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Abstract—1In this paper, we establish some existence results for periodic and initial value prob-
lems for first-order ordinary differential equations in Banach space, where the right member f has a
decomposition f = g + h with g and h satisfying, respectively, a compactness and Lipschitz assump-
tions. Our results extend results of [1}.
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1. INTRODUCTION AND PRELIMINARIES

In this paper, we are concerned with the periodic and initial value problems

y(@)=f(ty(t) ae te[0,T], y(0)=ackE; (1)
Y(#) +ey(t) = f(ty(t) ae t€[0,T],  y(0) = y(T); (2)

where E is a real Banach space and f : [0,7'] x E — E has a decomposition f = g + h with g
and h Carathéodory functions satisfying, respectively, a compactness and Lipschitz assumptions.

The paper is divided in three sections. In the first one, we give some preliminaries. In Section 2,
we obtain existence results without assuming any growth restriction. To our knowledge, it is the
first time that existence results to such problems in a Banach space (which is not necessarily
Hilbert) are obtained without growth restriction on the right member. Using the semi-inner
product, we impose a condition which coincides with the existence of upper and lower solutions
in the scalar case. In Section 3, we show that some classical existence results for the initial value
problem can be extended to problem in Banach space. The results of this paper generalize and
complement results of [1].

Throughout, E is a real Banach space with norm || - ||. We denote by C([0,T'], E), the space of
continuous functions u : [0,T] — E. Let u: [0,T'] — E be a measurable function. By f(;r u(t) dt,
we mean the Bochner integral of u, assuming it exists. We define W1}([0,T'], E) as the set of
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continuous functions u such that there exists v € L}([0,T], E) with u(¢) — u(0) = fot v(s)ds,
for all t in [0,T]. Notice that if u € W1([0,T], E), then u is differentiable almost everywhere
on [0,T], v' € LY([0,T], E), and u(t) — u(0) = fot u'(s)ds for t in [0,T']. By a solution to (1)
or (2), we mean a function u € Wb1([0,T], E) satisfying the differential equation (1) or (2),
respectively. We deduce easily the following lemma from the previous definition.

LEMMA 1.1. Ifz € WY([0,T), E), then |z|| € W1([0,T],R).
The semi-inner products on E are defined by

o [z tyll — )
= l —_—_—
{@,y)+ = |||l lim . )
o llz+tyll - llz]
- =|lz|| lim ==
{z,9)- = |l=l| lim "

The reader is referred to [2,3] for more details.

LEMMA 1.2. Let E be a real Banach space. The following properties are satisfied:

(@) K=yl < Nzl Nyll;
(b) {az, By)+ = af{z,y)+ for all o > 0;
(©) (y,z+ay)+ = (y,z)x+ + a|y||? for all « € R;

(d) (xa y)— < (Iv y)+;

(e) ifz :[0,T] — E is differentiable at t, then
@Il D*flz@®)ll = (z(t), 2" () »
=@l D =)l = (z(t), =’ (t))_,

where Dt and D~ are the upper right and left Dini derivatives, respectively.

A function g : [0,T] x E — FE is a Carathéodory function if:

(1) the map t — g(t,2) is measurable for each z in E;

(2) the map z — g(t, z) is continuous for almost all ¢ in [0,T];

(3) for each r > 0, there exists h, € L*([0,T|,R) such that ||z|| < r implies ||g(t, 2)|| < hr(t)
for almost all ¢ in [0,T].

For the sake of completeness, let us recall [1, Theorem 2.1] which follows from the Krasnoselskii
fixed point Theorem for contraction plus compact mappings.
THEOREM 1.3. Assume f : [0,T] x E — E has the decomposition f = g + h with g and h
Carathéodory functions such that

(i) for eacht € [0,T], the set {fot g(s,u(s))ds:u € C([0,T], E)} is relatively compact;
(ii) there exists ¢ € LY([0,T],R) with ||h(t,u) — h(t,v)|| < ¢(t)|lu — v|| a.e. t € [0,T), and all
u,v € E.

Then problem (1) has a solution.
Similarly, we obtain the following existence theorem.

THEOREM 1.4. Let ¢ # 0. Assume f:[0,T] x E — E is as in the previous theorem. If

T
/ o(t) dt < [e[T,
0

then problem (2) has a solution.
ProoF. We endow C({0,T], E') with the norm

max |let=QW®u(t)|, ife>0,

fufl = § 7
max ec(T“)‘Q(‘)u(t)“ , ife<O,

t€[0,T]
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where Q(t) = fot q(s)ds and Q(t) = ftT g(t) dt. Essentially, the same argument as in [1, Theo-
rem 2.1] establishes the result. (]

REMARK 1.5. Condition (i) is satisfied if g is a K-Carathéodory function, i.e., g is Carathéo-
dory and is such that for each 7 > 0, there exist a nonnegative function 5, € L!([0,T],R) and
a compact set K, in E such that ||z|| < r implies g(t, z) € 7-(t)K, for almost all ¢ in [0,7],
(see [4]).
In the sequel, we will say that a function f : [0,T| x E — FE satisfies condition (A) if
(a) f has the decomposition f = g + h with g and h Carathéodory functions;
(b) for each t € [0,T] and r > 0, the set {fo s,u(s))ds : u € C([0,T], E) with |Ju(s)]| <,
for all s € [0, T]} is relatively compact;
(c) for each r > 0, there exists ¢ € L([0,T'],R) such that ||h(t,u) — h(t,v)| < q(t)||lu — v
ae. t€[0,T], and all u,v € E with |ul}, ||v]| <.

