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1. Introduction

In this paper, we study the following Hamiltonian system
Ju+A(t)u+ VH(t,u) =0, (1.1)

where ] is the standard symplectic matrix, A(t) is a symmetric 2N x 2N matrix continuous, A and H are 27 -periodic in t.

In past years, several authors studied the existence of periodic solutions to (1.1); see for instance [1-14].

Some of them, starting with Rabinowitz [ 12], established the existence of a nontrivial periodic solution in the case where
H is superquadratic. In particular, in [6,7,9], they used the fact that the local linking condition was satisfied.

Multiplicity results were obtained by adding a periodicity condition. The case where VH(t, u) = h(t) + VH (t, u) and A
is perlodlc with respect to the spectrum of Jit + Au was treated in [2,4,5,10]. More prec1sely, in [2,4], it was also assumed that
VH and Huu are bounded. The Hamiltonian did not have to be of class C? in [5,10] but VH was asymptotic to 0 at infinity.
Their proofs rely on the notion of limit relative category introduced by Fournier, Lupo, Ramos and Willem [5].

Liu [8] and Daouas [3] obtained multiplicity results in the case where A = 0, VH is bounded and H is periodic in some
spatial variables.

A pioneering contribution is due to Conley and Zehnder [15]. Performing a Lyapunov-Schmidt reduction and using the
Conley index theory, they obtained the existence of 2N + 1 solutions in the case where A = 0 and H is periodic of class C2.
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They also considered the case where A = 0, H is periodic in q, and H(t, p, q) = {(a, p) + (p, b(x)p)/2 for ||p|]| > r > 0 with
aaconstant and b € L(RM). They established the existence of N 4+ 1 periodic solutions. In [14], Szulkin considered the case
where A has the form

At) = (Bg) g) (12)

with B(t) = B non-singular. Assuming that H is periodic in g, VH is bounded, and H(t, p, q) — oo (or —o0) uniformly in t
as ||p|l — oo, he showed that (1.1) as at least N + 1 distinct periodic solutions. His proof relied on a new notion of relative
category.

In this paper, we combine periodic conditions with superquadratic growth to obtain an existence and a multiplicity
result. More precisely, we present a result establishing the existence of N + 1 distinct periodic solutions to (1.1). The matrix
A has the form (1.2) with B(t) non-singular. We assume also that H is periodic in g and H has a superquadratic growth in
p. Our existence results rely on the notion of limit relative category depending on a functional f (also called limit relative
f-category) introduced by the authors [16], (see also [17]). It is worth to mention that the limit relative f-category is always
larger or equal to the limit relative category introduced in [5]. This limit relative f-category takes advantage of linking-type
situation, and in particular, general linking pairs in the sense of [18].

Our paper is organized as follows. In Section 2, we recall the notion of limit relative f-category and results related to it,
obtained in [16]. In Section 3, we state our main theorem (Theorem 3.2). Technical results are obtained in the next section,
while in Section 5, an equivalent formulation of the problem is presented. Finally the proof of our main theorem is given in
the last section.

2. Category depending on a functional

The proof of our main theorem will rely on results on the category depending on a functional obtained by the authors
in [16] (see also [17]). We recall some of them for the sake of completeness.

2.1. The notion of f -category

Let X be a normal topological space, and f : X — R continuous.
Definition 2.1. Let A be a subset of X and ¢ > 0, we say that Ais (f, ¢)-contractible in X if there exist X € X and a continuous
deformation  : A x [0, 1] — X such that for all x € A,

(a) n(x,0) =x;
(b) n(x, 1) = X;
(c) f(nx,t)) < f(x) +eforallt € [0, 1].

Using this notion of (f, ¢)-contractibility, the authors introduced a notion of category depending on the functional f.

