regarding the weakly filtered version of the
A-map. Let p € R, d € N. Recall that we have the chain map A? : M=P(Y) — %(jf and
consider its mapping cone:

p S
Hig = Gone(M=P(Y) 2, %’(d))

Define a decreasing filtration F’%", , r € Z5( on this chain complex by setting

(@)

%fd) ifr =0,
(2.23) Fr%(’;) = %(d) ifr=1,
{fewy; i=--=fa=0} if2<r.

Note that this is a bounded filtration and we actually have F r%&) =0forr>d+1.
Consider now the cohomological spectral sequence {EV q(p), I }rez., associated
to the filtration F°. Since the filtration is bounded the spectral sequence converges
to H*(?/’{( d)) Note also that for p < p’ we have an obvious inclusion of chain com-
plexes i : %p @ 3{(’;) Moreover, this inclusion preserves the filtrations F® on the
corresponding chain complexes. Therefore, i induces a map of spectral sequences

z,:Efq(p)—>EM(p), forallr >0andp,q .

r+1
We now describe more explicitly the first two pages of E"7(p). A simple calcula-
tion gives the following description of the Ey-page of this spectral sequence. We have
Eg'°(p) =0forp > d and for p < 0. Next we have Eg"(p) = JM=P(Y)*, where the su-
perscript * stands here for the (cohomological) grading of the chain complex 4= (Y).
The differential dj : Eg’q(p) — Eg’qﬂ(p) is simply pi.
The rest of the columns, 1 < p < d, are

h.q
(224) E}*(p) = [ [hom """ (C(Xo, X1)
® - ® C(Xp-2, Xp-1) ® C(Xp-1,Y), M(Xp)),

107

where the product is taken for Xy, ..., X,-1 € Ob(d), the superscript

. . <p+el
for (cohomological) grading and hom,

shift action by not more than p + eh (Recall that €" has been fixed at the beginning
P)For1 < p < d, the

stands again

stands for R-linear homomorphisms that

of Section 2.5 and is used in the def1n1t10ns of #=F and # ( 4

differentials dj : Eg q(p) — Eg At (p) are induced in a standard way from ‘uﬁf and y{”.
The E1-page is consequently the following: Ef *(p) =0forall p > d and for p < 0.

For p = 0 we have E(l)'q(p) = HI(M=P(Y)) for all g. And for 1 < p < d we have

h
(225) E(p)= [| H(homy ™ (C(Xo, Xp) @+
0,1, Xp 1€Ob(cl) ++® C(Xp-2, Xp-1) ® C(Xp1, Y), (X))

We now describe the differentials 0, : E’f I Ef 11 on the Ei-page.
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We start with p = 0. Let [c] € E?’q = HI(M=P(Y)), where c is a cycle. Then

h

1(C(X,Y), M(X)))

<pte

di[c] € Ei’q = l_[ H(hom,

XeOb(d)
is the cycle represented by the homomorphism
C(X,Y) — M(X), b+ (b, ).
It is easy to check that this homomorphism is a cycle and that it shifts action by not
more than p + ei“. (The latter hold because e? > eé” by (2.19).)

The formula for d; for 1 < p < d — 1 is the following. Let f be an element in the
RHS of (2.24) which is a cycle. Then

alfl=1gle 7",
where g is a collection of R-linear homomorphism
g: C(Xo, X1)® - ® C(Xp_l,Xp) ® C(Xp, Y) — M(Xp),
defined for all objects Xj, ..., X, € Ob(d) and is given by the formula:
(2.26)  g(ay,...,ap,b) — iyé” (a1, f(az, ..., ap,b)) = f(a1, ..., ap-1, ‘u;g(ap, b))

p-2
+ Z if(alr' . ,‘Ll;q(an+1,ﬂn+2),. . /b)
n=0

This follows from a direct calculation. See the proof of Lemma 2.12 in [Seio8] for the
precise signs in formula (2.26). Note also that g shifts action by

< max {p + ez_l +ey prey p<p+ €y,
where the latter inequality follows from Assumption €(e™, €?).
Consider now the inclusion i : 7{&) - %&;K. As indicated earlier this induces a
map of spectral sequences if : E(p) — E(p + x), namely

iL :El(p) — EV'7(p +x), forall r > 0.

Cram 2.12. — For every q the chain map it : E;’q(p) — EI’q(p + x) is chain homotopic
to 0 in the degree range 0 < o < d —1. In other words, for every q there exist homomorphisms

, -1,
SPA Ef 1(p) — Ef Ip+x),
defined for all p, such that
(2.27) iflEf’q(p) =d10SP1+SP 09, forall 0<p<d-1.

We postpone the proof of this claim till later in this section and continue now with
the proof of Proposition 2.11.

Claim 2.12 implies that i5 : Eg’q(p) - E;’q(p+1<) isthe Omap forevery0 < p < d-1

and every g. It follows that the same holds for the maps if : E!"'(p) — E!'7(p + x)
for every r > 2.
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Since both the spectral sequences converge after a finite number of pages (in fact
they collapse at page r = d + 1) we conclude that i, : EX;"(p) — EL(p + «) is O for
all 0 < p <d -1 and all 4. Denote by F*® H*(?/{( d)) the filtration on H*(?/’{( d)) induced
by F*X ( 0" Since

r.q _ TPIP+q P p+lryp+g P
Eo"(p) = FPHPTI(H ) )[EP HIH (K (),
and similarly for E;7(p + «), we have proved the following auxiliary statement:

LemmMmA 2.13. — The inclusion i : 3‘{( 0 3{&) induces in homology the map

Homq(#!,) — H (%)

(d) (d)

which sends F”H”(%(d)) to FPYTH™( ?i{{;; ) foreverynand 0 < p <d—1.

We are now in position to conclude the proof of Proposition 2.11.

Fix a, £ and o’ as in the statement of the proposition.

Choose d > ¢ and apply what we have proved above to ?/{ (z e. take p = a).
forL;ir;lma 2.13, applied with p = 0, implies that ! maps H "(3{ )) to F'H ”(3{(‘2‘5"

Apply Lemma 2.13 this time withp =1, p = a + x and 3{(”“5’“ - X (”L‘;ZK Together
with the previous conclusion we infer that? i maps H”(%( d)) to FZH"(%‘”ZK
for all n.

Applying the same argument over and over again, ¢ times, we conclude that the
map il! P HY(KG) — H”(%“”’") induced by the inclusion g, — 5’7{”“;‘]R maps

H"(X{,) to F"H"(%gg“ )

Let now B € #<*bea cycle and denote by f its image in %’é;"', where o’ = a + lx.
Consider the cycle (0, f) € X, (1)- By what we have proved before we know that [0, B)]

belongs to F'H *(3{ )) It follows that there exists T € hom=2"¢" (¥, M) such that
T=---=7,=0 and [(O,,B)] = [(O,T/)] in H (3{ ))
Therefore, there exist y € M(=*(Y) and 0 € homsa/;eh(? Jt) such that
(0,B) = (0,7) + (1" (7), ALy (¥) + 11°™(6))

in 7{&) In order to lift the last equation from 3«%) to

Gone (M= (Y) — =)

we can correct if necessary the terms beyond order d by replacing 7’ with a suitable
7 that coincides with 7" up to order d (recall that d > ¢).

2. We have denoted here by the same symbol, i'?, the maps induced in homology by the different

inclusions: 3{( 0" %’ ;K 3{5 ;;K 3{{;2’( and ?{( 0" 3{('0 d;ZK Below we will continue with this notation.
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Summing up, we have proved that there exists a cycle y € (=% (Y), and a pre-
module homomorphism 6 € hom=%"" (%, ) such that
B =A0)+uedo) + 1,
where 7 € homs%7" (%, M) is a cycle with 71 = --- = 7y = 0, as claimed by the
proposition 3.
This concludes the proof of Proposition 2.11, modulo the proof of Claim 2.12. O

Proof of Claim 2.12. — Fix q. We define the chain homotopy S as follows. Define
S99 = 0 (note that El_ 1’q(p) = 0). Next, to define S, let

h
feEy(p) = ]_[ homy" "1 (C(X, Y), (X))
XeOb(d)

be a dp-cycle. We define
SUILF1:= [flev)] € EY(p + 1) = HT(M=PHEI+¥(X)).
Since ¥ > u®, f(ey) indeed belongs to Eg’q(p + x). Moreover, a straightforward

calculation shows that f(ey) is a dop-cycle and that its homology class [ f(ey)] depends

only on the homology class [ f ] € Ei’q(p).

For the range of degrees 2 < p < d we define 577 by a similar formula: let
fe Eg’q(p), i.e. a collection of R-linear homomorphism as in (2.24). Assume that f is
a do-cycle. Define SP/1[ f | to be the homology class [¢] € Ef 71’q(p + ) of the element
g€ Eg_l’q(p + k) given by

g(alr sy ap—ZI b) = f(alr ey ap—ZI b/ eY)/
for all a; € C(Xj—1,Xi), i =1,...,p—2,and b € C(X,—,Y). Since x > u®, we

have g € Eg _1’q(p + x). A straightforward calculation shows that g is a dyp-cycle and

moreover its homology class, [g] € Ef _1’q(p + k) depends only on the homology
class [ f ] of f. This concludes the definition * of the maps SP-1.

We verify now the identity (2.27). We begin with2 <p <d—-1.Let f € Eg'q(p) be
a cycle. A straightforward calculation shows that

(01871 + S 1) f1=1[f],
where f(al, o ap-1,b) = f(a1,..., ap-1, 15 (b, ey)). We claim that
[f1=1f1in E["(p+x).

Indeed, since Y belongs to UR () there exists a chain homotopy & Xt C(Xp-1,Y) —
C(Xp-1,Y) that shifts action by < x such that

s (b, ey) = b+ hx, i (b) + ui'hx, ,(b), forall b e C(X,-1,Y).

3. The statement concerning diagram (2.21) is a rephrasing of what we have just proved.
4. For p’s outside of the range 0, .. ., d we can define S-7 in an arbitrary way.
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Define ¢ € Eg’q_l(p +«) by
ll)(al, cen ,Elp_1,b) = f(a1, e ,a,,_1, hXP,l(b))-

A straightforward calculation shows that j?— f = doy, hence [f] =[f]in Ef Tp+x).
This proves (2.27) for2 < p < d.

A similar argument shows that (2.27) holds also for p = 1.

It remains to verify (2.27) the case p = 0. Let m € M=P(Y) be a cycle. We have

(018" + §"191)[m] = S"101[m] = (d1[m])(ev) = [y (ex, m)].

By assumption J € Uy, (x), hence [yé%(6y, m)] = [m] in HT(M=P*(Y)).
This proves (2.27) for p = 0 and concludes the proof of Claim 2.12. m]

2.6. Structure theorem for weakly filtered iterated cones

Let o be an h-unital weakly filtered Aw-category with discrepancy < € and
discrepancy of units u®. Let Ly,...,L, € Ob(d) and for every i denote by &; the
Yoneda module associated to L;, viewed as a weakly filtered module. In this section
we analyze iterated cones in the weakly filtered framework.

By iterated cones we mean modules of the type
(;b’ ¢V—l
(2.28) Bone(%, —> Bone (L, — . .
2 1
Gone (- - - Gone (L, — Gone (L1 — £o)))---)).

The weakly filtered structure is defined by iterating the construction from Section 2.4.
More precisely, we define a sequence of weakly filtered sf-modules Xy, ..., &, as
follows. We start by setting Ko := %o which is a weakly filtered module with discrep-
ancy < €’0 := €. Note that all the modules #; have discrepancy < € too. Suppose

that ¢1 € hom=P18"1 (&1, Hp) is a module homomorphism, where p; € R and 8
is some sequence. We do not assume that 6! satisfies anything like Assumption 6.
We define

Ho).

Since e = €, the discrepancy of ¥; is < €*1 := max{e*, §1 — 6;/) 1.

Let i > 1 and suppose that we have already defined the weakly filtered modules
Ho,..., Ki. Let ¢pir1 : Liy1 — H; be a module homomorphism that shifts action
by < pis1 and has discrepancy < §97#1. Again, we do not assume that §+! satisfies
any assumption of the type €. We define

i01,8691)
H1 = Gone (% @]L)

(Gir1;pie1,8%i+1)
Hiv1 = Bone(Lipg ——

%).

The gi-module ;1 has discrepancy < €%+ := max{e*i, §%i+ } because (by
induction) €% > €?. The final s-module ¥, is precisely the one described by (2.28)
and moreover now it also has the structure of a weakly filtered module.

Qir
_ 51 1
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The following expressions will be used frequently in what follows:

m d+m 4 d+m g+3 q q+2 #;
(2.29) )(m,d::ZZ(Sij+Zefq, éq::K+Ze?+ZZc§ij.
j=1 i=1 i=1 i=1 =1 i=1
THEOREM 2.14. — Let &;, 0 < i < r be as above. Assume that 9l is h-unital in the weakly

filtered sense with discrepancy of units < u™. Let « > 2u + €5 be a real number and assume
that 9l and the objects L; satisfy the following two conditions:

> o e U(x).
> Forevery0 <i <r,L; € UR¢(x), and L; € Uy (k).
Then there exists a weakly filtered si-module A with the following properties:

(i) For every X € Ob(d), we have M(X) = H,(X) as R-modules, namely the R-module
M(X) is a direct sum:

(2.30) M(X)=C(X,Lo)®C(X,L1)®---®C(X,Ly).

(ii) Denote by ui* the differential of the chain complex M(X). Then the matrix of u"* with
respect to the splitting (2.30) has the following shape:

‘u{” = (aij)o<i,j<r with a;;: C(X,L;) — C(X, L;), where

a) aj,j = 0 for every i > j. In other words, the matrix of uj" is upper triangular.
B) aii =y : C(X,L;) = C(X, Ly).
y) There exist elements c; , € C(Ly, Ly) forall0 < p < q < r, such that for every i < j
the (i, j)-th entry of the matrix of ui'* is given by
(2.31) ai,j(') = Z U?(' 7 Chakare s CkZ/kl)/
2<d, k

where k = (k1, ..., kq) runs over all partitions i = k; < ko < -+ < kg1 < kg =]
(the sum in (2.31) is finite because d < j —i < 7).

0) cq,p € C=%r(Lgy, Ly), where
(2.32) Aqp = Pg = Pp + Bgly,
where By is a universal constant in the sense that it depends only on q, but not on d,

the modules H; or their discrepancy data. (In (ii.S) and in what follows we use the
convention that pg = 0.)

(iii) There exists a quasi-isomorphism of d-modules o : K, — JM which shifts action
by < p° and has discrepancy < €°. The latter quantities admit the estimates

(2-33) PG < Cré&y, 62 < Dr,d)(r,d/

where the constants C, and {D; 4}4en are universal in the sense mentioned at point (ii.0)
above.
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(iv) The first order part o1 : F,(X) — M(X) of the quasi-isomorphism ¢ is an isomor-
phism of chain complexes for all X € Ob(d), and the matrix corresponding to o1 with respect
to the splitting (2.30) (taken both for X,(X) and M(X)) is upper triangular with id-maps
along its diagonal.

(v) The inverse oy L (X)) — K,.(X) of 01 is action preserving (i.e. it is filtered and
shifts action by < 0).

(vi) Forevery 0 < j < r the diagonal element
Aj= Preex L) © O1lex L) - C(X,Lj)) — C(X,L))

is the identity map (as follows from point (2.14) above). However, when the domain inherits
filtration from F,(X) and the target from J(X) this map shifts action by < p°. (Note that
for j 2 1, C(X, L;) is in general not a subcomplex of either X,(X) or of M(X)). For j =0,
C(X, Lo) is a subcomplex of both F,(X) and of M(X) and the two inherited filtrations
on C(X, Lo) coincide, hence Ay = id preserves filtration (i.e. shifts action by < 0).

Proof of Theorem 2.14. — We will construct inductively a sequence of weakly filtered
modules JM;, i =1,...,r such that Jl; is quasi-isomorphic to ¥; and whose differen-

tial y{”" has a matrix of the type describe by (2.31). The desired module .# will then
be JL,. In the course of the construction we will successively apply Proposition 2.11,
Lemma 2.6 and Lemma 2.5.

Fix once and for all ¢ := r + 2.

We begin the construction with i = 1. Put My = Ko = Zo, K| = K1. Set also xp = x,
so that &1, Koy € U,u(ko). Define an auxiliary weakly filtered module

(p1;p1+x0,€M)
K7 = Gone(y ~ PV g1,

where € is chosen such that

eV >89, Veg(e? ™), =€l forall d.

By Proposition 2.11 there exists a cycle ¢; € %OSPIMKO (Ly) = C=Pr+to(Ly, Lo) as well as

01,71 € hom=P1+{xoe (&1, o) with 11 a cycle and (71)1 = - -+ = (71)¢ = 0, such that
b1 = Aer) + i°4(6) + 1

in hom=<P1+éxoe?” (%1, Ko). Define now

(P11 (61);p1+£xc0,€V)
My = Bone(Py ———— " 5 ).

Note that e = max{e?, e, M) — 6(11)} =e® - egl) because ) € (e?, e0).
For later use we will need to address Assumption U,, for the module J/(;. Indeed,
by Lemma 2.9 we have J(; € U,,(x1), where

K1 := max {ZKO, 2u + egl) — egl), 2u® + 2€(21) — 26(11), Ko + 6(21) - egl)}.

The modules ¥ = H;, X; and ./, are related by weakly filtered quasi-
isomorphisms as follows. The identity homomorphism can be viewed as a weakly
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filtered quasi-isomorphism I; : X1 — H; which shifts action by < fxo and has

discrepancy < (6(11) -6,',0,...,0,...). Lemma 2.6 provides a quasi-isomorphism
91 : 57[{’ —> Sy

which shifts action by < 0 and has discrepancy < €V — 6(11). Consider the quasi-
isomorphism 11 : 1 — Jl; given by the composition 11 := 91 o I; which shifts action
by < fxo and has discrepancy < V) — 6?1.

The first order part (1)1 : H1(X) — JM1(X) of the module homomorphism 7; is an
isomorphism of chain complexes for all X and its matrix (with respect to the splitting
C(X,Lo)® C(X,L1) of #1(X) and M1(X) as R-modules) is upper triangular with id’s
along the diagonal. This follows from the explicit formula of (91); from the proof
of Lemma 2.6.

The same formula also shows that (\91)1‘l shift action by < 0 and the same holds
for (11)51. It follows that the inverse (r]1)1‘l of (1)1 shifts action by < 0.

Next, consider the composition 11 © ¢, : &> — Jl1. This is a module homomor-
phism that shifts action by < py + fx( and has discrepancy < €n°?2 = €m = §92.
Define now
(mopa;p2+lKo,€M+592)

%é = Bone (5@2 ./%1),
(moda;p2+licy+L ,5(2))
Ky = Gone (%> oguiprt it M),

where €? is chosen such that

€? > e« 5P, e? ¢ g(e?, elh), e? > 62%:1 for all d.

Applying Proposition 2.11 we can write:

Mo P2 = Alcz) + p4(0,) + 1,

<pa+lx1+L . ¢ €2 .
where c; € JL, PRTR(L,) is a cycle and 6y, 1p € hom=r2Hxittroe™ o, i11) with 1,

being a cycle such that (12); = - -+ = (12)¢ = 0.
We define now

(o2 =13 (02);p2-+8K1 +Ex0,€?)

My = Gone (£»

).

The discrepancy of Jl; is < €2 := max{e?, el1, 6(2)_6(12)} = max{e —egl), 6(2)_6(12)}‘
By Lemma 2.9 we have Jl, € Uy, (x2), where

® _

D) 5, o (2 (2) o, o 1 1
3 € ,2u” + € - € ,2u +2€2 —261 ,

3

K2 := max {2K1,2u5ﬂ +e€
2u® + 2(—:;2) - 26(12), Ko+ €
The modules X, #}, ¥/ and .l are related by weakly filtered quasi-isomorphisms

39
Tp s Ty s HY —> M,

I
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where the shifts in action and discrepancies of these maps are given by
: 1 ¢
shift(y) < frg, €¥2 < e - o,
shift(lp) < fx1, €2 < (e? o672 — eV +67",0,...,0,...),
shift(92) <0, €% <e® -,

The quasi-isomorphism ¢, is obtained from Lemma 2.5 and 9, from Lemma 2.6. The
quasi-isomorphism I is basically the identity map, relating the same module with
two (slightly) different structures of weakly filtered module.

Consider now the compositionn, = 90l01; : o> — JMy. This quasi-isomorphism
has the following action shift and discrepancy:
shift(ny) < (k1 +kg), €” < e® e — (592 + V),

As in the previous step, the first order part (2)1 : E2(X) — Ma(X) of ny is
an isomorphism of chain complexes and its matrix (with respect to the splitting
C(X,Lo)®C(X,L1)®C(X, Ly) of H(X) and M»(X) as R-modules) is upper triangular
with id’s along the diagonal. Moreover, the inverse (172)1_1 of (12)1 shifts action by < 0.

These assertions easily follows from the explicit formulas of (12); and (9;); given
in the proofs of Lemmas 2.5 and 2.6 respectively and the fact, already shown in the
previous step, that (11)1 is a chain isomorphism represented by an upper triangular
matrix with id’s along the diagonal. Recall also from the previous step that (11);"
shifts action by < 0. An examination of the action shifts shows that each of the maps
(12)1_1, (1;)2)1_1 and (\92)1‘1 shifts action by < 0, hence the same holds for (172)1_1.

Continuing as above by induction we obtain, for every 1 < j < r:

1) A weakly filtered module ;.

2) Two sequences of non-negative real numbers €/) and € that satisfy:
(@) € > el 8%, € e g(e?, eti), eg) > eﬁ;l forall d.
(b) €V < el x--xe® — (&7 + 3/ ).

We use the convention that €™ = (0, ...,0,...).

3) A positive real number x; defined (inductively) by
Kj := max {21<j_1,2u“ﬂ + eg) - egi),Zud + 2€¥) - 2€§i),1<0 + eg) _ e ;1<i< ]}
(Recall that xy = «.)
eyl
4) Acyclec; e ﬂf_{;,+2i:0 ML)
5) The module J; is related to Jl;-1 by

(Alej)+Tjspi+E 212 i el)
(2.34) Mj = Bone (ZL; i - Mi-1),

L
where 7; € hom<Pi+!(Ziz xike (%, Mj-1) is a cycle with (tj)1 = --- = (1) = 0.

6) The discrepancy of J; is €’/ < max{e® — e(li) ;1<i<ij)
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7) M € Um(Kj).

8) A weakly filtered quasi-isomorphism n; : *; — Jl; which shifts action by
< €(ko + -+ +xj-1) and with discrepancy < €, where the sequences €' is
the one from point 2) above. Moreover, the first order part (1;); is a chain
isomorphism represented by an upper triangular matrix with id’s along the
diagonal (with respect to the splitting CF(X, Ly)®- - - ®C(X, L,)) and its inverse
(n;);" shifts action by < 0.

The module Jl claimed in the statement of the theorem is the module Jt,, and the

quasi-isomorphism of si-modules is o : X, — M is 1;.

Next, we analyze the differential L /

module

on the modules .l;. We begin with the

(Acr)+11;01+0k0,€M)

(2.35) My = Bone (%

o).
Recall that ¢1 € %OSPHMO(Ll) = Csm*txo(L;, Lo). For further use, we will write
1,0 := C1.
Let X € Ob(d). Write
J1(X) = C(X, L)@ C(X, Lo)
as R-modules. By the definition of the map A we have according to this splitting:
w1 (b1, bo) = (s (b1), 1S (bo) + 3 (b1, c1,0)), forall by € C(X, Ly), by € C(X, Lo).

More generally, the higher operations yé% have the following form. Let1 <d < ¢ -1
and Xy, ..., Xj-1 € Ob(A). One has , for all a; € C(X;-1,X;),i=1,...,d and for all
(b1, bo) € C(X4, L1) & C(Xq, Lo):
(2.36) wi"(a1,..., aa-1, (b1, bo))

= (.u?(a11 cee,2d-1, b1)/ M?(ﬂ‘l, cee,a4-1, bO) + ”?4_1(“1/ cee,ad-1, bl/ Cl,O))'

Note that the term 71 in (2.35) does not play any role in the expression for Hﬁ/Ll aslong
asd <0 —1,since (11);1 = --- = (11)¢ = 0. Recall also that £ = r + 2.

We now analyze .il,. Recall that

(A(C2)+12;p2+[1<1 +£7K0,€<2>)

(2.37) My = Gone (£» M),

<p2+f(K1+K0

where c; € Jl; )(Lz). Recall that, as R-modules,

A ) = cspmprraa (1, 1) @ CRT (L, L),

Write c2 = (c2,1, €2,0) with respect to this splitting.
Let X € Ob(d) and write, as R-modules,

(2.38) J%Q(X) = C(X, L2) ® Jﬂ,l(X) = C(X, L2) & C(X, Ll) ® C(X, L()).

ASTERISQUE 426



2.6. STRUCTURE THEOREM FOR WEAKLY FILTERED ITERATED CONES 43

By the definition of A together with (2.36) we have

(239) 17?2 (b2, b1, bo) = (5! (ba), 1" (b1, bo) + 3" (b2, c2))
= (i (b2), p (b1) + 15 (b2, c2,0),
w5 (bo) + w3y (b1, c1,0) + 15 (b2, c2,0) + s (b2, €21, €1,0)).-

In other words, the matrix of y; 12 has the following shape:

wile) wi(e,c0) wy(e, Czo)+u3(° €2,1,€1,0)
(2.40) y{”z = 0 % p(e) ty (e, c21)
0 0 pi'(e)
Here the matrix has been calculated with respect to the splitting
Mo(X) =C(X,Lo)® C(X,L1)® C(X, Lp)
(in contrast to (2.38) and (2.39)) in order to be compatible with (2.30).

A similar formula holds also for the higher operations [udmz. letl <d< (-2
and Xy, ..., X4-1 € Ob(sd). Then, foralla € C(Xp, X1) ® - - ® C(X3-2, X4-1):

(241)  py?(a, by, by, bo) = (uf(g, ba), uf(a,br) + pf, (a, ba, c2,1),
ui(a, bo) + p,,(a, b1, c1)
+ s, (a, by, c20) + 1l o(a, ba, 21, Cl,O))-

Continuing by induction, we obtain the c¢;, € C(L;,Ly) forall0 < g <p < r and
the operators a; j, i > j, as described in (2.31), which form the matrix of the differen-
tials yi" for the module /0 = JL,.

Note that the [uzﬂj -operation of the intermediate module .l; involves expressions
containing % for d < j + k but no higher order y’s. It is also important to remark
that at every step of the construction, the operations ' ford < r+1—j will depend
on the cycles ¢, , with 0 < p < g < j but not on the elements 7; that appear in (2.34).
The reason is that (7;); = - - - = (1;)¢ = 0 and we have chosen in advance £ = r + 2.

Next, we estimate the action levels a, , of ¢, from (ii.0) and the action shift and
discrepancy of the quasi-isomorphism ¢ = 7, as claimed in (2.33).
An inspection of the previous steps in the proof shows that

(p)
<pg—pp+l(cp++i5-1)—€
Cqp € C=Pa=Py y q 1 (Lqup)-

Thus we need to estimate the «x;’s. This, in turn, would require to estimate the e,
Note that we can choose at every step of the previous inductive construction the
sequence e/) at 2.a) page 41 to satisfy

() -1 o <P
€, _ed +Z s+ el +e .
i=1
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A simple inductive argument now implies the desired estimates for the efij) 's the x;’s

as well as for the action shift of 77; and its discrepancy.

Finally, the first statement at point (2.14) follows easily from the induction process
defining the maps n;, i = 1,...,r, by examining the filtrations induced on CF(X, L;)
by each of #;(X) and J(;(X) for j < i < r. That C(X, Lo) is a subcomplex of both X;(X)
and J;(X) follows from the fact that ¥; and .(; are both iterated cones starting with
the object %p. ]

2.7. Invariants and measurements for filtered chain complexes

As a supplement to the previous material we describe here a number of numerical
invariants of filtered chain complexes that will be useful in Chapter 5 when we prove
our main geometric results. More details and further results can be found in the
expanded version of this paper [BCS].

We begin with basic definitions. Fix a commutative ring & with unity.

> By a filtered chain complex we mean a chain complex (C, d“) of %-modules en-
dowed with an increasing filtration by sub-chain complexes C=* c C, indexed
by the real numbers a € R.

> AnR-linearmap f : C— D between the filtered chain complexes (C, d%), (D, dP)
is called filtered if there exists p € R such that f(C=%) c D=**f for every a. In
that case we also say that f shifts action by < p.In case f preserves the filtrations
(i.e. it shifts filtration by < 0) we say that f is strictly filtered.

