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A NOTE ON THE CAUCHY PROBLEM
FOR DIFFERENTIAL INCLUSIONS

M. FRIGON - A. GRANAS — Z. GUENNOUN

Dedicated to the memory of Karol Borsuk

In this note, we shall be concerned with the existence of global solutions to the

initial value problem for systems of differential inclusions of the type-

" y Ry € Fty(t),...,y* () ae tel0,T]
¢ v () = 74, i=00. k=1,

where F @ [0.T] x B¥ — R™ is a multifunction with nonempty compact values
satisfying some conditions of measurability, and upper or lower semi-continuity;
t;e0,Tandr; e R*, i=0,...,k — 1L

For k = 1, the above Cauchy problem was treated in our Notes {2,3]. However.
for k > 1, the established results are new even in the case where I is a single valued

Carathéodory or a continuous function.

1. Preliminaries

(a) Generalities

We denote by C'*({0.T], B} the Banach space of functions k-times continuously

T} with the norm: flyllx = max{{jylo.. ... Hy'* ot where
!

differentiable on [0.
i :t € [0.7]}. The Banach space of functions y such that

o = max{jly(f
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llyll is Lebesgue integrable on [0,T] is denoted by L'([0.T].R"; and is provided
with the usual norm: |yl = fOT fly(tilidt. We denote by WH (0. TL.R"} the
class of function y in C*~1([0.T], B") such that 41 is an absolntely continuous
function. By a solution to (x) we shall always mean a solution in the Carathéodorv
sense, i.e. a function y in W*I([0. T].B"). which satisfies () almost everywhere.

Let £y, B be two Banach spaces, X a closed subset of E;. and S a measurable
space {resp. S = I x R" where [ is a real interval, and 4 C S is £ % B measurable
if A belongs to the o-algebra generated by all sets of the forin N x D, where N is
Lebesgue measurable in I, and D is Borel measurable in B™). Let F: X — F5 and
G S — Ey be two multifunctions with nonempty closed values. The function G is
measurable (resp. L& B measurable) if the set {t € §: G(¢t)N B # @} is measurable
for any closed set B in §. The function F is lower semi-continuous (Ls.c.) (resp.
upper semi-continuous (u.s.c.)) if the set {r € X : F(x)n B # @} is open (resp.
closed) for any open {(resp. closed) set B in Fo. If F is ls.c. and u.s.c. then F' is
continuous.

A subset A of L([0, T}, R") is decomposable if for all u.v € A and N C [0.T}
measurable the function uxny + vxe.rpn € A

(b) Two basic types of multivalued maps
In what follows, F : [0,T] x RF* — R" will be a multifunction with nonempty.

compact values. We assign to F' two multivalued operators
F:C* 1[0, T],R™) — LY([0.T].E™)
and
N CF10.T) R — C([0.T].R™)
by letting:

Fly) ={ve Ll([O,T],R"’) co(ty e Fitoy(h) ..oy Vit ae 1 e 0.7,

1
N(y) ={w € C{[0.TL.R") : w(t) = / uisids with v € F(y) }.
s
The operator F (resp. N} is called the Niemytzki (resp. the Carathéodoryvi ope-

rator associated to F.

Using the above terminology we can describe two basie tvpes of mbtivalued

HApPS!

DEFINITION 1.1. The multivalued funetion I s said to be of:
(i} the upper semi-continuous type (s.c. tvpel if irs associated Cararheodors
operator A CF=H0.TLR" ) — CUO TR is upper semi-contitnons

aned has nonempty compact and convex values:
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(i) the lower semi-continuous type (Ls.c. type) if its associated Niemvtzki
operator F : C*"H[0.T].R*) — LY[0. T}, R") is lower semi-continuous
and has nonempty closed and decomposable values.

Consider the following properties of the map F:

(H1) (3} (t.z)— F(t,7r) is £ % B measurable.

(i) =+~ F(t,z) is lower semi-continuous for a.e. t € [0.T};
(H1"} (i) tw~ F(t,z) is measurable for every r € R*".

(ii) o+ F(t,z) is continuous for a.e. t € [0, T}
(H1”) (i) tw F{t,2) is measurable for every r € R*",

(ii) = F(t,x) is upper semi-continuous for a.e. £ € [0, T}

{H2} for each r > 0, there exists a function h, € L'(0.T) such that
IFt o)l < he(t) ae t€{0.T), and for every x € R with [|lof| < r.

We formulate two results describing the two classes of multivalued maps intro-

duced above.

PropPOSITION 1.2, (cf. [4]) If F has compact convex values and satisfies (H173,
(H2), then F is of the u.s.c. type.

PROPOSITION 1.3. (cf. [2]} If F satisfies (H2) and either (H1) or (H1"), then F
is of the Ls.c. type.

REMARK 1.4. Assume that a single valued function [ : [0.7] x R¥ — R™
is a Carathéodory function, that is: (i) the map ¢ = f(f. 7} is measurable for all
r € R*; (il) the map = — f(t,z) is continuous for a.e. 1 € [0.77: (iii) for each
T > 0, there exists a function h, € L'(0.T) such that ||f(t.2)|] < h.(t) for a.e.
t € (0.7). and for every r € RF" with ||a]] < r. Thew by letting Fit.0) = {f{f.2)}.
we obtain a multifunction F of the u.s.c. and the Ls.c. type.

(¢) The existence principles
Given 1, € [0. T} andr, e R". 4 =0,..., k=1, we consider the Canchy problems (%)

and the associated family of problems:

- yRUE € ARyt g FTU ae tE 0T
() x

yrt g =, P=0.. .. b1

\

where A € {0.1}.
The existence principles for the two basic tvpes of differential inelosions are
collected together in the following theorem and proved in a slightlv Jess general

forny in [2] and [4;.

