JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 179, 317-326 (1993)

Boundary Value Problems for Systems of
Implicit Differential Equations*

MARLENE FRIGON

Département de Mathématiques et Statistique, Université de Montréal,
C.P. 6128, Succ. A, Montréal, H3C 3J7, Canada

AND
ToMasz KACZYNSKI
Département de Mathématiques et d’Informatique, Université de Sherbrooke,
Sherbrooke, JIR 2RI, Canada
Submitted by John Lavery

Received October 18, 1990

0. INTRODUCTION

We study the existence of solutions y: [0, 7] — R” of implicit differential
equations of the type

F(t, y(0), y' (1), .., y2 (1) =0, te [0, T, (0.1)

under various boundary conditions. There is little known about the existence
of solutions to such boundary value problems, unless it is possible to solve
the equation

F(t, yo, Y1y i) =0, te[0,T], y;eR", i=0, 1, ..,k 0.2)
for the last variable y, and so to reduce (0.1} to a quasi-linear equation
YO = £, p(1), (1), s D), e [0, T, (0.3)

where a variety of existence results based on the Leray-Schauder theory is
available. In the case of a Cauchy problem (i.e., (0.1) subject to conditions
y0)Y=r,, i=0,1, .., k—1), the local solvability of (0.2) with respect to y,
about a point (0, ry, ry, .., r,) on the graph of the equation is sufficient.
In the case of a boundary value problem, however, one needs a global
continuous solvability in y, which is very rarely available.
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The approach taken in this paper is to look for solutions with kth order
derivative defined almost everywhere and integrable, i.e., solutions in the
Sobolev space W* ?([0, T], R"). We make use of recent developments in
the theory of multivalued maps and differential inclusions such as a
topological selection theorem due to Bielawski and Gorniewicz [1], exist-
ence results for differential inclusions due to Frigon and Granas [3], and,
implicitly, the Fryszkowski selection theorem on maps with decomposable
values recently generalized to a noncompact case by Bressan and Colombo
[2]. Those developments permit reducing boundary value problems for
(0.1) to those for a differential inclusion of the type

y U e P, y(1), y' (0, . (), 1[0, T, (0.4)

with a “well-behaved” multifunction ¥, and then concluding the solvability
of (0.4). Some fractional results and examples using this method were
presented in [7].

In Section 1, the main abstract theorem is proved and an example
showing that even the smoothness of F does not imply the existence of C*
solutions (so that the use of Sobolev space techniques most likely is
unavoidable) is presented. A series of special cases of the Main Theorem
and illustrating examples follows in Sections 2, 3, and 4.

As a final remark, let us recall that boundary value problems for semi-
linear differential equations such as y" = f(1, v, 3, »"} have motivated
many authors to study k-set contractive, condensing, or A-proper
mappings. Those equations are particular cases of ours and the method
developed in this paper allows us to abolish some restrictive Lipschitz
conditions on the behavior of fin y”, as illustrated by Example 4.5.

1. PRELIMINARIES AND THE MAIN THEOREM

Let T>0, 1< p<oo, and let k,neN. We work with the following
spaces: the space L”({0, T], R") of functions y: [0, T]— R” which are
integrable with exponent p (essentially bounded if p=o0) with the
standard norm | y|,; the space C* ([0, T],R") of k—1 times con-
tinuously differentiable functions from [0, 7] to R” with the max-sup norm
[ ¥k 1o :=max{l|y".: j=0,,1,.,k—1}; and the Sobolev space
Ww*-r([0, T], R") of functions whose weak derivatives of order up to k
belong to L7([0, T], R"). We use abbreviations L7, W*» C*~! whenever
the domain and codomain of considered functions are clear.

The euclidean norm of xeR” is denoted by |x|. f A< R” then
[A| :=sup{|al:ae A}. By dim A, we mean the topological dimension of a
set A (see, e.g., [6]) and by deg(f, U) the topological degree of a mapping
f (see, e.g., [8])
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Given k, m, ne N, we consider two functions a: [0, T] x R™ — R™, and
F:R" x R" — R", where a is continuous with respect to the variable in R™
and measurable (by measurable we mean measurable with respect to the
product of Lebesgue measure on [0, 7] and Borel measure on R"¥), and
F is continuous.

