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1. INTRODUCTION

The critical point theory is a domain of mathematics which has known rapid develop-
ments in the last two decades. Recently many attempts were made to develop critical point
theory for nondifferential functionals, more precisely for Lipschitzian, continuous, or
lower semi-continuous functionals [1-4].

The starting point of this work is a paper of Degiovanni and Marzocchi [3] in which
they introduced the notion of weak slope of a continuous functional, and a corresponding
notion of critical points. Then, they extended this notion to lower semi-continuous
functional by using the weak slope of the function graph which is continuous, and defined
on the epigraph of the functional. They observed that one difficulty with their definition
is that the function graph can possess more critical points than the original lower semi-
continuous functional, and they illustrated this fact with this example:

x+1, if x <0,
S = .
X if x=0.

In this example, (0, 0) and (0, 1) are critical points of the function graph. It is observed in
[5], that ‘‘f exhibits a behaviour of mountain pass type and 1 is just the mountain pass
level”.

If we look carefully at this example, one can ask if 1 is really a mountain pass level since
there is no continuous path ¢: [0, 1] = graph f from ¢(0) = (xo, f(X)) to &(1) =
(x,, f(x,)) for x, < 0 < x,. From that observation, we realized that, instead of defining
critical points for a lower semi-continuous functional from the function graph, it is also
possible to do that from multivalued mappings with closed graph. To illustrate that, let
us come back to the previous example. From the functional f, let us define the following
two multivalued functionals:

x+ 1, ifx <0, x+ 1, if x <0,
F() = § 10,1}, if x =0, and F,(x) = §[0,1], ifx=0,
X, if x>0, X, ifx>0.
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736 M. FRIGON

According to our definition, 0 is not a critical point for F; at level 1, but it is for F;.
Observe that there is no continuous path joining (xy, Xy + 1) to (x;, x,), for x, < 0 < x,,
on the graph of F;, while there is such a path on the graph of F,.

This example shows also that if we want to introduce a critical point theory for
multivalued mapping, it is more natural to work on the graph of the functional than on
its domain.

In this paper, we extend to multivalued functionals F with closed graph, the notion of
weak slope introduced in [3]. From that, we define the notion of critical point and we give
a Palais-Smale condition for F.

In order to obtain minimax results, we introduce the notion of invariance with respect
to deformations for a family of sets. This notion contains the notion of ‘‘ambient isotopy
invariance’’, and ‘‘homotopy stable family with boundary’’ introduced in [6] and [7]
respectively. However, we did not include the equivariant case to this paper. Using
this notion of invariance with respect to deformations, and the Deformation Theorem
established in [2], we give mountain pass type results and a minimax principle.

In Section 3, we discuss possible applications of this theory to lower semi-continuous
functionals.

Finally, in the last section, we give an application to a problem for partial differential
inclusions. Many authors [1, 4, 8-11], starting with a problem with discontinuous
nonlinearities, have considered an associated problem with multivalued nonlinearities G,
where G is a subdifferential of a locally Lipschitz function. Various methods were used;
however, the functional considered was always single-valued. To our knowledge,
variational methods are applied for the first time to multivalued functionals to get
existence result to partial differential inclusions. We should say that a part of the technique
used is inspired from [12-15]; in particular the functional is defined on L?(QQ) while, often,
it is defined on Hy(€). Let us mention that we tried to give an application as simple as
possible, and we are convinced that much more can be obtained from those techniques.

2. A CRITICAL POINT THEORY FOR MULTIVALUED MAPPINGS

Let (X, d) be a metric space and let F: X = R U {eo} be a multivalued mapping with
closed graph (and nonempty values). We denote by

graph F = {(u, ¢) €e X X R: ¢ € F(u)}.

This set is a metric space with the metric

d((u, ©), (v, b)) = Vd(u, v)* + |b - |

We denote my and my, the projections of graph F on X and R respectively. That is
ny(u, c) = u and np(u, ©) = c.
Now, we give the definition of weak slope of F.

Definition 2.1. Let F: X — R U {oo} be a multivalued mapping with closed graph, and let
(u, ¢) € graph F. The weak slope of F at (u, c), denoted by |dF|(u, ¢) is the supremum of
o € [0, ) such that there exist 6 > 0 and a continuous function

H = (H,, H,): B((u, ¢), 6) X [0, 8] = graph F
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(where B((u, c), J) is the open ball in graph F centered at (u, ¢) of radius ) such that
(2.1.1) d(H((v, b), 1), (v, b)) < tN + a?;
(2.1.2) Hy,((v, b), ) =< b — ot.
In the case where F(u) = {f(u)} is a continuous single-valued function then

|dF|(u, f(w)) = |df|()

where |df]|(u) is the weak slope of fat u as defined in [3], and it coincides with the norm of
the derivative when f is a function of class C' defined on a Finsler manifold of class C'.

Let us remark that if F is a multivalued function as before, then the function
Gr:graph F = R defined by G,(u, ¢) = ¢ is continuous. It is easy to check that the
following equality holds:

|dgl"|(u! C) .
, if |[dGel(u,0) < 1;
|dF|(u, ¢) = { V1 = |dGFlu, c)? ] .1
, if [dGrl(u, ) = 1.

