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1. I N T R O D U C T I O N  

The critical point theory is a domain of mathematics which has known rapid develop- 
ments in the last two decades. Recently many attempts were made to develop critical point 
theory for nondifferential functionals, more precisely for Lipschitzian, continuous, or 
lower semi-continuous functionals [1-4]. 

The starting point of this work is a paper of Degiovanni and Marzocchi [3] in which 
they introduced the notion of weak slope of a continuous functional, and a corresponding 
notion of critical points. Then, they extended this notion to lower semi-continuous 
functional by using the weak slope of the function graph which is continuous, and defined 
on the epigraph of the functional. They observed that one difficulty with their definition 
is that the function graph can possess more critical points than the original lower semi- 
continuous functional, and they illustrated this fact with this example: 

f x +  1, if x < 0 ,  
f(x) 

x ifx_> 0. 

In this example, (0, O) and (0, 1) are critical points of the function graph. It is observed in 
[5], that " f  exhibits a behaviour of mountain pass type and 1 is just the mountain pass 
level". 

If we look carefully at this example, one can ask if I is really a mountain pass level since 
there is no continuous path ~:[0,  1] ~ g r a p h f  from ~b(0)= (Xo,f(Xo)) to ~(1)=  
(xl, f(xt)) for Xo < 0 < x~. From that observation, we realized that, instead of defining 
critical points for a lower semi-continuous functional from the function graph, it is also 
possible to do that from multivalued mappings with closed graph. To illustrate that, let 
us come back to the previous example. From the functional f ,  let us define the following 
two multivalued functionals: 

( x +  1, i f x < O ,  f x +  1, i f x < O ,  

FI(X) = ~10, 1], i f x  = 0, and F2(x ) = / [0 ,  1], i f x  = 0, 
1 1 \ x ,  i f x  > 0, \ x ,  i f x  > 0. 

t Research supported in part by NSREC-Canada. 
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According to our definition, 0 is not a critical point for F~ at level 1, but it is for F 2. 
Observe that there is no continuous path joining (Xo, x0 + l) to (x~, x 0, for x 0 < 0 < x~, 
on the graph of F~, while there is such a path on the graph of  F 2. 

This example shows also that if we want to introduce a critical point theory for 
multivalued mapping, it is more natural to work on the graph of  the functional than on 
its domain. 

In this paper, we extend to multivalued functionals F with closed graph, the notion of 
weak slope introduced in [3]. From that, we define the notion of  critical point and we give 
a Palais-Smale condition for F. 

In order to obtain minimax results, we introduce the notion of  invariance with respect 
to deformations for a family of  sets. This notion contains the notion of  "ambient  isotopy 
invariance",  and " h o m o t o p y  stable family with boundary"  introduced in [6] and [7] 
respectively. However,  we did not include the equivariant case to this paper. Using 
this notion of invariance with respect to deformations,  and the Deformation Theorem 
established in [2], we give mountain pass type results and a minimax principle. 

In Section 3, we discuss possible applications of  this theory to lower semi-continuous 
functionals. 

Finally, in the last section, we give an application to a problem for partial differential 
inclusions. Many authors [1,4, 8-11], starting with a problem with discontinuous 
nonlinearities, have considered an associated problem with multivalued nonlinearities G, 
where G is a subdifferential of  a locally Lipschitz function. Various methods were used; 
however, the functional considered was always single-valued. To our knowledge, 
variational methods are applied for the first time to multivalued functionals to get 
existence result to partial differential inclusions. We should say that a part  of  the technique 
used is inspired from [12-15]; in particular the functional is defined on LP(~)) while, often, 
it is defined on H~(~).  Let us mention that we tried to give an application as simple as 
possible, and we are convinced that much more can be obtained from those techniques. 

2. A C R I T I C A l .  P O I N T  T H E O R Y  F O R  M U L T I V A L U E D  M A P P I N G S  

Let (X, d) be a metric space and let F:  X - ,  [R U {oo] be a multivalued mapping with 
closed graph (and nonempty values). We denote by 

graph F = [(u, c) • X x IR : c • F(u)]. 

This set is a metric space with the metric 

d((u,  c), (v, b)) = x/d(u,  v) z + Ib - c['.  

We denote n x and rt~ the projections of  g r a p h F  on X and R respectively. That is 
7rx(U, c) = u and n~(u, c) = c. 

Now, we give the definition of  weak slope of  F. 

Definition 2.1. Let F: X ~ ~ U Ioo] be a multivalued mapping with closed graph, and let 
(u, c) • graph F. The weak slope of F at (u, c), denoted by IdFl(u, c) is the supremum of  
a • [0, oo) such that there exist 6 > 0 and a continuous function 

H = (Hi , / /2 ) :  B((u, c), 6) x [0, g~] ---) graph F 
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(where B((u, c), 6) is the open ball in graph F centered at (u, c) o f  radius 6) such that 
(2.1.1) d(H((v,  b), t), (v, b)) <- t f f  + tr2; 
(2.1.2) /-/2((0 , b), t) _< b - at .  
In the case where F(u) = If(u)]  is a cont inuous  single-valued function then 

[dFJ(u,f(u)) = JdfJ(u) 

where JdfJ(u) is the weak slope o f  f a t  u as defined in [3], and it coincides with the norm o f  
the derivative w h e n f  is a funct ion o f  class C ~ defined on a Finsler manifold  o f  class C ~. 

Let us remark that if F is a multivalued function as before,  then the funct ion 
g r :  graph F ~ ~ defined by g r ( u ,  c) = c is cont inuous.  It is easy to check that the 
following equali ty holds: 

[dgr-J(u, c) if [d~FI(U , C) < 1; 
I d f l ( u ,  c) -- ,,/l ---- C) 2' (2.1) 

oo, if IdgFl(U, C) = 1. 