> Let (C,d°) be a filtered chain complex, and x € C. Define A(x) € R U {—oo, 00}
to be the infimal filtration level of C which contains x, i.e.

Alx):=inf{a € R; x € C=*}.

We call A(x) the action level of x. Sometimes we will write A(x; C) instead of A(x)
in order to keep track of the chain complex C that x belongs to.

By our conventions we have A(0) = —oo and if (g C=* = {0} then A(x) = —
iff x = 0. Also, if the filtration on C is exhaustive, i.e. | J,eg C=* = C, then A(x) < oo
for every x € C.

> Another measurement relevant to our considerations is the following. Define

the “action drop” of the differential d© of the filtered chain complex (C, d®) as

(2.42) d4c =sup {r €[0,00); Va € R, d°(C=") c C=*~"}.

2.7.1. Boundary depth and related algebraic notions. — Boundary depth was introduced
and studied extensively in symplectic topology (in a slightly different formulation
than below) by Usher [Ush11], [Ush13]. Here we introduce variants of this mea-
surement, such as boundary level and homotopical boundary level and explain their
relation to boundary depth.

Let (C,d“) be a filtered chain complex and ¢ € C a boundary.
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Define the boundary level of ¢ by
(2.43) B(c;C) = inf{a €R; 3b € C=* such that ¢ = dcb}.

A central measurement in our framework is the following special case. Let (C, d©)
and (D, dap ) be filtered chain complexes. Let i : C — D be a filtered chain map and
assume that 1 is null-homotopic.

Define the homotopical boundary level B, ({’) of 1 to be the infimal action shift needed
for a chain homotopy between 1 and 0. More precisely:
(2.44) Bu(y) = inf{p € R ; 3 an R-linear map h : C — D which shifts
action by < p and such that ¢ = hd“ + d°n}.
Note that By (¢) = B(i; homg(C, D)), where we view ¢ as a boundary in the chain
complex homg (C, D). The latter chain complex is filtered as follows: for y € R,

hom;g’(C , D) is the subcomplex consisting of all R-linear maps C — D that shift
action by < y.

The notion of boundary level is closely related to the boundary depth measurement
introduced by Usher [Ush11], [Ush13]. The relation is the following. Let (C, d C)bea
filtered chain complex and ¢ € C a boundary.

The boundary depth B(c; C) of c is defined by the equality
(2.45) B(c; C) = A(c; C) + B(c; ©),
where A(c; C) is the action level of ¢. It is easy to see that
B(c;C) = inf{r > 0; Va such that ¢ € C=%,3b € C=**" such thatd°b = c}.
Now let (C, d©) be a filtered chain complex which is acyclic. Its boundary depth is
B(C) :=inf{r > 0; Yaand ¥Yc € C=* with d°(c) =0, 3b € C=**" such that d°b = c}.

If we assume that (C,d®) is acyclic (i.e. homotopy equivalent to the trivial chain
complex), then we have the inequality

(2.46) B(C) < By(idc).

Let (C,d®) and (D, dP) be filtered chain complexes and ¢ : C — D a filtered chain
map which is null-homotopic. Similarly to the homotopical boundary level we also
have the homotopical boundary depth of :

(2.47) Br(¥) == B(¢; homg (C, D)).

More explicitly, 5 (1)) is the infimal r > 0 for which ¢ is null-homotopic via a chain
homotopy that shifts filtration by < A(¢) + r. As in (2.45) we have

By(y) = A(tp;homg{(C,D)) + Br(Y).

Finally, here is another variant of the above measurements.

Let o be a weakly filtered A-category with discrepancy < € (see Chapter 2).

Let €" = (e{” =0,¢e),..., e?, ...) be a sequence of non-negative real numbers,
and let Jly, .01 be two weakly filtered si-modules with discrepancy < €™.
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Let €" be another sequence of non-negative real numbers, and assume that
e € €(e", ") (see page 21).

Let hom®" (Mo, M1) be the weakly filtered pre-module homomorphisms g — (1
with discrepancy < €' (and arbitrary action shift). As explained in §2.3.1, it is a chain

complex when endowed with the differential y‘f“’d of the dg-category of gf-modules.

Moreover, this chain complex is filtered by hom=F" (Mo, A1), p € R.
Now let ¢ : Mo — Jl; be a weakly filtered module homomorphism with dis-
crepancy < €, and assume that 1 is a boundary in hom*" (Mo, 1) (ie. Y is chain

homotopic to 0 via a chain homotopy of pre-module maps with discrepancy < €").
Then we can define

B(y; ") = B(p;hom (Mo, A1)
and similarly define Bj,(1; €").

Further variants of the boundary level/depth measurements and their properties
can be found in the expanded version [BCS].

2.7.2. Homotopies of chain isomorphisms. — Here we prove a simple algebraic approx-
imation lemma which says that altering a chain isomorphism by a chain homotopy
yields an injective map provided that the chain homotopy shifts action by a small
enough amount.

Lemma 2.15. — Let (C,d®) and (D, dP) be filtered chain complexes, and assume that
the filtration on C is exhaustive (i.e. | Jyep C=* = C) and separated (i.e. ()yer C=* = 0).
Let f, g : C — D be chain maps with the following properties:

> g is an isomorphism.

> g and g1 are strictly filtered.

> f — g is null-homotopic and By( f — g) < min{d,c, 6,0}
Then f is strictly filtered and moreover f is injective.

In our geometric applications D = C, ¢ will be the identity, and f will be the com-

position of two chain morphisms C £> c’ ﬁ C that are constructed geometrically.

The lemma shows in this case that the middle complex C’ contains C as a retract.
Results of this sort are familiar in symplectic topology since [CRo3].

Proof of Lemma 2.15. — Since the filtration on C is both exhaustive and separated,
we have —co < A(x) < oo for every x # 0, and A(0) = —co. Set p := By(f — g) + €,
where € > 0 is small enough such that p < min{d,c, 640 }. Write

f=g+nd"+dn,

where 17 : C — D is ®-linear and shifts action by < p. Since p < min{d,c, 6,0} and g
is strictly filtered we have

A(f(x)) = A(g(x) + nd®(x) + dPn(x)) < A(x), forall x € C,
hence f is strictly filtered.
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For the injectivity of f, assume that f(x) = 0 for some x # 0. Then
g(x) = = (nd(x) + d°n(x)),
and using again inequality p < min{d4c, 640 } we obtain that
A(g(x)) = A(nd“(x) + dPn(x)) < A(x).
The last inequality together with the assumption that ¢! is strictly filtered imply
Alx) = A(g7'g(x)) < A(g(x)) < A(x).

A contradiction. m]

Under additional assumptions we can obtain a somewhat stronger result. Before
we state it, here are a couple of relevant notions. The filtration C=* c C, a« € R
induces a topology on C which is generated by the cosets of C=%, a € R, as basic
open subsets. The assumption that the filtration is separated (i.e. () yeg C=* = 0) which
implies that C is Hausdorff in this topology.

The filtration on C is called complete if the obvious map
: <a
C — gn(C/ C=%
[2%
is surjective. This assumption implies that the previously mentioned topology on C

turns C into a complete topological space (in the sense that every Cauchy sequence
converges).

LEMMA 2.16. — Let (C,d%), (D, dP), f, g beas in Lemma 2.15 and assume in addition
that the filtration on C is complete. Then f is a strictly filtered isomorphism and moreover
L is also strictly filtered.

Proof. — In view of Lemma 2.15 we only need to show that f is an isomorphism and
that f~! is strictly filtered.

We will use a well-known inversion trick, that has already been used in a similar
setting in [Ush11], [Usha3]. Fix

0 <e < (min{d4c, 640} —Bu(f — g)).

By the definition of Bj, there is an R-linear map n : C — D that shifts actions
by < By(f — g) + € such that f — ¢ = d°n +nd“. Note that f — g decreases action by at
least . Now write

f=g+(f-2) =g(id+g7(f - ) = glid k),

where k : C — C is defined by k = —¢g7!(f — g). Since ¢! is strictly filtered and
f — g decreases filtration by at least €, the same is true for k. As the filtration on C is
complete, the series a = id + }},,51 k" converges, and satisfies (id —k)a = a(id —k) = id.
Therefore f is invertible with inverse ag~!, a strictly filtered chain-morphism of &-
modules. ]

SOCIETE MATHEMATIQUE DE FRANCE 2021



48 CHAPTER 2. WEAKLY FILTERED A.-THEORY

For the next result we will assume that R = A (the positive Novikov ring over
any field R). Recall that the Novikov ring A is the field of fractions of Ag. Denote
by v: A — R U {oo} the standard valuation defined by

v(agTAO + Z a,'TA") = Ao,
i=1

where ap # 0 and A; > A for every i > 1. As usual we set v(0) = co.

Let (C, d°) be a finite dimensional chain complex over A. Fix a basis € of C over A
andlet A : € — R be a function. Similarly to §2.2.3 we will use A to define a filtration
on C by Agp-modules. Extend A to a function A : C — R U {00}, by

A(Z Ajej) = max { — v(1j) + A(e))},

where ¢; are the elements of the basis §, 0 # A; € A, A(ej) is the pre-determined
value of A on the generator ¢, and v is the preceding valuation. Define now

C=":={xeC; Alx) < a}.

It is easy to see that C=* c C, a € R, is an increasing filtration of C by Ag-modules
(though not by vector spaces over A). Since A(x) = —oo iff x = 0, this filtration is
separated. Moreover, it is exhaustive and complete.

From now on we will make the following standing assumption: A(d°x) < A(x), for
all x € C. In other words, we assume that each C=* c C, a € R, is a subcomplex of C
(over Ag).

It is important to note that the function A, as defined above, coincides with the
action level of the preceding filtration on C, as defined at the beginning of Section 2.7.
Thus no confusion should arise by denoting them both by A.

We will make use of the following definition from [UZ16].

DEFINITION 2.17. — A subspace V C Ker(d®) c C is called §-robust if for allv € V
and w € C such that v = d°(w), we have A(w) > A(v) + 0.

2.7.3. Remark. — According to the above definition, a complement W in Ker(d°) to
Im(d) is a 6-robust subspace for all 6 > 0. Hence if V C Im(d®) is 6-robust then
V @ W is also 6-robust. We will call a 6-robust subspace V' C Im(d©) a proper 5-robust
subspace.

ProrosITION 2.18. — Let (C,dC) be a chain complex as above, and let f : C — C be a
chain map. Assume that d© splits as a sum d© = do +dy such that dy is a A-linear differential
which (like d©) also preserves the given filtration on C. Furthermore, assume that

dimy (H.(C, dp)) > dima (H.(C, d)).
Ith(f —ide) < Od,, then
dimp (Im(f)) > dimy (H*(C, do))
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The proposition follows directly from the following two lemmas.

LeMMA 2.19. — Let (C,dC) be a chain complex as above, and assume that its differential
splits as d© = do + dq with dy satisfying the same assumptions as in Proposition 2.18. Then
dima (H.(C, dp)) — dimy (H.(C,d)) is even .

Furthermore, denote the latter number by 2k and assume that k > 0. Then (C, dc) admits a
proper O4,-robust subspace of dimension at least k.

LemMma 2.20. — Let (C,dC) be a chain complex as in Lemma 2.19 and f : C — C be a
chain map. Let 0 < € < 0 and suppose that By ( f —idc) = 0 — €. Then f is injective on each
(resp. proper) 6-robust subspace, and maps it to a (resp. proper) e-robust subspace.

Proof of Proposition 2.18. — By Lemma 2.19, there exists a proper 64 -robust sub-
space V in (C, d°) of dimension k (where k is given by that lemma). By Lemma 2.20,
f(V) will be a proper e-robust subspace of dimension k. Consider a subspace V' c C
of dimension k such that d“(V’) = V, and a complement W in Ker(d®) to Im(d©).
Then d°( f(V’)) = f(V), showing that dimd“( f(V’)) = k, and f(W) will again be
a complement in Ker(d®) to Im(d®). (Note that f(W) N d°(C) = 0 because, by as-
sumption, f — idc is null-homotopic, so f induces an isomorphism in homology.)
Now, by Lemma 2.20 again, f(W) will have the correct dimension. Finally the three
subspaces f(V), f(V’), f(W) are direct summands of C whence
dima (Im( f)) > dima (H.(C,d%)) + 2k,

finishing the proof. O
Proof of Lemma 2.19. — The identities

dima(C) = dimp (H.(C,d)) + 2dim, (Im(dc)),

dimA(C) = dimp (H*(C, do)) +2dimy (Im(d())),
show that dims (H.(C, dy)) — dim (H.(C, d°)) is even. Moreover we obtain
(2.48) dimp (Im(d)) = dim, (Im(do)) + k.

From [UZ16, Proposition 7.4], it is immediate to construct a projection
1 : C — Im(dp), that restricts to the identity on Im(dp) and satisfies A(m(x)) < A(x)
forall x € C.

From (2.48) we now have that dim(Ker (7 |4c))) > k. We claim that
V = Ker (7?|Im(dc))

is 84,-robust. Indeed, if v € V,w € C, and v = d“w, then writing d“w = dyw + dyw,
and using ©(v) = 0 we obtain dyw = n(dyw) = —n(diw), whence v = (id —m)(d1w).
Therefore

A(v) = A((id —n)(diw)) < A(diw) < A(w) — b4,

This implies A(w) > A(v) + 04,, concluding the proof. o
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Proof of Lemma 2.20. — Let V C C be a 0-robust subspace. We write
f=idc +d“h — hdS,
where A(h(x)) < A(x)+ (6 —€), forall x € C.
If v € V is such that f(v) = 0, we would have v + d“(h(v)) = 0, which would yield

w = —h(v), with v = dw and A(w) < A(v) + 6 — €. On the other hand 6-robustness
implies A(w) > A(v) + 6. A contradiction.

If f(v) = dz, we would have
v +d°(h(v)) = dz,
which would yield w = z — h(v), with v = dw. Therefore by d-robustness we obtain
A(v) + 6 < A(z - h(v)) < max {A(h(v)), A(z)}.
Since A(h(v)) < A(v) + 6 — €, we get
A@)+ 6 <A(z) and A(f(v)) <max{A(v), A(h(v))} < A(v) +6—€ < A(z) —e.
We conclude that A(z) > A( f(v)) + €, which finishes the proof. O
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CHAPTER 3

FLOER THEORY AND FUKAYA CATEGORIES

We set up the variant of Floer theory that will be used in this book. In particular,
we discuss how to choose the auxiliary parameters of this theory so that the Fukaya
category becomes a weakly filtered A-category.

Let (M, w) be a symplectic manifold, either closed or convex at infinity. We always
assume M to be connected.

Denote by £ag"¢(M) the collection of all closed connected Lagrangian subman-
ifolds L ¢ M that are weakly exact. Recall that L ¢ M is weakly exact if for every
A€ HE(M,L)wehavean) =0.5

Let 8 C £ag™® be a collection of weakly exact Lagrangians. Unless explicitly stated
otherwise, we henceforth make the following mild assumption on €, whenever M is
not compact. There exists an open domain Uy € M with compact closure, such that
all Lagrangians L C € lie inside Uy. For further use, also fix another open domain
with compact closure U; > Uy as well as an w-compatible almost complex structure
Jeonv Which is compatible with the convexity of M outside of us.

Fix abasering R of characteristic2 (e.g. R = Z;) and let A be the Novikov ring over R
as defined in (2.1). Denote by Fuk(®) the Fukaya category, with coefficients in A,
whose objects are L € 6. We mostly follow here the implementation of the Fukaya
category due to Seidel [Seio8] with several modifications that will be explained
shortly.

As in [Seio8], for every pair of Lagrangians Ly, L; € 6 we choose a Floer datum

gbL[),L1 = (}{LO/L1 ’ ]LO,LI)

consisting of a Hamiltonian function H--L1 : [0, 1]xM — R and a time-dependent w-
compatible almost complex structure | Lolv = { ]tL oka }tefo,1]- In case M is not compact
we require that outside of U; we have Hol1 = 0and | tL oLt =7 e

Denote by 6(HM'L1) the set of orbits y : [0,1] — M of the Hamiltonian flow

HOM generated by HLM1 such that y(0) € Lo and y(1) € L. The Floer complex

5. The group HZD (M,L) € Hy(M,L) is by definition the image of the Hurewicz homomorphism
m2(M, L) = Ha(M, L).
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CF(Lo, L1; D1, 1,) is a free A-module generated by the set O(H /1)
(3-1) CF(Lo, Ly Dro1) = € Ay
yeo(Hto)

We work here in an ungraded setting. The differential y1 on the Floer complex is
defined by counting solutions u of the Floer equation:

u:Rx[0,1] > M, u(Rx0)cLy u(Rx1)clL,
osu + ]tLO'Ll(u)&u = —VHtLO’Ll(u),

o 1
E(u) := / / |0su)?dtds < co.
—00 O

where (s, t) € R x [0, 1]. Here,
H{M (x) = Hlobi(t, x)

(3-2)

and VHtL o1 js the gradient of the function HtLO’L1

Riemannian metric g;(s, ) = w(e,] tL L1 ) associated to w and | tL o1 Quantity E(u)
in the last line of (3.2) is the energy of a solution u and we consider only finite energy
solutions. (Note also that the norm |dsu| in the definition of E(u) is calculated with
respect to the metric g;.) Solutions u of (3.2) are also called Floer trajectories.

: M — R with respect to the

For y_,y, € 6(HLo) consider the space of parametrized Floer trajectories u con-
necting y_ to y,:

(3-3) (Y=, Ve; Dry,1,) = {u ; u solves (3.2) andsl_i)rflwu(s,t) = yi(t)}.

Note that R acts on this space by translations along the s-coordinate. This action is
generally free, with the only exception being y_ = y, and the stationary solution

u(s,t) = y_(t) at y-.
Whenever y_ # )., we denote by

(3-4) My, Y45 Dro1y) = M(y—, V4; Do r,) /R

the quotient space (i.e. the space of non-parametrized solutions).

In the case y_- = y, we define M*(y-, y—; DL,,1,) in the same way except that we
omit the stationary solution at y_.

For a generic choice of Floer datum 9, 1, the space #L*(y—, y+; Dr,,1,) is a smooth
manifold (possibly with several components having different dimensions). Moreover,
its 0-dimensional component J;(y -, y+; D1,,1,) is compact hence a finite set.

Define now 1 : CF(Lo, L1; @1,,1,) — CF(Lo, L1; D1,,1,) by
(35) m(y-) = Z Z TWy,, forall y_ € 6(H"!),
V+ u

and extending linearly over A. Here, the outer sum runs over all ;. € 6(H) and
the inner sum over all solutions u € Jy(y-, y+; Dr,,1,)- The term w(u) is a shorthand

notation for the symplectic area of a Floer trajectory u, namely w(u) := ./Rx[o 1 ww.
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It is well known that p; is a differential and we denote the homology of
CF(Lo, L1; Dr,,1,) by HF(Lo, L1; @1,,1,) — the Floer homology of (Lo, L1). This homol-
ogy is independent of the choice of the Floer datum in the sense that for every two

regular choices of Floer data @, 1,, 9)20 L there is a canonical isomorphism

Va9t HF(Lo, L1; Dro,1,) — HEF(Lo, L1; D], 1)

which form a directed system. Therefore we can regard this collection of A-modules
as one and denote itby HF(Lg, L1). The canonical isomorphisms g, gy do not preserve
action-filtrations in general, hence there is no meaning to H(CF=%(Ly, L1)) without
specifying the Floer datum.

The higher operations 4, d > 2, follow the same scheme as in [Seio8], with the
main difference being that we work over the Novikov ring A.

More precisely, we first make a choice of strip-like ends along the compactification
of the moduli-spaces %!, d > 2, of disks with (d + 1)-boundary punctures. For
every r € 291 denote by S, the punctured disk corresponding to r (thus S, is the
actual punctured Riemann surface corresponding to the parameter r € 2%*1). Denote
the punctures by (;, i = 0,...,d, going in clockwise direction. The puncture (o will
be called the exit and (y, ..., (g the entry punctures. We denote the arc along JS,
connecting C; to C;41 by C;, with the convention that (441 := p. ¢

Next we make a choice of perturbation data
for every tuple of 4 + 1 Lagrangians Ly, ..., Ls € 6. The first item

is a family of 1-forms parametrized by r € Z4*!, with values in the space of Hamil-
tonian functions M — R. The second one is a family

Jroesbt = {0t} egpan
of w-compatible domain-dependent almost complex structures on M, parametrized
byr € %41, In other words for everyr € R+ TLorLd is itself a family {]rLfJZ"“'Ld }zes,
of w-compatible almost complex structure on M, parametrized by z € S,.

The perturbation data are required to satisfy several additional conditions. The
first one is that along each of the strip-like ends the perturbation data coincides with
the Floer data associated to the pair of Lagrangians corresponding to that end. More
precisely, along the strip-like end corresponding to the puncture C; of S, we have

(36) K,LO ~~~~~ Ly - HtLi—l/Li dl’, ]Lo ..... Ly _ ]tLi—l/Li, i= 1’ o ,d + 1’

where we have used here the convention that L;,1 = Lg. Here (s, t) are the conformal
coordinates corresponding to the strip-like ends.
The second condition is that along the arc C; we have

(3.7) Krorti(g)), =0, forall £€T(Cy), i=0,...,d.

6. Of course, ; and C; all depend on r but we suppress this from the notation.

SOCIETE MATHEMATIQUE DE FRANCE 2021



54 CHAPTER 3. FLOER THEORY AND FUKAYA CATEGORIES

The choices of strip-like ends and perturbation data along %“*! are required to be
compatible with gluing and splitting, or in the language of [Seio8] “consistent”. This
means essentially that these choices extend smoothly over the compactification %4+
of the space of boundary-punctured disks. In turn, this requires that for every d, the
choices of strip-like ends and perturbation data done over 2%*! are compatible with
those that appear on all the strata of the boundary d%4+! of the compactification %4+
of R9*1. We refer the reader to [Seio8, Chapter 9] for the precise definitions and
implementation.

In case M is not compact we add the following conditions on the perturbation data.

vanish outside of Uy and JFoLd = ], outside of Uj.
Once we have made consistent choices of strip-like ends and perturbation data we
define the higher operations pg for Ly, ..., Ly € 6 as follows.

Forr € #%1,z € S, and & € T,(S,) define Y; 2(&) to be the Hamiltonian vector field

of the function Kty+L4(&) : M — R. Consider now the following Floer equation:

u:S,—-M, ulC)cl; i=0,...,d,

(3.8)
E(u) := / |Du — m}o < oo,
S,

Here j, stands for the complex structure on S,. The last quantity in (3.8) is the
energy of a solution u and we consider only solutions of finite energy. The definition
of E(u) involves an area form ¢ on S, and the norm |«|; on the space of linear maps
T.(S:) = T,(z)(M) which is induced by j,, | := JLorsla and o. See [MS12, Section 2.2,
page 20] for the definition. Note that E(12) does not depend on o.

Given orbits y1,...,y4, v, with yi € 6(H%-11) and y, € 6(H L) define the
space of so called Floer polygons connecting y,...,y% to y. to be the space of all
pairs (r, u) with r € %1 and u : S, — M such that

1) u is a solution of (3.8);

2) lims_,eo u(s,t) = yL(t) for 1 < i < d on the strip-like end corresponding to
puncture C;, where (s, t) € (—o0, 0] X [0, 1] are the conformal coordinates on the
strip-like end of (; ;

3) img e tt(s,t) = y4(t) for 1 < i < d on the strip-like end corresponding to
puncture Co, where (s, t) € [0, o) X [0, 1] are the conformal coordinates on the
strip-like end of Cp.

,,,,,
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is compact hence a finite set. ” Define now

(39) yd(yl’ trcs ‘}/i) = Z Z Tw(u))/+ € CP(LOI Ld;%Lo,Ld)/
Y+ (r,u)

where the first sum goes over all 7, € 6(HL0L?) and the second sum goes over all
pairs (r,u) € /%0()/1, el yf, V4 Dr,,..1,)- The term w(u) stands for the symplectic

area of u,
w(u) = / uw.
s,

Extending 14 multi-linearly over A we obtain an operation:
ta : CF(Lo, L1; Dry,1,) ® -+ - ® CF(Lg-1, La; D, 1) — CF(Lo, La; Dro,L,)-

With all the operations above Fuk(®€) becomes an A-category. The proof of this
is essentially the same as the one in [Seio8], the only difference is that one needs to
keep track of the areas appearing as exponents in the variable T of the Novikov ring.

3.1. Units

We now explain briefly how to construct homology units in Fuk(€). More details
can be found in [Seio8, Chapter 8]. Denote by S = D\ (g the unit disk punctured at one
boundary point (g € dD. Fix a strip-like end around (yp making (g an exit puncture
and let (s, t) be the conformal coordinates associated to this strip-like end. Let L € €
and @1 be a regular Floer datum for the pair (L, L). Pick a regular perturbation
datum @s = (K, ]), as described earlier with the only difference that K and ] are are
defined only on S (i.e. there is no dependence on any space like Z%*1). As before, we
require that Dg coincides with the Floer datum &y ; along the strip-like ends in the
sense of (3.6). For z € S, & € T,(S) define Y;(&) as before.

Given y € O(HYF) consider the space Jl(y; @) of solutions u : (S,dS) — (M, L) of
the last two lines of equation (3.8), with S, Y; -, J-04, j, replaced by S, Yz, J. and i

4

respectively, and such that along the strip-like end at £y we have lim; o u(s, ) = y(f).
Define now an element e; € CF(L, L; 9., 1) by

(3.10) ep = Z ZTw(u)%
yeOHLL)

where the second sum runs over all solutions u in the 0-dimensional component
Mo(y; Ds) of M(y;Ds). By standard theory ey is a cycle and its homology class
in HF(L, L) is independent of the choice of the Floer and perturbation data. More-
over, [er] € HF(L, L) is a unit for the product induced by 5.

7. Recall that d > 2 hence we do not divide here by any reparametrization group.
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3.2. Families of Fukaya categories

The Fukaya category Fuk(®) depends on all the choices made — strip-like ends,
Floer and perturbation data. We fix once and for all a consistent choice of strip-
like ends and denote by E the space of all consistent choices of perturbation data
(compatible with the fixed choice of strip-like ends). The space E can be endowed
with a natural topology (and a structure of a Fréchet manifold), induced from a
larger space in which one allows perturbation data in appropriate Sobolev spaces
(see [Seio8, Chapter 9]). The subspace Ereg C E of regular perturbation data is residual
hence a dense subset.

The space E contains a distinguished subspace N C E consisting of all consistent
choices of perturbation data @ = (K, J) with K = 0. Fix a subset Ej,, C Eg whose

b reg

closure Ef,; contains V.
For p € E{,, we denote by Fuk(6;p) the associated Fukaya category with choice
of perturbation data p. We thus obtain a family of Ae-categories {Fuk(€;p)}pee,,,
parametrized by p € Ef,. It is well known that this is a coherent system of

Ac-categories (see [Seio8, Chapter 10]), in particular they are all mutually quasi-
equivalent.

In what follows we will sometimes use the following notation. Given Lo, L1 € 6
and p € E;eg we write CF(Lo, L1; p) for CF(Lo, L1; D1,,1,), where Py, 1, is the Floer
datum prescribed by the choice p € E;,

reg*

3.3. Weakly filtered structure on Fukaya categories

We start by defining filtrations on the Floer complexes of pairs of Lagrangians
in 6. We follow here the general recipe from §2.2.3.

Denote by v : A = R U {oo} the standard valuation defined by
(3.11) V(LZ()TAO + Z LliTAi) = Ao,
i=1

where ap # 0 and A; > A for every i > 1. As usual we set v(0) = co.

Let Lo, L1 € 6 be two Lagrangians and @y, r, = (HM, JEolt) a Floer datum.
We define an “action functional”

A : CF(Lo, L1; Dr,1,) — R U {00}

as follows. Let P(T) = Y2 a;T" € A with A\g < A; for alli > 1, and a9 # 0.
Let y € 6(Hl1) be a Hamiltonian orbit. We first define:

1 1
A(P(T)y) := —v(P(T)) + /0 HM (p(h) dt = =Ag + /0 HM (p(1)) dt.

Now let Zi:l Pe(T)yx € CF(Lo, L1; Dr1,,1,) be a general non-trivial element, where
the yi’s are mutually distinct. We extend the definition of A to such an element by

A(Py(T)y1 + -+ + Pi(T)y1) := max{A(P(T)yx) ; k=1,...,1}.
Finally, we put A(0) = —oo.
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We now define a filtration on CF(Ly, L1; @L,,1,) by
(3-12) CF=%(Lo, L1; Dry,1,) := {x € CF(Lo, L1; D, 1,) ; Alx) < a}.