The lower semi-continuity of |dF| is immediately deduced from (2.1) and [3, Prop. 2.6).

ProposiTION 2.2. Let F: X — R U {o} be a multivalued mapping with closed graph. Then

|dF|(u, ¢) < liminf|dF|(u,, c,)

for every sequence (u,, ¢,) € graph F converging to (u, c).

In general, if F = F, + F,, one can not compare |dF|(u, ¢, + ¢,) with |dF,|(u, ¢,) and
|dF,|(u, c,). However, some information can be obtained in the particular case where F, is
a single-valued C! function. For the proof, we refer to [3, Prop. 2.7].

LEmMA 2.3. Let E be a Banach space, V an open subset of E, fe C'(V,R), and let
G:V — R U {oo} be a multivalued mapping with closed graph. Denote F(u) = G(u) + f(u).
Then, for every (4, ¢) € graph F,

|dGl(u, ¢ — f@)) = £ @) < |dFl(u, ¢) < |dG|(u, ¢ — f(u) + || £l

In the next two definitions, we introduce the notion of critical point of F and a
Palais-Smale condition.

Definition 2.4. Let F: X = R U {eo} be a multivalued mapping with closed graph, and let
c € R. We say that u is a critical point of F at level c, if ¢ € F(u) and |dF|(u, c) = 0.
The set of critical points of F at level ¢ is denoted by K.. We say that c is a critical value
of Fif K. # (.

Observe that since F is a multivalued mapping, © € X can be a critical point at more
than one level. That means that the application associating a critical point to its critical
values is a multivalued mapping. Also, it is clear from the definition that if « is a finite
local minimum of F and ¢ = min{b € F(u)}, then u € K.
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Definition 2.5. Let F: X = R U {0} be a multivalued mapping with closed graph, and let
¢ € R. The function F satisfies the Palais-Smale condition at level ¢ ((PS).) if every
sequence (u,) in X for which there exists ¢, € F(u,) with ¢, = ¢ and |dF|(u,, c,) = 0,
has a convergent subsquence in X.

For sake of completeness, we state, in our context, the Noncritical Interval Theorem
and the Deformation Theorem established in [2, Theorems 2.14, 2.15].

THEOREM 2.6. Let X be a complete metric space, F: X — R U {oo} a multivalued mapping
with closed graph, and let « € R and f € RU [0} (o < ). Assume that for every
¢ € [«, B] such that F(X) N [c, ) # &, F has no critical points at level ¢, and satisfies
(PS).. Then there exists a continuous function n = (17,, 71,): graph ¥ x [0, 1] — graph F
such that

(2.5.1) n((u, ), ) = (u, b);

(2.6.2) n,((u, b), 1) < b;

(2.6.3) if (u, b) € graph FN X X (-, o], then n((u, b), t) = (u, b);

(2.6.4) n((graph FN X x (—o0, B, 1) C X X (-0, a].

THEOREM 2.7. Let X be a complete metric space, F: X = R U {eo} a multivalued mapping
with closed graph, and let ¢ € R. Assume that F satisfies (PS).. Then, given g, > 0, O a
neighbourhood of K. X {c} (O can be empty if K, is empty), and ¢ > 0, there exist
0 < ¢ < ¢, and a continuous function n = (n,, 1,): graph F x [0, 1] — graph F such that

2.7.1) d(n(u, b), t), (u, b)) < ot;

(2.7.2) n,((u, b), 1) < b;

(2.7.3) if (u, b) € graph F\(X X (c — &, ¢ + &)), then n((u, b), t) = (u, b);

(2.7.4) n((graph FN X X (—o0, ¢ + eP\O, 1) C X X (=0, ¢ — &].

CoroLLARY 2.8. Let X be a complete metric space, F: X — R U feo} a multivalued
mapping with closed graph, and let ¢ € R. Assume that F satisfies (PS),. Let ¢ > 0,
B a closed subset of graph F, © and V neighbourhoods of K, x {c} and B, respectively
(O (resp. V) can be empty if K, (resp. B) is empty). Then there exist ¢ > 0, and a
continuous function n = (n,, n,): graph F x [0, 1] = graph F such that

(2.8.1) d(n((u, b}, 1), (u, b)) < ot;

(2.8.2) n,((u, b), t) < b;

(2.8.3) 7 = id on graph F x {0} U B x [0, 1];

(2.8.4) n((graph FN X X (=0, ¢ + EPNO U V), 1) C X X (-0, ¢ — &].

Proof. Let n: graph F x [0, 1] — graph F be the deformation given by the previous
theorem. Let 4: X — [0, 1] be a Urysohn function such that A(x) = 0 for every x € B and
A(x) = 1 for every x € X/V. Define 7j: X x [0, 1] = X be the function defined by

7(x, 1) = n(x, tA(x)).