2. EXISTENCE RESULTS WITHOUT GROWTH CONDITION

We first present a result for the initial value problem which generalizes results in [1].

THEOREM 2.1. Assume f :[0,T] x E — E satisfies condition (A), and
(i) there exist v € W41([0,T|, E) and M € W11([0,T],[0,00)) such that
{y—v(t), f(t,y) —v' (1)) < M)M'(2),
fora.e.t € [0,T] and all y € E with |y — v(t)|| = M(t);

(i) f(t,v(t)) =v'(t) a.e. on {t € [0,T]: M(t) = 0};

(iii) fla —v(0)I| < M(0).
Then problem (1) has a solution such that ||y(t) — v(t)|| < M(t) for allt € [0,T].
PROOF. Consider the initial value problem

y'(t) = f(tp(4Et) ae t€[0,T],  y(0)=a, (3)

p(t’y’zm‘“{ oo} (I‘mi“{l’ﬂﬂﬂ—l_g()t"m}%‘”'

It is easy to check that

lip(ty1) — P, g2l < 2llya —well,  forallyi,y2 € E.
Theorem 1.3 implies that (3) has a solution y. It remains to show that ||y(t) — v(t)|| < M(t) for
allt € [0,T].

Suppose there exists t; € (0,T] with ||y(t1) — v(t1)]] > M(¢1). It follows from (iii) that there
exists to € [0,t1) such that ||ly(te) — v(to)|| = M(te) and ||y(t) — v(t)}| > M(t) for t € (to.t1). We
deduce from Lemmas 1.1 and 1.2 and condition (i) that a.e. on (tg,t1),

ly(t) ~ (@) = D* y(t) - v()l| = D~ lly(t) ~ v(®)l|
_ {y(8) ~v(@),y'(#) — v'(t))

where

Hy() ~ v @)
_ bt y(®) —v(®),y'(t) — V()
M(t)
< M'(1).
Thus, the function ||y — v|| — M is decreasing on (to,t1), which is a contradiction. ]

REMARK 2.2. In the scalar case, if @ < 8 € WH1([0,T],R) are, respectively, lower and upper
solutions of (1), then
a+p _p-a
7 and M= 7
satisfy (i), (ii), and (iii) in Theorem 2.1.
We have analogous results for the periodic problem.

v =
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THEOREM 2.3. Let ¢ > 0. Assume f :[0,T] x E — E satisfies condition (A), and
(i) there exist ve WY([0,T), E) and M € WH([0,T), [0, o)) such that

{y — (), ft,y) — (V'(t) + cv(t)))_ < M(¢t) (M'(t) +cM(2)),
for a.e. t € [0,T], and all y € E with |ly — v(t)|| = M(t);

(it) f(t,v(t)) = v'(t) + cv(t) a.e. on {t € [0,T]: M(t) = 0};
(iii) |lv(0) — v(T)[| < M(0) — M(T).

If fOT 2q(t)dt < cT', where q is the function given in condition (A) for v = {jv|jo + ||M|lo, then
problem (2) has a solution such that ||y(t) — v(t)|| < M(t) for allt € [0,T].

PRrROOF. The ideas in Theorem 2.1 together with Theorem 1.4 guarantees the existence of a
solution y to the problem

Y'(t) +ey(t) = F(t,pty(t)) ae t€[0,T),  y(0)=y(T)

We claim that |jy(¢) — v(t){] < M(t) for every t € [0,T]. First of all, observe that Assump-
tions (i), (ii), and Lemmas 1.1 and 1.2 imply that almost everywhere on {¢ : ||y(t) —v(t))| > M(t)},

ly(t) — v@ < M)+ c(M(2) = lly(t) — v(B)l).- (4)
This inequality with the periodic condition and (iii) imply that
§={t:|ly(t) - v(t)l < M(t)} #0,
since if S = @, we would have
M(0) - M(T) < l|y(0) — v(Q)}| — ]y(0) — v(T)|| < [[v(T") — v(0)] .