Before we go on, a quick remark regarding the Hamiltonian functions H-'M in the
Floer data is in order. We do not assume that these functions are normalized (e.g. by
requiring them to have zero mean when M is closed, or to be compactly supported
when M is open). This means that if we replace Hlol1 by HMolt + ¢(t) for some
family of constants c(t), we get the same chain complex as CF(Lo, L1; 2,,1,) but with
a shifted action-filtration.

Returning to (3.12), itis easy to see that CF<*(Lo, L1; DL, 1, ) is a Ag-module (though
not a A-module). The fact that this filtration is preserved by 11 and moreover, that it
provides Fuk(®) with a structure of a weakly filtered A-category are the subject of
the following proposition.

PropoSITION 3.1. — There exists a choice Efey C Ereg \ N with E;eg D N and such that
the following holds. Let p € E{.; and Fuk(6; p) e the corresponding Fukaya category. Then

there exist a sequence of non-negative real numbers e(p) = (€1(p) =0, €2(p), ..., €a(p),...)
and u(p), C(p), k(p) € R, depending on p, such that:
(i) With the filtrations described above on the Floer complexes, Fuk(6; p) becomes a
weakly filtered Aco-category with discrepancy < e(p).
(if) Fuk(@;p) is h-unital in the weakly filtered sense and there is a choice of homology
units with discrepancy < u(p).
(iii) Fuk(@;p) € U(L(p)).
(iv) Let L € B and denote by £ its Yoneda module. Then £ € U,,(x(p)).
(v) Forevery pg € N C E (see page 56) we have

lim € =0, forall d>2, lim u(p)=1i =1l =0.
Jim a(p) f Jim, (») pggOC(P) pggok(iﬂ)

Proof. — We will only give a sketch of the proof, as most of the ingredients are
standard in the theory (see e.g. [Seio8]).

’

The precise definition of the set of choices of perturbation data Ef.,

in the course of the proof.

will be given

We begin by showing that the filtration (3.12) is preserved by 1. Let Lo, L1 € € and
D11, = (HLoL1, JLol1) be a Floer datum. Let y_, v, € 6(H™11) be two generators of
CF(Lo, L1; D1,,1,) and let u € Mo(y-, ¥+; DL,,1,) be an element of the 0-dimensional
component of Floer trajectories connecting y_ to y.. By (3.5), the contribution of u
to u1(y-) is T*®)y,. We now have the following standard energy-area identity for
solutions u € M(y—, y+; Dr,,1,) of the Floer equation

1 1
(3.13) E(u) = w(u) +/O HM (y_(1)) dt _‘/0 HPM (p4(1)) dit.
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It immediately follows that

1 1
ATy = o+ [CHu0)drs [CH 0L 0)dt = 4G

This shows that p1 preserves the filtration (3.12) on CF(Lo, L1; Dr,,1,,)-

The next step is to analyze the behavior of the higher operations 4, d > 2, with
respect to our filtration.

Let Ly, ..., Ly € 8 and 9y, .. 1, be the corresponding perturbation data.

Let y! € 6(HL-1L), y, e O(HMM), and (r,u) € Mlo(yL, ..., v%, y4; Dug,... L)

.....

The contribution of u to ug(y2,..., 7/5) is T<Wy,.,

Similarly to (3.13) we have the following energy-area identity

as follows. Write

for some functions Fs ¢, G5+ : M — R. Then

_9F,; 3Gy,

Lo,
(3-15) Rf,to ¢ = ( ot + T - {Fs,t/ Gs,t})ds A dt,

where {F; ;,Gs+} := —w(XFst, XGst) is the Poisson bracket of the functions Fst, Gs .

We now need to bound the term /s, RX™" (1) from (3.14) independently of (r, ).
To this end, first note that for any given r € ®4*!, the curvature RK™" yanishes iden-
tically along the strip-like ends of S, by assumption on the perturbation 1-form. Next,
let 89*1 be the universal family of disks with d + 1 boundary punctures (see [Seio8,
Chapter 9], see also [BC14, Section 3.1]). This is a fiber bundle over R4 whose fiber
over r € %1 is the surface S,. The space $9*! admits a partial compactification §%*1
over %%*! and can be endowed with a smooth structure. Since the perturbation

pactification $%*! over 1. Now let W c S$%*! be the union of all the strip-like
ends corresponding to all the surfaces parametrized by r € Z%*!. Then §%*! \ Int W’
is compact. It follows that for all (r, u) € ./%0()/1, e, yf, Y+ Di,...L;) we have

(3.16) | /S RK (0 < eg(Ko-19),

where €;(KLo+L) depends only on the C!-norm of Ko~ (defined in the S*! as
well as M directions). Moreover, we have e4(K") — 0 as K'~t — 0 in the
C!-topology (along §9*1 \ IntW and M).
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A few words are in order for the case when M is not compact. In that case the
arguments above continue to work due to our choice of perturbation data. More pre-
cisely, recall that we had two open domains Uy, U; € M with compact closure, with

Up c Uy, and with the following properties: all Lagrangians L € &£ lie in Uy and

equations (3.2) and (3.8) become homogeneous at the points where u(z) € M \ Uj.
Since (M, @, Jeonv) is convex at infinity, the maximum principle implies that all so-
lutions u lie within one compact domain of M. Thus the estimate (3.16) follows by

Coming back to the estimate (3.16), it follows from (3.14) that
(3.17) A(T“’(”))q) <AGY + -+ AP + eg(KLoLa),

In order to obtain a weakly filtered structure on Fuk(6; p) we need to bound from
above e 4(KLorLa) uniformly in Ly, ..., Ls € 6, so that the ultimate discrepancy €4(p)
depends only on the choice of p € E[,. This is easily done by restricting the set Ef,
to choices of perturbation data p = {2y, 1,}1,,...,
forms KLorLa are uniformly bounded (in Lo, ..., Ls). Since Eyeg C E is residual it
follows that the restricted set of choices Ey, still has W in its closure.

This concludes the proof that Fuk(%; pgipegéeg is a family of weakly filtered Aco-
categories, and that the bounds on their discrepancies e(p) have the property that for

all po € ¥ we have lim,_,, €4(p) = 0 for every d > 2.

We now turn to the statements about the unitality of the categories Fuk(®6; p) and
their Yoneda modules. Let p € E{,,. Fix L € € and let 91 = (H LL JLL) be the Floer
datum of (L, L) prescribed by p. Recall that a homology unit ¢;, € CF(L, L; @p,1) can
be defined by (3.10). Let S = D\ {Co} and @5 = (K, J) asin Section 3.1. Let y € 6(HYL)
and u € JMo(y; Ds). According to (3.10) the contribution of y and u to e is Ty,
The energy-area identity for u gives

1
E(u):w(u)—/o HtL'L(y(t))dt—/SRK(u),

where RK(u) is the curvature associated to the 1-form K from the perturbation da-
tum @g and is defined in a similar way as in (3.15). Note that we can choose the
perturbation datum @s = (K, J) such that the C'-norm of the 1-form K is of the same
order size as the C'-norm of HYE (ie. ||K||c1 < C||[HYE||1 for some constant C).
By doing that we obtain | fs RX(u)| < C’||H || o1 for some constant C’. It follows that

Aler) < C'IIH" 1.

By restricting all the Hamiltonians H™%, for all L € €, to have a uniformly bounded
Cl-norm we obtain one constant u(p) (that depends on the choice p) such that for
all every L € € we have A(er) < u(p). Moreover, u(p) — 0 as p — po € N in the C!-
topology. This proves the statement about the discrepancy of the units in Fuk(86; p).

We now turn to proving statements (iii) and (iv) of Proposition 3.1 and the corre-
sponding claims on ((p) and x(p) from statement (v).
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LetL, L’ € 8.Choose S = D\ {(o}, @5 and define ¢f, as explained above. Denote by
1,11 be the perturbation datum of the triple (L, L, L’) as prescribed by p. Consider
alsoadisk S’ = D\ {C, 1 C’Z} with three boundary punctures, ordered clockwise
along dD. We fix strip-like ends near these three punctures such that (), C’l are entries
and () is an exit. Consider a 1-parametric family ({S7 }¢(0,1], jz) of surfaces (endowed
with complex structures) obtained by performing gluing S and S’ at the points Co, C;,
respectively. We construct this family so that S7 — S[[ S’as7 — 0and S = RX[0,1]
is the standard strip. Next, we choose a generic family {9 } .¢(,1] of perturbation data
over the family {S7}.¢(,1] such that

1) for T — 0, @, converges to Ds on the S component and Py 1 - on the S”
component.

2) D1 =D 1.

As the family {9 }¢(o,1] is generic, none of the elements in the %, 7 < 1 is invariant
under reparametrization by any non-trivial automorphism o € Aut(S;).

Let y,A € O(H“Y) and consider the space M(y, A; {D+}) of all pairs (7, u), with
T € (0,1] and u : S; — M a solution of the Floer equation (3.8) with the obvious
modifications: namely, the lower part of dS; is mapped by u to L and the upper one
to L', u converges to y at the entry ] and to A at the exit (), (S, jr) is replaced by
(St,jz), and J; - and Y; , are replaced by the corresponding structures from ;.

Assume that y # A, and consider the 0-dimensional component Mlo(y, A; {D<}).
This is compact 0-dimensional manifold hence a finite set. It gives rise to a map

(3-18) ®:CF(L,L;r1r) — CE(L,L"; D),
D(y) = Z Z T2, forall y € 6(HL),
A (Tu)

where the outer sum is over all A € 6(HLL) with A # y and the second sum is over
all (t,u) € Mo(y, A; {D+}). We extend the formula in the second line of (3.18) linearly
over A. We claim that the following formula holds:

(3.19) poler, x) = x + pp o d(x) + o py(x), forall x e CE(L,L'; D 1),
i.e. ® is a chain homotopy between the map p»(ez, -) and the identity.

To prove this, let y,y; € O(HYL) and consider the 1-dimensional component
M1(y, y+; {D<}) of the space M(y, v+;{D-}). This space admits a compactification
M1(y, Y+;{D:}) which is a 1-dimensional manifold with boundary. The elements in
the boundary of this space fall into four types:

1) Elements corresponding to the splitting of S” into S and S” at T = 0. These can

be written as pairs (us, us) with ug € Mo(y’; Ds) for some y’ € O(HM) and
usr € Mo(y', v, y+; DLLL)-

2) Elements corresponding to splitting of S; atsome 0 < 7o < 1into a Floer strip ug
followed by a solution u; : Sy, — M of the Floer equation for the perturbation
datum 9.,. More precisely, these can be written as (7, up, 1) with0 < 79 < 1,
ug € M*(y,y’; D) and ug € MY, Y+; De,) for some y’ € O(HLL).
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3) The same as 2) only that the splitting occurs in reverse order, namely first an
element of M(y, y’; Dr,) followed by an element of M*(y’, V+; DL 17).

4) Elements correspondingto t = 1. Theseare u : Rx[0, 1] — M thatbelong to the
space Mo(y, y+; Dr,1/) or in other words elements of the 0-dimensional compo-
nent of the space M(y, y+; Dr,1/) of parametrized Floer trajectories connecting y
to y+. The latter space has a 0-dimensional component if and only if y =y,
in which case that component contains only the stationary trajectory at .
Summing up, this type of boundary point occurs if and only if y = y, and u is
the stationary solution at .

Summing up over all these four possibilities (for every given area of solutions u)
yields formula (3.19). Note that the first term (i.e. the summand x) on the right-hand
side of (3.19) comes exactly from the boundary points of type 4).

To conclude the proof we only need to estimate the shift in action (or filtration)
of the chain homotopy @. This is done in a similar way to the argument used above
to estimate €(p), namely by using an energy-area identity as in (3.14). Indeed we
can choose the perturbation data @s and @,, 0 < T < 1, to be of the same size
order (in the C!'-norm) as the Hamiltonian HL', hence the curvature term in the
energy-area identity can be bounded by a constant C(H"!') that depends on H"
and such that C(H) — 0 as HYY — 0 in the C!-topology. By taking all the
Hamiltonians HY for all L, L’ € € to be uniformly bounded in the C!-topology we
obtain a uniform bound «(p) on the action shift of the chain homotopy @ that holds
for all pairs L, L’ € € and such that k(p) — 0 as p — po € N. This shows that the
Yoneda module &£ satisfies Assumption U, (x(p)). By taking L’ = L it also follows
immediately that ps(er, er) = er + pi(c) for some chain ¢ with A(c) < x(p), hence
Fuk(6; p) € U(x(p)) (so we can actually take C(p) = x(p)). O

3.3.1. Remark. — In some variants of Floer theory it is common to normalize the
Hamiltonian functions involved in the definition of the Floer complexes. For exam-
ple, when the ambient manifold is closed one often normalizes the Hamiltonian
functions to have zero mean, and for open manifolds one requires the Hamiltonian
functions to have compact support. This solves the ambiguity of adding constants to
the Hamiltonian functions and consequently provides a “canonical” way to define
action filtrations. This especially makes sense when one aims to construct invariants
of Hamiltonian diffeomorphisms (or flows) by means of filtered Floer homology.
See e.g. the theory of spectral numbers [Schoo], [Oho6], [Ohosa], [Ohosb], [EPo3],
see also [Vitgz2] for an earlier approach via generating functions.

While we could have normalized the Hamiltonian functions in the Floer and
perturbation data, we have opted not to do so. At first glance, this might seem to
have odd implications. For example, suppose that p1,p> € Ef, are two choices of
perturbation data such that p; is obtained by adding a (different) constant to each of
the Hamiltonian functions (or forms) in the perturbation data from p;. Clearly, the
Fukaya categories Fuk(6;p1) and Fuk(8; p2) are precisely the same, but they have
completely different (and generally unrelated) weakly filtered structures.
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Our justification for not imposing any normalization on the Hamiltonian functions
is that their role is purely auxiliary, and moreover, ideally we would like to make
them arbitrarily small. More specifically, the focus of our study is the collections of
Lagrangians € and its Fukaya category, whereas the Hamiltonian functions in the
Floer data serve only as perturbations whose sole purpose is technical, namely to
set up the Floer theory so that it fits into a (infinite dimensional) Morse theoretic
framework. In reality, we view the Hamiltonian perturbations as quantities that can
be taken arbitrarily small and consider families of Fukaya categories parametrized
by choices of perturbations that tend to 0. (See e.g. Proposition 3.1.)

In fact, our theory would become simpler and cleaner if we could set up the
Fukaya category without appealing to any perturbations at all. If this were possible
(which means that all the Floer trajectories and polygons are unperturbed pseudo-
holomorphic curves) our Fukaya categories would be genuinely filtered rather than
only “weakly filtered”. (See [FOOOQo9a], [FOOOo9b] for a “perturbation-less” con-
struction of an A-algebra associated to a single Lagrangian.)

Another point related to the matter of normalization is that when extending our
theory to Lagrangian cobordisms (see Section 3.4) we are forced to work with non-
compactly supported Hamiltonian perturbations. While one could have attempted
a different sort of normalization in that case (suited for the class of non-compactly
supported perturbations used for cobordisms), we will not do that for the very same
reasons as those for not doing it for Fuk(6; p).

3.4. Extending the theory to Lagrangian cobordisms

Most of the theory developed in the previous subsections of Chapter 3 extends to
Lagrangian cobordisms. We will briefly go over the main points here and refer the
reader to [BC14], [BC13] for more details.

Let (M, w) be a symplectic manifold as at the beginning of Chapter 3. We fix a
collection € of Lagrangians in M as in Chapter 3. Consider M := R? x M endowed
with the splitsymplectic structure @ := wr2®w, where wg: is the standard symplectic
structure of R2. N

Fix a strip B = [4,b] x R ¢ R? in the plane. Consider the collection 6 of all
Lagrangian cobordisms V' : (L}, ..., L,) ~» (L1, ...,L,) in M that have the following
additional properties. We assume that V is cylindrical (with horizontal ends) outside
of B X M and that all of its ends L/, L; are Lagrangian submanifolds from the collec-
tion €. Moreover, we assume that the ends of V' are all located along horizontal ends
whose y-coordinates are in Z. Finally, we further assume that V is weakly exact as a
Lagrangian submanifold of M.

The Lagrangians (L7, ..., L}) are referred to as the positive ends and (Ly, ..., L;)
are the negative ends. Note that the values of r and s are allowed to vary arbitrarily.
We also allow s or r to be 0 in which case V is a null cobordism, i.e. a cobordism with
only negative ends (if s = 0) or only positive ends (if ¥ = 0). The case r = s = 0 means
that V is a closed Lagrangian submanifold of M.
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One can associate a Fukaya category E%ukcob(%) to the collection @. This is an Aco-
category (or rather a family of such categories, depending on auxiliary choices) whose

objects are the elements of 6. The precise construction is detailed in [BC14]. The main
ingredients in the construction are completely analogous to the case Fuk(€6), the main
differences being the following. The Floer datum @y - = (HV"Y',JVV") of a pair of
cobordisms V, V' has a special form at infinity. Namely, there is a compact subset
Cy v € B X M such that outside of Cy v we have

HYV'(t,z,p) = h(z) + H"V'(t,p),

where z € R%, p € M, H'"V' : [0,1] x M — R is a Hamiltonian function on M and
h : R? — Ris the so called profile function whose purpose is to generate a Hamiltonian
perturbation at infinity which disjoins V’ from V at infinity while keeping both of
them cylindrical and horizontal at infinity.

Note that the profile function / is not (and in fact cannot be) compactly supported.
We use the same function h for the perturbation data of all pairs of Lagrangians

V,V’ € 6. We remark also that / can be taken to be arbitrarily small in the C'-
topology. Precise details on the construction of & can be found in [BC14, Section 3].

The almost complex structures Vv appearing in the Floer data have also a special
form whose purpose is to retain compactness of the space of Floer trajectories. We will
not repeatits definition here, since its particular form does not have any significance to
the weakly filtered structure on Jvukcob(%) that we want to achieve. The only relevant
thing is that with this choice of Floer data, there is a compact subset CV v CBXM
such that all orbits 6(H"" HYV’ ) lie inside Cy y» and moreover all Floer trajectories for
the pair (V, V') lie inside Cy .

The perturbation data used for the definition of ?}'ukcob(%) are analogous to those
used for Fuk(®) with the following differences. For a given tuple ¥ = (Vo, ..., Vy)
with V; € € the perturbation data @+ = (K7, ] 7) is chosen so that

(3.20) K” |s, = h-da, + ES’/,

where a, : S, — [0, 1] are the so called transition functions which depend smoothly
onr € R4+, See [BC14, Section 3.1] for their precise definition. The 1-form

KJ € Q'(S,, C*(M))

is chosen so that it has the following two additional properties.
The first one is that KS’/ satisfies condition (3.7).
The second one is that there is a compact subset Co C B X M that contains all the

subsets Cj, v, (mentioned earlier) such that the Hamiltonian vector fields XK (&),
generated by the function K c’/(5) M — R are vertical for all r € %! and & € T(S,)
outside of C+ . By * Vertlcal” we mean that

Dr(xK ) = 0
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where 7 : M — R? is the projection. Note that due to the & - da, term in the
perturbation form K7 this form does not satisfy condition (3.7). However, this will
not play any role for the purposes of establishing a weakly filtered As-category.

The almost complex structures | 7 from @« are also chosen to have restricted
form, similarly to the ones appearing in the Floer data. We refer the reader to [BC14,
Section 3.2] for the details. With these choices made it can be proved that there exists
a compact subset Cyr C M such that for all (r,u) € M(Y},..., 74 Dy) we have
image (1) C CZ,. See [BC14, Section 3.3] and in particular Lemma 3.3.2 there.

Of course, apart from the above the perturbation data @+ are assumed to be
consistent and also compatible with the Floer data along the strip-like ends of the S, ’s.

With these choices made we can define the A.-category Fitkeop(6) by the same
recipe as in the previous sections of Chapter 3, in particular by formula (3.9). This
As-category is h-unital, and a choice of homology units ey € CE(V, V; @y y) can be
constructed by the same recipe as in Section 3.1 (see also [BC14, Remark 3.5.1] for an
alternative approach).

Similarly to Fuk(6) our category Fitkeop(B) depends on the various choices made,
namely a choice of strip-like ends and perturbation data. Note that part of the choices
made for the perturbation data is the choice of a profile function and the choice of
transition functions.

We now fix the same choice of strip-like ends as for Fuk(6) and denote the space
of choices of perturbation data by E. We denote the subspace of regular choices
of perturbation data by Eeg. For p € Ereg we denote by Fukep(6;7) the category
corresponding to p.

Next we endow Futkeqp(6 ;p) with a weakly filtered structure. This is done in
precisely the same way as for Fuk(6; p). More precisely we define the action filtration
on the Floer complexes CF(Vy, V1; Dv,,v,) by the same recipe as in Section 3.3.

With these filtrations fixed, we now have the following;:

ProrosITION 3.2. — The statement of Proposition 3.1 holds for the Ac-categories
T

Fukeon(G;7), PEE

reg’

where E;eg C Ereg is defined in an analogous way as Ef., C Ereg (see page 56).

The proof of this Proposition is essentially the same as that of Proposition 3.2 with
straightforward modifications related to the special form of the perturbation data p.
For technical reasons we will need in the following also enlargements of the

categories ?ukcob(% ; 7) which will be denoted gukcob(%l /2; 7). These are defined in

the same was as %ukcob(% ; ) only that the collection of objects @ is extended to allow
Lagrangian cobordisms V with ends from 6 but these ends are now allowed to lie over
horizontal rays with y-coordinate in %Z (rather than only Z). This larger collection
of objects is denoted by 6;/,. The perturbation data, the Aw-operations as well as

the weakly filtered structures are defined in an analogous way as for @ukcob(% ;7).
We denote the space of choices of perturbation data for these categories by E/»
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’

and the space of regular such choices by Ere%l j2- Similarly to Ef.; and E;eg we also
have the space E;eg 172 € Ereg1/2- An obvious analogue gf Proposition 3.2 continues

to hold for the family of categories Fukcon(61/2;7), P € Ereg/1 2

The relation between ?iukcob(gé) and ?ukcob(%l /2) is simple. Any regular choice
of perturbation data for Fuk..(61/2) can be used, by restriction to smaller class of
objects, for Fuke,(6). Thus, with the right choices of perturbation data we obtain a

full and faithful embedding ?ukmb(%) - S?ukcob(%1 /2)- We shall give now a more
precise description of this.

There is an obvious restriction map r : El )2 = E with

r(Ereg,l/Z) c Ereg and r(E;ng/z) - E;eg

and such that the closure of r(E;eg 1 /2) contains N (the space of perturbations with

perturbation form 0, similarly to &' on page 56). We will replace from now on E;eg

with r(Ereg,l /2) and continue to denote the latter by Ef,.

There is also a (non-unique) right inverse to » which is an extension map

K ”(El/z) — El/z
with ](ﬁ) C ﬁ1/2 and such that ](E’ ) C E;eg

reg ,1
family of extension functors

P The map j induces an obvious

T

(3.21) S 9;7flkcob(<\€;ﬂﬁ) — S;ukcob(%1/2;]‘(;5))/ 5 € Ereg~

These are A -functors which are full and faithful (on the chain level). Note also that
these functors 7 are filtered, i.e. they have discrepancy < 0.

From now on we replace E;e with j(Efe;) and continue to denote the latter

— g,1/2
by E;eg

12 With these conventions made, the maps
E;eg and ”E;% : Ellreg - E;‘eg

_ )
r\E Ereg,l/Z -

reg,1/2

become bijections, inverse one to the other. Therefore, whenever no confusion arises
we omit j and r from the notation and denote j(p) by p keeping in mind that p is

a regular choice of perturbation data for GJukcob(%) which admits an extension, still
denoted by p, to a regular choice of perturbation data for Fukcs,(612).

An important property of the extension map j is the following. For every py € N
we have

(3-22) lim ejuk“’b(%l/z;j ") ~0, forall d.
p—po

This follows easily from Proposition 3.2 together with the fact that j is continuous,
that j(N) € M, and that the closure of j(E{,) contains N .
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3.5. The monotone case

The theory developed earlier in the paper continues to work in the more gen-
eral setting of monotone Lagrangian submanifolds. We will assume henceforth all
symplectic manifolds as well as Lagrangian submanifolds to be connected.

Let (M, w) be a symplectic manifold and L ¢ M a Lagrangian submanifold. Recall
that L is called monotone if the following two conditions are satisfied:

1) There exists a constant p > 0 such that
w(A)=p-u(A), forall A€ Hy(M,L).

Here Hé) (M,L) ¢ Hy(M,L) is the image of the Hurewicz homomorphism
mo(M, L) — Hy(M, L) and y is the Maslov index of L.

2) The minimal Maslov number Ny of L, defined by
Ny := min {u(A); A € HY(M, L), u(A) > 0}
satisfies N > 2. (We use the convention that min @ = c0.)

A basic invariant of monotone Lagrangians L is the Maslov-2 disk count, d;, € Ao.
This element is defined as

d; :=dT°,

where d € Z; is the number of J-holomorphic disks ( for generic ) of Maslov index 2
whose boundaries go through a given point in L, and a = 2p > 0 is the area of
each of these disks. Note that if there are no J-holomorphic disks of Maslov 2 at all
then d; = 0 by definition.

It is well known that d;, is independent of the choices made in the definition (the
almost complex structure | and the point on L through which we count the disks -
recall that L is assumed to be connected). We refer the reader to [BC12, Section 2.5.1]
for the precise definition of the coefficient d in d; and its properties. 8 In different
forms this invariant has appeared in [Ohg3], [Ohg5], [Cheg7], [FOOOo9a], [Auro7].
Under additional assumptions on L, one can define a version of this invariant also
over other base rings (such as Z and C) sometimes taking additional structures (like
local systems) into account (see e.g. [Auro7], [BC12]), but we will not need that in the
sequel.

Fix an element d € Ag of the form d = dT*, d € Z,, a > 0. Denote by Za gm"“'d (M)
the class of closed monotone Lagrangians L ¢ M with d;, = d. Let € ¢ Pag™ ™4 (M)
be a collection of Lagrangians. Then one can define the Fukaya categories Fuk(%; p)
in the same way as described earlier and the theory developed above in Chapter 3
carries over without any modifications. (The main difference in the monotone case
is that HF(L, L) might not be isomorphic to H.(L), and in fact may even vanish. This
however will not affect any of our considerations. Apart from that, the monotone
case poses some grading issues for Floer complexes, but in this paper we work in an
ungraded framework.)

8. Note that the definition in that paper is done over Z so the d above is obtained by reducing mod 2.
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Before we go on, we mention another basic measurement for monotone Lagran-
gians that will be relevant in the sequel. Given a monotone Lagrangian L ¢ M define
its minimal disk area A, by

(3.23) Ap =min{w(A); A € HY(M,L), w(A) > 0}.

Turning to cobordisms, the theory continues to work if we restrict to monotone
Lagrangian cobordisms V C R? x M. Note that if V : (L!,...,L}) ~~> (Ly,...,L;)
is monotone then its ends L} and L’ are automatically monotone too. Moreover, as
observed by Chekanov [Cheg7], if V is a monotone Lagrangian cobordism then one
can define the Maslov-2 disk count dy in the same way as above (i.e. for closed
Lagrangian submanifolds) and dy continues to be invariant of the choices made in
its definition. Furthermore, if V is connected then

dy = dL; = dL]., forall i,j.

Givend = dT* € A and a collection 8 ¢ Lag™™4(M), denote by € the collection
of connected monotone Lagrangian cobordisms V all of whose ends are in 6. Note
that by the preceding discussion each V' € % must have dy = d. Therefore we omit d
from the notation of € and 6. This also keeps the notation consistent with the weakly
exact case.

From now, unless explicitly indicated, we treat uniformly both the weakly exact
case as well as the monotone one. In particular the class of admissible Lagrangians
will be denoted by £ag*(M), where *+ = we in the weakly exact case, and * = (mon, d)
in the monotone case. We will use similar notation £ag*(R? x M) for the admissible
classes of cobordisms.

3.6. Inclusion functors

Let ¥ ¢ R? be an embedded curve with horizontal ends, i.e. y is the image of a
proper embedding R < R? whose image outside of a compact set coincides with
two horizontal rays having y-coordinates in %Z .

In [BCa4, Section 4.2] we associated to y a family of mutually quasi-isomorphic
Ac-functors

jy : Fuk(6) — Gjukcob(%l/Z)

which we called inclusion functors. They all have the same action on objects which is
given by %, (L) = y X L for every L € 6.