Definition 2.2. Let B C X. The f-category of Bin X is defined by
f-catx(B) = supn[ (B, X),

£>0
where nQ(B, X) is the smallest n € N such that there exist closed subsets Ay, . . ., A, satisfying:
(a) BC Ui, A
(b) Ajis (f, e)-contractible in X, foralli=1, ..., n.
If such an n does not exist, we set i.(B, X) = 0o, and if B = @, we set 1. (B, X) = 0.
The f-category satisfies the usual properties of the Lusternik-Schnirelman category. However
f-catx(B) > catx(B) VB C X.

In general, this inequality is strict.

Observe that f-catx(B) = oo if inff(B) = —oo. One sees that, as for the classical category, the f-category is not
appropriate to treat unbounded functional. For this reason, the authors introduced a notion of relative category depending
on the functional f. Denote

N ={n:X x [0, 1] = X : nis continuous, n(x, 0) = xand, f(n(x,t)) < f(x) Vx € X, t € [0, 1]}.

Definition 2.3. Let Y be a closed subset of X, and B C X. We define the f-category of B relative to Y in X by
f-caty y(B) = supn (B, X, Y),

>0
where n{;(B, X, Y) is the smallest n € N U {0} such that there exist closed subsets Ay, . . ., A, satisfying:
(a) BC U?:OAf;
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(b) A;is (f, e)-contractible in X, foralli =1, ..., n;
(c) there exists ng € Ny such thatno(Y, t) C Y,and no(Ag, 1) C Y.
If such an n does not exist, we set né(B, X,Y) =o0.
Again, most of the usual properties of the relative category are preserved by the relative f-category. Moreover
f—Catxyy(B) > Catqu(B) VB C X.
In general, this inequality is strict.
The relative f-category is related to the general notion of linking introduced in [18].
Definition 2.4. LetA C B C X,P C Q C X.We say that (B, A) links (Q,P)ifBNQ # #,ANQ = @¥,BNP = (J and for every
n € N (A), one of the following conditions is satisfied:

(@) n(B, 1)NQ # B,
(b) n(B, 10, 1) NP # &;

where
N(A) ={n:X x [0, 1] — X continuous : n(x,t) =xV(x,t) € X x {0} UA x [0, 1]}.

Observe that it is not assumed that A and P are nonempty. In the classical notion of linking, A = 9B and P = (. In what
follows, we use the convention: inf# = oo, sup ¥ = —o0, and dist(¥, Q) = oo.

Theorem 2.5. Assume that (B, A) links (Q, P), A is closed, and there exists a € R such that
supf(A) < a <inff(Q) < supf(B) < inff(P).

(i) If supf(A) <a < inff(Q), then
f-catxga(B) > 1 and f-catya(B) > 1.

(ii) If supf(A) = inff(Q) and AN Q = ¥, then f-catx 4(B) > 1.

2.2. The f-category and critical points

In this section X is a metric space. As before f : X — R is continuous.
A subset K of X is given and called the set of critical points of f. We assume that K satisfies

K Nf~1(C) is compact for every compact set C C R. (2.1)
Forc € Rand I C R, we denote
K.=KNf ), K=Knf'd), and fC={xeX:f(x) <c}.

The metric space X is assumed to satisfy a condition of contractibility. This notion can be found for example in Borsuk [19].

Definition 2.6. We say that a metric space X is locally contractible if for every x € X and every U neighborhood of x, there
exists a closed neighborhood V C U of x contractible in U; that is there exist X € U and a continuous deformation
h:v x[0,1] — U such that h(v, 0) = v and h(v, 1) = X forevery v € V.

It is well known that deformation lemmas play a key role in critical point theory. In this abstract context, f has to satisfy
a suitable deformation property.

Definition 2.7. Let ¢ € R. We say that f satisfies D (X, K.) if for every &, p > 0 and every neighborhood U of K., there exist
¢ € 10, &[ and a continuous deformation n : X x [0, 1] — X such that

(@) n(x, t) = x forevery (x, t) € X x {0} Uf~¢ x [0, 1];

(b) f(n(x, t)) < f(x) forevery (x,t) € X x [0, 1];

(€ nFreNU, 1) Cfs

(d) dist(x, n(x, t)) < p forevery (x,t) € X x [0, 1].