The existence of solutions ye W7 to the following boundary value
problem is studied,

Fla(t, (1), y'(1), o y*70(1)), y*(1))=0,  ae te[0,T],
ye#

where y € # stands for linear boundary or initial conditions which will be
explicitly stated in examples to follow. At this instant, we only assume that
Whr:=W*?~ 4 is an affine subspace of W*” of finite codimension
{a linear subspace if the boundary conditions are homogeneous) so that the
operator #: W 7» — 1P, ¥y := y'*) ¢y, is invertible either for ¢ =0 or for
a sufficiently small ¢ > 0.

We let the variable ae R” stand for a(s, y(t), ¥'(?), ..., ¥'* "1(t)) and
xeR™ for y*)(r). Given ae R™, we define F,: R" = R” by F,(x) := F(a, x)
and we let F_'(0)={xeR": F(a,x)=0}. The problem (£) can be
embedded as (2) = (%) into the family of problems

Fla(t, (1), ¥'(1), e y* A0, '™ (1) + (1 — ) ep(1)) =0,
ae. te[0, 7], (Z)
ye#

parametrised by pue [1, oc) which, in turn, is equivalent to the family of
problems

YR EAF 1) o vk 1y (0) (1 = ) &(1), ae. te[0,T],

(2)

(Z)
veR

parametrised by 4= 1/ue [0, 1] (the case A=0 is trivial since, due to the
choice of ¢, the unique solution of () is y =% ~'(0)).

MaIN THEOREM 1.1. Let F and a be two functions as before. Suppose

that the following conditions are verified.:

(1) for any aeR™, there exists an open bounded U,=R" such that
eU,nF [ '(0)= and deg(F,, U,) #0; moreover, dim F'(0)=0;

(2) there exists a locally bounded function g:R™ - R such that
|F,(0)| < gla) for all ae R™;

(3) for any r>0, there exists a function h,e L"([0, T], [0, o)) such
that  |gla(t, yg, o Yo _ )N <h, (1) for ae. te[0,T), and for all
(¥o» ¥1s o Yi— 1) € R™ with Hos Yis e ViS5
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(4) there exists M >0 such that for any u>1 and any possible solu-
tion ye W57 of the problem (2,), we must have ||y —L "O)lc_ 1. <M.

Then the problem (#) has a solution y e W* 7,

Proof. The conditions (1), (2) and Theorem 2.5 in {1] imply that
F;Y0), as a multifunction of a, has a multivalued ls.c. selector
@:R™—-R" with nonempty compact values, ie, P(a)cF,'(0) for
all a. We define ¥:[0, 7] x R"™* = R" by Y1, yo, Vis oo Ve 1) =
D(a(l, Yo, Vi»- Vi 1)) It is clear that ¥ is measurable and lsc. in
(¥0s ¥1s - Vi) for ae. ¢, so this and (3) imply that ¥ is of “ls.c. type”
in the sense of [3]. Any solution of the problem

YUY e AP(1, y(1), y(1), 0y ¥ A1)
+ (1 —=A)yep(s), ae 1[0, T,
YEHB

with 1 €(0, 1] also is a solution of (£,) with u=1/4. If p=1 and £ =0, the
conclusion follows from Theorem 1 in [3] and if ¢>0, it follows from
Theorem 2 in [3] (the homogeneity of the boundary conditions in that
theorem is not essential). If 1 < p < o0, the previous arguments guarantee
solutions y e W*!, since L” = L'. Due to (2) and (3), any such solution is
in wekr. |

Remark 1.2. It a1, yo, ¥y, - ¥ 1) is essentially bounded for
(¥os ¥1» o Y5 1) in any bounded subset of R™, the condition (3) is
automatically satisfied with a constant /., due to the continuity of F. We
therefore obtain solutions in W* ™. If 4 is continuous in all variables, we
may eliminate that function from the formulation of (£2) and simply
consider the problem