The lower semi-continuity o f  JdF[ is immediately deduced f rom (2.1) and [3, Prop.  2.61. 

PROPOSITION 2.2. Let F :  X --" E U 1oo1 be a multivalued mapping  with closed graph.  Then 

JdFl(u, c) <_ lim infidEl(u, , ,  c,,) 
n ~ o o  

for every sequence (u , ,  cn) e graph F converging to (u, c). 

In general, i f F  = FI + Fz, one can not compare  [dFJ(u, cl + c2)with JdF~J(u, q ) a n d  
JdFzl(u, c2). However ,  some informat ion  can be obtained in the particular case where F2 is 
a single-valued C ~ funct ion.  For  the proof ,  we refer to [3, Prop.  2.7]. 

LEMMA 2.3. Let E be a Banach space, V an open subset o f  E, f e  CI(V, ~), and let 
G:  V -~ f~ U [oo] be a multivalued mapping  with closed graph.  Denote F(u) = G(u) + f (u ) .  
Then,  for  every (u, c) e graph F, 

JdG[(u, c - f (u ) )  - JJf'(u)[[ -< JdFJ(u, c) <_ IdGJ(u, c - f (u ) )  + Ilf '(u)H. 

In the next two definitions, we introduce the not ion o f  critical point o f  F and a 
Pala is -Smale  condit ion.  

Definition 2.4. Let F :  X ~ :~ U [oo] be a multivalued mapping  with closed graph,  and let 
c ~ JR. We say that u is a critical point  o f  F at level c, if c ~ F(u) and JdFl(u, c) = O. 
The set o f  critical points o f  F at level c is denoted by Kc. We say that c is a critical value 
o f  F if Kc ~ Q .  

Observe that since F is a multivalued mapping,  u e X can be a critical point at more  
than one level. That  means that the applicat ion associating a critical point to its critical 
values is a multivalued mapping.  Also, it is clear f rom the definit ion that if u is a finite 
local min imum o f  F and c = min[b e F(u)], then u e Kc. 
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Defini t ion 2.5. Let F :  X -', IR U [col be a mult ivalued mapp ing  with closed graph,  and let 
c • IR. The  funct ion F satisfies the Palais -Smale  condit ion at level c ((PS)~) if every 
sequence (un) in X for which there exists cn • F(u , )  with c,  ---, c and IdFl(u , ,  c , )  --, O, 
has a convergent  subsquence in X. 

For sake o f  completeness ,  we state, in our  context ,  the Noncri t ical  Interval  Theo rem 
and the Defo rma t ion  Theorem established in [2, Theorems  2.14, 2.15]. 

THEOREM 2.6. Let X b e  a comple te  metric space, F: X --, E U [col a mul t ivalued mapp ing  
with closed graph,  and let o~ • I1~ and fl • E U [col (a < fl). Assume that  for every 
c • [o~, fl] such that  F(X)  n [c, co) ;~ Q), F has no critical points at level c, and satisfies 
(PS)~. Then there exists a cont inuous  funct ion q = (r h ,  r/z): graph F x [0, l] --, graph F 
such that  

(2.5.1) r/((u, b), 0) = (u, b); 
(2.6.2) r/2((u, b), t) _< b; 
(2.6.3) if (u, b) • g raph  F n X x ( - c o ,  cd, then r/((u, b), t) = (u, b); 
(2.6.4) r/((graph F n x x  ( -oo ,  ill), 1) c x x  ( - c o ,  a] .  

THEOREM 2.7. Let X be a comple te  metric space,  F: X --, ~ U Icol a mult ivalued mapp ing  
with closed graph,  and let c • R. Assume that  F satisfies (PS)c. Then,  given e0 > 0, 0 a 
ne ighbourhood  o f  Kc × [c] (0 can be emp ty  if K¢ is empty) ,  and tr > 0, there exist 
0 < e < eo, and a cont inuous  funct ion r/ = (rh, q2): graph F × [0, l] --, g raph  F s u c h  that  

(2.7.1) d(q(u, b), t), (u, b)) <_ at;  
(2.7.2) r/2((u, b), t) _< b; 
(2.7.3) if (u, b) • graph F \ ( X  × (c - eo, c + eo)), then r/((u, b), t) = (u, b); 
(2.7.4) r/((graph F n x × ( -  co, c + e])k0,  1) c X x ( -  oo, c - el. 

COROLLARY 2.8. Let X be a complete  metric space, F:  X - - ,  IR U [col a mult ivalued 
mapp ing  with closed graph,  and let c • ~. Assume that  F satisfies (PS)c. Let tr > 0, 
B a closed subset o f  graph F, 0 and ~ ne ighbourhoods  of  K¢ x [c] and B, respectively 
(0 (resp. "¢) can be empty  if K,. (resp. B) is empty) .  Then there exist e > 0, and a 
cont inuous  funct ion r/ = (rh, r/z): graph F × [0, I] ~ graph F such that 

(2.8.1) d(r/((u, b), t), (u, b)) _< a t ;  
(2.8.2) q2((u, b), t) <_ b; 
(2.8.3) r/ = id on graph F ×  101U B × [0, 1]; 
(2.8.4) r / ( ( g r a p h F n X ×  ( -oo ,  c + e])\(O Ua?) ,  1) C X x  ( - c o ,  c - e]. 

Proof .  
theorem.  
2(x) = 1 

Let q: graph F ×  [0, 1] --, graph F be the de fo rma t ion  given by the previous 
Let 2: X --, [0, 1] be a Urysohn funct ion such that  2(x) = 0 for  every x • B and 
for  every x • X / ~ .  Define r~: X × [0, 1] --, X be the funct ion defined by 

O(x, t) = q(x, t~4x)). 