The following result establishes that f-caty (X) is a lower bound to the cardinality of the set of critical points of f when f
is bounded from below.

Theorem 2.8. Assume (2.1) and assume that X is locally contractible, and f satisfies D (X, K.) for every c € R. If f is bounded
from below, then f has at least f-catx (X) critical points.
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Combining the relative f-category and the notion of linking, the following result was obtained.

Theorem 2.9. Assume (2.1), X is locally contractible, and assume that (B, A) links (Q, P) where B and Q are closed. If
supf(A) <a <inff(Q) <supf(B) =b <inff(P),

a,b € R, dist(A,Q) > 0if supf(A) = inff(Q), dist(B,P) > 0 if supf(B) = inff(P), and f satisfies D (X, K.) for every
c € [a, b], then

card(Kq,p) > f-caty sa(B).

2.3. Limit relative f -category

In order to establish the existence of critical points of indefinite functional a notion of limit relative f-category was
introduced by the authors.
In this section, X is a metric space and {X;} is a sequence of closed subspaces of X such that

X:UXk and X, CX, C---.
keN

For B C X, we denote B, = BN X;.
As before f : X — R is continuous and K C X satisfies (2.1). For k € N, we denote fi = f |, .
Definition 2.10. Let B C X and Y closed in X. The limit f-category of B relative to Y in X is defined by
f-catys, (B) = sup lim sup nf* (By, X, ),

£>0 k—o0

where r* (By, X, Y;) is defined in Definition 2.3.

The limit relative f-category satisfies most of the properties of the limit relative category introduced by Fournier, Lupo,
Ramos and Willem [5], and

f-catyy (B) > caty’y (B).
To relate this notion with critical points of f, a contractibility condition is imposed on the space, and a deformation
property is imposed on f.

Definition 2.11. We say that the metric space X is x-locally contractible if for every x € X and every U neighborhood of x,
there exists a neighborhood 'V C U of x such that there exists ko € N such that for every k > ko, Vj is contractible in U.

Definition 2.12. Let ¢ € R. We say that f satisfies D*(X, K.) if for every ¢ > 0 and every neighborhood U of K, there exist
& € 10, [ and ko € N such that for every k > kg there exists a continuous deformation 7 : X; x [0, 1] — X, such that

(a) nk(x, 0) = x for every (x, t) € X, x {0} Uf,f_‘g x [0, 1];
(b) f(m(x, ) < f(x) for every (x, t) € Xi x [0, 1];
© m(f\NU, ) C i

Theorem 2.13. Assume (2.1), X is *-locally contractible. Let A C B C X, P C Q C X be such that B and Q are closed, and
(Bg, Ay) links (Qg, Py) in X for k sufficiently large. If

supf(A) <a <inff(Q) <supf(B) =b < inff(P),
and f satisfies D* (X, K. ) for every c € [a, b], then
card(Kq p) > f-catsza(B) > 1.

2.3.1. Particular case

Here is a particular case in which a lower estimate of the limit relative f-category is given.

Let E = E' @ E? be a Banach space, and M a compact differentiable manifold. For i = 1, 2, assume that there exist
Ei C E} C ---, asequence of closed subspaces of E' such that

i__ i
£ =JE
keN

with 0 < dim(E}}) < co. Denote

X=ExM and X, =E xM, whereE, =E, ®E;.
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Forr; > 0, set
B'={xeE: x| <n}
S'={xekE:|x| =n}.
Theorem 2.14. Let E, M, and X be as above. Let f : X — R be continuous and K satisfying (2.1). Assume that there exist
r, 1, > 0anda, b € R such that
supf(S! x M) < a < inff(B*> x M) < supf(B' x M) < b < inff(5? x M).
If f satisfies D* (X, K;) for every ¢ € [a, b], then
card(Kjq,p)) > f-cat{sa(By x M) > lillgsoLolp cuplength(B; x M, S; x M) + 1 > cuplength(M) + 1.