It is clear that 7 is the desired deformation. W
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Let Q be a subset of graph F. We denote
IQ)={UCgraph F: QCc UWU = & if Q = &)}
Also, if (D, S) is a closed pair, and y: S — graph F is a continuous function, we denote
Fw(S), D) = {f(D):f = (/1,/2) € C(D, graph F) and f|s = .

Clearly I'(y(S), D) C I'(y¢(S)).
The next notions will be crucial in what follows.

Definition 2.9. Let Q be a subset of graph F, and let I, be a subset of I'(Q). We say
that I, is invariant with respect to (F, Q)-deformations if the set n(U, 1) € I, for every
UeT,, and every continuous map 7: graph F x [0, 1] — graph F such that # = id on
graph F x {0} U Q x [0, 1], and n,((u, b), t) < b for every 1 € [0, 1], and (u, b) € graph F.

Remark 2.10. Instead of considering all continuous deformations, we can take a subset
N, of the set of functions # e C(graph F x [0, 1], graph F) satisfying n = id on
graph F x {0} U Q x [0, 1], and n,((u, &), t) < b for every ¢ € [0, 1], and (u, b) € graph F.
In that case, we can define the notion of invariance with respect to M.

Definition 2.11. Let A and Q be two subsets of graph F, and let I, be a nonempty subset
of I'(Q). We say that I, intersects A if UN A # ¢ for every U in I}.

Observe that in the previous definition, A and Q do not need to be disjoint. In
particular, 4 could be graph F. Also, Q could be empty.

In this multivalued context, we want to present generalizations of the Mountain Pass
Theorem.

THEOREM 2.12. Let X be a complete metric space, and F: X — R U [co} a multivalued
mapping with closed graph. Assume there exists a closed subset A of graph F, and
there exist Q C graph F, and T, C I'(Q) nonempty and invariant with respect to (F, Q)-
deformations such that I, intersects 4. In addition, assume that

inf sup 7x(U N A) = sup np(Q),

UeT,
with a strict inequality if d(A4, Q) = 0. Let

¢ = inf sup np(U).
UeTy

If ce R, and F satisfies (PS). then K. x {c] N FO # &, where F_O = UUEI»0 U.
Moreover, if

¢ = inf supng(UN A),
UeTy,

then K. X [c}NA # &.

The proof is analogous to the one given in [16], we include it for sake of completeness.
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Proof. Let V be a neighbourhood of @, and ¢ > 0 which will be fixed later. Choose
O = B(K. X {c}, 6). Let € > 0 and n: graph F x [0, 1] — graph F given by Corollary 2.8.
So, n,((u, b), t) < b, and 5 = id on graph Fx [0,11U @ x [0, 1]. Let U € [y be such
that sup ne(U) < ¢ + €. By assumption, n(U, 1) € T},

Denote

Uely

{A, inf ¢ = sup (U N A),
F = ‘

T,, otherwise.
Assume K, X {c}] N E = (. Observe that K, is compact since F satisfies (PS).. Fixa > 0
such that
d(K. % {c}, E) > 20,
and
dA, Q) > 20 if ¢ = sup ng(Q).

In the case where ¢ > sup ng(Q), choose & > 0 such that

¢ >c— d > sup np(Q).
Fix

B(Q, 0), if ¢ = sup 7x(Q);
graph FN X X (—o, ¢ — §), otherwise.

Let (u, b) € U be such that n{(u, b), 1) € E and n,((u, b), 1) > ¢ — minfe, §}. Since
d(']((uy b)9 l)v (ll, b)) =0 and '72((“9 b)9 1) =< ba
(u, b) ¢ O UV. So, n((u, b), 1) < ¢ — ¢, which is a contradiction. B

As a corollary, we get the two following theorems. The first one is obtained in taking
A = graph F, Q = (¢ with the convention that sup n,((J) = —. The second one is a
generalization of the well known Mountain Pass Theorem.

THEOREM 2.13 (Minimax Principle). Let X be a complete metric space, and F: X —
R U foo} a multivalued mapping with closed graph. Assume there exists I, C I'(())
nonempty and invariant with respect to (F, {J)-deformations. Let

¢ = inf sup (V).
Uel,

If ¢ € R, and F satisfies (PS), then K, X {c} N Ty # Q.

THEOREM 2.14. Let X be a complete metric space, and F: X = R U {oo} a multivalued
mapping with closed graph. Assume there exists a closed pair (D, S), a continuous
function y = (y,, w,): S — graph F, a closed subset A C graph F, and a nonempty
subset Iy C I'(y(S), D) invariant with respect to (F, y(S))-deformations such that [}
intersects 4. In addition, assume that

inf sup £5(f ~'(4)) = sup w,(S),
S(D)YeT,
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with a strict inequality if d(A4, w(S)) = 0. Let

c= inf sup f5,(D).
f(D) e T

If c € R, and F satisfies (PS). then K, X [c} N FO # (. Moreover, if

c= inf sup fo,(f "'(A4)),
f(DyeT,
then K. X {cjNA # .