Here is a more precise description of this family of functors. Denote by #prof
the space of profile functions (see Section 3.4, see also [BC14, Section 3] for the
precise definition). The construction of the inclusion functors from [BC14] involves
the following ingredients. First, we restrict to a special subset #,()) C #prot which
contains arbitrarily C!-small profile functions.

Apart from being profile functions, these functions 1 : R? — R have the following
additional properties:
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Oy O 14

@M ()
O3

> 5; o

Ficure 1. The curves y and (qbi’)_l()/).

1) h ly is a Morse function with an odd number of critical points Oy,...,0; € v,
where 5 < [ = odd. Moreover, in a small Darboux-Weinstein neighborhood of
y, h is constant along each cotangent fiber. Thus ¢/'(y) Ny = {Oy,..., O} for
every f.

2) The image, (q)?)‘l (), of y under the inverse of the time-1 map of the Hamilto-
nian diffeomorphism generated by / is as depicted in Figure 1.

We refer the reader to [BC14, Section 4] for more details. In that paper such functions
were called extended profile functions. The word “extended” indicates that these func-
tions are adapted to cobordisms with ends along rays having y-coordinates in 7
rather than just Z.

Next, there is a map

(3-24) by : E;eg X %]::rof()/) - E;eg,l/Z’
and an A-functor
(3.25) Fypn - Fuk(;p) — 9ukcob(%1/2; ty(p, h)),

defined for every (p, ) € E{o; X #,¢(y) such that for all (p, h) the following holds:
1) For Ly, L1 € €6, let
> Dp,1, = (HHL, JLol1) be the Floer datum of (Lo, L1) prescribed by p and
> Dyxigyxr, = (HYXLor<k1 yxLoyxli) the one prescribed by ¢, (p, h).

Let1 < j = odd < L. Then for a small neighborhood U; of O; we have
HYPorxli(z m) = h(z) + H*M(m)

for all (z,m) € U; X M. Moreover, we have O; X x € O(H*LorxL1) for every orbit
x € O(H"M) and 1 < j = odd < I. In the following we will denote

10 = Oj X x.
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Furthermore, we may assume that these are all the orbits in O(H?*Lo-7xL1) je,
Lo,yxL Lo,yXL
O(HPH7*11) = U (0; x O(H" 1071,

where the union runs overall1 < j = odd < [.
2) Fy;pu(L) =y X Lfor every L € 6.
3) The first order term (.9, 1)1 is the chain map

(326) (j)/;p,h)l : CF(LO/ Ll; g)ZJL(],Ll) I CF(V X LO/ V4 X Ll} %)/XLO,)/XLl)r

defined by the formula (%, 1)1(x) = xM +x® 4.4+ xO forall x € 6(Hy, 1,).
4) The higher terms of .%,,, ;, vanish: (F,,, 1)s = 0 for every d > 2.
5) The homological functor associated to .9, 1, is full and faithful.

6) For every po € N we have lim 1,,(p, h) € ﬁl/z ash — 0, p — po. (The limits here
are in the C!-topology.)

7) Let pg € N. The weakly filtered Ac-categories Fuikeop (61 J2; t(p, h)) have dis-

g”kcob(gél/zﬂ(ﬁ/h

Fukeoo(11211(p 1) wwhere for every d, lim €, V= 0as p = po

crepancy < €
and h — 0. (The limits here are in the C!-topology.)

8) In case the ends of y are along rays with y-coordinates in Z the map , and

functors %,y 5 can be assumed to have values in Ef; and Futkeon(6; ) respectively.

More precisely, the map 1, factors as a composition
g~ i =
E;eg X %I;rof(?/) - E;eg - E;eg,l/Z
and the functors ., ; factor as the composition of the following two Ac-functors:

’
j}/;p,h

=~ , 7 o ~
(3-27) Fuk(6; p) —— Fukeon(6; 1, (p, h)) — Fukeop (61725 1y (p, ).
The map (), and the A -functor j)j o have the same properties as described above

for 1, and ¥, i, respectively, with obvious modifications). The map j and functor 7
are the ones introduced in (3.21).

We refer the reader to [BC14, Section 4.2] for a more detailed construction of these
functors.

3.6.1. Additional properties relative to a given cobordism. — Suppose we fix in advance
a Lagrangian cobordism W € € with the following properties. Let Ky,..., K, € 6
be the negative ends of W. Let © : R> x M — R? be the projection. Assume that y
intersects 71(W) only along the projection of the horizontal cylindrical negative part
of W (corresponding to its negative ends) with one intersection point corresponding
to each end. Assume further that the intersection of y and n(W) is transverse and
denote the intersection points by Q1,...,Q; € R2, where Q j corresponds to the j'th
negative end of W. Then we can restrict to profile functions 1 that have Ozj11 = Q;
for every 1 < j < k and redefine the spaces #prof and 7, ¢ by adding this restriction
to their definitions. For simplicity, we will continue to denote these spaces by %]
and #prof.

rof
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Now, in addition to the previous list of properties, the map ¢, can be assumed to
have also the following property: let L € 6 be a Lagrangian, and denote by

> DLk; = (HYXi, JL-Ki) the Floer datum of (L, K;) prescribed by p,
> D,y = (HEY, 7LV the Floer datum of (y X L, V) prescribed by 1,,(p, h).
Then we may assume that for small neighborhoods U; of Q; we have
H" Y (z,m) = h(z) + HYXi(m)
for every (z, m) € U; X M. Moreover, we may assume that

O(H V) = UL, (Q) x O(H™)).

3.6.2. Theweakly filtered structure of theinclusion functors. — The next proposition shows
that the inclusion functors are weakly filtered and gives more information on their
discrepancies.

ProposITION 3.3. — The family of Acs-functors Fy;p n, (p, h) € Ejeg X Hy0dy), has the
following properties:

() Fy;p,n is weakly filtered (see Section 2.3 for the definition).
(il) Fy;pn has discrepancy < e”»i, where e‘;’”p’h =0 for every d > 2 and
efm’h < max{h(Ok); 1<k=o0dd< l}.
Note that efw " — 0as h — 0 in the C%-topology.
(iii) Fy;p,n is homologically unital.
(iv) For every L € 6 denote by e’ny = (Fy;puhler) € CF(y X L,y X L; Dyxr,yx1) the

image of the homology unit e, € CF(L, L; D,1) under the functor ., y. The collection of
elements {e,ny} Lewg can be extended to a collection of homology units

% = {e{/}Ve%
for ?I«ukcob(%l/z, ty(p, h)) with discrepancy < u’(p, h), whereu’(p, h) — 0asp — po € N
and h — 0 in the C'-topologies.
(v) With respect to the collection of homology units & above, ?ukcob(%l /2 1y(p, )
belongs to U*(C(p, h)), where C(p, ) — Oas p — po € N and h — 0 in the C-topologies.
(vi) Let U be the Yoneda module of V € @ /2. Then, with respect to the collection of

homology units € above we have
V € Uy (x(p, h)),
where K(p, h) — 0as p — po € N and h — 0 in the C'-topologies.
In case the ends of vy have y-coordinates in Z an obvious analogue holds for the family of

functors J}j i from (3.27).

The proof of this proposition is straightforward, given the precise definition of the
functors .%,,, » which is described in detail in [BC14, Section 4.2].
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Ficure 2. The curves vy, ((1){’)‘1(7/) and the cobordism V.

3.7. Weakly filtered iterated cones coming from cobordisms

Let V € 6 be a Lagrangian cobordism and denote by Ly, ..., L, € G its negative
ends. (In contrast to Section 3.4 as well as [BC14], in this section we index the negative
ends from 0 to r rather than from 1 to r.)

Let y ¢ R?be the curve depicted in Figure 2. Let p € E]
that [ := #(¢!") 1 (y) Ny =2r +5.

Denote by 7 the Yoneda module of V, which we view here as an A.,-module over
the category %ukcob(%l /2; ty(p, h)). Consider now the pullback module

(3.28) My sy p,n = j;;p,h v,

which is a Fuk(6; p)-module. Since ., ;, is a weakly filtered functor the module
AMy,y p,1 is weakly filtered.

teg and h € 7/ () be such

PROPOSITION 3.4. — The weakly filtered module My, , 1, has the following properties.
(i) Forevery N € 6 and o € R we have
a5s L (N) = CF=MO)(N, Ly; p) ® CF=*"MOI(N, Ly;p) & - --
o CFsa—h(OzHa)(N, L:;p),

where the last equality is of Ao-modules (but not necessarily of chain complexes).
Here CF(N, L;; p) stands for CF(N, L;; DN 1,;), where D 1, is the Floer datum prescribed

by pe Ereg

(ii) My, pp has discrepancy < e™Vrrh, where

(3.29) efv;‘v’p’h <(d-1)max{h(Ok); 1 <k =odd <2r +5} + ejukC"b(%“z"l”(lg'h)).
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Proof. — The second statement follows immediately from Proposition 3.3 and
Lemma 2.2 together with the fact that the higher terms of .%,,, ;, vanish. The first
statement can be verified by a straightforward calculation. m]

3.7.1. Remark. — An inspection of the arguments from [BC14, Section 4.4] shows
that the estimate for the discrepancy ef'v»#! in (3.29) can be slightly improved by
replacing the “max” term from (3.29) with max{h(Ok); 3 < k = odd < 2r + 3}. We
will not go into details on that since this improvement will not play any role in our
applications.

Recall from [BC14, Section 4.4] that the module Jly;, ,, , is naturally isomorphic
to an iterated cone with attaching objects corresponding to the ends Ly, ..., L, of V.
More precisely, denote by &; the Yoneda module corresponding to L;. Then

Or $r-1
My sy p 1 = Bone (L, —> Bone (L1 — Gone (- -
-+ Gone (£ P, Gone (&£ N %0))-)),

where ¢ is a module homomorphism between &; and the intermediate iterated cone
involving the attachment of only the first j + 1 objects %y, ..., Z;.

As we will see shortly, the module homomorphisms ¢; are weakly filtered (and
obviously the Z;’s too) and consequently the iterated cone Jly;, , » can be endowed
with a weakly filtered structure by the algebraic recipe of Sections 2.4 and 2.6. At the
same time, we have just seen that J/ly;, , » has another weakly filtered structure as it
is the pull back module by an inclusion functor, as described in Proposition 3.4. Our
goal now is to compare these two weakly filtered structures and show that they are
essentially the same.

Consider the following collection of curves y1,...,y, C R2 with horizontal ends,
as depicted in Figure 3 next page. We assume that y, = y, the curve involved in the
definition of My, p i-

We also choose profile functions hy, ..., h, : R? - R with hj € ¥ rof(yj) and such
that the following holds (see Figure 3):

1) h, = h.
2) (@M Uy)Nny ={01,..., 0245}
3) (@) () N y; ={0},..., 0} 5}, where O] = Oy forall 1 < k < 2j +3. Thus
;)nly the last two intersection points Oéj 4 Oéj +5 do not belong to the y;’s for
> j.
4) hj coincides with h over the half-plane {y < y2j43 + 1%}, where )3 is the
y-coordinate of Oy;;3.

We denote the space of all tuples of profile functions (hy, ..., h,) satisfying these
conditions by %}:’,mf()/l, ..., 7r) and denote elements of this space by v = (hy,..., ;).

With this notation, it is possible as in (3.24) to choose maps

. ’ ’ X 7 .
ly; t Efeg X #rof(yj) — Ereg,l/z' j=1,...,r,
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FIGURE 3. A closer look at the curves y, yj-1, and y; near the (j — 1)-th and
j-thendsof V.

satisfying the following. For every (p, v) € E{; X #[o¢()1, - - ., r) the choice of data
ty;(p, hj) € E;eg,l 1 has the properties listed for ty(p, h) onpage 69 but with y replaced
by yj and h by h;. (Consequently, for every pg € N we have lim ), (p, h;) € N /2 as
p = poand v = (hy,...,h) — (0,...,0).) Moreover, we require that for every j
and p € E;eg, v=_(hy,..., h)E€ %};rof(yl, ..., 7r) the data prescribed by Ly/.(p, hj) is
compatible with that prescribed by t,, ,(p, hj-1) (in the obvious sense, similar to h;
being compatible with /;_1). By Section 3.6, the curves y; and the maps (,, induce a
family of inclusion functors

Ty - Fuk(B;p) —> ?}‘uk(%l/z; 1y, (p, 1)),

parametrized by p € E;eg, v=_(hy,..., h) € %’I;rof()q, ..., 7r). We will use below the
notation
Fyiwo = Fyip.hys
where £ is the j-th entry in the tuple v since it reflects better the parameters (p, v)
parametrizing this family of functors. We will also write ¢y, (p, v) for 1,,(p, ;) some-
times.
Consider now the pullback Fuk(8; p)-modules

(330) MV;)/j,p,v = j;].;p,v OV, ] = 1, o, r.

We endow each of these modules with its weakly filtered structure as defined at the
beginning of Section 3.7 and further described by Proposition 3.4 (where I = 2j +5,
and y should be replaced by y; and &k by h;). Next, for every 0 < j < r denote
by Z; the Yoneda module associated to L;, endowed with its weakly filtered structure
induced from Fuk(®; p). Finally, recall that for a weakly filtered module . and v € R,
St stands for the weakly filtered module obtained from J/ by an action-shift of v

(see §2.3.4).
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PROPOSITION 3.5. — For every (p, v) € Efeg X %I;rof()/l, ..., Vr) there exist weakly filtered
module homomorphisms

p1:%1— %y and ¢ % — "y, 0 (G=2,...,7)

such that the following holds for every 1 < j < r:
(i) @; shifts action by < 0.
(ii) The discrepancy of ¢; is < 8§91, where

i Fukeo (% sty (pv)
G308 =(=1) max hOy+e, T+ () = HO3).
k odd

(iii) Foreveryl1 <j <, Sh(o3)/ﬂv;yj,p,v = Gone(¢pj;0,86%) as weakly filtered module.
(See Section 2.4 for our conventions for weakly filtered cones.) In other words, the weakl
Y Y
filtered module Sh(o»*)//tv;yj,p,v coincides with the weakly filtered mapping cone over ¢;.

Recalling that My, n = My}, p,v, the above proposition implies that
h(o ) _ 5; gr—l
(3.32) S"S My, p 0 = Gone(L, — Gone(L,-1 — Bone(- - -

.- Bone(%, 2, Bone(%, H, Z0))-))),

where Ej = (9;0, 8%/) and the cones in (3.32) are endowed with the filtrations as
defined in Section 2.4. In other words, up to a small action-shift, MLy, can be
viewed as a weakly filtered iterated cone by the very same recipe described at the
beginning of Section 2.6 (with p; =0and ¥; = S h(o3)MV;yj,p,l,). Consequently, in our
geometric applications we can use Theorem 2.14 for X, = Sh(o3))ﬂv;y,p,h.

Proof of Proposition 3.5. — The proof is based on two main ingredients. The first one
is the theory developed in [BC14, Sections 4.2, 4.4] from which it follows that, ig-
noring action-filtrations, we have My, ., = Gone(Z; — AMv;y, ,po). The second
one comprises direct action-filtration calculations for the modules My, p,» and the
homomorphisms ¢;.

Before we go on, we should remark a notational difference between [BC14] and
the present paper. In [BC14] the negative ends of the cobordism V are indexed from 1
to r, whereas in the present text the indexing runs between 0 and r. This results in
several other indexing differences between the two texts. For example, the curves y;
in the present text are the same as ;11 in [BC14]. In the present text, the number of
intersection points between ¢,’(y;) and y; is 2j + 5, whereas in [BC14] this number
is 2j + 3, etc.

We start by adding to the collection of curves y1, ..., y, another curve yy, defined
in the same way as the y;’s only that it is adapted to the Lo-end of V' in the sense that
the negative end of y goes above the Lyg-end and below the L; end. We also choose
ho € #}ro(70) satisfying the same conditions as the /;’s (see page 72) only for j = 0.
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We write
(¢1h0)(y0) N y0 = {O1,02,05,0), 02}
To simplify the notation we also extend the tuple v = (hy, . .., h;) to contain also kg and

write v = (ho, ..., hy). As before we have an inclusion functor associated to o, p, ho
and we consider the pullback module

Mviyop o = Fyop b

We will denote this module also by Jly;), ., to be consistent with the previous
notation.

We first claim that there exist module homomorphisms ¢; : &£ — My, , p,n; , for
all1 < j <r,such that

Pj
(3-33) My 0 = %one(Sfj — ‘/”’V?Vj—hp/hj—l)/

where at the moment we ignore the action filtrations. This statement is not explicitly
stated in [BC14, Section 4.4.2], but it follows easily from the arguments in that paper.
More specifically, what is stated explicitly in [BC14, Section 4.4.2] is that there exists
an exact triangle — in the derived category DFuk(®; p) — of the form

gj ? 'MV;ijlfp,hjfl ? ‘/”’V;)/]‘,P,hj'

Here however, we claim a stronger statement, namely that (3.33) holds at the chain
level. We will now explain how to deduce (3.33) from the theory developed in [BC14].
In doing that we will mostly follow the notation from that paper.

By [BCa4, Proposition 4.4.1] for every 0 < j < r we have the following;:

1) Ac-categories B; and 93; (depending on y;, p and h;).

2) Quasi-isomorphisms of As-categories: e; : Fuk(6;p) — Bj, pj : Bj — 9}3;,
oj: %; — Fuk(6;p) and g; : 973; - 973;71, for j > 1, all with vanishing higher order
terms. Moreover, they satisfy:

(3.34) gjopjoej=id, forall j>0, and gjopjoej=pj-10ej-1 forall j=>1.

3) A Bj-module ﬁj and a %;—module ﬂ]’ such that

My, ,p,0; = e}f/ﬁj, p;./ﬂ; = ./%]', Vi >0,
(3-35) , wcp. P e :
M = Gone (3% —> qi M),  Vj=1,

for some module homomorphism ¢;. (This homomorphism was denoted by ¢;
in [BC14, Proposition 4.4.1]. We have denoted it here by ¢; since ¢; is already used
for a slightly different homomorphism.)

4) For j = 0 we have JMlj = 0.

We now pull back the second line of (3.35) by the functor p; o ¢;. The desired equal-
ity (3.33) now follows by using (3.34) together with the fact that A-functors pull back
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mapping cones to mapping cones (at the chain level). Note that for j = 0, pulling
back the equality from point (3.7.1) above yields: My, p,n, = Zo.

We now turn to the weakly filtered setting. Throughout the rest of the proof it is
useful to keep in mind that #;(Ox) = h(Ox) forevery 0 < j <rand 1 < k < 2j +3.

We claim that in the weakly filtered setting the correct version of (3.33) is

($;0,6%7)
h(O _ ‘
(336) 5 ( 3)‘/”‘/;)/]',}7,1) = Bone (8]

Sh(o3)mV;yo,p,U - go.

Of course, by Lemma 2.4, the first line of (3.36) is equivalent to:

SMO My, pp), forall 1<j<r,

(50,61 +h(03)) ,
(3-37) My .y p,0 = Bone (L —— My, po), forall 1<j<r.

To prove (3.37) one needs to go over the arguments in the proof of [BC14, Propo-
sition 4.4.1] and take action-filtrations into consideration. An inspection of these

arguments shows that the categories %;, 93; and functors e;, p;, 0}, q; are all weakly

filtered, and so are the modules /ﬂ; and J( j- Moreover, we have:

1) The discrepancies of both %; and %/ are < € Wheon(Cuyzity; (P h1))

2) Both functors p; and g; are filtered, i.e. have discrepancies < 0.
U = max{hj(O}); 1 < k = odd < 2j +5}

3) e;j has discrepancy < €, where €,

and e/ = 0foralld > 2.

4) pj o ej has discrepancy < €”i°/, where
e° = max {h(Oy) ; 1 < k = odd < 2j +3}
and eroej =0foralld > 2.

5) 0 has discrepancy < €°/, where efj = —h(0O2j+3) and ezj =0foralld > 2.
6) The module homomorphism ¢; : 0L = q]*.JWL;_l shifts action by < 0 and has
discrepancy < €¥/, where N
i Futkeob (G1/2:1y; (p,v))
ef] = edu o h(O2j43).

- . . Futkeob (@12t (P, 1)
7) The modules Jt} and .l have discrepancies < € heon(Guyity; (P, 1)),

8) The equalities (or identifications) from (3.35) hold also in the weakly filtered
sense, where the cone over ¢; on the second line of (3.35) is now taken over (¢;; 0, €#/).
9) JMj = S‘h(o3)06§£0 as weakly filtered modules.
To conclude the proof of (3.37) we pull back the weakly filtered version of the second
line of (3.35) by p;j o ¢; and use Lemmas 2.7, 2.2 and 2.3 (recall that p;, ¢; do not

have higher order terms). The assertion that Sh(o3)./l/tv;yo,p,v = %y follows in a similar
way. ]
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CHAPTER 4

QUASI-EXACT AND QUASI-MONOTONE COBORDISMS

For reasons that will become apparent when we introduce shadow metrics in
Chapter 6 we need to extend some of the theory from Chapter 3, especially from
Section 3.7, to the cases of quasi-exact and quasi-monotone cobordisms. Quasi-exact
cobordisms form a larger class than the usual weakly-exact cobordisms considered
earlier in the paper but, from the point of view of J-holomorphic machinery, they
behave in the the same way except that only for particular classes of almost complex
structures J. The same applies to quasi-monotone cobordisms versus monotone ones.

4.1. Quasi-exact cobordisms

Fix a symplectic manifold (M, w), as at the beginning of Section 3 and denote by
Lag™e(M)
the class of weakly-exact Lagrangian submanifolds L ¢ M. As before, we write
(M, @) = (R2X M, wg: & )
and denote by 7 : M — R2 the projection.

We begin with a simple definition that will be useful in the following.
DEFINITION 4.1. — Let V € R? x M be a Lagrangian cobordism and let Ky ¢ R? be a
subset with compact closure. We say that V is cylindrical over R? \ Ky if over R? \ Ky
the cobordism V is equal to a disjoint union with terms yy X Ly where yj are pair-

wise disjoint, unbounded, connected, and embedded curves in the plane, horizontal
at infinity, and Ly C M are Lagrangians.

Next, we introduce quasi-exact Lagrangian cobordisms (with weakly exact ends).

DEFINITION 4.2. — Let V ¢ M be a Lagrangian cobordism with ends in £ag"*(M).
We say that V is quasi-exact if there is a compact subset Ky ¢ R? and an @-compatible
almost complex structure Jy such that:

1) V is cylindrical over R? \ Int (Ky).
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2) mis (Jy,i)-holomorphic over R? \ Int (Ky).
3) There are no non-constant Jy-holomorphic disks u : (D,dD) — (]\7[ , V).

Sometimes we will say that (V, Jy, Kv) is quasi-exact.

A pair (Jv, Kv) as above will be called quasi-exact admissible for V. Sometimes the
focus will be on the subset Ky, and we will say that Ky is quasi-exact admissible for V
if there exists Jy such that (V, Jv, Kv) is quasi-exact.

We denote by £ag?"¢(R?Xx M) the collection of quasi-exact Lagrangian cobordisms
V cR?2x M.

4.1.1. Remarks

1)V C M is quasi-exact then V must have at least one (non-void) end.
Indeed, if V has no ends at all, then V is a closed Lagrangian submanifold of R? x M
and so it can be displaced by a (compactly supported) Hamiltonian diffeomorphism.

By standard results, for every w-compatible almost complex structure | there exists
a non-constant [y-holomorphic disk with boundary on V, contradicting the quasi-
exactness of V.

2) If V. € M is quasi-exact, then necessarily M is weakly-exact in the sense that
/s w =0forevery A e H S(M) where H °(M) C Ha(M) is the image of the Hurewicz
homomorphism 72(M) — Hz(M). Obv1ously the same holds also for M. In particular
neither M nor M has non-constant pseudo-holomorphic spheres, for any compatible
almost complex structure.

Indeed, by point (4.1.1) above, V has at least one (non-void) end, say L. By assump-
tion L C M is weakly-exact, hence so is M.

3) The condition that 7 : M — R? is (], i)-holomorphic over a subset S C R?
is equivalent to 7 being fiberwise split over S. The space of w-compatible almost
complex structures | that are fiberwise split over S C R? is path-connected (and, in
fact, contractible).

4) One can also define quasi-exact cobordisms with ends being quasi-exact Lagran-
gians (not just weakly-exact). We will not pursue this degree of generality here.

4.1.2. Examples. — Here are several examples of quasi-exact cobordisms.
1) Weakly-exact cobordisms.
2) Cobordisms V ¢ R2 x M, where dimg M =2 and = 0 on (M, V).

3) More generally, cobordisms V ¢ R? x M with u(A) <1 - %dimR(M), for all
A € (M, V) with @(A) > 0.

4) As will be seen in Proposition 6.2 in Section 6.1, compositions of quasi-exact
cobordisms (along a pair of matching ends) are quasi-exact.
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4.2. Extending the results from Section 3.7 to quasi-exact cobordisms

Let V C Mbe a quasi-exact Lagrangian cobordism with ends in £ag"¢(M). Fix
a quasi-exact admissible pair (Jy, Ky). Let y C R? be a plane curve with horizontal
ends, e.g. as depicted in Figure 2, page 71. Assume in addition that:

1) y C R?\ Ky.

2) y intersects 71(V) only along the horizontal rays associated to the ends of V' (be
they on the negative or positive side of V) and y intersects each such ray at
most once. Moreover these intersections are transverse.

Fix p and h as at the beginning of Section 3.7. Denote by 6 the collection of weakly-
exact Lagrangians in M and by @ the collection of weakly-exact Lagrangian cobor-
disms in R? x M. As in Section 3.7 we have the Fukaya categories Fuk(®;p) and
?}’ukcob(%l /2; 1y(p, h)). Note that, unless V is weakly-exact, V' is not an object of the
latter category.

Consider now the (full) subcategory Fukcob,@,) C ‘Eiukcob(%l /2 1y(p, h)) whose
objects are y X N with N € 6.

We will define now a Fukeb,@,,-module Vg associated to V, constructed in an
analogous way to the Yoneda module ¥ from Section 3.7. More precisely, we set
Vge(y X N) = CF(y X N, V;9D,xn,v) and define the higher As-module operations

Hﬁ;qe as for a Yoneda module (associated to V') but with the following modifications
for the Floer and perturbations data @ = Dyxn;,...,yxN, v = (K,T):

(P1) We force the transition functions a, : S, — [0, 1] to be identically 0 on the arc
dv S, corresponding to V. See (3.20) on page 63 for how the transition functions
are incorporated into the perturbation data. See also [BC14, pp. 1757-1759 and
1762—1764], for more details.

(P2) The almost complex structures Tin the perturbation data @ = (IZ,T) are such
that]laVSr = ]V.

As usual we make the preceding choices of perturbation data to be consistent with
the compactification of the spaces R 4 > 2 of punctured disks (in other words,
the perturbation data can be chosen to be consistent with breaking and gluing).

Before we proceed, here are a few important remarks explaining why this type of
perturbation data makes sense at all, and why it does not collide with other aspects
of the construction coming from [BC14]. First note that as we are only aiming at

defining a module ¥Vge over Fukeop ¢,,, the Floer polygons u : S, — M involved in
the definition of yzfqe map the last arc along the boundary of S, to V, and all other arcs
to Lagrangians of the type y X N;. Moreover, as ) is transverse to the rays of ni(V),
then when defining the /,qu—operations we do not need to perform any horizontal

perturbation (in the R2-direction) for strip-like ends corresponding to (y X N4, V) and
(y X N1, V). Thus vertical perturbations (in the M-direction) are enough. Therefore
we can force the transition functions a, to be 0 along dy S;.
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Recall also that apart from (P2) above, the almost complex structures T in the
perturbation data also have a restricted form, as described in [BC14] page 1764,

namely they should satisfy that the projection 7 is (], (¢" (2))+(1))-holomorphic for

every r € %1,z € S,, over the complement of some compact subset in R%. We note
that the latter condition is compatible with (P2) above because a, = 0 along dy S, and
because 7 is (], i)-holomorphic over the complement of a compact subset Ky C R2,

Finally, it is straightforward to see that a consistent choice of perturbation data as
described above indeed exists.

We now claim that with these modification the yold/qe -operations are well defined and
satisfy the Ac,-module identities. To see this we need to address the following points:
compactness and transversality of the relevant spaces of Floer polygons (defined
using the preceding perturbation data), and finally, that the A,-module identities
indeed hold.

Assuming compactness and transversality, the last point easily follows from the
fact that the perturbation data can be chosen in a consistent way.