The reader is referred to [20] for the definition of relative cuplength.
Now, we recall a deformation lemma which insures that the deformation properties D* (X, K_) is satisfied.

Definition 2.15. Let X be as above, ¢ € R,and f : X — R of class C'. We say that f satisfies the Palais-Smale-star condition
at level c, denoted (PS)}, if every sequence (Xn;) such that nj — oo, Xnj € an,f(xnj) —C andf,{j (%n)) = 0, has a convergent
subsequence.

Lemma 2.16. Let X be as above, and ¢ € R. Assume that f : X — Ris C! and satisfies (PS)?. If we consider K as the set of
critical points of f, then condition (2.1) is verified and f satisfies D* (X, K).

The reader is referred to [5] for a proof of this result.
3. Main theorem

Let us recall that we want to establish the existence of 277 -periodic solutions of the following problem
Ju(t) +At)u(t) + VH(t, u(t)) =0, (1.1)
where u(t) = (up(t), ug(t)) € RN x RN,

=( 9)

is the standard symplectic matrix, A(t) is an 2N x 2N matrix of the form

At) = (B g) 8)

with B(t) a symmetric N x N matrix, and
VH(t, p, q) = (VpH(t, p, q), V4H(t, p, 9)),

for (p, q) € RY x RV,
Since we look for 27 -periodic solutions of (1.1), it is equivalent to look for solutions defined on the one-dimensional unit
sphere S. So, in the following, we identify [0, 277] to S. Every function u € L*(S, R?V) can be written by a Fourier series

. 1 A
Zﬁ(k)e"“, where fi(k) = — /u(t)e“’“ dt.
21 Js

keZ

Define the fractionary Sobolev space

kez

HY2(S, R?N) = {u e I2(S,R*™) : 2(1 + V202 <00} .

This space with the inner product

(U, v)12 = Z(l + k)20 (k) D (k)

keZ
is a Hilbert space. Let us denote the norm induced by this inner product by

172
||u||1/2 = (Z(] + ](2)1/2|ﬁ(k)|2> .

keZ

By the usual Rellich Theorem, this fractionary Sobolev space, is compactly embedded in L% (S, RV).
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Theorem 3.1. For all « € [1, 00), H/?(S, R?N) is compactly embedded in L*(S, R®N). In particular, there exists a constant
Yo > 0 such that

lullie < yollulliyz Yu e HY2(S,R?M).
We say that u € H/2(S, R?V) is a weak solution of the problem (1.1) if
/M-v+mbv+VHmquM:ﬂ)VveH”%&RW) (3.1)
S

We will assume the following conditions.

(H1) B(t) is an invertible self-adjoint N x N matrix, and t — B(t) is continuous and 2 -periodic;

(H2) H : R x R?M — R is continuous, continuously differentiable with respect to z = (p, q) € R?", and 27 -periodic in ¢
and q;

(H3) there are constants ay, a, > 0and r > 1 such that

”VH(tsps q)”r = +a2p . VPH(ts D, q)?
(H4) there are constants R > 0 and u > 2 such that for all (p, q) with ||p|| > R,

(H5) V4H(t, p, q) is bounded;
(H6) H(t,z + (0, q)) — H(t, 0, q) is o(||z||?) uniformly int andinqasz — 0.

Let us state our main theorem.

Theorem 3.2. Suppose the conditions (H1)-(H6) are satisfied. Then (1.1) has at least one weak solution u € H'/?(S, R?M).
Moreover, there exists Bo > 0 such that if

sup {/H(t, 0,q) dt} — inf {/H(t, 0,q) dt} < Bo, (3.2)
qerN UJs qerN | Js

then (1.1) has at least N + 1 distinct orbits of weak solutions.