Remark 2.15. In the previous theorem, if (D, S) is a compact pair then ¢ € R,

The following theorem gives the existence of a critical point which is a minimum of F
on I,. It is worthwhile to mention that this critical point is not necessarily a local
minimum.

THEOREM 2.16. Let X be a complete metric space, and F: X = R U oo} a multivalued
mapping with closed graph. Assume there exists a closed subset 4 of graph F; and
there exist Q C graph F, and I, C I'(Q) nonempty and invariant with respect to (F, Q)-
deformations such that I, intersects A, and

inf inf 7x(U N A) < inf 7g(Q).
UeTy

with a strict inequality if d(A4, Q) = 0. Let

¢ = inf inf ng(U).

UeTy
If ¢ > —oo and F satisfies (PS),, then K, x {c} N T, # &.
Moreover, if
¢ = inf inf ne(UN A),

UeT,

then K. X {c}NA # .

The proof is similar to the one of Theorem 2.12. Note that Q could be empty with the
convention that inf 7, ((3) = «. Taking A = graph F gives the following corollary.

CoroLLARY 2.17. Let X be a complete metric space, and F: X — R U [oo} a multivalued
mapping with closed graph. Assume there exist a subset Q of graph F, and I, C I'(Q)
nonempty and invariant with respect to (F, Q)-deformations. If

—oo < ¢ = inf inf ng(U) < inf ng(Q),
UeT,

and F satisfies (PS),, then K. x {c} N Ty # &.

We present some trivial examples to help to visualize the meaning of the previous results.
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Example 2.18. Let F:[-1,1] = R be the multivalued function defined by
F(¥) = (x| = 1/n:n e N} U {lx|}. By the previous corollary, 0 is a critical point of F at
level 0 and at level —1/n for every n € N. Observe that, in particular, 0 is not a local
minimum value.

Example 2.19. Let F:[-1,1] x [0, 1] = R be the function defined by

(z:-2x] = z=< -3lx] + 13, ify=0;
F(x,y) = )
{{—3|x| -2y + 1i, otherwise.

Fix S ={-1,1}, w = (id, 0, =2). Theorem 2.14 applied with T'(¥(S), [-1, 1] gives
the critical point (0, 1) at level —1. On the other hand, take T, C T(w(S), [-1, 1]) the
set invariant with respect to (F, w(S))-deformations and generated by {(x, 0, =2|x}):
x € [-1, 1]}. Theorem 2.14 applied with I, gives the critical point (0, 0) at level 0. Observe
that, in this example, it makes a difference to consider only deformations # satisfying
n,((u, b), t) < b. Without this restriction, it would not have been possible to obtain the
critical point (0, 0) from one of the previous theorems.

Example 2.20. Let F: [-n~!, z7'] = R be the function defined by

1
cos<—> - x2, if x =0,

-1, 1], if x = 0.

Take (D,S) = (-~ Ln~'l,{=n"Y n™'}), w=(id, Fls). It is clear that ['(y(S),D) = .
Now, take [, = {graph F(D)} C T(w(S)), and A = ([-(2m)"!, 27)~'] X R) N graph F.
Theorem 2.12 gives the existence of the critical point 0 at level 1 while Theorem 2.14 could
not be applied to get the critical point 0.

On the other hand, take I:O the subset of I'(Y¥) invariant with respect to (F, (J)-
deformations, and generated by graph FN (D x (-, —1]). Theorem 2.13 gives the
existence of the critical point 0 at level —1.

3. LOWER SEMI-CONTINUOUS FUNCTIONALS

In this section, we want to mention how some of the previous results could be applied
to lower semi-continuous functionals.

Let X be a metric space, and let f: X — R U {oo} be a lower semi-continuous function.
From this function, we define two multivalued mappings with closed graph:

f@) = {c € RU {oo]: there exists (¥,), such that u, = u and f(u,) = ¢},
and
conv(fu) = (conv f (w)).
Results of the previous section could be applied to fand to conv(f). Let us mention that

results obtained in [2, 3] for lower semi-continuous functionals concern the multivalued
functional conv(f).
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In the particular case where f(u) C {f(u), «} then, as it is shown in the next lemma,
using f or conv(f) makes no difference. This holds, for example, for f = f, + f, with f
continuous, and f; = I where K is a closed subset of X. Moreover, in this case, if u is a
critical point of £, it has a unique critical value which is f(u).

Next lemma establishes that « is never a critical point of conv(f) at level ¢ if

¢ € conv(f)u)\f(u).

LemMA 3.1. Let f: X — R be a lower semi-continuous function, and let ¥ € X and c¢ such
that f(4) < ¢ < lim sup,_,, f(v), and there is no sequence («,) converging to ¥ such that
f(u,) = c. Then |d conv(f)|(u, c) = .

Proof. Let u € X and ¢ such that f(¥) < ¢ < lim sup, ., f(v), and there is no sequence
(u,) converging to u such that f(u,) = c¢. Then there exists &€ > 0 such that B(u, 2¢) x
B(c,2¢) Ngraph f= &. Let a > 1, and fix J = ¢/a. Define H: graph(conv(f)) N
B((u, ¢), 6) x [0, 6] — graph(conv(f)) by

H((v, b), 1) = (v, b — ).