F(t, y(1), ' (1), . y51))=0, ae te[0,T],
ye AR,

(1.1)

where F: [0, T] x R"**D 5 R" is continuous. A natural question is to ask
whether or not the continuity in ¢ implies the existence of C* solutions. The
answer is negative as illustrated by

ExampPLE 1.3. Consider the periodic problem of the first order
20—y =9y (1) — ¥(1))?
+12(y' (1) = e =1,  te[06], (1.2)
»(0) = y(6).
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It is easy to verify that the assumptions of Theorem 1.1 are satisfied (in
fact, ¥ from the proof of the theorem, here is a bounded multifunction of
t only) so the problem has a solution in W'">*. However, elementary
calculus and sketching the graph of t=2s>— 95>+ 125 shows that there
1 no continuous s(f) solving that equation for re [0, 7] unless T<5.
Consequently, (1.2) has no solutions y e C'([0, 6], R).

Remark 1.4. The differential equation in (1.2) has smooth solution cur-
ves implicitly given by an equation of the type G(1, y) = ¢. Unfortunately,
we are unable to prove the existence of such solution curves satisfying (#)
under the general assumptions of our theorem.

2. POLYNOMIAL DIFFERENTIAL EQUATION IN THE COMPLEX PLANE

A differential equation in the complex plane C can be interpreted as a
system of two real equations (the case n=2 of the previous section). We
are concerned in this section with the general boundary value problem
z€ 4 for the equation

m

Z a(t, z(t), 2'(1), ..., R (2R (1) — e2(1)) = 0. (2.1)
ji=0
As previously, we assume that a = (ay, a,, .., a,,): [0, T]xC*->C"*'is
measurable and that a(s, -) is continuous. Qur F here is a complex polyno-
mial of order m with coefficients a,a,,..,q,,, and ¢>0 is such that
£z =:% —¢zis invertible from W%” to L”. Let ¢ be the Lipschitz constant
of # ! considered as an operator from L” to C*¥~ '

THEOREM 2.1. Suppose that there is ge L7([0, T], [0, o)), and a
constant A >0 with cA(T)'" < 1 such that
ma;(t, 2g, o 25 )|
A, (1, 2g, o 2 1)

<g(t)+Amax{|z]:i=0,1,. ., k—1}, (2.2)

forall j=0,1,...,m—1, and ae. 1[0, T).
Then Eq.(2.1) has a solution e W*,r([0, T], C).

Proof. The verification of (1) in Theorem 1.1 is evident since any
complex polynomial has finitely many roots and its topological degree
on an open set containing all the roots is equal to its algebraic degree m.
If w is any root of a,,w™+ --- +a,w+ a, =0, then the inequality

) 1igm — J)

J

lwlsmax{ :j=0,l,...,m—1} (2.3)

m
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is easily verified and it implies, together with (2.2), the conditions (2) and
(3) of Theorem 1.1. The condition (4) is verified with a constant

Sclel,+ 1 MOk 1,

M L —cAT'"r

Indeed, if z(¢) is any solution of (#,) then, due to (2.2) and (2.3),

|280(r) — e2(1)] < Ag(1) + A max|z(1)]),

1

for a.e. ¢t and for A= 1/u < 1. By integrating both sides and applying &
we get

lz=2 "0y, <cUlgll, + AT Nzl 1)

and it follows that ||z — % " '(0)|l,_, . <M. |

3. INTERVAL OF EXISTENCE OF SOLUTIONS FOR INTERPOLATION PROBLEMS

We are concerned with the following interpolation problem

Fla(t, y(t), y'(1), v yE D0, y R =0, ae. ¢,

- 3.1)
y(“(t_l')=ri’ j:O, 1""9k_1’ (

where 1,€ [0, 0} and r,e R". Our problem is a Cauchy problem if /,=0 for
all j. We want to determine 7 for which this problem has a solution on the
interval [0,7]. We assume that F:R”"xR"—-R" is continuous,
a: [0, o0)x R™ — R™ is continuous with respect to the variable in R™ and
measurable, and that, for any 7>0, F and the restriction of a to
[0, 7] x R™ satisfy the conditions (1), (2), and (3) of Theorem 1.1.