[} i
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THEOREM 1.5. Let F be a multifunction of the ws.c. type or of the Lsc. tvpe.
Suppose there exists a constant. M such that for any A in [0.1} and any solution

y to {*}x, we have {yllx—y < M. Then (») bas a solution.

{d) The change of variables formula
In our discussion, we shall need a version of the change of variables formula for the

integral (established in [3]). which relaxes the standard monotonicity assumption.

LEMMA 1.6, Let g : {a.b] — [4.B] and h : {4, B] — R. where g is absolutely

L

continuous, h is measurable and (h o glg’ is Lebesgue integrable on [a,b]. Then h

is integrable on the interval with end points g(a) and g{b) and

g{b) b
/ h(s)ds:/ hg(t))g' (t)dt.

g{a)

2. Main result

Consider the following conditions:

(H3) there exists a Borel measurable function o @ ({jri—}j. ) — (0. such
that [|F(t.yr, ...,y < alllyell) for ae. ¢ € [0.77] and for all

(yre - uw) € BM with fyelf > flre
(H4) there exists a Borel measurable function o @ [||Rll. x) — [0.x) such
that |[F(f .. ..l < alll(yr.. . ye)l]) for ae. ¢ € [0.T] and for

all (1. ..., yx) € RF with llyy, .. cwe)ll > | R, where B = (ry... .. The1].

We are able now to formulate our main result:

THEOREM 2.1. Assume that F is of the u.s.c. type or of the Ls.c. tvpe and
satisfies the condition (H3). If

Toe T = /1 dr
T Hrk,ﬂ!a(?)-

the problem {x} has a solution.

Proor. In view of Theorem 1.5. we need only find a priort bounds on solutions
v to the family of problems (), with A in [0.1]

Fix T < T and let y be a solution to {+ 1y for sume A in [0 1] Assuming that the
function ¢ — [y~ (1)] takes its maxinun at 7 € [0.T] aund [y VT > eyl

we obtain the existence of an interval fa. 7] tor {7.a)) on which T AT
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o1

irk—1lf and [y (@)l = flrx 1|l Since the function f — Tyt =1l is absolutely

| =
continuous on {(a. 7] an!d
I < My et e o),
by (H3), we get
Iy < ally® () ae. te(a 7).

Dividing by a(lly*~Y(#)])), integrating from a to 7. and applying the change of
variables formula (Lemma 1.6), we get

OO0 g i IO i X dr
/ alz) _/l; a({'y(k‘l)(t)[g)dt ST <Tx= \/”TkAlﬂ afr)’

fre—ul

It follows that there exists a constant Mg > |[ry_, | such that
(2.1) Hy® o < Mo

for any solution y to (%), for some A in [0,1].

Taking into account the inequality (2.1) and the initial conditions. it is easy to
show the existence of a constant M such that lllk—=1 € M for any solution y to
(%) for some A in [0, 1]. 0

COROLLARY 2.2. Let f: [0,T] x R — R" be a single valued Carathéodory

function. Assume-there exists a : (||rx—1]l.o¢) — (0,50} a Borel measurable
function such that ||f(t.yy,...,ye)ll < a(lwl]) ae t € [0.T) for all y, with

el > llre=1ll. If
o~ dr
T <Ty = /!m_;[i alz)’

then the following problem has a solution

() y M) e flty(t)....y* D)) ae te0,T].
*k N
’ y ) =, P=0... k-1

CorOLLARY 2.3. Let F' be a multifunction of the u.s.c. type or of the Ls.c.
type. Assumne that the condition (H4) is satisfied. Ift, = t, € 0.7 for all
1=0..... k—~1.and

3|

t

- > dr
T <T = e, Where Bo= (1. Th_1).

1kl V2T +alr )

then the problem (%) has a solution.
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PROOF. Set Y = (yo,...,yk-1) € R¥ and let G : [0, T} x R¥* — R¥" be defined
by G(t,Y) = {y1,...,yx—1, F{t.Y}). The multifunction & satisfies the condition

(H3) with ag(z) = m By applying Theorem 2.1 to the problem
Y'(t)e G(t,Y (1)) ae tel0.T]
{ Y(to) = R.
we get a solution Y = (yg, ..., yk-1). It is clear that yp is a solution to {x). C
REMARK 2.6. In general, we cannot replace the condition (H3) by (H4) in The-

orem 2.1. However, when both Theorem 2.1 and Corollary 2.3 apply. Theorem 2.1

furnishes best results in general.

3. Examples

EXAMPLE 3.1. The problem

{ y'(t) =¢'(t) +sin{y(t)) +3 ae te€[0,7T],
y(0) =0, y'(1) =1,

has a solution on [0, 7] for any 1 < T < oc. The condition (H3) is satisfied with
a{z)=c+4,80 Too =

EXAMPLE 3.2. The problem

Yy (1) = y(t) — et ae. t€[0,T),
y(0) =1, y'(0) =0,
has a solution on [0, T] for any T < oc. Indeed, the condition (H4) is satisfied
with a(z) =z + 1.

ExamPLE 3.3. The problem

y't)y =yt -2yt +2 ae te[0.T],

WO =0y =0

has a solution on [0, 7] for any T < 37 /4. The condition (H3) is satisfied with
alr) = 1% ~2x + 2 and T, = 37/4. On the other hand. (H4) is satisfied with

o 2. ifo<r<2
aglr) = 5 X
re—2r+2  ifr>2

and . ;
N B dr
Tx:/ .A::—_.‘-;IT:_.L—-::%rwl()I<JT/4‘AT
]

VI + (aglah)
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