Remark 3.3. Observe that (H2) implies that

sup {/H(t,o, q)dt} = max {/H(t, 0, q)dt},
qerN LJs gef0.2z]V | Js

inf {/H(t,o, q) dt} = min {/H(t, 0, q)dt}.
qerN | Js qel0,2xIN | Js

Notice also that if

max{H(C)} — min{H(C)} < f—;, for C =S x {0} x [0, 27 ]V,

then (3.2) is satisfied.

4. Technical results

In order to prove our main Theorem 3.2, we need to establish some technical results concerning the properties of the
function H. In the following, the necessary constants in the proofs will be noted ¢y, ¢, . . .. The numeration will restart at ¢;
at the beginning of every proof.

Arguing in a classical manner, it is easy to prove the following lemma.

Lemma 4.1. Assume (H2) and (H3). Then there are constants as, a4 such that
IVH(t, p, 9l < a3 + aslpl
forall (t,p, q) € R%N+*1wheres = 1/(r — 1).

We obtain more precision on s if in addition (H4) is satisfied.

Lemma 4.2. If H satisfies (H2)-(H4), thens = 1/(r — 1) > 1.
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Proof. From assumption (H4), we obtain the existence of positive constants cq, ¢, such that
H(t,p,0) > cilpll" —ca V(t,p) e R".
This inequality combined with the fact that H is periodic in t gives the existence of a constant c3 such that
H(t, p,0) — H(t,0,0) > c[|p|" —c5 V(t,p) € RN*". (4.1)

On the other hand, Lemma 4.1 implies that for all (t, p) € RV*1,
4
H(t, p, 0) — H(t,0,0) = f 4 ¢, ap, 0)da
0 da

1
= f p - VpH(t, ap, 0)do
0

A

< asllpll + aallp”*. (4.2)
Combining (4.1) and (4.2), we obtain

1
cillpll”* — 3 < aslipll + aallp ™.

Since this inequality holds for all p and ¢; > 0, we deduce thats+ 1> > 2. O
Lemma 4.3. Suppose H satisfies (H2) and (H4). Then there exists a constant k > 0 such that
1
/H(t, u(t))ydt <k+ — /up(t) - VpH(t, u(t)) dt
S mJs
forallu = (uy, ug) € HV2(S,R*V).
Proof. The periodicity in t and q implies that there exist ¢; and ¢, such that
c C
[p-VH(E.p.0)| < - and |H(E.p.0)l < 5= V(t.p.q) € R x [-R.R] xR,
b4 b4

where R is the constant given in (H4).
Letu = (up, ug) € H*(S,R?N). Set 4 = {t € S : [uy(t)|| < R}. The previous inequalities imply that

<c¢, and <.

/ up(t) - VpH(t, u(t)) de
A

/ H(t,u(t))dt
A

By (H4),
/up(t)-VPH(t,u(t))dtz/ RH(E, u(t)) dt.
EA’E (AC

Therefore, we obtain for every u € H'/2(S, R?V),

IA

/H(t, u(t))dt < c; + l/ u,(t) - VpH(t, u(t)) dt
S e J e

&+ l/up(t) CVLH(E, u()) dt — l/ () - V,H(E, u(t)) dt
M Js K Ja

IA

1
k+ — /up(t) - VpH(t, u(t)) dt,
mJs
wherek =c; —ci/p. O
Lemma 4.4. Suppose (H2), (H3) and (H6) are satisfied. Then for all ¢ > 0, there exists c. > 0 such that
IH(t,z + (0, q)) — H(t, 0, 9| < ellzl* + c.Jlz[**"
forallt e R,z € R*N and q € RV.