THEOREM 3.1. Let F and a be two functions satisfying the previous
conditions. Suppose in addition that the following condition is verified:

(5) there exists M =|r, _,| and a Borel measurable function o: (M, o0)—
(0, o0) such that

lF(lill, _\'u._\'l...,._l'k,”(O)l <<x(l_yk - |l)

Jor all (yo, 1y Ve_1)ER™ with |y, ||> M and ae. te[0, T, ), where

. s
A (X(S).
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If max{ty, t,, .. t, }<ST<T,, then the problem (3.1) has a solution
ve W*sr([0, T], R").

Proof. Let ¥ be defined as in the proof of Theorem 1.1. Any solution
of the differential inclusion
yEtye ¥, y(1), y'(1), .y y* 1)), ae 1e[0, T],
YWNeYy=r,  j=0,1,., k-1,
is a solution of (3.1). As shown in the proof of Theorem 1.1, the conditions

(1), (2), and (3) imply that ¥ is of ls.c. type in the sense of [3]. The
existence of a solution follows essentially from Theorem 2.1 in [5]. |

It is natural to expect that solutions obtained in Theorem 3.1 extend to
C* ! solutions defined on [0, 7, ) but it is not so evident, because we do
not have the uniqueness of solution. We present this result below.

THEOREM 3.2.  Under the assumptions of Theorem 3.1, the problem (3.1)
has a solution y in WEZ ([0, T, ), R") (the localised Sobolev space).

Proof. Let Ty=0, M,=M, where M is as in Theorem 3.1; and let
T,>max{ry, .., t, } be such that

Mo+ 1 g o« s
Boer <[ £
JMO a(s) l f’"o a(s)

By Theorem 3.1, (3.1) has a solution y,e W*?([T,, T,]. R"). Define
M, =max{M,+1,|p% "(T))|}. It is easy to show that

M

> -[uo a(s)

We now consider the problem
Fla(t, y(1), y'(2), .., y* " V(2)), y®(1))=0, ae te[T,, T,],
YT )=pYAT)), =01, k-1

(32)

Let 7', be such that
M+t * d
[ &
M, G(S) M, :X(S)

By Theorem 3.1, (3.2) has a solution y,e W*?([T,, T,], R"). We define
M,=max{M,+1, |y "(T,)|} and observe that

M2 ds
-T =
l '[Ml d(s‘)
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Continuing that way, we construct a sequence of solutions y,e
whr({T,_, T,], Ry with y (T} = ) (T,), j=0, 1, .., k— 1, where {T,}

i+ 1
is an increasing sequence of constants. We note that lim,_, ., T, > T, since

T.=(T—T, )+ - +(I,-T)+T,
M, M
> | .j“’i+...+j ' s

M, (s) Mo (S)

My X ( RY )

s

J“ M s

as i — oo, It remains to define the solution y by y(t)=y, () if T,_, <t < T,
i=0,1,.. 1

ExaMPLE 3.3. Consider the initial value problem

300 + () (1) =21y (1) +2)* =0,

33
»(0)=»(0)=0. 33)

In this case a: [0, o0)x R* - R is given by a(t, yo, )= (¥, —=2]y,| +2
and F:Rx R — R by F(a, x)=3x*+ x>+ a". Then

IE i vg s (O (1) =20y + 2.

The condition (5) is verified with a(s) = s> — 2s + 2. The problem (3.3) has
a solution ye W2 ([0, 3n/4), R).

loc

4. SECOND ORDER BOUNDARY VALUE PROBLEMS

In this section, we consider k =2, and y € 4 stands for either Dirichlet or
periodic boundary conditions,

Flale, p(2), y'(), p"(1))=0,  ae 1€[0,1],
y0y=ro,  y(1)=ry;
Falt, (1), y'(1), »"(1))=0,  ae. te[0,1],
»0)=y(1), y'(O)y=y'(1);

(4.1)