For transversality, the arguments used in [BC14, Sections 3.4 and 4.3] (see
also [BCb, Section 4.3.2 and Remark 4.3.5]) can be easily adapted to the present
setting. The point is that imposing conditions (P1) and (P2) has no effect on transver-
sality for the spaces of Floer trajectories, since these conditions affect the values
of a, and | only along dvS, while in the interior of S, we can perform arbitrary
perturbations (subject to [BC14, pp. 1762-1764]).

We now address compactness. Here there are two separate issues to take care of.
The first one is to verify that all Floer polygons (with fixed input and output chords)
lie in a compact region of M. The second issue is to control bubbling of holomorphic
disks and spheres (recall that V' is not assumed to be weakly-exact anymore but only
quasi-exact).

The first point can be dealt with by the same arguments as in [BC14, Section 3.3].
Indeed, since y is assumed to be transverse to the rays of 77(V) corresponding to the
ends, condition (P1) does not interfere with the arguments from [BC14, Section 3.3].
Condition (P2) works well with the the arguments from [BC14, Section 3.3] since ©
is (Jv, i) holomorphic over R? \ Ky. This concludes the argument showing that all
Floer polygons lie within a compact region of M.

Finally, we claim that in our setting no bubbling of holomorphic disks or spheres
can occur. Indeed, by condition (P2) ] |5, 5, = Jv and by assumption there are no non-
constant Jy-holomorphic disks with boundary on V. Therefore, bubbling of disks
cannot occur at the dy S, arc. As all the Lagrangians corresponding to the other arcs
of 5, are weakly-exact (they are of the type y X N with N € @) bubbling of disks
cannot occur at these arcs too. Bubbling of holomorphic disks is also impossible since
by point (4.1.1) of Remark 4.1.1, M is a weakly-exact symplectic manifold.

This concludes the definition of the Fukop,,,-module V.

4.2.1. Remark. — The module ¥ is, strictly speaking, not a Yoneda module
(although it is defined in an analogous way to Yoneda modules). The reason is that
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a quasi-exact (but not weakly-exact) cobordism V' is not an object of @ukcob,cg,y, nor
of any other A-category we are considering in this paper. It is possible to set up an
Ac-category whose objects are quasi-exact cobordisms, by further modifications of
the construction above. But this is not needed for the applications in this paper and
so we will not pursue this direction here.

We continue with extending the constructions from Sections 3.6 and 3.7 to the
quasi-exact setting.

Let V c R% x M be a cobordism as at the beginning of Section 3.7, only that now
we assume that V is only quasi-exact. Let y, p, I be as in Section 3.7. Consider also
the module Vg as constructed above. Note that the inclusion functor .%,,, » has its
image in Fukeob ¢,y hence can be viewed as a functor

Fyip + Fuk(6; p) — Fukeob,6,y-
By analogy to (3.28) we define a Fuk(%6; p)-module:

qe — ¥
(4.1) M =I5y Ve

We define also the modules /ﬂgejyj P’ j=1,...,r,in the same way as in (3.30), only
that we now use the module 7/ instead of the Yoneda module 7'.

PROPOSITION 4.3. — The statements of Propositions 3.4 and 3.5 continue to hold for the
modules M and MY that have just been defined.
Viyph Viyipv

The proof is exactly the same as the proofs of Propositions 3.4 and 3.5.

4.3. Quasi-monotone cobordisms

By analogy to the “quasi-exact vs. weakly-exact” case, there is also a similar notion
of quasi-monotone cobordisms generalizing monotone ones.

Fix d := dT" € Ag, where d € Z,, a > 0. As in Section 3.5 denote by SBang“'d (M)
the class of closed monotone Lagrangians L ¢ M with d;, = d. Note that existence of
a monotone Lagrangian in M implies that the ambient manifold M is monotone too.
In particular, for every A € mp(M) with w(A) > 0 we have c1(A) > 0.

DEFINITION 4.4. — Let V. € R? x M be a Lagrangian cobordism with ends in
Fag™o4d(M), not all void. We say that V is quasi-monotone if there is a compact
subset Ky ¢ R? and an @-compatible almost complex structure Ji such that:

1) V is cylindrical over R? \ Int (Ky).
2) mis (Jv, i)-holomorphic over R? \ Int (Ky).
3) For all Jy-holomorphic disks u : (D, dD) — (M, V) we have p(u) = 2.

As in the quasi-exact case we will call (Jy, Ky) quasi-monotone admissible for V, and
sometimes say that (V, Jv, Ky) is quasi-monotone.

We denote the class of quasi-monotone cobordisms V as above by
Lag ™4 (R? x M).
The parameter d indicates the value of d;, for the ends L; of V € £aga™4(R? x M).
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In the following we will need the following lemma, which is valid both in the
quasi-exact and quasi-monotone cases.

Lemma 4.5. — Let (V, ]y, Kv) be quasi-exact (resp. quasi-monotone). Let J|, be another
w-compatible almost complex structure such that J{, = Jy over Ky and J{, is fiberwise split
over R? \ Int (Ky). Then (V, Ji,» Kv) is also quasi-exact (resp. quasi-monotone).

Proof. — This is an immediate application of the open mapping theorem, combined
with the weak exactness (resp. monotonicity) of the ends of V. Indeed, by the open
mapping theorem we deduce that any J{,-holomorphic disk with boundary on V has
to have its image inside n=(Ky). As (V, Jy, Ky ) is quasi-exact (resp. quasi-monotone)
and Jy = J{, over Ky this implies the claim. O

4.4. Extending the results from Section 3.7 to quasi-monotone cobordisms

This is similar to Section 4.2 only that now we have to take care of bubbling of
holomorphic disks. The goal is to construct the modules %, and /ﬂ?,"; . analogous
to ¥ and /%32/ o For brevity, denote by

| =Za gm(’“'d (M).

LetV c Mbea quasi-monotone Lagrangian cobordism with ends in 6. Fix a quasi-
monotone admissible pair (Jy, Kv).
Lety and p, h be as in Section 4.2. Recall that in the monotone Fukaya category of M
the choices of the Floer data prescribed by p are assumed to satisfy the following addi-
tional conditions. Let Ko, K1 € € and D, , = (HKX1, {] tK K13) be the Floer datum of
(Ko, K1) prescribed by p. Letn € 6(HX-X1) be a Hamiltonian chord. Then forboth v = 0
and v = 1, the almost complex structure 5" is regular for all JXo K1 _holomorphic
disks with boundary on K, that have Maslov index 2 and moreover n(v) € K, is areg-
ular value of the evaluation maps evg, 4 : (M(A, JKoK1y s 9D) / Aut(D) — K, for all
A € mo(M, K,) with u(A) = 2. (And of course, by assumption the } 4 degZZ evk, A =d,
where the sum is over all A € m2(M, K,) with u(A) = 2. Here d € Z; is the coefficient
of T*ind,ie.d = dT*.)
Fix N € 6. Let [NV = {] ty ><N’V} be a time-dependent w-compatible almost
complex satisfying the following properties:
1) For each intersection point x € y N n(V), denote by L, € M the Lagrangian
corresponding to the end of V over x. We require that ]Z/XN’V =i® ]tN A in
U, x M for some small neighborhood U, of x which is contained in R2\ Ky.
Here, {J tN "4} is the choice prescribed by p for the pair (N, Ly).

2) ]17 “NV s fiberwise split over R? \ Ky.

3) ]{'XN’V coincides with [y over Ky .

As will be seen soon, J”*N'V will be used as the almost complex structure for the

Floer datum 9,xn,v of the pair (y x N, V). As such, JV*NV needs to satisfy the
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usual additional conditions we impose on Floer data for Lagrangian cobordisms,
as described in [BC14, Section 3.2, p.1764]. It is easy to see that almost complex

structures {]ty ><N’V} as described above exist (recall that the space of w-compatible
fiberwise split almost complex structures is connected). Note that by Lemma 4.5
(]{’ XN’V, Ky) continues to be quasi-monotone admissible for V.

The Ac-category Fukeop ¢,y is constructed in a similar way to what we have done

in Section 4.2, only that we work in the monotone framework.

To define the module 7, we take Floer data of the type
E%ny,v — (nyN,V, {]VXN,V})’

where the almost complex structure {J”*N'V} is as described above. The Hamiltonian
term H”*N'V is assumed to have the following form: for every x € y N 7(V) we have
HYNV(z,u) = o((z)HN (), for z € Uy, u € M. Here, HN'Lx is the Hamiltonian
term in the Floer datum of (N, Ly) and o(y) : Uy — [0, 1] is a smooth function with
compact support in U, and such that o(,) = 1 near x. Outside of the union of the
subsets Uy, x € y N 1(V), we set H”N'V to be 0.

Next, we define in a similar way to Section 4.2 perturbation data @ = (K, ] ) for
tuples of the type (y X Ny,...,y X Ny, V) with the difference that we require now
that T| ays, coincides with Jy over Ky. It is straightforward to see that consistent
choices of perturbation data with these additional properties exist. Moreover, there
exist such consistent choices which are regular. The latter does not require any new
arguments beyond those remarked in the quasi-exact case.

The definition of the module 7/, is now done in the same way as for the module
% in the quasi-exact case. Beyond the arguments for the weakly-exact and quasi-
exact cases, there is only one point that needs to be analyzed — bubbling of disks
and spheres within spaces of Floer polygons of dimensions < 1 and its effect on the
Ac-module identities for the ycg”"‘ operations.

To this ends, suppose that bubbling of a holomorphic disk or sphere occurs in a
sequence of Floer polygons whose index is < 1 (i.e. the dimension of the space of
these polygons is < 1). We claim that this can happen only if the Floer polygons are
in fact Floer strips (i.e. the polygons are 2-gons with boundaries on two Lagrangians),
the incoming and exit chords coincide and moreover, after removing the bubbles we
are left with a “constant” Floer strip, namely a degenerate Floer strip whose image is
that common Hamiltonian chord.

Indeed, if bubbling of disks occurs along V' then by quasi-monotonicity each such
bubble has Maslov index > 2. If bubbling of a holomorphic disk occurs along one
of the y x Nj’s, then by the monotonicity of N; we again have that the Maslov index
of each such bubble is > 2. Finally, if bubbling of a holomorphic sphere occurs,
then the Chern number of such bubbles is > 1 because M is a monotone symplectic
manifold (see the beginning of Section 4.3). Thus, in all cases the total index of the
Floer polygon that remains after removing the bubbles is negative. By transversality
this cannot happen unless that polygon is “constant at a chord”. Moreover, if the

SOCIETE MATHEMATIQUE DE FRANCE 2021



84 CHAPTER 4. QUASI-EXACT AND QUASI-MONOTONE COBORDISMS

perturbation data are chosen generically, such a limit can occur only if the polygons
are strips.

We are thus left only with the case when bubbling occurs for Floer strips (in a 1-
dimensional space) connecting a chord ) to itself, and after bubbling of a holomorphic
disk the remaining Floer strip is “constant” at 7. The holomorphic disk bubble has
boundary on one of the Lagrangians involved and passes through 7(0) or 1(1).

Now, the only effect of the last phenomenon on the ycg””’ operation is for d =1,

namely when trying to show that /7" o 1./ is 0. Note that the two pairs of Lagran-
y ying Hq Hy P g

gians involved in this operation are of the type y x N with N € 6 and V. By our
choices of Floer data, the only Hamiltonian chords 1 between these two Lagrangians
are of the type x X 1/, where x € y N (V) and n € 6(HN'*+). Here Ly C M is the
Lagrangian corresponding to the end of V over x. By our choice of almost complex
structures in the Floer data and by applying the open mapping theorem all the holo-
morphic disks with boundary on either y X N or on V that pass through 7(0) or n(1)
must have constant projection to R2. Thus these disks lie in x x M and are in fact
either J ’Lx—holomorphic with boundary on N and pass through 1’(0) or are ]f] e
holomorphic with boundary on L, and pass through n’(1). By gluing results the
outcome of this is that
(42) o)y = Y (dy - di)xx &)
&'e0(HN Lx)

Since both N and all the ends of V belong to € = Sfagmon'd (M) we have dy =d;_,
hence (4.2) vanishes. This concludes the construction of the Fukcop, ¢,,-module V.

The construction of the Fuk(6; p)-modules /VL?:;% , and /ﬂ?/";] o isdoneasin (4.1)
with V4, replaced by 7.

As earlier, Propositions 3.4 and 3.5 continue to hold in the quasi-monotone case
(with the same proofs):

PROPOSITION 4.6. — The statements of Propositions 3.4 and 3.5 continue to hold for the
module /%?/m and A" that has just been defined.
v Viyipw
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CHAPTER 5

PROOF OF THE MAIN GEOMETRIC STATEMENTS

We prove here the main geometric results.

We will make use of the following variants of the notion of Gromov width.
Let (M?", w) be a symplectic manifold, L ¢ M a Lagrangian submanifold and Q ¢ M
a subset. Following [BCo7], [BCo6] we define the Gromov width 6(L; Q) of L relative
to Q as follows.

Assume first that L ¢ Q. Define:

(5.1) O(L;Q) = sup{m’2 € (0, 0] ; Ja symplectic embedding ¢ : B(r) - M
such that e™*(L) = Br(r) and e(B(r)) NQ = @ }.
Here B(r) ¢ R?" is the standard 2n-dimensional closed ball of radius r, endowed

with the standard symplectic structure from R?", and Br(r) := B(r) N (R" x {0}) is
the real part of B(r).

In case L ¢ Q we set 6(L; Q) := 0.

Another variant of the Gromov width is associated to an immersed Lagrangian.
Let L be a smooth closed manifold (possibly disconnected) and let ¢ : L — M be a

Lagrangian immersion with image L := ((L). We will measure the “size” of a subset
of the double points of L relative to a given subset Q C M. Denote by X(t) C L the
set of points that have more than one preimage under the immersion . Let &’ C (1)
be a non-empty subset such that each point in Y’ is a transverse intersection of two
branches of the immersion. As before, let Q € M be a subset.

Assume first that X/ ¢ Q. We define the Gromov width 6~ (L;Q) of the self-
intersection set X’ relative to Q by

0¥ (L;Q) = sup{nr2 € (0,00] ; Vx € X', Ja symplectic embedding ey : B(r) — M with
ex(0) = x, ¢;'(L) = Br(r) UiBr(r), ex(B(r)) N Q = &,
and e, (B(r)) N ey (B(r)) = @ whenever x’ # x”}.
Here iBr(r) stands for the imaginary part of the ball, iBr(r) := B(r) N ({0} x R").
Incase @ # X’ ¢ Q we set 6¥ (L; Q) = 0. In case X’ = @ we set 62 (L; Q) = co.
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In what follows, if Q = @, then we omit the set Q from the notation in both 6(L; Q)
and 6% (L; Q).

The next important geometric measurement is the shadow of a cobordism, as de-
fined in [CS19] and already mentioned in the introduction. Let V C R? X M be a
Lagrangian cobordism. Denote by 7 : R2x M — R? the projection. The shadow S(V)
of V is defined as

(5.2) 8(V) = Area(R*\ U),

where U C R?\ n(V) is the union of all the unbounded connected components of
R2\ (V).

We now restate here the main geometric results for the convenience of the reader.
Recall that Z£ag*(M) denotes the collection of closed Lagrangian submanifolds of M
of class #, where * stands either for the weakly exact Lagrangians (+ = we in short), or
for the monotone Lagrangians with given Maslov-2 disk count d € Ag (+ = (mon, d)
in short) as introduced in Section 3.5. Similarly, we have the collection Zag*(R? x M)
of Lagrangian cobordisms V ¢ R? X M of class *, where * is as above.

THEOREM 5.1. — Let L, Ly,..., Ly € Lag™*(M) and V : L ~> (L1,...,Lx) a weakly
exact Lagrangian cobordism. Denote S := Uf-‘zl L; the union of the Lagrangians corresponding
to the negative ends of V. Then

(5:3) S(V) > 36(L; S).

For the next two points of the theorem we will use the following. Let N € Lag“¢(M) be another
weakly exact Lagrangian submanifold and consider S = Ui’(:l LicMand NUS c M as
immersed Lagrangians (parametrized by ]_If:1 L; and N ]_[(]_[f-‘:1 L;) respectively).

(i) Assume that N intersects each of the Lagrangians Ly, ..., Ly transversely and that
NNL;NLj=@ foralli# j. Denote X' :== NNS.IfS(V) < % ¥ (N US) then

k
(5.4) #(NNL) > > #NNL).
i=1
(ii) Assume that the Lagrangians L., ..., Ly intersect pairwise transversely and that
no three of them have a common intersection point (i.e. L N L; N L, = & for all distinct
indices i,],r). Let £ be the set of all double points of S, i.e. X" := Uy<jcjex Li N Lj.
IfS(V) < 1 6% (S;N) then .
(5.5) #(NNL)> Z dim, (HE(N, L;)).
i=1
The proof is given in Section 5.1 below.
5.0.1. Remark. — Note that the inequality (5.4) in Theorem 5.1 implies variants of
both inequalities (5.3) and (5.5), but with slightly different assumptions and for dif-

ferent constants 0. This is obvious concerning (5.5) and for inequality (5.3) it is seen
by applying (5.4) to the cobordism W : & ~~» (L, Ly, ..., L¢) obtained by bending the
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positive end of V half way clockwise — as in Figure 4 — and taking N to be a suitable
Hamiltonian perturbation of L. ]

Theorem 5.1 has an analogue in the monotone case too. Recall from Section 3.5
the Maslov-2 disk count d € Ay associated to a monotone Lagrangian L and also its
minimal disk area A; defined by (3.23) in Section 3.5.

THEOREM 5.2. — Let L, Ly, ..., Ly C M be monotone Lagrangians and
V:L~~~>(Ly,...,Lg)

a connected monotone cobordism. Let S be the same as in Theorem 5.1. Denote by d € Ag the
Maslov-2 disk count of L (hence by Section 3.5 also of the L;’s) and let N € M be another
monotone Lagrangian with dy = d. Then:

(5.6) $(V) > min {35(L; S), AL}

Moreover, under the above assumptions inequalities (5.4) and (5.5) continue to hold as stated
in Theorem 5.1.

The proof is given in Section 5.2.

Before the proofs of Theorems 5.1 and 5.2, here is bit of notation that will be used
throughout. Denote by A the Novikov ring (with coefficients in Z5) and by Ag € A
the positive Novikov ring, as defined in (2.1) and (2.2). Recall from (3.11) the standard
valuation v : A — R U {co} defined by

V(ﬂOT/\O + Za,-TAi) = Ao,
i=1

where ap # 0 and A; > Ag for every i > 1. As usual we set v(0) = co.

All Floer complexes will be taken with coefficients in A as in Section 3 and the
filtrations on them will be defined by action, according to the recipe from Section 3.3.
Given such a Floer complex, say C, we will denote by A : C — R U {~oo} the action
level, as defined in Section 2.7. (Recall that for x € C we write A(x) and A(x; C)
interchangeably.) Note that A coincides with A from Section 3.3, and below we will
continue to denote it by A (rather than A) to keep compatibility with our general
algebraic conventions.

5.1. Proof of Theorem 5.1

We begin with the proof of inequality (5.3). We first assume that the Lagrangians
L,Ly,..., L intersect pairwise transversely, and treat the general case afterwards.

We start by bending the positive end of V by 180° clockwise in such a way as to get
a cobordism W without positive ends, and whose negative ends are (Lo, L1, ..., L),
where Lo := L (see Figure 4). Clearly S(W) = S(V).

Fix e > 0.Lety, ¥’ be two curves, as depicted in Figure 5, and such that there exists a
(not compactly supported) Hamiltonian isotopy, horizontal at infinity, ¢; : R? — R?,
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Ly .
L2 : L
Ly

Ly

Ly

Ly
Ly=L -

Fi1GURE 4. The cobordisms W obtained from V by bending the positive end.

t € [0,1], with pg = id, @1(y) = ¥’ and with
(5.7) length{p;} < S(W) + e,
where length{¢;} stands for the Hofer length of the isotopy {¢:}.

Put S = Ule Li and let e : B(r) — M \ S be a symplectic embedding as in the
definition of 6(Lo; S) in (5.1), with

5(Lo,S) — € < mr? < 5(Lg, S).

Next, let
(5.8 B:=image(e), q:=e(0) €Ly, J°:=e.(ua),

where the latter is the complex structure on B corresponding to the standard complex
structure Jsq of B¥"(r) via the embedding e.

Next, we fix a symplectic identification between a small open neighborhood U of
Ly in M and a neighborhood U’ of the zero-section in T*(Lg). Let f : Ly — R be a
C!-small Morse function with exactly one local maximum at the point g4 € Ly. We
extend f to a function j?: U’ — R by setting it to be constant along the fibers of the
cotangent bundle. Finally, let H }O’L“ : M — R be a smooth function such that H }O’L" lu

coincides with ]?Via the identification between U and U’ that we have just fixed.

We now turn to the Fukaya categories relevant for this proof. Let 6 be the collection
of Lagrangians Ly, . . ., L. We will use the Fukaya categories Fuk(®) and Fukop(€)
associated to 6. More specifically, we consider regular perturbation data p € Ef.,
and C!-small profile functions h € #rof(y) as in Section 3.6.

We impose two additional restrictions on the admissible choices of perturbation
data p as follows. The first one is that the datum 9, 1, of the pair (Lo, Ly) should
have the function HX™ as its Hamiltonian function, defined using any choice of
a C!-small Morse function f as described above. Furthermore, we allow only for
functions f that are sufficiently C!-small such that @(HJEO’LO) = Crit( f). Note that for
every y € @(H}“’LO) we have A(y) = f(y).
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The second restriction is that the Hamiltonian functions H""% in the Floer data
D1, 1 # j,areall 0. Itis possible to impose these additional restriction and still main-
tain regularity since we have assumed that the Lagrangians Lo, L1, ..., Ly intersect
pairwise transversely. With these choices we have for every i # j:

oH"L)=LinL;, A(z)=0, forall zeOH"").

We denote the space of all such regular choices of perturbation data by Eft, C Ef,.
We remark that the Morse function f is not fixed over Ef, and each choice p € Ef¢,
comes with its own function f. Finally, note that V' is still in the closure of Ef,.

We now appeal to the theory developed in Section 3. Consider the Fukaya cat-
egory Fuk(®;p) (see Section 3.2) as well as the Fukaya category of cobordisms
Fukeob(G1)2; 1y(p, 1)) (see Section 3.4 and (3.25) in Section 3.6). Recall that we have
an “inclusion” functor

Iyiph Fuk(6; P) - Eg;ukcob(eél/ﬂ l)/(P/ h))
Denote by W the Yoneda module corresponding to the object
W € Ob (Futkean(12; 1, (p, )
and consider its pull-back by the functor .9, :

—— *
Moy p 1= I W

Recall from Sections 3.3, 3.4 and 3.6 that the A.-categories
Fuk(@;p),  Fukeon (1123 1y (p, 1)

as well as the Ac-functor %, are all weakly filtered. Moreover, by Sec-
tion 3.7 the module Jlw;,, if weakly filtered too. By Propositions 3.4, and
points (3.6), (3.6) on page 69 the discrepancy of this module is bounded from above
by e(p, h) = (e1(p, h), e2(p, h), ..., €a(p, h),...) which satisfies limes(p, h) — 0 for
every d,as p — po € ¥ and h — 0 (the latter in the C!-topology).

Throughout the proof we will repeatedly deal with quantities having the same
asymptotics as €;4(p, h). In order to simplify the text we introduce the following
notation. Let Ay € W and let (p, h) — C(p, h) be a real valued function defined for p

3 ’ 3 ’
in a subset of E{,, whose closure contains Ny, and 1 € 7.
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We will write C(p,h) € O(M) to indicate that for every py € M we have
lim C(p, h) = 0 as p — po and h — 0 (the latter in the C'-topology).
By Proposition 3.5 (and (3.32)) we have

(59) S dlw,ypn = Gone(Ly (P—k> BGone(Ly-_1 h Bone(: -

b, 2
- Gone(Ly —> Gone(£1 — %)),

where s, — 0as h — 0. (Recall from §2.3.4 that S*" /Ly, , 1 stands for the module
My ,y,p,n With action-shift by s;,.) The modules &; in (5.9) are the Yoneda modules of
the L;’s. The notation a stands for 51‘ =(¢;,0,0 ®), with ¢; being a homomorphism
of modules that shifts action by < 0 and has discrepancy < §®)(p, i) where for every
d we have 65{)(}7, h) € O(W). For simplicity of notation set

8(p, h) = max {6W(p, h),..., 6% (p, n)},

so that the discrepancy of all the ¢;’s is < d(p, h) and we still have 64(p, h) € O(N)
for all d.
Consider the filtered chain complex

%p,h = Ssh.ﬂw;y,p,h(Lo)

endowed with the differential coming from the p1-operation of M, p 1. By definition
Gy = S CF(y X Lo, W; Dyx1o,w), where @,x1,w is the Floer datum prescribed
by 1y, (p, h). By (5.9) the Floer complex of (Lo, Lo) is a subcomplex of € 5, or more
precisely, we have an action preserving inclusion of chain complexes:

(5'10) CF(LOI LO/ p) c %p,h/

where 9y, 1, is specified by p and is subject to the additional restrictions imposed
earlier in the proof. To simplify the notation, we will denote from now on for a pair of
Lagrangians (L', L”) by CF(L’, L”; p) the Floer complex CF(L’, L”; @1 1), where D/ 1~
is the Floer datum specified by p.

Recall that we also have the curve y” ¢ R? with ” N (W) = @. Choose a Floer
datum @’ for (3’ X Lo, W) with a sufficiently C?>-small Hamiltonian function so that
CE(y’ X Lo, W; ") = 0. Now y X Ly can be Hamiltonian isotoped to y’ X Ly via an
isotopy horizontal at infinity with Hofer length < S(W)+ 1e. By standard Floer theory
(see e.g. [FOOO09a, Section 5.3.2]) the identity map on %) 5 is null homotopic via
a chain homotopy which shifts action by < S(W) + %e. Translated to the formalism
of (2.44) in Section 2.7 this means that By (idg, ,) < S(W)+ %e, hence by (2.46) we have

(5.11) B(&pn) < S(W) + Le,

where B(&), ) is the boundary depth of the (acyclic) chain complex &), , as defined
in Section 2.7.

We now appeal to Theorem 2.14 applied to the weakly filtered iterated cone (5.9).
We apply this theorem with X = Ly and p; = 0. We obtain a new weakly filtered
module J such that /il (Lo) has a differential " as described in that theorem together
with a filtered chain isomorphism o1 : €, — J(Lo). An inspection of the sizes of
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shifts and discrepancies of the various maps involved in Theorem 2.14 shows that
there exists a constant s°(p, h) € O(WN) such that oy shifts filtration by < s%(p, h).
Additionally, Theorem 2.14 implies that CF(Lg, Lo; p) is also a filtered subcomplex
of Ml(Lo) and that pr, o o1 maps CF(Lo, Lo;p) C 6y, to CF(Lo, Lo;p) C Jl(Lo) via
the identity map: (pry © 01)|cp(r, 1) = 1d- Here pry : JM(Lo) — CF(Lo, Lo; p) is the
projection onto the 0-th factor of J#((Lo).

Consider now the homology unit e;, € CF(Lg, Lo; p) as constructed in (3.10). By
standard Floer theory er, = g (recall that g is the unique maximum of f : Ly — R).

Letc € CF(Lg, Lo; p) and y € 6(H ™) a generator, where H'0/1 is the Hamiltonian
function of the Floer datum specified by p for (Lo, Ly). We denote by (c, y) € A the
coefficient of ¥ when writing c as a linear combination of elements of O(H 1) with
coefficients in A.

We will need the following.
LemMA 5.3. — For every chain ¢ € CF(Ly, Lo; p) we have {u1(c), q) = 0.

We postpone the proof of the lemma and continue with the proof of Theorem 5.1.

Put Cs := maxyer, | f(¥)l, CY(p, h) = Cr +5%(p, h). By (5.11) there exists
(5.12) b’ € By with A(V'; Gp,0) < Alery; Gp i) + S(W) + 1€ < Cr + S(W) + €,

such that ey, = [u?”’h @®).
Recall from point (2.14) of Theorem 2.14 that pr, o 01 |CF(Lo,Loip) = id. Set b := 01(b")

and apply pr, o o1 to the equality ey, = yfp " (b). We obtain
(5.13) er, = pry © y{”‘(b), A(b;/JL(Lo)) < C(l)(p, h)+S(W) + %e,

where C(p, h) := Cs + 59(p, h). Obviously CV(p, h) € O(N). (Note that f — 0
asp —>poeN)
Using the splitting (2.30) write b = bg + - - - + by, with b; € CF(Lo, L;; p) and

A(bi; CE(Lo, Li; p)) < CO(p, h) + S(W) + Le,

where C?(p, h) is a new constant such that lim C®(p, k) € O(N).
Continuing to apply Theorem 2.14 we have
k

k
(5.14) 9= proo i (b) = > ao(by) = 5" P (o) + o i(by),
j=0 j=1

where the operators 4; j are the entries of the matrix representation of yi* with respect
to the splitting (2.30). By Lemma 5.3, (¢t1(bo), q) = 0, hence there exists 1 < jo < k
such that

(5-15) (a0,j,(bjy), q) #0, v({ao,j(bjy), 7)) < v(1) =0.