Proof. Let ¢ > 0. By (H6), there is a constant R, such that

IH(t,z + (0, @) —H(t,0,| < ellz|®, V |zl <R.. (4.3)
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Lemma 4.1 implies that

1
d
|H(t,z + (0, q)) — H(t, 0, q)| =/ *daH(t,az—F(O,LI))dOl
0

1
/ z-V(H(t,az 4+ (0, q)))do
0

1
1
| astall + aafozl
0

<
a4 s+1
= a3z — ||z .
3l |I+S+1II l
Therefore, there exists ¢, > 0 such that
IH(t,z+ (0, ) — H(t,0,9)| < cllz|*", Vlz|l > R. (4.4)

The conclusion follows from (4.3) and (4.4). O
5. Equivalent problem formulation and (PS)? condition
Consider the bilinear operator a : H/2(S, R?Y) x H'/%(S, R?M) — R defined by
a(u,v) = /]a - v+ Au - vdt.
s
Since (H1) is satisfied, we can denote the eigenvalues associated with a by
CSA2=SA g <t=0<AZA S,
with A, — oo and A_, — —oc0. This permits to obtain a decomposition of the space
HZ2@ RNy =xTox@x™,

where X* (resp. X ) is the space generated by eigenvectors associated with positive (resp. negative) eigenvalues, and X° is
the eigenspace associated with Ay = 0. Observe that dimX* = dimX~ = oo and dimX° < oco. More precisely

X0 =’ e H'2(S,R™) : u%(t) = (0, q) € {0} x RV}.

Let us define the following inner product inducing an equivalent norm on H'/%(S, R?") by:

((u, )12 = a@®, v*) —a@™, v7) + @, %), (5.1)
whereu = ut +u® +u~ € XT @ X® @ X~. Observe that with this new scalar product the decomposition X* @ X° @ X~ is
orthogonal, and with this new norm (still denoted || - ||1/2), we have

ot = i+ Aw) - ude = 'R, ~ a1
S

see [6] for more details.
Let us introduce the equivalence relation on X° defined by

X~ e x"—30=0,9q) {0} x 277Z".
Denote [x°] the equivalence class of x°, and observe that
V={x":x° X% ~RV/27ZN ~ TV,

where TV denotes the N dimensional torus.
Consider the functional ¢ : H/?(S, R*") — R defined by

¢(u):%/]it-u%—Au-udt—k/H(t,u)dt. (5.2)
s s
One can show that ¢ is C! and
(@' (w), v) :f]il-v+Au~v+VH(t, u) -vdt (5.3)
s

for all u, v € H'/?(S, R?"). So weak solutions of (1.1) (see (3.1)) are critical points of the functional ¢. By the periodicity of
Aand H assumed in (H1) and (H2) respectively, we can easily show that for allu € H/?(S, R?V),

o) =pw+x" and ¢'(w) = ¢'(u+x" Vx®such that [x°] = [0]. (5.4)
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Therefore, to each &t weak solution of (1.1) corresponds in fact an orbit of weak solutions {i1 + x° : [x°] = 0}. Hence, the
functional ¢ does not satisfy the Palais—Smale-star condition. To avoid this problem, we introduce another functional.
LetX = X+ @ X~.Definef : X x V — Rby

f&x %) = p(x +x°).

It follows from (5.4) that f is well defined. Moreover, f is C!, and critical points of f are in correspondence with critical orbits
of ¢, (see [21,22] for more details).

For n € N, choose e, an eigenvector corresponding to A, and such that {...,e_q, eq, €3, ...} is an orthonormal set.
Denote

X = span{ey, ..., e},
X, =span{e_q,...,e_,},
X=X ®X,,

Jo = Ixaxvs

n=1¢ |xne;x0 .

Theorem 5.1. Assume (H1)-(H6), then f satisfies (PS)¥ for all c € R.

Proof. Consider {(x,, v;)} € X, x V a sequence such that
f(xn,vq) = ¢ and f;(xn, vy) — O. (5.5)

Choose X% € {0} x [0, 27N C X° such that v, = [x%], and denote u, = x, + x5 € H'/2(S, R?"). To show that {(x,, v,)} has
a convergent subsequence, it is equivalent to show that {u,} has a convergent subsequence.