It is clear that  r~ is the desired de fo rmat ion .  • 
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Let Q be a subset of  graph F. We denote 

F(Q) = I U C  graph F :  Q c U(U # ~ if Q = 9)1 .  

Also, if (D, S) is a closed pair, and ~u: S --, graph F is a continuous function, we denote 

F(~'(S), D) = I f ( D ) : f  = ( f l , f2)  e C(D, g r a p h F )  a n d f l s  = ~ul. 

Clearly F(~(S),  D) C F(~'(S)). 
The next notions will be crucial in what follows. 

Definition 2.9. Let Q be a subset of  graph F, and let F o be a subset of  F(Q). We say 
that F o is invariant with respect to (F, Q)-deformations if the set r/(U, 1) • F o for every 
U • F o, and every continuous map t/: g r a p h F ×  [0, 1] --, g r a p h F  such that r/ = M on 
graph F ×  10l U Q x [0, 1], and th((u, b), t) _< b for every t • [0, ll, and (u, b) • graph F. 

Remark 2.10. Instead of  considering all continuous deformations,  we can take a subset 
~ o  of  the set of  functions t l •C(graphF×[O,  ll, graphF) satisfying r/ = id on 
graph F ×  [01 U Q × [0, 1], and r/z((u, b), t) _< b for every t • [0, 1], and (u, b) • graph F. 
In that case, we can define the notion of  invariance with respect to ~o .  

Definition 2.11. Let A and Q be two subsets of  graph F, and let F 0 be a nonempty subset 
of  F(Q). We say that F o intersects A if U n A # Q5 for every U in F o. 

Observe that in the previous definition, A and Q do not need to be disjoint. In 
particular, A could be graph F. Also, Q could be empty. 

In this multivalued context, we want to present generalizations of  the Mountain Pass 
Theorem. 

THEOREM 2.12. Let X be a complete metric space, and F: X ~ ~ U I°°1 a multivalued 
mapping with closed graph. Assume there exists a closed subset A of graph F, and 
there exist Q c graph F, and F o C F(Q) nonempty and invariant with respect to (F, Q)- 
deformations such that F 0 intersects A. In addition, assume that 

inf sup ~ ( v n  A) >_ sup n~(Q), 
ve ro 

with a strict inequality if d(A, Q) = O. Let 

c = inf sup rr~(U). 
u e r o  

(PS)c then K c × Icl n F o # Q ,  where Yo = Ut ,  eroU.  If c • I~, and F satisfies 
Moreover,  if 

then K,. × Icl n A # Q .  

c =  inf s u p n ~ ( U n A ) ,  
uero 

The proof  is analogous to the one given in [16], we include it for sake of completeness. 
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Proof. Let 'V be a ne ighbourhood  of  Q, and a > 0 which will be fixed later. Choose  
0 = B(K,. × Ich a).  Let e > 0 and r/: g r a p h F ×  [0, 11 --, graph F given by Corol lary  2.8. 
So, rh((u, b), t) _< b, and r/ = id on g r a p h F ×  10, 1] U ~) × [0, 1]. Let U ~ F 0 be such 
that sup n~(U)  _< c + e. By assumption,  r/(U, 1) e Fo. 

Denote 

I 
A, i r i fc  = s u p n ~ ( U n A ) ,  

U e  I'o 

E -- ~ ,  otherwise. 

Assume Kc × Icl n E = Q .  Observe that K~ is compact  since F satisfies (PS)c. Fix a > 0 
such that 

d(Kc × Icl, E)  > 2a,  

and 

d(A, Q) > 2a  if c = sup n~(Q). 

In the case where c > sup n~(Q), choose 6 > 0 such that 

c > c - ~ > sup 7rR(Q). 

Fix 

I B(Q, a), if c = sup rt~(Q); 

~7 = (. graph F n X × (-oo, c - t ~ ) ,  otherwise. 

Let (u, b) • U be such that rl((u, b), 1) • E and r/2((u, b), 1) > c - min[e, d~]. Since 

d(rl((u, b), 1), (u, b)) -< a and th((U, b), 1) _< b, 

(u, b) ¢ 0 U 'V. So, r/((u, b), 1) _< c - e, which is a contradict ion.  • 

As a corollary,  we get the two following theorems. The first one is obtained in taking 
A = graph F, Q = Q with the convent ion that sup t ry (Q)  = - ~ .  The second one is a 
generalization o f  the well known Mounta in  Pass Theorem.  

THEOREM 2.13 (Minimax Principle). Let X be a complete metric space, and F:  X - ,  
I1~ U {oo] a multivalued mapping  with closed graph.  Assume there exists F 0 C F ( Q )  
nonempty  and invariant with respect to (F, ~ ) - d e f o r m a t i o n s .  Let 

c = inf sup g~(U).  
U • ro 

If  c • ~, and F satisfies (PS)c then K,. x [c] n F o # • .  

THEOREM 2.14. Let X be a complete metric space, and F :  X --, ~ U {~l a multivalued 
mapping  with closed graph.  Assume there exists a closed pair (D, S), a cont inuous  
funct ion ~ = (qq, ~'2): S--* graph F, a closed subset A C graph F, and a nonempty  
subset Fo C F(q/(S), D) invariant with respect to (F, ~(S)) -deformat ions  such that F 0 
intersects A.  In addit ion,  assume that 

inf sup f2( f - l (A) )  >_ sup ~z(S), 
f ( D )  ~ ro 
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with a strict inequality if d(A, ~'(S)) = 0. Let 

c = inf supfE(D). 
f (D) e F o 

If  c e ~, and F satisfies (PS)c then K~ x Icl n Fo # 9 .  Moreover,  if 

c =  inf sup f2 ( f - l (A) ) ,  
f (D)  • r o 

t h e n K c × l c l n A  # 9 .  