Here v is the standard valuation of A (see (3.11)).
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By Theorem 2.14 there exist chains ¢y ;» € CF(Ly,Li»;p), for all i’ < i”, with
Alciniv) < CO(p, h), where C®(p, 1) € O(N) and such that

Fuk(8;p)
a0,jo (b]b) = Z Hy (bjor Cigigoare--s Ciz,il)r
2<d,i

where i = (i1, ..., ig) runs over all partitions 0 = iy < ip - < ig_1 < ig = jo.

It follows that there exists a partition 1‘0 = (i?, e, ig) with d > 2, for which

Fuk(G;p) Fuk(6;p)
<[.1d (bjO,Cig,igil,...,Cig,ig),q> #0, V(<yd (bjU’Cig,ig,l""’Cig,i?)’q>) <0.

Writing bj, as a linear combination (over A) of elements from Ly N Lj, and similarly
for the C0 0 1’s, we deduce that there exist x € LoN Lj,, P(T) € A,and z, € Li9 NLj v
Qe Aforr=2,...,d,such that

A(P(T)x) < CP(p, h) + S(W) + e,
A(Q/(T)z,) < CO(p, k), forall 2<r<d,

(3 PP, Qu(Tza, ., Qa(T)22),9) 0,

V((y;}uk(cﬁ;P)(P(T)x, Qi(M)z4,...,02(T)z2), q)) < 0.

Note that d, as well as the points x, z4, ..., 22, 4, all depend on (p, ), but for the
moment we suppress this from the notation.
Since A(P(T)x) = —v(P(T)) and A(Q,(T)z,) = —v(Q,(T)) we obtain

(5.16) V((M?uk(%;p)(X,Zd, e, 22), q)) < S(W) +Lle+CW(p, h),

where C#(p, h) € O(W).

Denote by @(p) = (K(p), J(p)) the perturbation datum prescribed by p € Ef, for
the tuple of Lagrangians (Lo, Lj,, Li,_,, ..., Li,, Lo). It follows from (5.16) that there
exists a non-constant Floer polygon u € JMl(x,z4, ..., 2z2,9; D(p)) with

w(u) < S(W)+ %e + C(4)(p, h).

Let po € N be any choice of perturbation data which assigns to the tuple of
Lagrangians (Lo, Lj,, Li,,, ..., Li,, Lo) the perturbation data <(po) = (K = 0, J(po)),
where J(po) is a family of almost complex structures that coincide with J® on B
(see (5.8)).

Fix a generic C!-small Morse function f as on page 88. We now choose a sequence
{(pn, hp)}in E;;g with (py, hn) = (po, 0) as n — oo, and with the following additional

property. The Hamiltonian function HX0Lo(n) prescribed by p, for the Floer datum

Dro,Lo(pn) of (Lo, Lo) is H ?}’LO, i.e. constructed as on page 88 but with the function % f
instead of f. Consequently, the point g (the maximum of 4 f) does not depend on n.

Passing to a subsequence of {(p,, h,)} if necessary we may assume that both d
as well as the points x, z4,...,z2 above do not depend on n either. (Note that by

Theorem 2.14, d < k, so there are only finitely many possible values for d.)
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In summary, we obtain a sequence u, € M(x, z4, ..., 22, q; D(pn)) With
w(uy) < SW) + %e + C(4)(pn, hy).

By a compactness result [OZ], [OZ11] (see also [FO97], [Ohg6b], [Ohg6a]) there exists
a subsequence of {u,} which converges to a union of Floer polygons vy, v1, ..., 7y,
I > 0, together with a (possibly broken) negative gradient trajectory 1, of f.°

The Floer polygons v; map the boundary components of their domains of definition
to some of the Lagrangians in the collection Lo, Lj,, L, ,, ..., Li,, Lo. Moreover, vg
maps one of its boundary components to L. The maps v; satisfy the Floer equation
corresponding to the perturbation data prescribed by po. Consequently they are all
genuine pseudo-holomorphic (i.e. without Hamiltonian perturbations) with respect
to the (domain-dependent) almost complex structures prescribed by po. In particular,
one has w(v;) > 0 for every i.

As w(uy) < S(W) + %e +CW(p,, hy) for every n, we have ZLO w(vi) < S(W)+ %e,
hence
(5.17) w(vg) < S(W) + 1e.

The other part of the limit of {u, }, namely the negative gradient trajectory n of f,
emanates from an Lo-boundary point of one of the polygons, say vy, and ends at the
point g.

Consider now vy and 7. Note that 7 must be the constant trajectory at the point g
since it goes into g which is a maximum of f. It follows that the polygon vy passes
(along its boundary) through the point 4.

We now appeal to the special form of J(po) over the ball B. Recall that vy is
J(po)-holomorphic. Thus restricting vy to the subdomain (of its definition) which is
mapped to Int (B) we obtain a proper JB-holomorphic curve v} parametrized by anon-
compact Riemann surface with one boundary component. Moreover that boundary
component is mapped to BNLp, and g € B which is the center of the ball is in the image
of that boundary component. Passing to the standard ball B(r) via the symplectic
embedding e mentioned in (5.8) we obtain from v{ a proper Jsq-holomorphic curve
v, inside B(r) which passes through 0 and its boundary is mapped to Br(r) C B?"(r).
Applying a reflection along R" X 0 to vj, and gluing the result to v{ we obtain
a proper Jgg-holomorphic curve (without boundary) 7 in Int B*'(r) which passes
through 0. By the Lelong inequality we have mr? < wyq4(7))). Putting everything
together we obtain

8(Lo,S) —e < mr? < w(vy) =2w(vy) < 2w(vg) < 28(W) + €.
Since this inequality holds for all € > 0 the desired inequality (5.3) follows.
Proof of Lemma 5.3. — Recall that the Hamiltonian function in the Floer data @, 1,
of (Lo, Lo) is HJ%O'LO and we have @(H;“'LO) = Crit( f).

Let u : R x [0,1] — M be a Floer strip connecting x_ to x,, where x, € Crit( f).
Identifying (D \ {-1, +1},dD \ {-1, +1}) with (R x [0, 1], Rx {0} UR x {1}) we obtain

9. “Broken” means that the trajectory might pass through several critical points of f.
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fromu amapu’: (D \{-1,+1},9D \ {-1,+1}) — (M, Ly) that extends continuously
toamap i’ : (D,dD) — (M, Ly). Since Ly is weakly exact we have w(ii’) = 0, hence
w(u) = 0.

By (3.13) it follows that f(x_) = f(x4) + E(u), where E(u) is the energy of u
(see (3.2)). As E(1) > 0 we have f(x_) > f(x) with equality iff E(u) = 0.

Suppose by contradiction that {(u1(x), q) # 0 for some x € Crit( f). Let u be a Floer
strip that contributes to u1(x) and connects x to g. By the above, we have f(x) > f(q).
Since g is the unique maximum of f it follows that x = g4. Moreover, E(u) = 0. The
latter implies that dsu = 0. But this can happen only if u is the constant strip at g
which contradicts the fact that 1 contributes to p1(x). O

To complete the proof of inequality (5.3) it remains only to treat the case when the
Lagrangians Lo, L1, . . . , Ly donotintersect pairwise transversely. Fix e > 0. We apply k
Hamiltonian isotopies, one to each Lagrangian L;, 1 < i < k, such that the following
holds:

1) The images L,... ,L;{ of Li,...,L; after these isotopies are such that
Lo, L’l, el L;{ intersect pairwise transversely.

2) The Hofer length of each of these isotopies is < €/k.

3) 0(Lo;S) — € < 0(Lo; S"), where S" = L] U --- U L.
Let V : Lo ~» (Lq,...,Lx) be a weakly exact cobordism. We now glue to each of
the negative ends L; of V the Lagrangian suspension associated to the preceding
Hamiltonian isotopy used to move L; to L’. The result is a new cobordism V’ :
Lo~ (L3, ..., L}) whose shadow satisfies S(V’) < S(V) +e.

Since the ends of V’ intersect pairwise transversely it follows from what we have
already proved that §(V’) > %6(L0; S’). Therefore:

16(Lo;S) — 2e < 16(Lo; S') < S(V) < S(V) +e.

As this holds for all € > 0 the result readily follows.
This completes the proof of inequality (5.3).

We now turn to the proofs of the other two statements of Theorem 5.1.

5.1.1. Proof of statement (i). — As in the previous part of the proof, we first assume
that the Lagrangians Ly, . . ., L intersect pairwise transversely.

Fix € > 0 small enough such that

(5.18) S(V)+e< %62/(N uSs)-— %e.
Fix also r > 0 with
(5.19) ¥ (NUS)—e <mr? < 6% (NUS).

WriteYY = NNS = {x1, ..., xy } for the double points of NUS, and letey, : B(r) — M,
i=1,...,m,Dbe a collection of symplectic embeddings with the properties as in the
definition of 6* on page 85 (we take L = NU S and Q = @ in that definition).
Denote B := |J;, image (ex;) and let | B be the complex structure on B whose value
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Ficure 6. The curves y and )’ and the cobordism V.

on image (ey,) is the push forward (ey,;)«(Jsta) of the standard complex structure Jgq
of B(r) via the map ey,.

We consider now two curves y,y’ of the the same shape as in the earlier part of
the proof (see Figure 6) and such that (similarly to (5.7)) there exists a Hamiltonian
isotopy, horizontal at infinity, ¢ : R2 — R2, t € [0, 1], with ¢ = id, 1(y) = ’ and
with

(5.20) length{¢;} < S(V) + 1e.

Next we set up the Fukaya categories involved in the proof. Let 6 be the collection
of Lagrangians Ly, ..., Ly, L. We will work with the Fukaya Fuk(%;p) defined with
choices of perturbation data p with the following restrictions. The Floer data of
(N, L;), prescribed by p, are of the type D1, = (HN'Li =0, ](p)), where J(p) = {J:(p)}
is a family of almost complex structures such that Ji(p)| = JB for all t. The Floer data
Dr,L; i # ] have the 0 Hamiltonian function. Finally, the perturbation data @ 1 igreeiLiy
d > 2, all have vanishing Hamiltonian form, i.e. they are of the type (K = 0,]). Due
to the assumption that N, L1, ..., Li intersect pairwise transversely, regular choices
of perturbation data with the above properties do exist. We denote the space of such
regular choices by Ef.. (It is important to note that the restriction that Ji(p)|p = | B
for every t does not pose any regularity problem since every Floer strip or polygon
relevant for the definition of Fuk(%; p) cannot have its image lying entirely inside B,
and outside of B we have not posed any restrictions on the choice of almost complex
structures.)

We set up the Fukaya categories ?Iukcob(%lp, ty(p, h)) and ?I*ukcob(‘:él/z, ty(p, h))
and the associated inclusion functors in the same way as in the previous part of the
proof.

Let ¥, V' be the Yoneda modules corresponding to V, one time viewed as an
objectV € Ob(%ukcob(gél/y ty(p,h))) and one timeas V € Ob(i?ukcob(%l/z; Ly (p, h))).
Consider the pull-back modules

o— * = * !
Mviyp =Ty Vo My pni= Iy, V-
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By Proposition 3.5 (and (3.32)) we have

(5'21) SShMV;)/,p,h = Bone (gk &) BGone (gk—l h}

Gone (- - - Bone (£ & £1))+)),
where s, — 0 as h — 0, and similarly to what we have had on page 9o,
¢i = (¢i,0,8D), with ¢p; a homomorphism of modules that shifts action by < 0 and
has dlscrepancy < d(p, h), where for every d we have 64(p, h) € O(N). By similar
arguments, S° h/ﬂtvy phi = £, where & is the Yoneda module of L, and s, — 0
ash — 0.

Consider now the chain complexes

C@p,h = JM/V;;/,p,h (N), C@;,,h = ./ﬂv;),/,p,h(N)

endowed with the differential coming from the Ac-modules Myv;, 1, My, pn-*°
By definition

Gp,n = CE(y X N, V;Dyxn,v),
where @, xn v is the Floer datum prescribed by ¢, (p, h). Similarly

;7,}1 = CF(')/’ X N, V,' %V,XN,V)/

where 9,/xn,v is the Floer datum prescribed by t,(p, h). Consider now the Hamilto-
nian isotopy @; := ¢ Xid : R2x M — R? x M, t € [0,1], where ¢; is the Hamil-
tonian isotopy from page 95. Note that {¢;} is horizontal at infinity and by (5.20)
has Hofer length < 8(V) + €. Since 1(y X N) = ' X N, by standard Floer theory
(see e.g. [FOOOo9a, Chapter 5]) this isotopy induces two chain maps

gb : C@p,h — C@;,h, 11[) : C@;,,h — %P,h/
which are both filtered and such that i o ¢ is chain homotopic to id by a chain
homotopy that shifts action by < §(V) + €. More specifically
o =id+Kd%» +d%K,

where d% is the differential of 6, and K is a A-linear map that shifts action by
< 8(V) + €. Using the formalism of (2.44) this means that
(5.22) By(ipop—id) < 8(V) +e.
We now appeal to Theorem 2.14, by which we obtain the following:
> A chain complex /(N) whose underlying A-module coincides with 6, , and
whose differential ‘u/”(N ) is described by (2.31) from Theorem 2.14.
> An 1somorphlsm of chain complexes o1 : M(N) — €6, such thatboth 01 and its
inverse ‘71 : @p,n — J(N)shiftactionby < C M(p, h), where CD(p, h) € O(W).
We now estimate the action drop 6, (as defined in (2.42)) of the differential
it N) of the chain complex Jit(N). By Theorem 2.14 the differential p N) comprises
various pg4-operations, 1 < d < k, associated to tuples of Lagrang1ans of the type
(N,Li,Li,y,...,Li,, Liy), where i = iy < --- <ig <j,1<i<j<k. Recall also that
the perturbation data p € E], were chosen with vanishing Hamiltonian perturbation

reg

10. Note that 8, ;, defined here is different than the G, ;, from page 9o.
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for tuple of Lagrangians as above. Therefore, the above mentioned pg-operations are
defined by counting (unperturbed) pseudo-holomorphic polygons u with corners
mapped to intersection points between consecutive pairs of Lagrangians in tuples as
above.

Each polygon u contributing to these uy-operations has an intersection point
in NNL; as one of its inputs and an intersection point in N N L; as its output.
Moreover, these polygons are J2-holomorphic over B. We thus obtain

w(u) 2 w(image (u) N B) > %‘m’2 + }Im’z = %m’z,

where the first inequality hold because u is unperturbed-pseudo-holomorphic over its
entire domain, while the second inequality follows from a Lelong-inequality type of
argument (see e.g. [BCo7], [BCo6]). Combining the preceding inequalities with (5.19)
we deduce that every Floer polygon u that participate in the calculation of the differ-
ential u"™) must satisfy w(u) > J6¥ (N U S) — 1e. It follows that

(5.23) S > 165 (N US) - fe.
In view of the map 07 and its inverse oy ! mentioned earlier in the proof, we deduce
the following estimate for the action drop of the differential of 6, ;;:

5 e, 2 265 (NUS)—1e —2CW(p, h).

As CD(p, h) € O(W), by choosing p € Ef¢ close enough to / and the profile func-
tion h small enough, we may assume in view of (5.18) that

16¥(NUS) - 1e-2C(p, h) > S(V) +e.
Combining the above together with (5.22) we obtain
5({@,,/,, >8(V)+e =By op—id).

By Lemma 2.15 (applied with C = 6, 5, f = ¥ o ¢, ¢ = id) we deduce that ¢ o ¢ is
injective. It follows that ¢ : €, , — €}, ;, is injective too, hence dim 6, ;, < dimp C@;,h.

p.h
But P

Gu=CP P Ax, 6= P Ax,

i=1 xeNNL; xeNNL

which implies the desired inequality (5.4). This completes the proof of statement (i)
under the additional assumption that Ly, ..., Ly intersect pairwise transversely.

It remains to treat the case when the Lagrangians Li,..., Ly do not necessarily
intersect pairwise transversely.

Let V be a cobordism as in the statement of the theorem. Fix » > 0 and € > 0 with
(5.24) SV)+e<mr2<do¥(NUS).

Letey : B(r) » M, x € ¥’ = NN S, be a collection of symplectic embeddings as in
the definition of 6 (N U S) on page 85. Since X’ = Ule(N N L;) and the latter union
is disjoint every x € L’ belongs to precisely one of the Lagrangians L1, ..., Ly. Now
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let y € X’ and assume that y € N NL;. Letj # i. Itis easy to see from the assumptions
imposed on the embeddings e, in the definition of 6™ (N U S) that

Liney(B(r) = .

In particular L; N L; lies outside of e, (B(r)). It follows that ( J;s;»(L» N L;~) lies outside
of B := U,y image ex(B(r)).

Next, apply a small Hamiltonian perturbation to each of the Lagrangians
Ly, ..., Lk, keeping them fixed inside B, so as to obtain new Lagrangians L}, ..., L;(
that intersect pairwise transversely. By taking these perturbations small enough we
may also assume that no new intersection points between S and N have been created,
ie. L; NN = L; N N for every i. Moreover, we take these Hamiltonian perturbations
to be small in the Hofer metric so that the Hofer length of each of the isotopies
generating the above perturbations is < Zl—ke.

We now glue to each of the negative ends L; of V the Lagrangian suspension
associated to the preceding Hamiltonian isotopy used to move L; to L. The resultis a
new cobordism V' : L~ (L], ..., L) with (V') < S(V) + %e. Combining with (5.24)
we get:

S(V)< ¥ (NUS).

As the ends L of V’ intersect pairwise transversely, by what we have proved earlier
we have k
#NNL) > Z#(NmL;).

i=1
Since N N L} = N N L; for all i, the results follows and completes the proof of
statement (i).

5.1.2. Proof of statement (ii). — The proof is similar to the proof of statement (i)
above, only that now we use Proposition 2.18 to estimate #(N N L) in (5.5) instead
of Lemma 2.15. Below we will mainly go over the points in the proof that differ from
the proof of statement (i).

Fix € > 0 small enough and r > 0 so that
(5.25) S(V)+e <16 (S;N)-Lte, 6% (S;N)—e <mr? <% (S;N).

Next, fix symplectic embeddings e, : B(r) — M, x € L”, as in the definition of
6Y"(S; N) on page 85. Fix also curves y, )’ as in the proof of statement (i). We set
up the Fukaya categories Fuk(6; p), Fukeon (€12, Ly (p, 1)), ?ukcob(%l/z, ty(p, h))and
theinclusion functors %, ,.%,,p,1n, in the same way as in the proof of statement (i). We
then define the chain complexes 6, 1, 6, ;, and the two chain maps ¢ : 6,,» — 6, ;,,
P 16, — Gp,n, with

(5-26) Yop=id+Kod®h +d%r oK,
where K shifts action by < §(V) + €.
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As before, we now use Theorem 2.14 and obtain a chain complex #((N) whose
underlying A-module coincides with 6, ;, and equals

k
(5.27) M(N) = ) CF(N, Li; D 1,).
i=1

By Theorem 2.14 the differential H{I/l(n) can be written with respect to the splitting (5.27)
as an upper triangular matrix of operators (a;,;) with diagonal elements

CF(N Li; @N L; )
aii =y
Write y{”(N ) = dy + dq, where:
CF(N,LijnL,) .
> do = @le 1y ( V) with respect to (5.27) and

> dq : M(N) — M(N) is the operator represented by the part of the matrix (a; )
that lies strictly above the diagonal.

The operator d; consists of sums of p;-operations, d > 2, where among the inputs
of each such operation there is at least one point from L;NL;, i < j. A similar argument
to the one used on page 96 in estimating 6, in the proof of statement (i) shows

that 64, > 1772, Here, 84, is the action drop of dy (see Section 2.7, page 44).
Combining with (5.25) we get
(5.28) oa = 16¥'(S;N) - 1e.
Put f":=¢o¢: 6, — 6p,n. By (5.26) we have Bj,( f' —id) < S(V) +e. Recall from
Theorem 2.14 the isomorphism of chain complexes 01 : 6, — Jl(N) such that both
o1 and its inverse 01‘1 shift action by < C(p, h), where CV(p, h) € O(W). Consider

fi=o010f ooyt M(N) —> M(N).
We would like to apply Proposition 2.18 to C = M(N), do, di as defined above and
the map f. We have
f—-id=(o10Ko 01_1) od®h +d%no(s0Ko 01_1),

hence By(f —id) < S(V) + € +2CV(p, h). As CY(p, h) € O(N), by taking p close
enough to ¥ and the profile function & small enough, we may assume in view of (5.25)
that
8(V)+e+2CW(p, h) < 16¥(S;N) - Le.
Together with (5.28) we now obtain

(529) By(f —id) < 64,
In order to apply Proposition 2.18 it remains to check that
(5-30) dimp H.(M(N), do) > dimp H. (M(N), #{%(N))'

This follows from standard results in homological algebra since

H. (M(N), do) = @HF(N L), H.(M(N), p"™N) = H,(8, ), d")
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and 6, ; is an iterated cone of the type
Gy, = Bone(CF(N, Ly) — Gone(CF(N, Ly—1)
— Gone (- Bone(CF(N, Ly) — CE(N, L1))-+)).

We are now in position to apply Proposition 2.18, by which we obtain

k
dimy (image ( f)) > dimy H.(M(N), do) = Z dims HE(N, L;).
i=1

On the other hand dim, (image ( f)) < dimp JU(N) = Zg;l #(N N L;). Putting the last
two inequalities together yields (5.5) and concludes the proof of statement (ii). O

5.1.3. Remark. — The following argument, due to Misha Khanevsky, leads to a more
direct proof of an inequality as in the first part of Theorem 5.1 but gives a weaker
estimate. We reproduce the argument here with Khanevsky’s permission.

A result of Usher (Theorem 4.9 in [Ush14]) claims that, given two Lagrangians
V and V' that intersect transversely and non-trivially, there exists 6 > 0 depending
on V and V’, such that the energy (in the sense of Hofer geometry) required to
disjoin V from V’ is greater than 0. This result was proven for compact or (tame at
infinity) symplectic manifolds but can be adjusted without any difficulty to the case
of Lagrangians with cylindrical ends in C X M.

Assume that L ¢ | J; L; and let T be a small Lagrangian torus, disjoint from all L;’s,
and such that T intersects L transversely and non-trivially. Let )’ be a curve as
in Figure 6 and let V/ = 9/ X T. Thus V’ and V intersect non-trivially and transversely
(see also Figure 4). The isotopy W taking the curve y to the curve )’ in Figure 6
disjoins V' from V and thus its energy E(W) has to exceed 6. At the same time, W can
be picked in such a way that E(\V) is as close as needed to §(V) and thus we deduce
the inequality S(V) > 6 which finishes Khanevsky’s argument.

However, notice that the dependence on T of the constant 6 here means that
it is generally smaller than §(L;S) from the statement of Theorem 5.1. Note also
that this argument does not imply the points (i) and (ii) of the statement and it
also can not be adjusted to estimate the algebraic measurements that we will see later
in Corollary 6.13.

5.2. Proof of Theorem 5.2

The proof of inequality (5.4) given in Section 5.1 carries over to the monotone case
without any modifications.

We now explain how to adjust the proof of (5.3) given in Section 5.1 in order to
prove (5.6).

We may assume throughout the proof that S(V) < Aj, for otherwise inequal-
ity (5.6) is trivially satisfied. We need to prove that S(V) > %6(L; S).

We fix € > 0 as in the proof of (5.3) but we require additionally that

(5.31) SW)+e < Ap.
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The proof now goes along the same lines as the proof of (5.3), detailed in Section 5.1,
up to the point where we had to use Lemma 5.3 (see page 91). That lemma does not
hold in the monotone case, and we will now use the following lemma instead:

LemMA 5.4. — Let ¢ € Crit( f), viewed as an element of @(HJEO'LO).
If<[11CF(L0’L0;p)(C), q> + 0 then V(<M$F(LO,LO?P)(C), q>) > ALO-

We postpone the proof for a while and continue with the proof of Theo-
rem 5.2. As in the proof of Theorem 5.2 we decompose the element b from (5.13)
asb =bg+ -+ by with b; € CF(Lo, L;; p). We cannot deduce that {u1(bg),g) = 0, as
earlier. However by Lemma 5.4 and (5.31) we still obtain

V(<ru1(b0)/ q>) > Ary — S(W) - C(z)(Pf h) - %6 > %6‘ - C(Z)(pr h),

where C?(p, h) € O(W). By taking p close enough to pg € N and h small enough we
may assume that v({u1(bo), g)) > 0. In view of (5.14) we can now deduce, as before,
that there exists 1 < jo < k such that (5.15) holds. From this point on, the proof
continues exactly as carried out in the weakly exact case in Section 5.1.

It remains to prove the preceding lemma.
Proof of Lemma 5.4. — Let u € M(c, q; Dr,,L,) be a Floer strip that goes from ¢ to g

and contributes to ygF(LO'LO”’ )(x). We need to show that w(u) > Ap,.
Indeed, as in the proof of Lemma 5.3 on page 91, after identifying

(Rx[0,1], Rx {0} UR x {1}) with (D\{-1,+1},dD \{-1,+1})
the map u extends continuously to a map i : (D,dD) — (M, Ly). The dimension of
the component of u in the space Jl*(c, 4; D1,,1,) of non-parametrized Floer trajectories
connecting c to g is given by
dim A, (e, 4; DroL) = el = Iql = 1+ p([@]) = le| = n =1+ p([@]),
where u is the Maslov index and [ii] € HE (M, Lp) is the homology class induced
by ii. Since dim JL;,(c, q; Dr,,1,) = 0 we must have
u([it]) =n+1-1c| >0.

By monotonicity of Ly we have w([ii]) > Ar,, hence w(1) > Ar,. This concludes the
proof of Lemma 5.4. O

The proof of Theorem 5.2 is now complete.

5.3. The quasi-exact and quasi-monotone cases

For the applications in Chapter 6, versions of Theorems 5.1 and 5.2 will be impor-
tant for the quasi-exact and quasi-monotone cases. The definitions of these classes of
Lagrangian cobordisms appear in Chapter 4 (see Definitions 4.2 and 4.4).

We have the following generalization of Theorems 5.1 and 5.2 to the quasi-exact
and quasi-monotone cases.
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THEOREM 5.5. — Let L, L1, ..., Ly be weakly exact Lagrangians (resp. monotone Lagran-
gians in Lag™"4(M)) and V : L ~~> (Ly,...,Ly) a quasi-exact (resp. quasi-monotone)
Lagrangian cobordism. Let Ky C R? be a compact subset, homeomorphic to a closed 2-disk,
which is quasi-exact (resp. quasi-monotone) admissible for V. Then all the statements of
Theorem 5.1 (resp. Theorem 5.2) continue to hold with S(V') replaced by Area(Ky).

5.3.1. Remarks

1) For Ky as in the theorem we have Area(Ky) > S(V).

2) If V is a connected monotone cobordism then all its ends have the same Maslov-2
disk count: d; = d;, = dv. However, the latter is not clear if we only assume
that V is quasi-monotone. The issue is that we do not know whether there exists an
almost complex structure Jy for which both (Jy, Ky) is quasi-monotone admissible
and in addition Jy is regular for all Jy-holomorphic disks of Maslov-2. A typical
argument would be to perturb Jy inside Ky to achieve regularity and then try to
argue by Gromov compactness that for a small enough perturbation Jj, all pseudo-
holomorphic disks have Maslov index > 2. The problem with this approach is that
as € — 0 there mightbe J;-holomorphic disks u. with u(u.) < 0and with w(ue) — oo,
hence we cannot apply Gromov compactness to u. as € — 0.

For this reason, in Theorem 5.5 for the quasi-monotone case, we have assumed ex-
plicitly that all the Lagrangians L, L; have the same Maslov-2 disk count d. Of course,
in the monotone case, Theorem 5.2, this is not needed as it follows from the assump-
tion that V is monotone and connected.

