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1. INTRODUCTION

In this paper, we give existence results for boundary value problems for second order
impulsive equations, namely

y'(t) = ft,y(t),y'(t) te 0,1\ {tr,... &},
aoy(0) — boy'(0) = o, ary(l)+b1y/(1) =y,
y(t) = L(y(t;)),

V() = Ne(u(t;), v/ (8:)), k=1,...,p

(1.1)

withO=t) <t; < ---< tp+1 =1, ao,al,bo,bl > 0 and max{ai,bi} >0,i=0,1. We
define the Banach space

K*={y:[0,1] = R:Vj=0,...,p,3y; € C¥[t;,t;41] such that
y=1y; on (t;,t;11], v(0) = yo(0)}
with the norm
Iyllx = max{figlo, ... l¥™lle} where [ylo =sup{ly(t)|:t € [0,1\{ts,...,t,}}.

We denote K7 = {y € K* : agy(0) — boy'(0) = ro,a1y(1) + byy'(1) = r1}. By a solution
of (1.1), we mean a function y € K7 satisfying (1.1}.
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The paper is divided into three sections. In section 2, we present two general
existence principles which will be used to obtain results of the next sections.

In section 3, we establish the existence of a solution of (1.1) lying between upper and
lower solutions when the function f satisfies a growth condition of Bernstein-Nagumo
type (Theorem 3.2). Our result extends the theory in the literature, see [8,9}; more
precisely, we do not assume a monotonicity condition on f or Ni, k = 1,...,p, which
is usually the situation in the literature. For sake of simplicity, we assume that f is
continuous but the results hold if f is a Carathéodory function. We use a version of the
Schauder Fixed Point Theorem for compact, u.s.c., convex values maps.

In section 4, we establish an existence result for (1.1) if the nonlinearity f grows
sublinearly in the variables y, ¥’. To obtain the result, we use the nonlinear alternative
of A. Granas for compact, u.s.c., convex values map.

For completness, we recall some definitions and we state results which will be used
later. For proofs and more details, see [2].

Let X,Y be topological spaces, a multivalued mapping F : X — 2¥ with non-
empty compact values is upper semi-continuous (u.s.c.) if {z € X : F(z)N B # #} is
closed for all closed set B C Y. It is compact if F(X) = Upex F(z) is compact in Y, and
it is completely continuous if F(B) is compact for all bounded sets B C X.

Theorem 1.1. Let C' be a conver subset of a Banach space and let T' : C — 2 be
a u.s.c., compact multivalued function with each I'(c) a non-empty, closed, convez sei.
Then T has a fized point (c € T'(c)).

Theorem 1.2. Let C be a convex subset of a Banach space, U C C be bounded and
relatively open, and p* € U. Suppose Hy(u) = H(u,)) : U x [0,1] — 2© is a w.s.c.,
compact, multivalued function with compact, conver values such that H(-,0) = p*. Then
either

(i) there exzists u € U such that u € H{u,1); or
(ii) there exists u € U and X € (0,1) with u € H(u, \).

2. EXISTENCE PRINCIPLES

In this section, we establish general existence principles for second order impulsive dif-
ferential equations of the form:

y'(t) —ey(t) = F(t,y(), ' (1)) t€0,1\{t1,...,tp},
aoy(0) — boy' (0) = 7o, ary(1) +b1y'(1) =ry,

y(t5) = I(y(tr)),

v () = Ne(y(tg), v/ (t5), k=1,...,p;

with 0 =y < t, < "'<tp+1 =1, a,-ZO, biZOyai+bi >0,i=:0,1;5208uchthat
e>0ifa; =0.
We assume that f, Iy, and Ny, k= 1,...,p, satisfy the following conditions:
(H1) f:[0,1] x R? — R is continuous for t € [0,1)\{t1,...,tp}, and
hmz—»zf ft,y,q) exist;
(H2) I : R — R is continuous and nondecreasing;
(H3) Ni:R? — R is continuous.
The following two theorems will be used to obtain the existence results of sections
3 and 4 respectively.

(2.1)



BOUNDARY VALUE PROBLEMS 327

Theorem 2.1. Assume (H1)-(H3) are satisfied. In addition, assume ImI; = R, and
there exist c,d > 0 such that [f(t,y,q)| < ¢, |Nk(y,9)| < d for t € [0.1}, (y,9) € R?,
k=1,...,p. Then the problem (2.1) has a solution.