Remark 2.15. In the previous theorem, if (D, S) is a compact  pair then c e ~. 

The following theorem gives the existence of  a critical point which is a minimum of  F 
on F 0. It is worthwhile to mention that this critical point is not necessarily a local 
minimum. 

THEOREM 2.16. Let X be a complete metric space, and F: X- - .  t~ U Iool a multivalued 
mapping with closed graph. Assume there exists a closed subset A of  g r a p h F ;  and 
there exist Q c graph F, and F 0 C F(Q) nonempty and invariant with respect to (F, Q)- 
deformations such that F o intersects A, and 

inf inf 7t~(U n A) _< inf he(Q). 
UePo 

with a strict inequality if d(A, Q) = o. Let 

c = inf in fn~(U) .  
UePo 

I f  c > -o0  and F satisfies (PS)c, then K~ × {cl n F o # O .  
Moreover,  if 

c =  inf i n f n ~ ( U n A ) ,  
UeFo 

t h e n K  c x l c } n A  # 9 .  

The proof  is similar to the one of  Theorem 2.12. Note that Q could be empty with the 
convention that inf 7t~(~5) -- o0. Taking A -- graph F gives the following corollary. 

COROLLARY 2.17. Let X be a complete metric space, and F: X -~ ~ U {o0} a multivalued 
mapping with closed graph. Assume there exist a subset Q of  graph F, and F o C F(Q) 
nonempty and invariant with respect to (F, Q)-deformations.  If  

-oo  < c  = inf i n f n e ( U  ) < i n f r t e ( Q ) ,  
UeFo 

and F satisfies (PS)c, then Kc x Icl n Fo ;~ Q .  

We present some trivial examples to help to visualize the meaning of  the previous results. 
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Example 2.18. Let F : [ - I ,  1]--, IR be the multivalued function defined by 
f(x) = Ilxl - 1/n : n • NI U {Ixll .  By the previous corollary, 0 is a critical point of F a t  
level 0 and at level - l / n  for every n ~ N. Observe that, in particular, 0 is not a local 

minimum value. 

Example2.19. Let F:  [ -1 ,  1] × [0, 1] --, ~ be the function defined by 

[Iz : - 2 l x l  ~ z ~ -31xl + II, 

F(x,y) = 1-31xl - 2y + 11, 

if y = 0; 

otherwise. 

Fix S = {-1,  11, ~' = (/d, 0 , - 2 ) .  Theorem 2.14 applied with F(~, (S) , [ -1 ,  1]) gives 
the critical point (0, 1) at level - 1 .  On the other hand, take F0 C F(¢,(S), [ -1 ,  1]) the 
set invariant with respect to (F, ¢(S))-deformations and generated by I(x, 0 , - 2 } x l ) :  
x • [ -  1, 1]}. Theorem 2.14 applied with Fo gives the critical point (0, 0) at level 0. Observe 
that, in this example, it makes a difference to consider only deformations r/satisfying 
qz((u, b), t) <- b. Without this restriction, it would not have been possible to obtain the 
critical point (0, 0) from one of  the previous theorems. 

Example 2.20. Let F: [ - r t  -~, rc -~] --' R be the function defined by 

f / I x  
cos~,;)  - x 2, if x ;~ 0, 

F(x) I 
~.[-1,  1], i f x  = 0. 

Take (D,S)  = ([-rr  -~, n-z],  I - n  -1, n- l l ) ,  ~u = (M, FIs). It is clear that F(~,(S),D) = ~). 
Now, take Fo = IgraphF(D)] C F(~,(S)), and A = ( [ - (2n)  -1, (2rt) -1] × ~) N graphF.  
Theorem 2.12 gives the existence of the critical point 0 at level 1 while Theorem 2.14 could 
not be applied to get the critical point 0. 

On the other hand, take 1=o the subset of F (Q)  invariant with respect to (F, Q)-  
deformations, and generated by graph F N  (D × ( - 0 % - 1 ] ) .  Theorem 2.13 gives the 
existence of  the critical point 0 at level - 1 .  

3. LOWER S E M I - C O N T I N U O U S  F U N C T I O N A L S  

In this section, we want to mention how some of  the previous results could be applied 
to lower semi-continuous functionals. 

Let X be a metric space, and let f :  X --* ~ U Iool be a lower semi-continuous function. 
From this function, we define two multivalued mappings with closed graph: 

f(u) = Ic • ~ U Ioo1: there exists (un)n such that un --" u and f(u~) ~ cl, 

and 

conv(f)(u)  = (convf(u) ) .  

Results of  the previous section could be applied t o f a n d  to cony( f ) .  Let us mention that 
results obtained in [2, 3] for lower semi-continuous functionals concern the multivalued 
functional conv(f) .  
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In the particular case where f ( u )  C If(u) ,  ooj then, as it is shown in the next lemma, 
using f o r  cony( f )  makes no difference. This holds, for example, f o r f  = fo + f l  with f0 
continuous, and f l  = I x where K is a closed subset of  X. Moreover,  in this case, if u is a 
critical point o f ~  it has a unique critical value which is f ( u ) .  

Next lemma establishes that u is never a critical point of  cony( f )  at level c if 
c ~ c o n v ( f ) ( u ) \ f ( u ) .  

LEMMA 3.1. Let f :  X -~ I~ be a lower semi-continuous function, and let u ~ X and c such 
that f ( u )  < c < lira s u p w ,  f ( v ) ,  and there is no sequence (u,,) converging to u such that 
f (u~)  ~ c. Then [ d c o n v ( f ) l ( u ,  c) = 00. 