(4.2)

where F:R”"xR—-R and a:[0,1]xR? - R™ satisfy assumptions of
Section 1. We introduce the notion of upper and lower solutions of (4.1)
and (4.2).
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DEerFINITION 4.1. Let ye W*'Y([0,1], R) and consider the following
conditions:

(a)  Fla(t, y(1), ¥' (1)), x)#0 for any x< y"(¢) and ae. r€[0,1]
(resp. Fla(s, y(1), y'(1)), x)#0 for any x> 3"(¢) and ae. re[0, 1]);
(b1} y(0)=ry, y(1)=r, (resp. y(0)<ry, (1)< 1)),
(b2)  »(0)= y(1), ¥ (1) = ¥'(0) (resp. ¥(0) = p(1), y' (1)< y'(0)).
If the conditions (a) and (b,) are satisfied, we say that y is an upper solution
(resp. lower solution) of (4.i), i=1, 2.
Remark 4.2. The condition (a) can be rewritten as
Fé(r]. o v (0) = [p7(1), o) ae 1e[0,1],
(resp. F o oy vn(0) (=, y"(1)] ae. re[0,1])

THEOREM 4.3. Suppose, in addition to (1), (2), and (3) of Theorem 1.1,
the following conditions
(6) there exist a < f in W>'([0, 1], R) respectively lower and upper
solutions of (4.i);
(7) there exist constants k, k, 20 such that

IF g (0) <k (1) +k;

als, vo. ry)
for ae. 1[0, 1] and for any yoe R with a(t) < vo < B(1).

Then the problem (4.1), where i=1,2, has a solution y such that
a(1) < y(1)< B(t) for all te [0, 1].

Proof. Any solution of the differential inclusion y”(t)€ ¥(z, y(t), v'(1))
with the boundary condition as in (4.i), where ¥ is as in the proof of
Theorem 1.1, is a solution of (4.i), i=1, 2. It is clear that there exists ve L'
such that o(z) e P(t, a(t), a’(¢)) and v(1) <a”(#) (resp. v(t)e P(1, B(1), B'(1))
and v(r) = B”(¢). Therefore o and f are respectively lower and upper solu-
tions of the above differential inclusion in the sense of [4]. The conclusion
directly follows from Theorem 2.2 (resp. Theorem 3.2) of [4]. |}

Remark 4.4. (i) We can consider other boundary value conditions,
for example, Neumann or Sturm-Liouville conditions.

(i1) The condition (7) is called a Bernstein growth condition. It can
be generalised to a Bernstein—Nagumo growth condition (cf. [4]).

ExaMpPLE 4.5. The following example was given by Petryshyn in [9]:
V') =h()+ 30+ y (0 +ksin(p"(1)),  1€[0,1]
yi0)y=y(1)=0.

(4.3)
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Petryshyn proved (with the use of A-proper mapping theory) that (4.3} has
a solution ye C*([0, 1]) provided 0 <k < 1. Using the method developed
in this paper, Kaczynski proved in [7] that (4.3) has solutions
ye W2Y([0, 1]) for any real constant k and it has C? solutions if |k| < 1.
An alternative way of proving that is to use Theorem4.3 with
Bl1)= —a(ty= (}k| + |h| )" The corresponding periodic problem can be
treated in the same way.

ExaMpPLE 4.6. Let us consider the problem
Y'Y+ (O (=3 () + (0 = 1)
+3'(0*—=1=0, 1e[0,1] (44)
#(0)= y(1)=0.

We have Flay, a,, x)=x>4+x*(1-3a,)+ x((a;)*—1)+(a;)*—1, and
IF o (0 < max{13(1—3a,)l, [3((a))* = D' [3((a,)* = D]'?}. So the
assumptions (1), (2), (3), and (7) are clearly satisfied. For the condition
(6), we verify that a(r)= —1 and B{(r) =1 are respectively lower and upper
solutions of (4.4). By Theorem 4.3, the problem has a solution y with
Iv(1)] <t Let us remark that there exist no constant lower and upper
solutions of (4.4), and that the assumptions of Theorem 2 in [7] are not

satisfied. |}
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