The function H is well defined. Indeed, if (v, b) € graph(conv(f)) N B((u, ¢), §), then
b=c- ¢ and f(v) < ¢ ~ 2¢, and hence b — ad = f(v). So

H((v, b), 1) € graph(conv(f)).

Therefore, |d conv(f) |(u, ¢) = «. Since « is arbitrary, we get the conclusion. W

In general, we can not compare Idfl(u, ¢) and |d conv(f)|(u, ¢). Indeed, take

0, ifu=<o,
f(u) = )
1 + u, ifu>0,

then |df](0, 1) = 0 while |d conv(f)|(0, 1) = 1. For
0, ifu=<o,
u —3
&) 1 —u, ifu>0,

|dg|(0, 1) = 1 while |dconv(g)|(0, 1) = 0. Observe that, in this last example, 0 is a
mountain pass point for conv(g) but not for g. )
It is also possible to have |d conv(f)|(u, f(u)) # |df|(u, f(u)). For example, take the
function f: R? — R defined by:
X, ifx=0ory=<o,
f,y) = ¢ 2x, ify=x(-x+1/n),xe€(0,1/n), n € N,

3, otherwise.

Then |df|(0, 0) = 1 while |d conv(f)|(0,0) = 0.
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4. APPLICATION TO PARTIAL DIFFERENTIAL INCLUSIONS

In this section, we present an application of Theorem 2.14 to partial differential
inclusions. More precisely, we give an existence result for the following problem:

—Ay(t) e G(y(t)) a.e. teQ,
4.1

y) =0, for every t € 992,

where Q is a bounded domain in R" with smooth boundary 9Q, and G:R —- R is a
multivalued mapping.

By a solution of (4.1), we mean a function y € Hy(Q) such that Ay € LYQ) for some g
which will be determined later, and satisfying (4.1).

Now, let us state the main result of this section which is inspired of Theorem 2.15
in [17)].

THEOREM, 4.1. Let G: R — R be an upper semi-continuous multivalued mapping with
nonempty, compact, convex values. Assume
(4.1.1) there exist 0 < u < (n + 2)/(n — 2), and constants a, b such that

|G(x)| = max!|z| :z € G(x)} < a + b|x|* for every x € R;

(4.1.2) there exist 8 > 2 and R > 0 such that for every x such that |x| = R,

0< ) GO)dy = min(xG(x)) = min{xz : z € G(x)};
JO

(4.1.3) the following inequality is satisfied:

G
lim sup ___max(;:z x) <0,
x—0

where max(xG(x)) = max{xz: z € G(x)}.
Then the problem (4.1) has a nontrivial solution.
Let us mention that the restriction on ¢ could be weakened if » = 1 or 2.
We denote
8(G) = {g: R — R : g is measurable, and g(x) € G(x) a.e. x € R)}.

It is well known that $(G) is nonempty. For each g € $(G), we define a functional
Jo: Hy(Q) = R by

dr —

Cvp)?
Jg(y)z\nlyé)'

N

'y}
\ g(x) dx dt.
JQ

Jo

The assumption (4.1.1) implies that J, is well defined.
Let us define the multivalued functional F: I”(Q) = R U {0} where p = u + 1 and
pe@2,2n/(n - 2)),by

fc € R:J,(¥) = cforsomeg € §(G)), if y € Hy(Q),
Fly =

o, otherwise.
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Remark 4.2. 1f (4.1.1) is satisfied then for every bounded set B in I”(Q) and every M € R,
the set & = {y € B: F(y) N (-, M] # (J} is weakly relatively compact in H}(Q)), and
relatively compact in L(Q) for r € [1, 2n(n — 2)™"). Indeed, for y € &, let g € $(G) such
that J,(y) = M. Then,

" w2 RI0) (
[l y:()-)l dtsM+§ 5 gx)dxdt =M + | a, + bly@)|**'dr = K.
Q QJo Ja

So, & is bounded in Hj(Q).

LEMMA 4.3. Assume (4.1.1) is satisfied. Let F be the functional defined above. Then F has
closed graph, and nonempty, closed, convex values.

Proof. 1t is clear that F has nonempty, convex values. Let (y,) and (c,) be sequences
such that ¢, € F(y,), ¢, = ¢ € R,and y, = y € I”(Q). Then there exists (g,) a sequence in
8(G) such that J, (y,) = c¢,. The Remark 4.2 implies that, up to a subsequence, (y,) is
weakly convergent in Hy(Q). From this, we deduce that y € Hy}Q).

Since G is upper semi-continuous with compact values, we have that G[-k, k] is
compact for every k > 0. Fix r € (1, ), since (g,) is bounded in L'([-k, k]) for every
k > 0, we deduce the existence of g € L],.(R) such that a subsequence still denoted (g,)
converges weakly to g in L'[—k, k] for every k > 0, also we have

&(x) € CO[gn(X), gns1x), ...} ae.xek.