Proof .  Let u e X and c such that f (u )  < c < lim supv. , ,  f ( v ) ,  and there is no sequence 
(un) converging to u such that f ( un )  --' c. Then there exists e > 0 such that B(u, 2e) x 
B(c, 2e) G graph f =  9 .  Let c~ > 1, and fix t~ = e / a .  Define H:  graph(cony(f) )  O 
B((u, c), d~) x [0, fi] ~ graph(cony(f ) )  by 

H((v,  b), t) = (v, b - at) .  

The function H is well defined. Indeed, if (v, b) ~ graph(conv(f) )  n B((u, c), ~), then 
b _> c - e, and f ( v )  _< c - 2e, and hence b - o~ >_ f ( v ) .  So 

H((v,  b), t) ~ graph(conv(f)) .  

Therefore,  [ dconv( f )  [(u, c) _> a.  Since a is arbitrary, we get the conclusion. • 

In general, we can not compare Idf l (u ,  c) and [ d c o n v ( f ) l ( u ,  c). Indeed, take 

0, if u_<0 ,  

f ( u )  = 1 + u, if u > 0, 

then Idf l(0,  l) = 0 while [dconv(f)[(O, 1) = I. For 

g ( u ) =  I01, - i f u < _ 0 ,  

u, i f u > 0 ,  

[dg[(0, 1 ) =  1 while [dconv(g)[(0, 1 ) =  0. Observe that, in this last example, 0 is a 
mountain pass point for conv(g) but not for g. 

It is also possible to have I d c o n v ( f ) l ( u , f ( u ) )  # Idfl(u,f(u)). For example, take the 
function f :  ~2 ~ ~ defined by: 

f ( x ,  y)  = I 
X, 

2x, 

3, 

if x_< 0 or y _< 0, 

i f y  = x ( - x  + l /n ) ,  x ~ (0, l /n ) ,  n ~ N,  

otherwise. 

Then [dfl(0, 0) = 1 while Idconv(f ) l (0 ,  0) = O. 
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4. A P P L I C A T I O N  TO P A R T I A L  D I F F E R E N T I A L  I N C L U S I O N S  

In this section, we present  an appl icat ion of  Theorem 2.14 to part ial  differential  
inclusions. More  precisely, we give an existence result for  the following problem:  

- A y ( t )  ~ G(y(t)) a.e. t e f~, 

y(t) = 0, for  every t ~ Of~, 
(4.1) 

where ~ is a bounded  domain  in ~"  with smooth  bounda ry  Ofl, and G: ~ --, ~ is a 
mult ivalued mapping .  

By a solut ion o f  (4.1), we mean  a funct ion y e Ho~(f~) such that  A y e  Lq(f~) for  some q 
which will be determined later, and satisfying (4.1). 

Now,  let us state the main  result o f  this section which is inspired o f  Theo rem 2.15 
in [17]. 

THEOREM, 4.1. Let G: ~ ~ ~ be an upper  semi-cont inuous  mul t ivalued mapp ing  with 
nonempty ,  compac t ,  convex values. Assume 

(4.1.1) there exist 0 _< ~ < (n + 2)/(n - 2), and constants  a,  b such that  

IG(x)l = max[Izl  : z  e G(x)l <- a + blxl ~ for  every x ~ ~; 

(4.1.2) there exist fl > 2 and R > 0 such that  for  every x such that  Ix] _> R, 

i 'x 0 < B G(y) dy <_ min(xG(x)) = minlxz : z e G(x)}; 
~0 

(4.1.3) the following inequali ty is satisfied: 

max(xG(x) ) 
lim~0sup x2 _< 0, 

where max(xG(x)) = max[xz : z ~ G(x)]. 
Then the p rob lem (4.1) has a nontr ivial  solution. 

Let us ment ion that  the restriction on / z  could be weakened if n = 1 or 2. 
We denote 

8(G) = Ig: ~ --* ~ : g is measurable ,  and g(x) ~ G(x) a.e. x ~ RI. 

It is well known that  8(G) is nonempty .  For  each g ~ 8(G),  we define a funct ional  
Jg: Ho~(f~) --* I1~ by 

i' ,vy(t),2. t " "y"' J~ (y) = ~ at - I g(x) dx dt. 

The assumpt ion  (4.1.1) implies that  J8 is well defined.  
Let us define the mui t ivalued funct ional  F:  LP(f~) --* I~ t.J Iool where p _>/~ + 1 and 

p e (2, 2n/(n - 2)), by 

f [c~ ~ : Jg(y) <_ c for  some g e $(G)],  i f y  e H~(~) ,  F(y) 
Qo, otherwise.  
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Remark 4.2. I f  (4.1.1) is satisfied then for every bounded set B in LP(f~) and every M • II~, 
the set ~; = [ y e  B:F(y)  N ( - ~ ,  M] ~ (~) is weakly relatively compact  in H](f~)), and 
relatively compact  in Lr(~) for r • [1, 2n(n - 2)-1). Indeed, for y • 5, let g • $(G) such 
that J~(y) <_ M. Then, 

IVy(t)12dt < M + g(x)dxdt < M + a~ + b~ly(t)l~+~ dt <_ K. 
,,~ 2 dO n 

So, ~ is bounded in Hd(f~). 

LEMMA 4.3. Assume (4.1.1) is satisfied. Let F be the functional defined above. Then F has 
closed graph, and nonempty,  closed, convex values. 

Proof. It is clear that F has nonempty,  convex values. Let (y . )  and (c.) be sequences 
such that c. • F(y.), cn --* c • ~, a n d y .  --, y • LP(f~). Then there exists (g.)  a sequence in 
8(G) such that Jg.(y.) <_ c.. The Remark 4.2 implies that, up to a subsequence, (y . )  is 
weakly convergent in Hol(f2). From this, we deduce that y • H~(f~). 