Next notice that if to € S and to < T, then (ty, 7] C S. If it was not true, then Jjy(z) —v(t)|| — M(t)
for t € [to, T), attains a positive maximum at ¢, € (to,T). Also, there exists t; € [to,t;) with

0 < fly(t) —v(t)) — M(t) < lly(ts) —v(t)|| = M(t1),  forall t € (t2, 8],
and |ly(t2) — v(t2)ll — M(t2) = 0. Thus,
M(t1) — M(t2) < [[y(t) = v(t)]l — lly(t2) — v(t2)] -
On the other hand, inequality (4) implies
(1) — v(ta)ll = ly(tz) — v(t2)l) < M(t1) — M(t2),

a contradiction. Thus, if ¢y € S, then [tp,T) € S. So, T' € S. It follows from the boundary
conditions T" € S and (iii) that:

ly(0) — v(O)|| = Nly(T) — v(0)|| < M(T) + ||[v(T) ~ v(0)]] < M(0),

so0 € S. |

Using the change of variable s = 1 —t (or again using ideas similar to those in Theorem 2.3),
we get the following result.
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THEOREM 2.4. Let ¢ < 0. Assume f:[0,T] x E — E satisfles condition (A), and
(i) there exist v € W¥1([0,T],E) and M € WH([0,T), [0, 00)) such that

(y—v(®), f (t,y) - (V'(t) + cv(t)))y 2 M(2) (M'(t) + cM(2)),

for a.e. t € [0,T], and all y € E with |ly — v(t)|| = M(¢);
(i) f(t,v(t)) =v'(t) + cv(t) a.e. on {t € [0,T]: M(t) = 0};
(iii) [}o(T) - v(0)|| < M(T) — M(0).
If fOT 2q(t)dt < —cT, where q is the function given in condition (A) for r = ||v|lo + || M]||o, then
problem (2) has a solution such that ||y(t) — v(t)|| € M(t) for allt € [0,T].
REMARK 2.5. In the scalar case, if o > 8 € W11([0,T],R) are, respectively, lower and upper

solutions of (2), then
_a+f

oa-f

M =
and 5

satisfy (i), (ii), and (iil) in Theorem 2.4.
REMARK 2.6. In this paper, it is also possible to consider the more general periodic problem
Y'(t) et y(t) = f(ty(t) ae t€[0,T],  y(0)=y(T).
Theorem 2.3 (respectlvely, Theorem 2. 4) holds with ¢ € L!([0,T],[0,00)) (respectively, ¢ €
LY([0,T],(~00,0])) and fo 2q(t) dt < |fO t) dt].
3. RESULTS WITH GROWTH RESTRICTION

We first present an existence result with a Wintner-type growth condition.

THEOREM 3.1. Let f: [0,T]x E — E be a function satisfying condition (A). Assume that there
are a € L1([0,T],[0,0)) and ¢ : [0,00) — (0, c), a Borel measurable function such that for a.e.
te[0,T] and ally € E,

(v, f(t, ) - < e()e(lyll)-

T © 4
/ a(s)ds </ ——dx
0 lafl #(Z)
then problem (1) has a solution.

PROOF. Let I(z) = f"a“ (z/¢(z)) dz. Define M = I~ fo s) ds), and p(y) the radial projection
onto {y € F: |ly| £ M}. Consider the initial value problem

If

y'(t)=F(t,p(y(t) ae. t€[0,T], y(0)=a. (5)
Theorem 1.3 implies that (5) has a solution y. The assumptions, and Lemmas 1.1 and 1.2 imply

that en
7 Yy
WO < ap £

Lemma 3.2 in [1] applied with R = ||a||, ¥(z) = ¢(z)/z, and 2(t) = |ly(t)|] implies that ||y(¢)| <
M forallte[0,T]. |

THEOREM 3.2. Let f : [0,T] x E — E be a function satisfying condition (A). Assume there
exists a Carathéodory function g : [0,T] xR — R such that || f(t,y)l| < g(t, |lyll) for almost every
t € [0,T] and all y € E. In addition, assume that the problem

a.e. on {t: [ly(t)|| > 0}.

Z(t)=g(t2(t) ae t€0,T],  z(0)=|al,

has a maximal solution r(t) on [0,T]. Then problem (1) has a solution.
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PROOF. Define p(t,y(t)) the radial projection of y on {y € E : |jy|| < r(t) + 1}, and consider the
problem
y'(t) = f(t,p(tyt)) ae te0,T], y(0) = a.

Theorem 1.3 gives the existence of y a solution to this problem. Since

ly®I' < g, llyll) a.e. t €[0,T],

using the comparison [5, Theorem 1.10.2], we deduce that ||y(t)|| < r(t) for every ¢ € [0,7'], and
the proof is complete. |

A special case of Theorem 3.2 is the following result.
COROLLARY 3.3. Let f : [0,T] x E — E be a function satisfying condition (A). Assume that
there are a € L'([0,T'},[0,00)) and ¢ : [0,00) — (0,00), a continuous function such that for a.e.
te[0,T)and ally € E,
£l < a)e(llyll)

T oo
/ a(s)ds </ d_a:
0 ol P(Z)
Then problem (1) has a solution.

REMARK 3.4. We would like to remark that Corollary 3.3 could be deduced from Theorem 3.1;
this has the advantage of not having to rely on classical theory (namely, {5, Theorem 1.10.2)).

and
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