This and the fact that g, € $(G) and G is upper semi-continuous with compact, convex
values imply that g(x) € G(x) a.e. x € R.

Without lost of generality, we assume that y,(t) = y(t) for almost every ¢ e Q.
Therefore,
I2G)

gn(x)dx — \ g(x) dx a.e. te Q.

'Va(0)
\ 0

Jo

The Lebesgue convergence dominated theorem implies that

O [ Ya) ()}
\ \ g,(x)dxdr — \ \ g(x) dx dt.
Ja o Ja Jo

Thus,
Jo(») < liminf J, (y,) < lim ¢, = ¢,

and hence,ce F(y). B

Now, we would like to show that critical points of F are solutions of (4.1).
For y € Hy(Q), we defined the possibility empty set

awy) = {a e /(Q) : \ a()w(r)dt < . V(1) - Vw(t) — min(w(£)G(y(¢))) dr
Jo

Y

for every w € Cf(Q)} ,
where 1/p + 1/q = 1.
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LEMMA 4.4. Assume (4.1.1) is satisfied. Let (¥, ¢) € graph F be such that |dF|(y, ¢) < c.
Then Ay € L9%(Q). Moreover, Q(y) # &, and for every o € @(y)

—Ay(t) € a(t) + G(y(t) ae. teQ.
Proof. If
Vy(t) - Yw(t) dt: w e C2(Q) and |wlr < 1} < o, 4.2)

sup{

Q
then

R

we | V() - Yw(r) de
Ja

could be extended to a linear functional on L°(Q), and by the Riesz Representation
Theorem, there exists v € L7(Q) such that

R

V() - Vw(t) dr = —g v(w(t) dt
o Ja

for every w € C2(Q). In consequence, Ay € LY(Q).

Moreover, let z be a measurable function such that z(¢) € G(¥(¢)) a.e. t € Q. The
assumption (4.1.1) implies that z € L(Q). It is clear that « = —Ay — z € @(y). Inversely,
it is easy to see that if o € Q(Y), then —Ay(t) € a(t) + G()(¢)) a.e. t € Q.

It remains to show that (4.2) is satisfied. Assume this is not true. Then for every M > 0,
there exists w € C(Q) with | wl|;» < 1 such that

\ y(t) - Vw(t)dt > M + \ max(w(t)G(y(1))) dt.
JQ g0

This inequality implies that for & < M/3, there exists J, > 0 such that for every
(v, &) € B((y, ¢), 6,) N graph F,

\ Vu(t) - Vw(t)dt > M — ¢ + ‘ max(w(t)G(y(¢))) dt. 4.3)
oQ Ja

On the other hand, there exists d, > 0 such that for every (v, &) € B((y, ), J,) N graph F
and every s € [0, J,],

* tu(t) i
\ \ gix)dxdt - s \ max(w(t)G(y())) dt < se, 4.4)
o Ju(r)-sw() RE]

for every ge 8(G) such that J,(v) <¢. Indeed, otherwise, there would exist
(Uns €n) = (¥, 0 in graph F N LP(Q) X R, and s, — O such that there exist g, € $(G) with
Jo (U) = ¢, and

i valt)

gn(x)dxdr — s, | max(w()G(y(1))) dt > s,¢.
)

o Ju()=s,w() JS

This is equivalent to
1

o0 S,, JUa(t)=s,w(1)

*ua(t)

g.()dxdr > ¢ + \ max(w(t)G(y(1))) dt.
Ja
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Let Z be a measurable function such that 7(z) € G()(¢)) a.e. t € Q. Denote

1 > va()
g.(x)dx,  if w(r) %0,
h,,(t) = Sn W(t) Jua () ~s,w(t)
2(1), if w(z) = 0.

Since

1 \”‘U,,(l)
S,w(t) | Up(l) = $aW(1)

cl
gn(x)dx‘ - \ 2a(0,(t) — As, w(t)) dA
J0

*1
< l a + bllo, )] + Is, W) da,
0

The sequence (h,) is bounded in L%Q). In consequence, up to a subsequence, (4,)
converges weakly to some z in LY(Q), and

z(t) € cofh, (1), h,, (1), ...} a.e. teQ.
Moreover,

g.e U G» for every x € E, (),
yeE D

where E,(t) = colv,(t), v,(f) — s, w(t)}. This, and the definition of A,, imply that

hte U G for every 1 € {t: w(t) # 0J.

y e Ey0)

Without loss of generality, we can assume that v,(r) = y(?) a.e. t € Q.
From those facts and the assumption that G is upper semi-continuous with convex,
compact values, we deduce that z(t) € G(y¥(¢?)) a.e. ¢t € Q, and hence,

zZ(Hw(t) = max(w(t)G(y(1))) ae. tefd.