Since G is upper semi-continuous with compact  values, we have that G[-k,  k] is 
compact  for every k > 0. Fix r • (1, ~o), since (g.)  is bounded in L'([-k, k]) for every 
k > 0, we deduce the existence of  g • L~oc(~) such that a subsequence still denoted (g.) 
converges weakly to g in L'[-k, k] for every k > 0, also we have 

g(x) • U6 [g,,(x), g.+ i(x) . . . .  ] a.e. x • ~. 

This and the fact that g. • 8(G) and G is upper semi-continuous with compact ,  convex 
values imply that g(x) • G(x) a.e. x ~ ~. 

Without lost of  generality, we assume that y~(t)--, y(t) for almost every t • f2. 
Therefore,  

t'.vn(t) (y(t) 
g,(x) dx --, g(x) dx a.e. t • f~. 

,. 0 ,!0 

The Lebesgue convergence dominated theorem implies that 

i'~ ( y"(t)gn(x) dx dt ~ t'~ i'i tt)g(x) dx dt" 
, ,10 

Thus, 

and hence, c • F(y). • 

Je(y) <_ lim inf Jg.(Yn) <- lim c. = c, 
r t ~ o o  n ~  

Now, we would like to show that critical points of  F are solutions of  (4.1). 
For y • Ho~(f~), we defined the possibility empty set 

(~(Y) = I°L• Lq(~) : i',.i, a(t)w(t) dt <- I'~n Vy(t). Vw(t) - min(w(t)G(y(t))) dt 

every w • C~(f~) / , for 

where l / p  + l / q =  1. 
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LEMMA 4.4. Assume (4.1.1) is satisfied. Let (y,  c) • g raph  F be such that  [dF[(y, c) < oo. 
Then Ay • Lq(D). Moreover ,  t i (y)  # Q ,  and for  every ot • ( i (y)  

- A y ( t )  • a f t )  + G(y(t)) a.e. t • t).  

Proof. I f  

then 

sup I t ' ,Vy ( t ) .Vw( t )d t :  w e  CT'(f~)and Ilwll~ ~ II < o o, 
i 

(4.2) 

w ~ | Vy(t). Vw(t) dt 

could be extended to a linear funct ional  on LP(fl), and by the Riesz Representat ion 
Theorem,  there exists v • Lq(D) such that  

,( Vy(t). Vw(t)dt  = - [  , * 

for  every w • C~(D).  In consequence,  Ay • Lq(~). 
Moreover ,  let z be a measurable  funct ion such that  z ( t ) •  G(y(t)) a.e. t • D. The  

assumpt ion  (4.1.1) implies that  z • Lq(£)). It is clear that  a = - A y  - z • (~(y). Inversely,  
it is easy to see that  if a • t~(y), then - A y ( t )  • ~(t)  + G(y(t)) a.e.  t • f~. 

It remains to show that  (4.2) is satisfied. Assume this is not true. Then for  every M > 0, 
there exists w • C~°(g)) with II wl[Lp -< l such that  

i ' Vy(t) .  Vwtt) > + ( maxtwtt)G(y(t)))dt. dt M 

This inequali ty implies that  for  e < M/3, there exists ~, > 0 such that  for  every 
(v, ~) • B((y, c), t~ I) ¢q graph  F, 

i to Vv(t) • Vw( t )d t  > M - e + max(w(t)G(y(t))) dt. (4.3) 

On the other  hand,  there exists ~2 > 0 such that  for  every (v, ~) • B((y, c), ~2) r3 graph F 
and every s • [0, ~21, 

g(x) dxdt  - s max(w(t)G(y(t))) dt <_ se, (4.4) 
,. ," v ( t ) - s w ( t )  ,, il 

for every g • $(G) such that  Jg(v)<_ ~. Indeed,  otherwise,  there would exist 
(vn, ~,,) ~ (y, c) in graph F f-) LP(~) × R, and sn -* 0 such that  there exist g~ • $(G) with 
J~(v~) _< Ca, and 

( i'v'"' gn(x) d x d t - s n i "  max(w(t)G(y(t)))dt>sne.  
f l  ,, v n ( t ) - s  ~ ( t )  

This is equivalent  to 

i olt to -- g~(x) dx dt > e + max(w(t)G(y(t))) dt. 
,, S n  ,) v n ( t ) - S n W ( t )  ,, 



Critical point theory for multivalued functionals 

Let ~ be a measurable function such that 2(0 • G(y(t))  a.e. t • ~ .  Denote 

Since 

hn(t) = 

1 I vn(t) 

S - ' ~  j Vn(t) - snw(t ) 

Y~(t), 

'1 

0 

gn(x) dx, if w(t) ~ 0, 

if w(t) = O. 

gn(v.(t) - )ts. w(t)) d2 I 

a + b(lvn(t)l + Is.w(t)l)"d). ,  

747 

Moreover,  

z(t) • U6lhn(t), h.+~(t) . . . .  } a.e. t • f~. 

gn(x) • U O(y) for e v e r y x  • En(t ), 
y • E.t t)  

where En(t) = colvn(t), on(t) - sn w(t)}. This, and the definition of  hn, imply that 

hn(t) • [ J  G(y) for e v e r y t • l t : w ( t ) ~ 0 } .  
Y ~ En(t) 

Without loss of  generality, we can assume that v,( t)  ~ y(t)  a.e. t • ft. 
From those facts and the assumption that G is upper semi-continuous with convex, 

compact  values, we deduce that z(t) • G(y(t))  a.e. t • fi, and hence, 

z(t)w(t)  <_ max(w(t)G(y( t ) ) )  a.e. t • ~ .  