The sequence {xﬂ} is bounded in the finite-dimensional space X°. So, it has a subsequence still denoted {xg} converging
tox? e X°.

Since f (X, vn) = ¢(un) and f; (xn, vn) = ¢} (up), it follows from (5.2), (5.3) and (5.5) that for n large enough,

1—-2c+ ||Un||1/2 > <¢1;(un)a un) - 2¢(un)
= /VH(t, uy) - u, — 2H(t, u,) dt. (5.6)
S

By (H5) and Theorem 3.1, there exists a constant c; such that

‘/un,q - VgH(t, uy) dt
s

=G ||un.q||1/2~ (5.7)

On the other hand, (H3) and Lemma 4.3 imply that

v

2
/un,p - VpH(E, up) — 2H(t, up) dt (1 - 7) /un,p - VpH(t, uy) dt — 2k
S K Js

CIVH(t, up)|ljr — c3. (5.8)

A%

Combining (5.6)-(5.8) gives
1—2c+ lunlliz = GIIVH(E, up)llir — 3 — cilltnglliy2-
Thus,

IVHE, u)llr < a1+ llunll15)- (5.9)

On the other hand, it follows from (5.5), (5.9) and Theorem 3.1 that for n large enough,

+ oyt

Foxh) = a(un, x))

(Pn(un), x) — /x: - VH(t, u,) dt
S
< X ll1yz + %5 1 IVHE, ug) |l

1
1% 11172 + eslixd 11/2(1+ llunll 1)

a(x

IA

¢ + crllunlly " (5.10)

IA
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where 1’ is the conjugate exponent of r. Similarly, we obtain
_ 1+1
—a(, . %) < G5+ crllunlly " (5.11)

We deduce from (5.1), (5.10), (5.11) and the fact that the sequence {xg} is bounded, that

1+1
lual2 5 < cs + 207 lluall 1"
Hence, since r > 1, the sequence {u,} is bounded in the Hilbert space H/2(S, R?"). Thus, {u,} has a subsequence, still noted
{u,}, weakly converging in H'/2(S, R?N) and converging strongly in L*(S, R?V) and in L**(S, R?V) by Theorem 3.1. Let us
denote the limit u = x* + x~ + x°. Therefore, we deduce using in addition (5.1) and (5.5), that

+||xE —xi||%/2 = a(xr — x5, xF —x5)
= (¢ (W), X —xF) — (@' (W), xF — x*F) — /(VH(t, u,) — VH(t, u)) . (xni — xi) dt
S
— 0.

Thus u, — u strongly in H/?(S, R?") and hence {(x,, v,)} convergesinX x V. O

6. Proof of the main theorem
In order to prove Theorem 3.2, we will first have to verify that f satisfies some appropriate inequalities on linking pairs.
Let r* and r~ be positive constants to be fixed later. Denote
BY = {xeX™: xll12 < ),
ST=@xeX Xl =1"}
B™ ={xeX :lxlliz2 =17},

ST =(xeX tlxl2=1).

Theorem 6.1. Assume (H1)-(H3) and (H6) are satisfied. There exist vy € V and two positive constants r™ and r~ such that

supf(S™ x V) < inff(B* x {vg}) < supf(B~ x V) < inff (St x {vo}). (6.1)
Moreover, there exists By > 0 such that if

max{f (0, V)} — min{f (0, V)} < Bo, (6.2)
then

supf(S™ x V) <inff(Bt x V) <supf(B~ x V) < inff(ST x V). (6.3)