It follows from this inequality and the weak convergence of (h,) to z, that

¢ i P U0
¢+ | max(w()G(y())) dt < j — g.(x) dx dt

J Q °n Ju,(0)=s,w(1)

= \ h ()w(t) dt
Ja

—*\ 2(H)yw(t) dt
J0

< 5 max(w()G((1)) dt,
0

which is a contradiction.
Let & = min{d,, J,, 2¢/||Vw||?:}. Define H: B((y, ¢), ) N graph F x [0, 8] —* graph F
by
H((v, &), s) = (v~ sw, & — s(M ~ 3¢)).
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The function H is well defined. Indeed, let g € $(G) such that J,(v) < £. Then, from (4.3),

(4.4), we get
. 5
vu(t) - Yw(r) dt + il \ |vw(0)|2 dt
1] 2 JQ

o

Jo(v —sw) = J,(v) — s

Ju()
+ 3 \ g(x) dxds
14

o U(t) —sw(l)

= Jy(v) - s[ Vu(t) - Vw(t) dr — g max(w(t)G(y(t))) dt}
R Ja
i* v(t) 1
+ gx)dxdr — s | max(w(t)G(y(¢))) dt
J2 Ju)y-sw) JQ
+ il |Vw(2)]? dt
2 Jg

<& —s(M-¢)+ se + s¢
= ¢ — s(M - 3¢).

Thus, H((v, £), s) € graph F.
Therefore, |dF|(y,c) = M — 3¢. This contradicts that |dF|(y, c) < «, since M is
arbitrary. W

LEMMA 4.5. Let y € HM(Q) such that Ay € L%Q). Then there exist « € Q(y) and w € IP(Q)
with |w||;» < 1 such that
leello = } aO)wnydr < | a@ywr)de
Q BAY]

for every a € Q(y).
Proof. First of all, from the proof of Lemma 4.4, we know that if Ay € LY() then

Q(y) # . Moreover, it is easy to see that @(y) is closed, convex, and bounded.
Let us define K: @(y) x B;»(0, 1) = @(y) X B;»(0, 1) by

K@, w) = {(a, w) € Q(y) X B0, 1) : j &OW() — a()W(t) dt = o} :

Q

For every (&, w) € Q(») X B;#(0, 1), the set K(&, w) is closed, and convex.
The map K is KKM. Indeed, if there exist (&,, w,), ..., (&,, W,) such that

n
CODV[(&l, ﬁ}1)! sy (&n’ wn)l ¢ U K(&is W,'),
i=1
this means that there exist 4,, ..., 4, € [0, 1] such that ¥7_, 4, = 1, and

N
E Ai(&i! W.)@K(&J, WJ) forj-: l,...,n.

i=]
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That is,
e n n
\ d,(z)( Y A,W,(z)) - < ) Ai&i(t)>wj(t)dt <0 forj=1,...,n
Ja i=1 i=1

This implies that

) '11<
i=1 7\,

which is a contradiction.
The Elementary KKM Principle [18, Theorem 5.2] gives the existence of (a, w) €
K(a, w) for every (&, w) € Q(y) X B;»(0, 1). That is,

&j(t)<2”3 Ai“’i(’)) - < i Ai&i(t)>wj(1) d1> <0,
0 i

i=1 i=1

\ a(Hw() dt = \ a(t)w(r) dt for every (&, w) € Q(y) X B;r(0, 1).
J o2 )
Hence,

~

\ &(t)w(t)dtz! atw(t)ydr = |all,,. N
o Q

LEMMA 4.6. Assume (4.1.1) is satisfied. If |dF|(y, ¢) < « then there exists a € @(y) such
that |lall,e < |dF|(y, o).

Proof. By the previous lemmas, Ay € LY(Q), Q(y) # O, and there exist « € G(y) and
w e [P(Q) with ||W|;» < 1 such that

o

”a“L" =

a0)W(0) dt < \ &W(r) dr
Q Ja

for every a € Q(y).
If lalle = 0, the proof is complete. If [alle > 0. Let & < [lall;e/2. There exists
w e C2(Q) with |w|l;» < 1 and |W — w|;» small enough such that

lele — € < \ &(Ow(r) dt @4.5)
Ja

for every a € Q(y).
Moreover, there exists 4, > 0 such that for every (v, &) € B((y, ¢), 4,) N graph F, and
s €[0,0,], we have

' *u(t)
vu(t) - Vw(t) dr - S \ g(x)dxdt = s(||all g — &) (4.6)
a

Ja u(t) - sw(t)

N

for every g € 8(g) such that J,(v) < ¢. Indeed, assume there exists (v,, &,) = (¥, ¢) in
graph FN LP(Q) X R, s, = 0, and g, € 8$(G) such that J, (v,) < &, and

LT o
Vu,(t) - Vw(t) dt — y \ } g.(x) dxdr.
nJQ

el = > |
vu(t) —saw(t)

REY
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Arguing as in the proof of Lemma 4.4 gives the existence of a measurable function
z(t) € G(¥(1)) a.e. t € Q such that, up to a subsequence,

; R
\ Vu,(¢) - Vw(r)dt — l \ \ g,(x) dx dt
v Q Sy o

V(1) =5y (t)

— \ (1) - Vw(t)dt — | z(r)w(r) ds
Ja Jo

(—Ay(2) — z()w(?) dr.
BEY]

In consequence, & = —Ay — z € Q(y) and

a(w(®) dt < |lall - ¢,

Ja

which contradicts (4.5).
Let = min{d,, 2¢/|Vwl||}2}. Define H: B((y, ¢), 6) N graph F x [0, 8] — graph F by

H((v, &),$) = (v — sw, & — s(llalls — 2¢)).