It follows f rom this inequality and the weak convergence of (hn) to z, that 

e + max(w(t)G(y( t ) ) )  dt <_ -- gn(x) dx dt 
Sn ,1 Vn(t)-snw(t) 

= i" hn( t )w( t )d t  
fl 

--* I" z( t)w(t)  dt 
off  ) 

<- i' max(w(t)G(y( t ) ) )  dt, 
J t~ 

which is a contradiction. 
Let 0 = mini0 t, d~2,2e/llVwll~zl. Define H:  B((y,  c), O) fq graph F × [0, dq --* graph F 

by 

H((v,  ~), s) = (v - sw, ~ - s (M - 3e)). 

The sequence (hn) is bounded in Lq(~). In consequence, up to a subsequence, (h.) 
converges weakly to some z in i f (Q) ,  and 



748 M. FRIGON 

The function H i s  well defined. Indeed, let g • $(G) such that Jg(v) < ~. Then, from (4.3), 
(4.4), we get 

[Vw(t)[ 2 dt Jg(v - sw) = Jg(v) - s Vv(t)" Vw(t) dt + ~ .~ 

i' i' v(t) + g(x) dx dt 
fl ~" v ( t ) - s w ( t )  

: ,[ .!o w,t, .!o max, , , , ,  o,] 

to + g(x) dx dt - s max(w(t)G(y(t))) dt 
il ,~ v ( t ) - s w ( t )  

S2 i't2 + ~- = [Vw(t)] 2dt 

< ~ -  s ( M -  e) + s t  + se 

= ~ - s ( M -  3e). 

Thus, H((v, ~), s) • graph F. 
Therefore, IdFl(y, c) > M - 3e. This contradicts that IdFl(y, c) < ~ ,  since M is 

arbitrary. • 

LEMMA 4.5. Let y • Hol(O) such that A y e  Lq(f~). Then there exist ~ • 6t(y) and w • LP(~) 
with I[wl[Lp-< 1 such that 

II~ll,.~ = ia a(t)w(t) dt <_ ,,i'~ &(t)w(t) dt 

for every & • 6~(y). 

Proof. First of all, from the proof  of  Lemma 4.4, we know that if Ay • Lq(t)) then 
t~(y) ;~ Q .  Moreover, it is easy to see that ~(y)  is closed, convex, and bounded. 

Let us define K: 6t(y) × BLp(0, 1) ~ (i(y) × BLp(0, 1) by 

K(&' ~) = I(°~' w) • q~(y) x BLp(O' l) : i ~ ~(t)w(t) - a( t)~(t)dt  >- O 1 " 

For every (&, ~) • 6~(y) × BLp(0, 1), the set K(&, ~) is closed, and convex. 
The map K is KKM. Indeed, if there exist (&l, ff~) . . . . .  (&n, v~,) such that 

convl(&l, wl) . . . . .  (&n, *b,)} ~ 6 K(&i, wi), i=1 
this means that there exist 21 . . . . .  2~ • [0, 1] such that Y..~= 1).i = 1, and 

N 
2i (6q, wi) ~ K(&j, ~i,j) for j = 1 . . . . .  n. i=1 
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That is, 

t ) t i l ~  i t - 2i&i(t t t < 0 
• = . =  

This implies that 

)~ )tJ(,t' &J(t)( ~= )tiw'(t)) - ( 

which is a contradiction. 

f o r j  = 1 . . . . .  n. 

2 i & i ( t ) ) ~ j ( t ) d t )  < O, 
i=1 

The Elementary KKM Principle [18, Theorem 5.2] gives the existence of  (c~, w) 
K(&, ~) for every (&, ~) e (~(y) × BL.(0, 1). That is, 

Hence, 

i &(t)w(t) dt >- i'i~ o~(t)~,(t) dt for every (&, ~) e t2(y) x BLp(0, I). 

i'n &(t)w(t) dt >_ i a(t)w(t) dt = II lle. • 

LEMMA 4.6. Assume (4.1.1) is satisfied. If IdFl(y, c) < oo then there exists a ~ t2(y) such 
that II lle -< Idrl(y, c). 

Proof. By the previous lemmas, A y e  Lq(~), (~(y) ~ O ,  and there exist ~ e t2(y) and 
~ LP(~) with I[wllLp -< 1 such that 

['c~[[Lq = i c~(t)Cv(t)dt <_ .i &(t)C~(t)dt 
,, f i  f i  

for every & e t2(y). 
If Ilal[Lq = 0, the proof  is complete. If I[al[Lq > 0. Let e < I[allLq/2. There exists 

w e C~(fl) with I lwl le  --- 1 and H~' - wllLp small enough such that 

I[a[IL~ - e < i &(t)w(t) dt (4.5) 

for every & ~ 6~(y). 
Moreover, there exists ~ > 0 such that for every (v, ~) ~ B((y, c), ~) N graph F, and 

s ~ [0, 0d ,  we have 

s Vv(t) • Vw(t)dt - g(x) dxdt >_ s(ll~ll,y - e) (4.6) 
. f i  f l  J v ( t ) - s w ( t )  

for every g ~ $(g) such that Js(v) <- ~. Indeed, assume there exists (v,,, ~.) ~ (y, c) in 
graph F f3 LP(~) x ~, s.  ~ 0, and g. ~ $(G) such that Js.(v.) <_ ~. and 

I [ ~ I [ L~-e>  1 Vv.(t) Vw(t)dt 1 1 I ~"") • - -- gn(X) dx dt. 
~, [~ S n  ~ fl  ,J v n ( t ) -  s n w ( t )  
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Arguing as in the proof  of  Lemma 4.4 gives the existence of  a measurable function 
z(t) ~ G(y(t))  a.e. t ~ fZ such that, up to a subsequence, 

i" Vvn(t) V w ( t ) d  t 1 i' (v"'° • - -- gn(x) dx dt 
,, [Z Sn ,, 0 Vn(t)-SnW(t) 

- - t ' f l V y ( / ) ' V w ( t ) d t - i "  Z(t)w(l) dt 

| 

= I ( - A y ( t )  - z(t))w(t)  dr. 