Proof. Let (x, v) € X~ x V, and choose x° € X° such that v = [x°]. By Theorem 3.1 and Lemma 4.4,

f(x~,v) %a(x‘,x‘) +/H(t,x‘ +x%) dt
S

-1
7||x-||§/2 + /H(t,x— +x%) — H(t,x%) dt + fH(t,xO) dt
S S

IA

_‘l _ _ _
S W+ / el |2 + co x™ " de + £(0, v)
S

A

;1 -2 —s+1
) +eyy | lIx ”1/2 + CeVsgrllX ”1/2 +f(0, v). (6.4)
Similarly, we show that for all (x*, v) € X* x V,

ft v = (% - 8)/2) X132 = cevsrallXTISHS +£(0, v). (6.5)
Sinces > 1, (6.4) and (6.5) imply that for ¢ > 0 small enough, there exist positive constants r ™, r—, k¥ and k= such that

fx",v) < —k +f0,v) V(x ,v)eS xV,

fx ,v) <f(,v) V(x,v)eB xV,

fx ) >kt +f0,v) VT, v)eSt xV,

f&xt,v) > fO,v) Y&, v)eB xV.

(6.6)
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Set vy € V such that
f(0, vo) = maxf(0, v).
veV

This equality combined with (6.6) imply that
F(x", v0) = f(0, v0) > f(0,v9) — k™ >f(x",v) Vx" eB",Vx €S ,YveV,
FxT, vo) = kT +£(0, v0) > f(0,v0) > f(x",v) Vxt eSt,Vx  eB ,YveV.
Thus
supf(S™ x V) < inff (Bt x {vg}) < supf(B~ x V) < inff (St x {vo}).
Now, set By = min{k™, k™}.1f (6.2) is satisfied and from (6.6), we have
f&,v1) = inff(0, V) > supf(0,V) — Bo

>k +fx,v) — Bo
> f(x",v) VxT €eBY,Vx" €5, Vv, 1, €V,

and
f&,v1) < supf(0,V) < inff(0,V) + Bo
<f@&x ) -k + B
< f(xT, 1)) Vx €B,Vx" €St Vo, v, € V.
Thus,

supf(S™ x V) < inff(Bt x V) <supf(B~ x V) <inff(StT x V). O

We are now ready to prove the main theorem.

Proof of Theorem 3.2. It follows from Lemma 2.16 and Theorem 5.1 that f satisfies D*(X, K.) forall ¢ € R.
Observe that foralln € N,

(B NX)) XV, (S"NXy) x V) links (B NXy) x {vo}, (ST NXy) x {vo}),
where vy is given in Theorem 6.1. Indeed, let n = (nx,, 7y) : Xp x V x [0, 1] = X; x V be continuous and such that
nx,v,t) = (x,v) forevery (x,v,t) € X, xV x {0}) U((S™ NX,) xV x [0, 1]).
DefineH : (B~ NX,) x V x [0,1] = X, x V by

1
(PX;(TYX”(X, v, 2t — ]))7 7)V(X, v, 2t — ])) ’ ift € :|27 1] )
H,v,t) = 1
(2P 00+ (1 =20, v). ift [0, 2} ,

where Pxn‘ is the projection on X, . By topological degree theory (see [23] or [24]), there exists a continuum € C (B~ NX,) x
V x [0, 1] intersecting (B~ NX,) x V x {t} forevery t € [0, 1] suchthat H(x, v, t) = (0, vo) forevery (x, v, t) € C.Therefore,
{nx,(x,v,2t = 1) : (x,v,t) € C, t € [%, 11} is a connected subset of X such that {nx, (x, v, 0) : (x, v, %) € C} = {0}. So, if
n((B~NXy) x V, )N (B x {vo}) = ¥, there exists t € ]%, 1[and (x, v, t) € Csuchthatn(x, v, 2t — 1) € (STNX,) x {vo}.

This linking pairs combined with Theorem 6.1 permit to apply Theorem 2.13 to deduce that f has a critical point and
hence (1.1) has a 27 -periodic solution.

On the other hand, if (3.2) is satisfied with B, obtained in Theorem 6.1. Theorem 2.14 implies that f has at least
cuplength(V) + 1 critical points. It is well known that cuplength(V) = cuplength(TV) = N (see [25, p. 161]). Therefore,
(1.1) has at least N + 1 distinct orbits of weak solutions. O
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