5.3.2. Proof of Theorem 5.5. — In view of the theory developed in Chapter 4 (espe-
cially Propositions 4.3 and 4.6), the proof is essentially the same as the proofs of
Theorems 5.1 and 5.2 as presented above. The main change is that the projection
of the “non-cylindrical” part of V should now be replaced by Ky . Other than that,
instead of working with the modules V', W, My, 1, Mw;y, p,n One uses their quasi-
exact or quasi-monotone versions 7, W, J%‘C’/;%p,h, ‘/M’Z\/;y,p,h’ where g stands for
either g = geor g = qm. m]
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CHAPTER 6

METRICS ON SPACES OF LAGRANGIANS AND EXAMPLES

This chapter gives some context to the phenomena reflected in Theorem 5.1 and
discusses a number of applications and ramifications.

The first goal is to introduce metrics on the space of Lagrangian submanifolds that
come from shadow measurements. Roughly speaking, our metrics will be defined by
infimizing the shadow over all (multiply ended) Lagrangian cobordisms with two of
their ends coinciding with two given Lagrangian submanifolds. As usual, the diffi-
cult part is in showing that this procedure leads to a non-degenerate measurement,
and the main ingredient in establishing the non-degeneracy of our metrics will be
Theorem 5.1 and its various versions.

Of course, in order to obtain non-degeneracy we need to restrict the class of
Lagrangians in M and the class of cobordisms in R2XM in our considerations. The two
classes of Lagrangians (in M) that we will focus on, are weakly-exact Lagrangians
and monotone ones. Naturally, we would like to use cobordisms of the same class
(weakly-exact or monotone) in defining the metrics. However, here a new problem
arises. In order to retain the triangle inequality for our metrics we need to infimize
shadows over a class of Lagrangian cobordisms that is closed under composition
(or gluing) of two cobordisms along a pair of matching ends. As it turns out, neither
the class of weakly-exact cobordisms nor the class of monotone ones seems to enjoy
this property (unless one imposes additional topological restrictions). It is at this point
that we need to appeal to the more general class of quasi-exact and quasi-monotone
cobordisms. The next section elaborates on this issue and how to solve it.

6.1. Setting up the right class of cobordisms

Let:
+ = we (weakly exact) or
+ = (mon, d) (monotone with Maslov-2 disk count equal to d).

Denote by £ag*(M) the collection of Lagrangian submanifolds L ¢ M of class .
Let Q be a class of Lagrangian cobordisms with ends in Zag*(M).
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We will denote by £ag?*(R? x M) the collection of Lagrangian cobordisms of
class Q with ends in Zag*(M).

We say that Q (or Lag?*(R? x M)) is closed under composition if for every two
cobordisms V : L ~~» (Ly,...,L;)and W : Lj v~ (Ky,...,K;) in iPagQ'*([R2 X M)
their composition along L;,

WOV:L\/\A(Ll,...,Lj_1,K1,...,KS,L]‘+1,...,L7),

is also in £ag%*(R? x M). Here and in what follows we always assume that the
matching end L; is connected.

Itis easy to see by an application of the Van Kampen theorem that if we consider W,
V monotone and both inclusions W — M and V — M are trivial in 711, then W o V
is again monotone with 71(W o V) — my(M) trivial (these are the assumptions
in [BCa14]). Moreover, if W, V are weakly exact, connected cobordisms with a single
positive end and a single negative end both connected, then W o V is weakly exact.
Indeed, by results in [BS19] a weakly exact simple cobordism V' has the property that
the map induced on 71 by the inclusion of an end of V into V is epimorphic. Using this
fact, the Van Kampen theorem again implies the claim. However, these conditions are
quite restrictive and, without them, the class of weakly exact cobordisms generally
seems not to be closed under composition, and the same for monotone cobordisms.

At the same time we will see soon that the classes of quasi-exact cobordisms
(with weakly exact ends) and the class of quasi-monotone cobordisms (with ends
in Lag™™4(M)) are closed under composition. This is the reason we will appeal to
these classes of cobordisms.

However, for our applications we will actually need to somewhat restrict the classes
of quasi-exact and quasi-monotone cobordisms as follows.

DerintTioN 6.1 (Tightly quasi-exact and quasi-monotone cobordisms). — Let V C
R? X M be a quasi-exact (resp. quasi-monotone) cobordism with ends in Lag“¢(M)
(resp. Lag™°™4(M)). In the “(mon, d)” case assume in addition that not all the ends
of V are void. We say that V is tightly quasi-exact (resp. tightly quasi-monotone) if
for every compact subset Ky € R?, homeomorphic to a closed 2-disk, for which V is
cylindrical over R? \ Int (Ky) (see Definition 4.1), there exists Jy such that (Jv, Kv) is
quasi-exact (resp. quasi-monotone) admissible (see Definitions 4.2 and 4.4).

We will elaborate more on the reasons for introducing the classes of tightly quasi-
exact/quasi-monotone cobordisms in Remark 6.2.1 below.

6.1.1. Remarks

1) If V is tightly quasi-exact, then for every € > 0 there exists a quasi-exact admis-
sible (Jy, Ky) with §(V) < Area(Ky) < 8(V) + €. The same holds also in the tightly
quasi-monotone case.

2) Every weakly exact cobordism is tightly quasi-exact. As we will see below
compositions of weakly exact cobordism along one pair of matching ends is tightly
quasi-exact. A similar remark applies to quasi-monotone cobordisms.
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3) In principle it seems that the class of tightly quasi-exact (resp. quasi-monotone)
cobordisms is smaller than the quasi-exact (resp. quasi-monotone) ones. However, we
are not aware of any concrete examples of quasi-exact (resp. monotone) cobordisms
that are not tightly quasi-exact (resp. quasi-monotone).

ProposITION 6.2. — Each of the following classes Q of cobordisms is closed under compo-
sition:

(1) Exact cobordisms with exact ends.

(if) Quasi-exact cobordisms with weakly exact ends.

(iii) Quasi-monotone cobordisms with ends in Lag™™4(M).

(iv) Tightly quasi-exact cobordisms with weakly exact ends.

(v) Tightly quasi-monotone cobordisms with ends in Lag™™4(M).

For the proof of this proposition we need the following variant of Lemma 4.5,
which can be proved by similar way.

Lemma 6.3. — Let (V, Jv, Kv) be quasi-exact with weakly exact ends (resp. quasi-monotone
with ends in Lag™*™4(M)). Let o : R? — R? be a diffeomorphism which coincides with the
identity in a neighborhood of Ky. Assume that o sends the horizontal rays of (V') to other
horizontal half-lines so that V' = (¢ X id)(V) is also a cobordism. Under these assumptions,
(V’,Jv, Kvy) is also quasi-exact (resp. quasi-monotone).

The proof is similar to the proof of Lemma 4.5.

We now prove the previous proposition.
Proof of Proposition 6.2. — Let V : L ~~»> (Ly,...,L;) and W : L; ~> (Ky,...,Ks)
be two cobordisms of class Q.

> Case “Q = exact cobordisms with exact ends”

Denote by A = A & Ag2 the primitive of @ = w ® wg2 with respect to which we
define exactness (here A is the given primitive of w and dAg2 = wg2). Let Fy : V — R
and Fiy : W — R be primitives of X|V and X|W respectively. Let a ~ (-1, 1) be the
projection to R? of the neck of W o V resulting from the gluing of W and V along
their L;-ends. By adding a suitable constant we can arrange that Fy and Fy agree
along a X L;, hence X|W0V is exact. (Note that L; is connected, as by assumption
composition of cobordisms is performed only along a pair of connected matching
ends. See the beginning of Section 6.1.)

> Case “Q = quasi-exact”

We first use Lemma 6.3 to rearrange conveniently the ends of V to get a quasi-
exact cobordism V' whose ends are all positive except for a single negative end
that coincides with L;. We then glue V to V’ along the end L;. More explicitly, we
translate V’ (together with the almost complex structure Jy) along the plane so that
Ky c n((1,00) x R) and V' N 77([0,1] x R) = [0,1] X {0} x L;. Similarly, we
translate W (together with Jyy) along the plane so that Ky € 7!((—o0, —1) X R) and
W N ([-1,0] x R) = [-1,0] x {0} X L;. We then define W o V' as the union

WoV = (V' N([0,00)xRXM))U (W N ((—o0,0] x R x M)).
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In the region (-1, 1) X R X M both almost complex structures Jy and Jw are fiberwise
split so we can interpolate between corresponding fiber structures thus getting a new
almost complex structure | that is split in the exterior of Ky U Ky and coincides
with Jy on [1,00) X R and with Jw on (—co, —1] X R. The cobordism (W o V’,T) is
quasi-exact by an immediate application of the open mapping theorem combined
with the fact that L; is weakly exact and that (V’, Jy) and (W, Ji) are quasi-exact.
Finally, we use Lemma 6.3 again to move the remaining L; ends of W o V’ to the left,
thus getting that the cobordism W o V in the statement is quasi-exact.

The case of tight quasi-exact cobordisms follows immediately from the previous
argument. Indeed, if Kwoy C R? is a compact subset homeomorphic to a closed 2-
disk with W o V being cylindrical over R? \ Int (Kyov ), then Int (Kwoy) must contain
the (bounded!) plane curve forming the neck of the gluing of W with V' along L;.
We now take two disjoint subsets Ky, Ky € Kwoy each homeomorphic to a closed
2-disk and such that V and W are cylindrical over R? \ Int (Ky) and over R? \ Int (Kyy)
respectively. By the tightness assumption there exists Jy and Jw for which (V, [y, Ky)
and (W, Jw, Kw) are both quasi-exact. Let S ¢ R? be a thin strip (homeomorphic
to [-1,1] X [—e, €]) that contains in its interior the neck of the gluing of W and V
along L; and such that S C Int(Kwoy). By positioning the strip S appropriately we
may assume that Ky U Ky U S is homeomorphic to a closed 2-disk. By the previous
argument ( for “Q=quasi-exact”), Jv |, s and Jw | ,, xp €xtend to an almost complex
structure oy on R% x M which makes (Jwoy, Ky U Ky U S) quasi-exact admissible
for W o V. Since Ky U Ky U S C Koy, the pair (Jwov, Kwoy) is also quasi-exact
admissible for W o V.

Finally, the proof of the statements in the quasi-monotone and tightly quasi-
monotone cases is the same as for the classes of quasi-exact and tightly quasi-exact
cobordisms. ]

6.1.2. Remark. — Let V : L ~~» (Ly,..., L) and W : L; ~» (Ky,...,K;) be two
quasi-exact cobordisms with weakly exact ends, and let

WOV:LW(Ll,...,L];1,K1,...,KS,L]‘+1,...,L7)

be their composition along L;, which by Proposition 6.2 is again quasi-exact.
Let Ky, Ky € R2 be compact subsets which are quasi-exact admissible for V and W
respectively. The proof of Proposition 6.2 shows that for every e > 0 there exists a
compact subsets K, ., € R? which is quasi-exact admissible for W o V and such that

Area(Ky,,,,) < Area(Ky) + Area(Ky) + €.

6.2. Shadow metrics on spaces of Lagrangian submanifolds

Let (M, w) be a symplectic manifold. Fix a class £ag*(M) of Lagrangian submani-
folds of M, where * can be either “we” (i.e. weakly exact) or “(mon, d)” (i.e. monotone
with a fixed Maslov-2 disk count d, see Section 3.5). In case (M, w = dA) is an exact
symplectic manifold we allow also * = eX, i.e. exact Lagrangians. In case * = we,
let Q be the class of Lagrangian cobordisms which are tightly quasi-exact, and in
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case * = (mon, d) let Q be the class of tightly quasi-monotone Lagrangian cobor-
disms with ends in £ag™™4(M). Finally, if * = ex we can take Q to be either the class
of exact Lagrangian cobordisms with exact ends or the class of quasi-exact cobor-
disms with exact ends. For the definition of exact cobordisms we fix a primitive A2
of wr2 and take A = A @ A2 as the primitive of @ for the purpose of defining exact
cobordisms.

Fix a family ¥ c Zag"(M) of Lagrangian submanifolds of M. Let L and L’ be
two other Lagrangians in £ag*(M). Theorem 5.1 and its various generalizations
(Theorems 5.2 and 5.5) suggest the definition of the following two sequences of
numbers. The definition of these numbers has a geometric underpinning in that it is
based on the existence of certain cobordisms.

First, for each a > 0, define the a-cone-length of L’ relative to L (with respect to %)
as

(6.1) [J(L,L):=min{k eN; 3V :L ~> (Ly,..., L, L, Ls, ..., L),
Li€F, S(V)<a}.

Here, the minimum is taken only over cobordisms V € 2ag?(R? x M), i.e. in the
class Q. We stress that we allow V to be disconnected, and that V' € SEagQ(RZ X M)
means that every path connected component of V is of class Q. We use the convention
that the number 17 (L’,L) equals 0 if L and L’ are related by a simple cobordism
V : L’ ~~» L of shadow < a (a cobordism with just two possibly non-void ends, one
positive and one negative, is called simple). We set 7 (L’, L) = o if no cobordism V
as above exists. We will omit ¥ from the notation when there is no risk of confusion.
It is clear that I7(L’, L) is non-increasing in a and symmetric with respect to L, L.
Next, define [7(L’, L) := lim,— [7 (L', L) to be the absolute cone length of L’ relative
to Land [J (L, L) := lim,o [7 (L, L).

In view of Theorem 5.1 it is natural to also estimate the minimal shadow required
for splittings as in the definition of [7 and thus define a second family of natural
measurements as follows. For every k € N define:

(6.2) dJ(L',L):=inf{S(V); V:L ~> (Ly,...,Ls—1,L,Ls,..., L), Li € F, r < k}.

Again, the infimum is taken only over cobordisms V of class Q and we allow V to be
disconnected. This is significant as, for instance, if  contains a representative in each
Hamiltonian isotopy class of the Lagrangians in £ag*(M), then d;J (L', L) is finite for
all L,L’ € Lag*(M) (one can take V as an appropriate union Vy U V; of two disjoint
Lagrangian suspensions Vp : L’ ~~> L7, Vi : @~ (L, Ly) with Ly and L] respectively
Hamiltonian isotopic to L and to L’). We take dk% (L’,L) = oo if no cobordisms V as
in (6.2) exist. Again, dkg is symmetric in (L, L’), and dk(‘d7 (L', L) is non-increasing in k.
Note that d(;‘; is the “shadow” metric on elementary cobordism equivalence classes
as defined in [CS19]. Thus for a Hamiltonian diffeomorphism ¢, we have

a7 (o(L), L) < llollu,

where ||« || denotes the Hofer norm of ¢.
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The following inequality is immediate in view of Proposition 6.2:
(6.3) dZ (L, L")y <dJ (L L)+dJ (L, L").
Obviously, we also have d l? (L,/L)(L’, L) <aand 13} (L,/L)(L’, L)<k

Finally, we define also the following measurement:
(6.4) dgaqﬂ)=£nndfaqy)=g%dfaqyy

—00 >
Or more explicitly
(655  d7(L,L)=inf{S(V); V:L'~» (Ly,...,Ls1,L,Ls,..., L),
LieF, V€ Zag?(R*x M)}.

From the above it follows that d% (e, ) is a pseudo-metric called the shadow
pseudo-metric associated to F. By definition, d *(L, L’) is infinite only if there are no
cobordisms relating L to L’ and with all the other ends in .

Theorem 5.5 implies:

COROLLARY 6.4. — Ifd7(L',L) =0, then L C L’ U Ugeq K and L’ € LU Ugeq K.

Proof. — If the first inclusion in this statement does not hold, then
(6.6) 5@UuUKpa
Ke#F

If Q is the class of exact cobordisms with exact ends, then the first point of Theo-
rem 5.1 implies that d 7 (L’, L) cannot vanish.

If Q is either “tightly quasi-exact Lagrangians with weakly exact ends” or “tightly
quasi-monotone Lagrangians with ends in £ag™™4(M)”, then again, by Theorem 5.5
together with point 1) of Remark 6.1.1 it follows that d #(L’, L) can not vanish.

The argument for the second inclusion is the same. ]

It is easy to see (Remark 6.3.2 below) that the pseudo-metric d¥ given by (6.4) is
in general degenerate. However, we have

CoroOLLARY 6.5. — Let F and F’ be two families of Lagrangians in %ag*(M) such
that the intersection (Ugeg K) N (Ugreg K’) is totally disconnected (e.g. discrete). Then the
pseudo-metric on Lag*(M) defined by

d%% .= max{d¥,d¥}

is non-degenerate.

Proof. — 1f d %% (L,L’) = 0 we deduce from Corollary 6.4 that L ¢ L’ U gz K and
L C L' UJgeg K. Assume that there is a point x € L such that x ¢ L’. Then there is
an open disk D ¢ L with D N L’ = @. It follows that one has D C [ Jgg K as well as

D c Ugeg K’ which is not possible because the set ((geg K) N (Uxreg K') is totally
disconnected. We conclude that L ¢ L’. The roles of L and L’ being symmetric, we
deduce that L = L". O
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Notice that if L’ = ¢(L) with ¢ a Hamiltonian diffeomorphism, then
d77(L, L) < I$lu.

Given a family F that is finite (but this can also work in more general instances) it
is easy to produce an additional family %’ that satisfies the assumption of Corol-
lary 6.5. This can be achieved, for instance, by transporting each element of % by an
appropriate Hamiltonian isotopy.

We will not analyze here in detail the properties of the metrics d #% but there are
two simple observations that we include.

CoROLLARY 6.6. — For every Hamiltonian diffeomorphism ¢ of M we have
|d 57 (L, L)~ d 7 (L), pL)| < 2l I,

(6'7) “TAh(F (o4 T F F
\d(P@),(P(J' )(L, L)-4d F,F (L, L’)l < 2||(P||H

Therefore, Ham(M, w) acts by quasi-isometries on the metric space (Eﬁag*(M),E FF,
Moreover, the identity is a quasi-isometry between the two metric spaces

(Lag* (M), d ¥ (Lag (M), d T7).

Proof. — A cobordism V : L ~» (Fy,...,L’,...,Fi) can be extended, by gluing
appropriate Lagrangian suspensions to the ends L and L’, to a cobordism

V' (L)~~~ (Fy, .., (L), ..., Fy)

of shadow S(V’) < 8(V) + 2||¢||. The first inequality in the statement then follows
rapidly, by applying the same argument to ¢~!. Similarly, to deduce the second
inequality, consider V : L ~~» (Fq,...,L’, ..., Fx). By applying ¢ to V we get

(V) : (L)~ (@(F1), ..o, G(L), ..., p(Fr)).-
Extend both ends ¢(L) and ¢(L’) by Lagrangian suspensions thus getting
V"~ (¢(F1),...,L,...,¢(Fx)) of shadow bounded by S(V) + 2||¢|lg and the
desired inequality follows easily. ]

6.2.1. Remark. — Consider the case » = we. As indicated at the beginnig of Chapter 6
we could not have defined the pseudo-metric d% by infimizing in (6.5) only over
weakly exact cobordisms. The reason is that compositions of weakly exact cobordisms
might not be weakly exact, hence the triangle inequality (6.3) might not hold. It is for
this reason that we needed to enlarge the class of cobordisms to quasi-exact.

Next we explain why infimizing shadows over quasi-exact cobordisms still does
not give the correct definition and why we need to appeal to tightly quasi-exact ones.
The reason is that Theorem 5.5 (as opposed to Theorem 5.1) gives us only a lower
bound for Area(Ky) rather than for S(V). (Here Ky C R? is a compact subset which
is quasi-exact admissible for V.) However, if V is tightly quasi-exact then by point 1)
of Remark 6.1.1 we have

inf { Area(Ky); Ky c R%is quasi-exact admissible for V} =38(V).
Therefore the definition in (6.5) has the desired properites.
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Of course, one could attempt to define another pseudo-metric similar to 4%, by

6.8) d¥9(L, L) = inf{Area(KV) ; VoLl ~» (Ly,...,Ls1,L, Ls,..., L),
Li € F,V € 2ag®(R* x M),
Ky is quasi-exact admissible for V},

where the infimum is taken over all quasi-exact cobordisms as in (6.8). In view of
Theorem 5.5 and Remark 6.1.2, this yields a pseudo-metric with similar properties
tod?.

Similar remarks apply to the case * = (mon,d) and to quasi-monotone versus
tightly quasi-monotone cobordisms.

Note that in the case * = ex (exact Lagrangians) one can safely take Q to be the class
of exact cobordisms, since compositions of exact cobordisms is exact and moreover
Theorem 5.1 applies to exact cobordisms. m]

The construction of the metrics d *% admits several variations. For instance, let
U = {U;}ier be a family of open sets U; ¢ M andletF = {L € Lag*(M); LnU; = &}.
For each index i € I we then have a shadow pseudo-metric d *i. Define a new pseudo-
metric:
D% = sup {dg" ;1€ I}.
For the next corollary we will make use of the following. For L € 2ag*(M) let:

A(L; U) = inf {s ; Vi € I, 3¢ Hamiltonian diffeomorphism
with p(L)NU; = 2, |¢llu < s}

COROLLARY 6.7. — With the notation above we have
(i) If U is a covering of M in the sense that | J; U; = M, then D is non-degenerate.
(if) Forall L,L" € Lag*(M) such that A(L; W) and A(L’; W) are finite, we have
D™(L,L") < A(L;U) + A(L; U).

Proof. — The first point follows immediately from Corollary 6.4. For the second
point fix some s > A(L; U), s’ > A(L’; U) and pick one family %;. There is a cobordism
Vi L~ (L}, L', L) such that V is a disjoint union of two Lagrangian suspensions
Vo: L~ Lyand Vi : @ v~ (L], L') such that Ly, L] € %; and 8(Vp) < 5, 8(V1) < 5.

This means that d % (L, L") < s + s’ which implies the claim. O

There are other variants of the definition of the metric d >% that have
interesting features. For instance, by considering in (6.2) only cobordisms
V : L' ~» (Li,...,Li, L), in other words cobordisms for which L’ is the posi-
tive end and L is the fop negative end, one gets a measurement 7 (L’, L). It has similar
properties to dk9 , except that it is not symmetric. We define t+¥(L’, L) as in (6.4) and
we symmetrize by putting

P (L, L) = L(F (L', L)+ t7(L, L)),
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thus obtaining a new pseudo-metric. This pseudo-metric satifies the conclusion of
Corollary 6.4 and can be used in the rest of the preceding constructions, leading to
metrics 777 that satisfy the conclusions of Corollaries 6.5, 6.6 and 6.7, where in 6.7
the pseudo-metric D¥ is replaced with R% = sup{r¥ ; i € I}.

An additional interesting feature of the pseudo-metrics R¥ is the following:

CoroLLARY 6.8. — With the notation above fix L € Lag*(M) and assume that U is a
covering of M. There exists a constant 6 > 0depending on L and U such that, if L' € Lag*(M)
is disjoint from L, then R%(L,L’) > 6.

Proof. — The crucial remark is that, by inspecting the proof of the first part of
Theorem 5.1, we see that given V : L ~~» (Ly, ..., L, L") in gagQ(Rz X M) and such
that LNL' = &, then S(V) > %6(L; S) where S = | J; L; but S —and thus 6(L, S) — does
notdepend on L. As U is a covering of M there exists some index i € [ and an open set
U c U; such that U is the image of an embedding e : B(r) — M with e"(L) = Br(r).
Obviously, U is disjoint from all the elements of %; and thus RU(L,L") > %nrz. |

To ilustrate Corollary 6.8, consider M = T?> = S! x S! with L = {x.} x S! and
Ly = {xx} X S!, where xj is a sequence in S! with x; — x, as k — o and x; # x.
for all k. Clearly Ly converges to L in the Hausdorff distance. By Corollary 6.8 all the
Lagrangians L remain at a bounded distance from L in the R%-metric.

6.2.2. Remarks

1) It is well-known that there are other natural metrics defined on £ag*(M). The
most famous is Hofer’s Lagrangian metric, used since the work of Chekanov [Cheoo],
which infimizes the Hofer energy needed to carry one Lagrangian to the other.
Another interesting more algebraic metric, smaller than the Hofer metric, is the
spectral metric due to Viterbo. Both these metrics are infinite as soon as the two
Lagrangians compared are not Hamiltonian isotopic. A metric smaller than the Hofer
norm, and based on simple Lagrangian cobordism has been introduced in [CS19]:
it measures the distance between L and L’ by infimizing the shadow of cobordisms
having only L and L’ as ends. This metric is finite on each simple cobordism class
and, with the notation above, it coincides with 9 = d #-?. This metric is again often
infinite. For instance, in the exact case, as soon as L and L’ have non-isomorphic
homologies, the simple shadow distance between L and L’ is infinite. Indeed, if L
and L’ are related by an exact simple cobordism, then L and L’ have isomorphic
singular homologies [BC13] (more rigidity is actually true, see [Sua17]). For other
results on the simple shadow metric see [Bis], [Bis19a], [Bis19b]. It is already known
that without appropriate constraints on the class of admissible Lagrangians and
cobordisms, such as those imposed here, even the simple cobordism metric d< is
degenerate [CS19].

2) A notion of cone-length is familiar in homotopy theory as a measure of com-
plexity for topological spaces [Corg4].
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6.3. Some examples and calculations

6.3.1. Curves on tori and related examples. — We fix a family of Lagrangians %, to be
specified later, and omit it from the notation of the measurements I, 47,17, d7.

If ¢ is a Hamiltonian diffeomorphism, then clearly 1,(¢(L),L) = 0 as soon as
a = ||¢|lg and so I(¢p(L), L) = 0. However, we will see below classes of examples
with 0 < I;(¢p(L), L) < oco. Intuitively, an inequality of the type 1 < [,(¢(L),L) < oo
seems to indicate that ¢ distorts L (at least for our choices of classes %).

The examples below that satisfy 1 < I,(¢(L), L) < oo also satisfy
di, (w0 (P(L), L) < do(p(L), L) < ll¢l|r-

In other words, in these examples the “optimal” (in the sense of minimizing the
shadow) approximation of ¢(L) through elements of the set {L} U % requires more
elements than just L. Moreover, the relevant d;’s are small enough so that inequal-
ity (5.4) of Theorem 5.1 applies and indeed, as predicted by the theorem, in these
examples the number of intersection points ¢(L) N N, where N is an appropriate
other Lagrangian N € Zag*(M), is much higher than the usual lower bound, given
by the rank of the Floer homology group HF(N, L).

Consider the 2-dimensional torus M = T? endowed with an area form. We iden-
tify T2 with the square [-1,1] x [-1, 1] with the usual identifications of the edges.
We consider five Lagrangians on T2, described on the square [-1,1] x [-1,1] by

L= [_11 1] X {0}r Sl = {_% - E} X [_1/ 1]/ SZ = {_% + €} X [_1/1]/
Ss={}-e}x[-1,1],S4 = {3 + e} x[-1,1].
Here 0 < € < . We will construct a new Lagrangian obtained through surgery

between L and the S;’s. We use the surgery conventions from [BC13] and define —
see Figure 7:

(6.9) L' =Sz # [(Sa# (L#S1)) #S4].

In the surgeries above we use handles of equal size in the sense that the area
enclosed by each handle is equal to a fixed 6 > 0 with 6 very small. We will also make
use of the two rectangles

Ky = [—% - 2e, —% +2e]| x[-€,€], Ky= [% - 26,% +2¢e] X [—¢€, €]

and we put K = K; U K; (see again Figure 7).

LeMma 6.9. — Let F = {S1, Sz, S3, Sa} and assume that 6 < %62. We have
(i) do(L’,L) =4e, da(L’,L) <206, 1(L",L) =0, Irs(L’,L) = 4.
(ii) For any weakly-exact Lagrangian N C T? with N N K = @, we have
4
(6.10) #(NNL) > rk(HE(N,L)) + Z rk(HE(N, S))).
i=1
(iii) If N’ is a weakly exact Lagrangian N’ C T?, then either N’ N L # @ or, for any
Hamiltonian diffeomorphism ¢ with ¢p(L) = L’ we have p(N') N K # 2.
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51 S S3 Sy
— L’
K1 L KZ
- {
 \ N 4
L' -
7
N
T

Fiure 7. The Lagrangians L, L’ = S3 #[(So # (L # S1)) # S4], and N in T2.

Floer homology is considered here with coefficients in Z /2. Notice that HF(N, L’) =
HF(N, L) so the inequality (6.10) indicates an “excess” of intersection points. An
example of a Lagrangian N as at point ii is simply N = [-1, 1] X {-2¢}.

Proof. — By inspecting again Figure 7 and possibly extending the representation of
the torus by adding vertically two additional fundamental domains to the square
[-1,1] x [-1,1] one can see that there is a Hamiltonian isotopy ¢ : T?> — T? so that
L’ = ¢(L) (this is because the upper and lower “bends” in the picture encompass
equal areas). The expression in (6.9) show that there is a cobordism

V:L' —(S3,S5,L,51,54)

given as the trace of the respective surgeries (as given in [BC13]) and because the S;’s
are disjoint and all the handles are of area 6 we have S(V) < 26. The reason for the
factor 2 is that the handles associated to the surgeries on the “left” and those on the
“right” can not be assumed to have a superposing projection; the constant is 2 and
not 4 because the two handles on the left (and similarly for the two handles on the
right) can be assumed to have overlapping projections. It is a simple exercise to show
that 6(L’; L) = 8e.