The function H is well defined. Indeed, let g € $(G) such that J,(v) < ¢. Then, from (4.6),
we get
J (v —sw)y=J,(v) — s \ Vu(t) - Vw(t) de
J2
> v(t) SZ it
j gy dxde + = | |[vw(r)|*dt
0 2 la

uv(t)—sw(t)

+

v

< & - s(lalle — €) + se
= ¢ - s(llall - 2¢).

Thus, H((v, &), s) € graph F.
Therefore, |dF|(y, ¢) = ||lall;« — 2¢. This implies that |dF|(y, ¢) = |la|l,#, since ¢ is
arbitrary. B

In the following lemma, we show that the functional F satisfies the Palais-Smale
condition. The fact that the functional is defined on LP(Q) simplifies the proof.

LeEMMA 4.7. Assume (4.1.1) and (4.1.2) are satisfied. Then F satisfies (PS),. for every
celR.

Proof. Let (y,) € I(Q) and c, € F(y,) such that ¢, = ¢ and |dF|(y,,c,) — 0.
Then, Lemma 4.6 gives the existence of «a, € @(y,) with |a,l» < |dF|(y,, c,). Also,
Ay, € [*(Q) by Lemma 4.4.
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Let us denote z, = -Ay, — o, € G(»,), and let g, € $(G) be such that Jo, (V) = ¢,
So, by assumptions (4.1.1) and (4.1.2),

n Z g, (Vn)
v 2 [ 5 (a0
\ | y,.(t)l \ 2y (1) dr + 1 \ Z,(Dya (1) dt - \ g,(x) dx dt
2 2 v B on Ja Jo
= <1 - l) \ [Vy.(0)|* dt +l I‘ a,(Dy,(t) dr
2 B/l B la
1 a0
+ (‘Zn(I)y,.(f) - } 8.(%) dx) dt
J{ey () > R} B 0
1 (" ¥a(D)
+ <_Z,,(t)y,|(1) - gn(X) d.X) dt
o{t:y,(t) s R} ﬁ Jo

1 1
> (3 - 3)Wlis - Hehilyli - K

I 1
= <§ - B) ”ynllii(; - kldF|(.ynv Cn)“yn"llo - K
Therefore, (y,) is bounded in H;(Q)), and hence, relatively compact in 7(Q). H

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. From condition (4.1.3), for every ¢ > 0, there exists > 0 such
that

Gx) =ex if xel0,d] and G(x) zex if xe[-4,0).
The assumption (4.1.1) implies that there exists a constant @, > 0 such that
|Gx)| = a,|x]* if |x| = 6.
Thus, for every y € R and every g € $(G),

n

y y2
gx)dx < e+ a,|y|**.

This implies that

[Vy(r)|?
2

L0y = j at = £ ol - aulylly = ( , ) % - alyl,
Y]

for every y € H)(Q) and every g € $(g). Therefore, there exist ¢ > 0 and r > 0 such that
J,(») = ¢,
for every g € $(G) and every y € Hy(Q) such that ||yf;» = r. In other words,
F(y) C [¢, ],
for every y € I”(Q) such that ||y| > = r.
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On the other hand, the assumption (4.1.2) implies that there exist constants k,/ > 0
such that for every y € R and every g € $(G),

[y
gy dx = k|yl® - 1. 4.7
.0
Indeed, if y > R,
vy
0<p \ G(x) dx = min(yG(»)).
JO

So,
B < min{G(y))
¥y~ fmin(G(x)) dx’

By integrating from R to y, we get
oal? B < > min(G(x)) dx
°B\R) = B\ PminGx)ydx/ "

8 'R
kyy® = <£> g min(G(x)) dx

Jo

Hence,

< \ min(G () dx
JO

<

Y
g(x) dx.
Jo

Similarly, if y < —R,

'y
kyl® < \ g(x) dx.
0

From (4.7), we deduce that for y € Hy(Q) and g € $(G),

J(Ay) <

V 2
azl—y;—’l — KkAOF = Ddt > —co
4]

as |A| = oo,

From that, we can choose (y, £} € graph Fsuch that ||y|;» > r and & < 0. Observe that
F(0) = [0, o).

Let us set D =[0,1], S = {0, 1}, w(0) = (», &), w(1) = (0,0), A = graph FN{y € I’(Q) :
[¥ll» = 1} x R. It is clear that ['(w(S), D) # &, [(w(S), D) intersects A, d(4, w(S)) > 0,
and that

=< inf sup fo(D) = ¢ < co.
(D) € T(w(S), D)
Observe that F satisfies (PS). by Lemma 4.7. The Theorem 2.14 gives the existence
of a critical point y of F at level ¢. Lemmas 4.4 and 4.6 imply that y is a solution
of 4.1). B
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