In consequence, & = - A y  - z e 6t(y) and 

' 6 t ( t ) w ( t )  dt IIo, llLq - _< 
. t ]  

which contradicts (4.5). 
Let ~ = minldi 1 , ze/ l lvwl l ,Z~l .  Define H:  B((y,  c), ~) N graph F x [0, J] --, graph F by 

H((V, ~), s) = (v - sw, ~ - s(llodlL~ - 2z)). 

The function H is well defined. Indeed, let g ~ $(G) such that Jg(v) < ~. Then, from (4.6), 
we get 

J ~ ( v -  sw) = Js(v) - s ~ Vv( t ) -Vw ( t )d t  

q- i' 0 i ~v(t) S 2 j~tt)_~,,to g(x)dxdt + 2 ~i'n Ivw(t)12 dt 

-< ~ - s(llo, ll~o - ~) ÷ se  

-- ¢ - s ( l l ~ l l ~  - z e ) .  

Thus, H((v, ~), s) e graph F. 
Therefore,  IdFl(y, c) _> II~llLq - 2t. This implies that ]dFl(y, c) ~" II~ll~o, since t is 

arbitrary. • 

In the following lemma, we show that the functional F satisfies the Palais-Smale 
condition• The fact that the functional is defined on LP(~) simplifies the proof.  

LEMMA 4.7. Assume (4.1.1) and (4.1.2) are satisfied. Then F satisfies (PS)c for every 
c e n t .  

Proof• Let (Yn) ~ LP(~) and c n ~ F(yn) such that c,, --* c and [dF[(y~, c~) ~ O. 
Then, Lemma 4.6 gives the existence of  an e ~(Y~) with II~nllL~ -< IdFl(yn,  cn). Also, 
Ayn e Lq(f2) by Lemma 4•4. 
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Let us denote z. = - A y .  - a n • G(y.), and let g.  • $(G) be such that Jg.(y.) < c~. 
So, by assumptions (4.1.1) and (4.1.2), 

c~ > J g o ( y . )  

=~" IVy~t) lZdt . ,  " 1 + 1  - g . ( x ) d x d ,  

+ 1  
= ( ~ - ~ ) v i ' n  'Vyn(t)12 dt ~.i'a. etn(t)Yn(t)dt 

_ i,2 .(t) + t'|t:y.(t) > R} (~ zn(l)yn(l) gn(X) dX) dl 

>- (~-~) '[Yn[12d-kldFl(y . ,Cn)l 'Y . l l l td-K.  

Therefore,  (y.)  is bounded in Hd([2)), and hence, relatively compact  in LP(f2). • 

We are now ready to prove Theorem 4.1. 

Proof of  Theorem 4.1. From condition (4.1.3), for every t > 0, there exists d~ > 0 such 
that 

G(x) <_ ex if x • [0, d~] and G(x) >__ tx if x • [-d~, 0]. 

The assumption (4.1.1) implies that there exists a constant a I > 0 such that 

Ia(x)[ <- a~lxl ~ i f  Ixl >- ~.  

Thus, for every y • ~ and every g • 8(G), 

t~y y2 o g(x) dx <_ e-~ + a21Yl ~+1. 

This implies that 

f Jg(y) >_ -~ tat - ~ IlYlI~p - a211Yll pp -> a3 - tlYlI~, - azllYllg~, fl 
for every y • Ho~(f~) and every g • 8(g). Therefore,  there exist t > 0 and r > 0 such that 

J~ty) >_ ~, 

for every g e $ ( G )  and every y • H01(~) such that Ilyll,, = r. In other words, 

F(y) C [~, ~1, 

for every y • LP(~) such that [[y[lLp = r. 
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On the other hand, the assumption (4.1.2) implies that there exist constants k, 1 > 0 
such that for every y • ~ and every g • 8(G), 

i'Y g(x) dx  > klyl ~ - 
, . 0  

Indeed, if y > R, 

So, 

I. (4.7) 

i 
' y  

0 < ~ G(x) dx  <_ min(yG(y)). 
, 0  

B min(G(y)) 
- -  < 

Y - ~0 min(G(x)) dx" 

By integrating from R to y, we get 

lo4) 
Hence, 

Similarly, if y < - R ,  

1 [' ~ min(G(x)) dx~ og ff  ). 

kl y~ = min(G(x)) dx 
0 

- I min(G(x))dx 
i .O 

<_ g(x) dx. 
~ 0 

t 
' y  

k~lyl a ~ g (x )dx .  
, 0  

From (4.7), we deduce that for y • H~(t2) and g • 8(G), 

4(;tY) --- I' 
Iv (t)l 

,,~ 22 2 (kl2y(t)[ ~ - l ) d t  --, -oo  

a s  I -I - - '  co .  

From that, we can choose (y, ~) e graph Fsuch  that IlylILp > r and ~ _< 0. Observe that 
F(0) = I0, oo). 

Let us set D = [0, 11, S = 10, 1], ~(0) = (Y,O, ~,(1) = (0, 0), A = graph Ffq lY • LP(fi) : 
IlylIL~ = r} x ~. It is clear that F(~u(S), D) ;~ Q ,  F0u(S), D) intersects A ,  d (A ,  ~u(S)) > O, 
and that 

_< inf sup f2(D) = c < oo. 
f ( D )  ~ I ' ( ~ ( S ) , D )  

Observe that F satisfies (PS)c by Lemma 4.7. The Theorem 2.14 gives the existence 
of  a critical point y of  F at level c. Lemmas 4.4 and 4.6 imply that y is a solution 
of (4.1). • 
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