From the first part of Theorem 5.1 we deduce do(L’,L) > 4e. It is also easy to
see that one can find a Hamiltonian H : T?> — R with variation equal to 4€ and so
that gb? (L) = L'. Therefore, do(L’, L) = 4e¢.

On the other hand, recall the assumption 6 < €2 /2. Therefore we have

dy(L’, L) < 26.
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We now estimate cone-length. Clearly, the absolute numberis /(L’, L) = 0. From the
existence of the cobordism V we deduce Ir5(L’, L) < 4. We want to show Ips(L’, L) = 4.
Assume thatlys(L’, L) < 3. Therefore there existsa cobordism V’ : L” — (L1, Ly, L3, L4)
where one of the L;’s equals L and the other three are picked among the S;’s (or are
void) and the shadow of V"’ is at most 20. Without loss of generality, assume that S;
is not among the L;’s. We now consider the number 6(L’; L U S, U S3 U S4). By using a
disk centered along the part of S; contained in L’ we see that 6(L; L U S U S3) > 8e.
By the first part of Theorem 5.1 it follows $(V’) > 4e which contradicts 6 < 2€2.

The two other points of the Lemma also follow from Theorem 5.1 (they possibly
admit also more elementary, direct proofs). Point (b) of the Theorem implies that for
any weakly-exact Lagrangian N C T? so that N N K = @, we have (6.10). Indeed, we
may find disks around the (unique) intersection point of each of the S;’s with L that are
of area 4€2, have the real part along L and the imaginary part along S;, are contained
in K, and any two of these disks have disjoint interiors. As N avoids K, this means
6¥(L; N) > 4e? for L = L|J UU; S; and X the intersection points of the S;’s with L. The
last point of the Lemma follows in a similar way. Assuming also that NN L = &
we also have ¢(N’) N L' = @. If we also have ¢(N’) N K = &, then ¢(N’) satisfies
inequality (6.10) (with ¢(N’) in the place of N). From the fact that N’ is weakly exact
we deduce that the singular homology class of N’ is the same as that of L and thus
HF(N’, S;) does not vanish. But this leads to a contradiction with $(N')NL' = @. O

It is easy to construct examples similar to the one above in higher dimensions. For
instance, one can consider M = (T? x T?, w ® w) and take L = L X L, S; = S; X S; etc.
We will see some less trivial extensions in the next subsection.

6.3.2. Remarks. — The examples above also point out two deficiencies of the pseudo-
metric d 7.

1) d7 is generally degenerate. For example, 47 (S1,S2) = 0, hence d7(S1, S,) = 0.
Indeed, let V : S; ~» (51,52, S2) be the cobordism V = y9 X 51 [] y1 X S2 where
Y0 = R +i C Cand y; is a curve in C that has two horizontal negative ends, one
at height 2 and the other at height 3 and is disjoint from y¢. The same construction
shows that for any family % with more than one element the resulting pseudo-metric
is degenerate.

In the above examples the cobordisms V' are disconnected and they also have
vanishing shadow. However, there are also examples of connected cobordisms W,
with constant ends and positive shadow such that lim¢_,g S(W,) = 0. For instance, with
the notation above, consider a curve y C R? which has a “2” shape with its lower
end going to —co along the horizontal line y = -1 and its upper end going to —co
along the horizontal line y = 1. Let y’ be the x-axis, y = 0. Consider now the surgery
We := (X S1)#c (' X L) € RZx T?. (Note that, in contrast to the construction of e.g. L’
above, the surgery here is performed in the space R?x T2.) Clearly W, is a (connected)
weakly exact Lagrangian cobordism W : L ~~»> (51, L, S1) and lime_,0 S(W,) = 0.
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2) In general, even if both L and L’ belong to the triangulated completion of the
family %, it can be difficult to know whether d #(L, L) is finite because there might
not be any practical way to construct cobordisms with ends L, L’ and elements of %.

6.3.3. Matching cycles in simple Lefschetz fibrations. — We revisit here the phenomena
described above in a different context and we also present examples of symplectic
diffeomorphisms ¢ : M — M with I[(¢p¥(L), L) = k (in these examples ¢ is a Dehn
twist).

The manifold M is now taken to be the total space of a Lefschetz fibration

n:M—C

over C with general fiber the cotangent bundle of a sphere K (in particular M is not
compact). We will assume that the Lefschetz fibration has exactly three singulari-
ties x1, x2, x3, whose projection on C is arranged as in Figure 8 below. We also assume
that there are two matching cycles relating the three singularities that we denote by S,
from x1 to xp, and L, from x; to x3 — as in the same figure.

Ficure 8. The matching cycles S, S1, S and L and the Lagrangians L, L, L’2
constructed by surgery (and small perturbation) from them.

Notice that L and S intersect (transversely) in a single point. Moreover, recall that
with the notation in [BC13], [BC17] we have that S # L is Hamiltonian isotopic to the
Dehn twist 75(L), and, similarly, L#S is Hamiltonian isotopic to T§1(L). An important
point to emphasize here is that the Dehn twist 75(L) is only well defined up to
Hamiltonian isotopy. On the other hand, the models for 75(L) (and Ts_l(L)) given by
surgery, as before, are precisely determined as soon as the local data of the surgery
is fixed (the surgery handle and the precise Darboux chart around the intersection
point). We will also need two other matching cycles S; and S, with a projection as
in Figure 8a.

They are both Hamiltonian isotopic to S. The two spheres S; and S; intersect
transversely at the points x; and x, and each of them intersects transversely L at
the point x,. We now consider the following three Lagrangians: L; which is obtained
from S1#L after a small Hamiltonian isotopy such that its projection is as in Figure 8b,
L, given as a small deformation of Sy # L1 and L7, a small deformation of L; # S such
that their projections are as in the same figure, part c and d, respectively. Notice
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that L; is a model for 75(L) and that L, and L} are models for T% (L)yand L = ’c;lrs(L),
respectively. In particular, there is a Hamiltonian isotopy ¢ such that L}, = ¢(L).

Fix the family % = {S1, S»}. The first remark is that by taking the surgery handles
sufficiently small we have dQ(L/z, L)< do(Lé, L) < oo. Further, let K’ be a Hamiltonian
perturbation of the vanishing sphere K in the general fiber. Let N be the trail of K’
along a curve as in Figure 8d. We now claim that I(L,, L) = 2. Indeed, by construction
we have a cobordism L, ~~» (Sy, S1, L), hence [(L;, L) < 2. Now, it is not hard to see
that

HF(N, L,) = HF(N, S1) ® HF(N, S;) = HF(K, K) @ HF(K, K)
(one can use Seidel’s exact triangle associated to a Dehn twist for this computation,
or alternatively Theorem A from [BC17] with V = L;). Since HF(N,L) = 0 and
HF(N, L) # 0 it follows that L, is not Hamiltonian isotopic to L, hence I(L,L) > 1.
Moreover, I(Ly, L) # 1 for otherwise we would have either a cobordism L, ~~» (L, F)
or Ly ~» (F,L) with F € {S1,52}. As HF(N, L) = 0, the latter would imply that

HF(N, L) = HF(N, F) = HF(N, S) = HF(K, K),
a contradiction. This proves that I(Lp, L) = 2.

On the other hand, HF(N, L) = 0. However, by taking the surgery handles in
the constructions above sufficiently small we see that #(N N L)) > 2 rk(HF(K, K)), as
predicted by Theorem 5.1. Notice also that if the surgery handle is not small enough,
or, alternatively, N avoids L} by passing closer to x1, then N is disjoint from L.

The last remark in this setting is the following. By taking more copies of the
sphere S, (for instance four, as on the left of Figure 9), we can construct, in a way
similar to the above, models L for T’S‘(L). In Figure 9, on the right, we represent Té (L)
in this way. As before, it is easy to compute

k
HE(N, Ly) = @ HF(K, K).
i=1
This shows that [(Lg, L) = k (this is a reflection of the well-known fact that the class
of 7 is not a torsion element in 779 Symp(M), see [KSo2], [Seioo]).

Ly

X1 X2 X3

Ficure 9. A model for Té(L).

6.3.4. Traceof surgery. — The numbers dj are hard to compute as it is difficult in gen-
eral to identify cobordisms with fixed ends and with minimal shadow. However, we
will see here how to use inequality (5.5) to show the “optimality” of decompositions
given by the trace of certain surgeries at one point.
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We focus on just one example. As in §6.3.1 we take M = T = S! x S! and we
fix S1 an L as in that subsection. We now consider L” = L# S; and, again as in §6.3.1,
we assume that the area of the handle used in the surgery giving L” is equal to .
We fix F = {51, 52, S3, S4} as in Lemma 6.9. Notice that the shadow of the trace of the
surgery V : L” = L#S' — (L, $1) is equal to 6.

COROLLARY 6.10. — For 6 small enough we have d1(L”, L) = 6.

In other words, there is no decomposition of L” in terms of the family LU% through
a cobordism with two negative ends and of shadow smaller than 6.

Proof. — Suppose that there is a cobordism V' : L” — (L1, L>) such that one of
the L;’s equals L, the other equals one of the S;’s and
S(V) =06 <b.

We first notice that 5 needs to appear among the L;’s. Indeed, suppose, for instance
that (L1, L2) = (L, S2). In this case, consider a disk based on the part of L” that
coincides with S; and is disjoint from S, as well as from L and whose real part is
along L”. The area of such a disk can be assumed to be as close as needed to 2(4¢€ — 6),
where € is defined in §6.3.1. By now applying the first part of Theorem 5.1 we deduce
that 6 > S(V’) > 4e — 6 which is a contradiction if 6 is small enough. In conclusion,
we deduce that the two negative ends of V’ coincide with L and S;. Consider now
the Lagrangian N as in Figure 10 and denote by o the intersection of L and S;.

Ficure 10. The triangle coa is of area A with 6 > A > ¢’.

The properties of N are the following: N is Hamiltonian isotopic to Sy; it inter-
sects S; transversely at precisely two points a and b and it intersects L transversely at
one point c; N intersects L” transversely at the point b; the small triangle of vertices
c,0,ais of area A with 0’ < A < 6. We use the Lagrangian N as follows. First, notice
that by assuming 6 small enough, and writing L = L U S1, we can find the relevant
disks centered at 0 so as to estimate 6™-(L; N) > 4A. By applying (5.5) in Theorem 5.1
we deduce

1=#NnNL")>dimHF(N, L) + dimHF(N, S1) =3
which is a contradiction and thus proves that V’ does not exist. ]
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6.4. Algebraic metrics on 2Zag*(M)

The main purpose of this subsection is to notice that it is possible to define pseudo-
metrics similar to those in Section 6.2 but that only exploit the algebraic structures
involved and that do not appeal to cobordism. We emphasize that, as before, our
pseudo-metrics may take infinite values. The proof of the first part of Theorem 5.1
implies not only the non-degeneracy of d 7% butalso that of its algebraic counterpart.
The main advantage of these pseudo-metrics is that when & generates DFuk*(M)
some of these algebraic pseudo-metrics are finite by definition, independently of
the existence of cobordisms — see Remark 6.4.6. Additionally, the construction of
both metrics d %7 as well as that of their algebraic counterparts fits a more general,
abstract pattern, potentially useful in other contexts, that we outline here.

6.4.1. Weighted triangulated categories. — Let X be a triangulated category and let X
be a family of objects of X that generate X through triangular completion. The purpose
of this subsection is to describe a procedure leading to a (pseudo) metric on Xy. The
pseudo-metrics d7 in Section 6.2 are of this type but, as we shall see further below,
other choices are possible.

There is a category denoted by T°X that was introduced in [BC13], [BC14]. This
category is monoidal and its objects are finite ordered families (K, ..., K;) with K;
in 6b(X) with the operation given by concatenation. Up to a certain natural equiva-
lence relation, the morphisms in TS are direct sums of basic morphisms ¢ from a
family formed of a single object of X to a general family, ¢ : K — (K1, ..., Ks). Such a
morphism ¢ is a triple (¢, a,7), where a € Ob(X), 17 is a decomposition of a through
iterated distinguished triangles, namely:

(6.11) a = Gone(Ks — Gone(Ks-1 — -+ — Bone (K —> Ky) -+ +))

and ¢ : K — a is an isomorphism. The tuple (K, ..., K;) is called the linearization
of the cone decomposition (6.11). In essence, the morphisms in T°Y parametrize all
the cone-decompositions of the objects in L. Composition in T°X comes down to
refinement of cone-decompositions. Denote by T°% the full subcategory of T that
has objects (K, ..., K;) with K; € Xy, 1 < i < r. Assume that we are given a weight
w : Morysg, — [0, o] such that

(6.12) w(p oY) <w(P)+w(P), w(idx)=0, forall X,

where idy is the identity morphism viewed as defined on the family formed by the
single object X and with values in the same family. We will refer to this w as a weight
on X. Fix also a family & C Xj. In this setting, we define (compare to (6.2)):

(6.13) s7(K',K) = inf {w(¢); ¢ : K' = (F1,...,K,...,F,), Fi € F,Vi}.

We set s7 to be o if there are no morphisms as in (6.13). If w is finite and if F
generates X, then s7 is finite. Clearly s¥ satisfies the triangle inequality but it is not
symmetric in general. Defining

§7(K', K) == 3(s7(K’, K) + s7(K,K)),
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we obtain a pseudo-metric on the set of objects of X. We will refer to the pseudo-
metrics obtained by this procedure as weighted fragmentation pseudo-metrics.

The case of interest in this paper is X = DFuk*(M) with Xy consisting of all
the Yoneda modules associated to the Lagrangians in £ag*(M). In our notation, the
category Fuk*(M) is defined as described at the beginning of Chapter 3, without
reference to filtrations.

The shadow pseudo-metric d7 from Section 6.2 is a first example of a (class) of
weighted fragmentation pseudo-metrics associated to a weight w defined as follows.
Recall from [BC14], [CC16] that there is a monoidal cobordism category Bob2(M)
whose objects are families (Li,...,Ls) with L; € Zag*(M) and with morphisms
(formal sums) of cobordisms in the class Q that are the type V : L ~~»> (Ly,...,Ls)
(modulo an appropriate equivalence relation; the monoidal operation is concatena-
tion). There is a monoidal functor, denoted in [BC14] by F but that, to avoid confusion
in notation, we will denote here by P:

(6.14) @ : Bobe(M) — TS (DFuk*(M)).

On objects, this functor associates to a Lagrangian L its Yoneda module & and its
properties have been used extensively earlier in the paper, starting from Section 3.7.
In the setting, X = DFuk*(M), for a morphism ¢ € Morysq, we define the shadow
weight of ¢ by

(6.15) ws(P) = inf {S(V); O(V) = p}

and it is easy to see from the various definitions involved that d7 coincides with
the weighted fragmentation pseudo-metric 5% associated to ws. Additionally, recall
from Corollary 6.5 that, by using an appropriate perturbation %’, we obtain an actual
metric d %% = max{d¥,d¥}.

6.4.2. Remark. — The category T°X was inspired by the work on Lagrangian
cobordism and might seem artificial in itself. However, we will remark here that
(in a slightly modified form) it is the natural categorification of the Grothendieck
group K(X). This group is defined as the quotient of the free abelian group generated
by the objects in X modulo the relations B = A + C whenever A - B — Cisa
distinguished triangle in X. We will work here in a simplified setting and take
the identity for the shift functor. As a consequence K(X) is a Z/2 vector space.
Alternatively, K(X) can also be defined as the free monoid of finite ordered families
(K1, ..., K;) where K; € 0b(X), with the operation being given by concatenation of
families, modulo the relations K1 + K> + - -- + K; = 0 whenever there exists a cone
decomposition of 0 with linearization (Kj,...,K;). When I is small, there is a
category, TS, closely associated to T°, that categorifies K(X) in the usual sense
(meaning that it is a monoidal category with the property that the monoid formed by
the isomorphism classes of its objects is K(X)). The basic idea is that, in TSSI, families
that are linearizations of acyclic cones are declared isomorphic to 0. More formally,

TSI is defined if the category X is small and is constructed in three steps: first we
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add to the morphisms in T°X the morphism 0 — @ (and the relevant compositions)
thus getting T°X*; secondly, we localize T°X* at the family of morphisms

d ={¢ € Morpsg+ ; ¢ :0— (Kq,...,Kq)}

(here 0 is viewed as a family formed by the single element 0; this is equivalent to
adding inverses to all the morphisms having 0 as domain and adding relations so that
associativity of composition is still satisfied); finally, we complete in the monoidal
sense by allowing formal sums for all the new and old morphisms.

6.4.3. Energy ofretracts of weakly filtered modules. — Assume that J is a weakly filtered
module over the weakly filtered As-category f with discrepancy < € as in §2.3.1
and that ¢ : Ml — JL is a weakly filtered module homomorphism with discrepancy
< €" which is null-homotopic. Following the terminology in Section 2.7, we consider
the homotopical boundary level of 1,

Bi(; €") = Bu(yh; €") + A(y).

Let f : Mo — Jl; be a morphism of weakly filtered modules and define:
(6.16) p(f)= iI‘glf (max {By(g o f —id; "), A(g) + A(f),0})
where the infimum is taken over all weakly filtered module morphisms

g My — Mo, with gof ehomeh(/%o,//to), gof =idy,.

In case no such g exists we put p( f) = . The measurement p estimates the minimal
energy required to find a left homotopy inverse for f.

6.4.4. Remark. — Similar notions are familiar in Floer theory, generally to compare
two quasi-isomorphic chain complexes, and in that case the infimum above is taken
also over all morphisms f and one also takes into account a homotopy f o g ~idg,.
For instance, see [UZ16].

The next two lemmas give simple properties of p that will be useful below.

’

LEMMA 6.11. — Given My L Ay, Sl L Mo, one has
(6.17) p(f o f) < p(f)+p(f)

’

Proof. — Indeed, assume J(; LR Mo, Mo LR Jly are weakly filtered module maps
andn:go f =idy, n: g o f =idy, are the respective homotopies. Assume that
f.g.n, f', ¢, n shift filtrations by < s,r, k,s’, 7", k’, respectively. These numbers can
be taken larger but as close as desired to the respective action levels. Notice that f" o f
shifts filtrations by < s + s/, g o g’ shifts filtrations by < r + #’ and, moreover, the
homotopy
n=gonof+n:gogiofof=idy

shifts filtrations by < max{r + s + k’, k}. This implies the claim. o
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To state the second property, assume that the weakly filtered module Jl; can be
written as a weakly filtered iterated cone

My = Gone(Ks — BGone(Ks-g — -+
-+ — Bone (N — Gone(Kij_1 — -+ Gone(Ky — Kq)--+))

and that there is another weakly filtered module N’ together with weakly filtered
mapsu : N — N and v : N/ — N and a weakly filtered homotopy & : v ou = idy.

LEmMMA 6.12. — There is another weakly filtered module AL’ that can be written as a filtered
iterated cone of the same form as the decomposition for MMy except with N’ replacing N and
there is an associated map u’ : My — Al so that p(u’) < max{A(u) + A(v), A(&), 0}

As a corollary we deduce that given J/;, N as well as /" and a weakly filtered
map u : N — N with p(u) < oo, then, for any € > 0, there exists a weakly filtered
module /(] and a map u” : JMl; — ] as in the lemma such that

(6.18) pu’) < p(u) +e.

Proof of Lemma 6.12. — By recurrence, the proof is easily reduced to showing the
statement for two particular types of decompositions:

My = Bone (N N Ki) and Jl; = Bone (K> 2, N).

We will only treat here the first case the second being entirely similar. Without loss
of generality, we may assume that ¢ does not shift action filtrations. Assume that
the map v : /' — W shifts filtrations by < r, the map u shifts filtrations by < s
and & shifts filtration by < k. Following the definitions of weakly filtered cones in
Section 2.4 we construct J] as follows.

Let?: ST"N” — W be given by the map v after shifting the filtration of its domain

up by r. Define
¢ =¢pov:STN — Ky

and put /] = Bone(¢’). With the notation in (2.7), this cone is defined by taking the
action shift of ¢’ to be 0. There are module morphisms v : W] — Jl; defined as
v = (0,idg,) and v’ : My — M, v’ = (i, P o & +idk,) where il : N — ST N’ is the
map u with its target with a shifted filtration (these equations have to be interpreted
component by component, as in the definition of the structure maps of cones of Aw-
modules). There is also a homotopy & : My — My, & : v/ ou’ = id given by the
formula & = (&,0). Notice that v’ does not shift filtrations; u’ shifts action filtrations
by < max{r +s, k}; & shifts filtration by < k. As we can take r, s, k larger but as close
as desired to, respectively, A(v), A(u), A(&) this implies the claim. O

6.4.5. Algebraic weights on TS DFuk*(M). — We now use the measurement p intro-
duced in §6.4.3 to define an algebraic weight w, in the sense of §6.4.1. We will assume
here that

X = DFuk*(M)
and that X consists of the Yoneda modules associated to the Lagrangians in £ag*(M).
We will appeal to the constructions from Section 3.3. Recall from Proposition 3.1
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that to a system of coherent perturbation data p € E, we associate a weakly filtered
A-category Fuk(®; p), where 6 = 2Lag*(M). We also recall that we denote by N
the family of coherent perturbation data @ = (K, J) with K = 0. Proposition 3.1 also
shows that for pg € N the discrepancies of the categories Fuk(®;p) tend to zero
when p — po.

We will denote by Fuk(®;p)* the category of all ( finite) iterated weakly filtered
cones that one can construct — as in Section 2.4 — out of the objects of Fuk(%6; p). There
is clearly a functor

Fuk(€; p)® — DFuk*(M)
that forgets filtrations on objects and associates to each morphism its homology class
(again, at the same time forgetting the filtration).

We denote by [X] the image of an object X through this functor and similarly for
morphisms.

The distinguished triangles in D%uk*(M) are associated through this functor to
the cone attachments in Fuk(6;p)* and there is a similar correspondence for the
iterated cones.

Let qi_) L - (S1,..., %), cZ) = (¢, a,n) be a morphism in TS%o (see §6.4.1) and
(6.19) wp(gi_)) = inf {p(a) ; & € Morggegpp, ot L — M,
such that / admits an iterated cone
decomposition 7 with [a] = ¢, [U] = a, []] = n}.
In summary, wy(¢) infimizes p among all the filtered models of the morphism ¢
inside Fuk(€;p). The weight w), satisfies (6.12), hence can be used as in §6.4.1 to

define a pseudo-metric 5 ;‘; . Itis useful to define also similar notions for points pg € V.
For this purpose, we set

wpo(ql_)) = lim sup(wp(qi_))).
pP—Ppo

Itis easy to see that w),, continues to satisfy (6.12) and therefore there is a correspond-
ing weighted fragmentation pseudo-metric Eg. It follows from the proof of the first
part of Theorem 5.1 that

COROLLARY 6.13. — Let ¢ : & — (1, . .., %) be a morphism in TS DFuk*(M).
(i) There exists po € N such that, with the notation in Theorem 5.1, we have

Wpy(P) > 26(L; S).

(ii) If there exists a Lagrangian cobordism V : L ~~» (Ly,...,Ly) with CT)(V) = gi_)
(where @ is the functor from (6.14)), then for any p € E;,, we have

reg
S(V) = wy().
For ¢ a morphism as in Corollary 6.13, define

Waig(¢) = ;g Wy, ().
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The weight wqyg still satisfies (6.12) and, as in §6.4.1, there is an associated pseudo-
metric, 5% on Zag*(M). Point (i) of 6.13 implies that Corollary 6.4 remains valid

alg
with 53(6 taking the place of d7. Moreover, if F, F’ satisfy the assumption in Corol-
lary 6.5, then the formula
<FF =F ¥
(6.20) Syg = Mmax {salg, salg}

ot
S

defines a metric on Zag*(M). Point (ii) of Corollary 6.13 shows that Eig is bounded

from above by the shadow metric d %% from 6.5.

6.4.6. Remark. — Assume that F and ¥’ satisfy the hypothesis in Corollary 6.5 and
that they both generate DFuk*(M). In this case, the weights w, are finite and thus
the pseudo-metrics 57 as well as 5% (which is defined by the obvious analogue
of (6.20)) are also finite. On the other hand, for a fixed p it is not clear that the pseudo-
metric 75\;; ' is non-degenerate. By contrast, ngf' is non-degenerate but might be
infinite.

Proof of Corollary 6.13. — Let ¢ = (¢, a,n) and consider a category Fuk(€, p) and a
map a : £ — Jl so that [a] = ¢, [M] = a, and so that the cone-decomposition 1
corresponds to the writing of Jl as a weakly filtered iterated cone:

M = Bone (Lr — Bone (L1 -+ — Gone(Lr — £1))---)).

Let p : M — < be another map and assume that C : £ — &£ is a homotopy so
that C: f o a = idgy. Assume that «a shifts filtrations by < s, f shifts filtrations by < r
and C shifts filtrations by < k. Consider

My = Bone( M i %) and the inclusion i : £ — M1, i = (0,id).
As described in Section 2.4, when defining the cone J; we use the value r to write
My =S DL

We now notice that the map C= (a,C0) : £ — Jy is a homotopy C:i=~0and we see
that  shifts filtrations by < max{r + s, k}. We deduce:

(6.21) Bu(i) < p(a).

Using this remark we now return to the setting of the proof of Theorem 5.1. In
particular, we pick the choice of perturbation data p as in (5.10) and, for coherence
of notation, we put Ly = L. Instead of the complex €, which has a geometric
construction we use the complex J(;(Lg) constructed above. Inequality (5.12) is a
consequence of (5.11). If we replace inequality (5.11) with (6.21) , we can still deduce
an inequality similar to (5.12) but with p(«) instead of S(W). In other words, there is

(6.22) b’ € M1(Ly) with A(b’,‘ ./ﬂl(Lo)) < A(ELO;./ﬂl(Lo)) + p(a) + %6.

The reason is that we do not need to use in this argument the boundary depth of
the chain complex J/l1(Lg) (which in our algebraic setting might not even be acyclic)
but only the boundary depth of the element e, which is controled by the boundary
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depth of the map i : £ = %y — Jl; which in turn is controled by p(a). Given
that wy(¢) = infj4)-¢ p(a) we may assume that

pla) < wp(¢_)) +¢e”
and by continuing as in the proof of Theorem 5.1 we obtain, after making p — po
that there is a Floer polygon vy (compare to (5.17)) such that

n

w(vg) < wpo(gi_)) +le+e”.
The argument ends by the same type of application of the Lelong inequality as in the
proof of the Theorem 5.1.

The proof of the second point of the corollary is again basically contained in
the proof of Theorem 5.1. It uses the isotopy pictured in Figure 5 but applies the
construction there directly to the cobordism V in Figure 4 (and not to W). As in (5.9)
we deduce the existence of a weakly filtered module

(6.23) My,y,pn = Gone(Lx iR Gone (Lr-1 O Gone (- - - Gone (%, iR £))--4))),
(where we neglect a small shift that can be made to — 0). There is also a similar
module Ay, , » which is identified with the Yoneda module of L. Isotopy y”" — y
of Hofer length < §(V) + %e (see above (5.11)) induces module homomorphisms
(see for instance [FOOOo09a, Chapter 5], at least for modules over an A-algebra, the
case of A-categories is similar; alternatively, a direct argument based on moving
boundary conditions is also possible)
a: -/%V;y’,p,h — ﬂV;)/,p,h/ B: -/”/V;y,p,h — -/“V;y’,p,h

as well as homotopies 1 : foa ~id, ' : @ o  ~ id that are all shifting actions by
not more than §(V) + %e. By the definition of the functor @ we have (f)(V) =(¢,a,1n)
and [a] = ¢, a = [Mly;, p 1] and, as we just indicated, we also have p(a) < S(V) + %e.
This means that by definition (6.19), wp(q_b) <8(V)+ %e. O
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We introduce new metrics on spaces of Lagrangian submanifolds,
not necessarily in a fixed Hamiltonian isotopy class. Our metrics
arise from measurements involving Lagrangian cobordisms. We
also show that splitting Lagrangians through cobordism has an
energy cost and, from this cost being smaller than certain ex-
plicit bounds, we deduce some forms of rigidity of Lagrangian
intersections. We also fit these constructions in the more gen-
eral algebraic setting of triangulated categories, independent of
Lagrangian cobordism. As a main technical tool, we develop as-
pects of the theory of (weakly) filtered A.-categories.
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