Proof. Take M, > 0 such that [y(t)] < M, on (t,,1] forally € K} satisfying |y (tf)] < d,
and |y'(t) — ey(t)] < con (¢,1]. For k=1,...,p~ 1, take My 2> 0 such that

ly(t) < My on (te,tke1)
for all y € K7 satisfying.

Iy (i) < d,
ly(tr, )| < max{jw]:we I} () with |2] < Meg },
ly"(t) —ey(t)] < c on  (tk tk+1):

Denote Q= {y € K': ly(t})] < My, k=1,...,p}, and define T: Q — 2K XR¥

T(y) = (¢t f(t,y(®),y' (£), 17 (W), Nalw(t) .y (¢0)), -
LM (), Np(w(t;) v/ (5)))-
Since I is nondecreasing and Im Iy = R, T is a multivalued mapping with non-empty,

compact, convex values. Assumptions (H1)-(H3) imply that T is u.s.c. Moreover, T is

bounded.
On the other hand, define L : K2 — K x R by:

Liy) = (0" — ey, y(0), ' (), ., w(t,), ¥/ (8) )-

It is easy to show that L is invertible. By choice of My, we have L loT(y) e Q forall
y € . The operator j o L-1oT: 1 — 2% is us.c., compact, with non-empty, convex,
compact values, where j : K72 — K* is the completely continuous inclusion. Moreover, y
is a solution of (2.1) if and only if y € joL~!oT(y). Theorem 1.1 gives the conclusion. O

For A € [0,1), we consider the problem:

y'(t) —ey(t) = M (), ' (1) €0, 1\{ts, ..., tp},
aoy(0) — boy'(0) =710, ary(l)+biy'(1) =ry,
y(t) = In(y(ty),
Yt = ANe(y(t), v (8:)), k=1,....p.
Theorem 2.2. Assume (H1)-(H3) are satisfied and Im Iy = R. In addition, suppose
there exists an open set U C K with y € UNK? for all y solution of (2.20). Assume

there is no solution y of (2.2x) for some A € (0,1), such that y € OU. Then the problem
(2.1) has at least one solutiony € U.

(2:23)

Remark. It is easy to construct a solution y of (2.2) by first considering {t,, 1] and then
continuing backwards.

Proof. Let p* € U be a solution of (2.29), and I': K!' % [0,1] — PLEE AN given by:

Dy, A) = (t = Af(t, (), ¥/ (), I (W), AN (e ),y (80)s - -
LMy, AN (u(t; ), ' (85)))-
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I' is a multivalued mapping with nonempty, compact, convex values (since I is nonde-
creasing and Im Iy = R). Also, (H1), (H2), (H3) imply that I' is u.s.c. Thus joL 1ol
is u.s.c., completely continuous with nonempty, compact, convex values, where jand L
are defined as in the proof of Theorem 2.1. Moreover y is a solution of (2.2,) if and only

ify€joL ™ ol(u,\) . Define H:U x [0,1] — 2K" by:

H(u,\) {jOL"IOF(u’zA—I)’ if1/2< A<,
u’ - . .
23 jo L' oT(u,0) + (1—2)\)p*, if0< A < 1/2.

The result follows by applying Theorem 1.2. O

3. EXISTENCE RESULTS WITH UPPER AND LOWER SOLUTIONS

In this section, we establish the existence of a solution of (1.1) when there exist upper
and lower solutions and f satisfies a Nagumo growth condition. First of all, we give the
definition of upper and lower solutions of (1.1).

Definition 3.1. A function o € K? is called a lower solution of (1.1) if

a’(t) > f(t,a(t),d/(t)) for telo, IN{t1,- . 8}
aoa(0) — boa'(0) < 1o, a1a(l) + bya'(1) < ry;
a(tf) = I(a(ty));

&(5) 2 Nelalty)g) forall g5 o/(57).

Respectively, a function 8 € K? is called an upper solution of (1.1) if

BU(t) < f(t,B(2),B'(t)) for te[0,1\{t,...,t,};
aoB(0) ~ bo'(0) = 1o, a1 B(1) +5:18(1) > ry;
B = L(B(t;));

B'(t8) < Ne(B(t;),q) forall ¢ > B'(t).

Theorem 3.2. Assume the following conditions are satisfied: (H1)—(H3) and
(H4) there exist a < f € K? respectively lower and upper solutions of (1.1);
(H5) for k = 0,...,p, there ezists 1y : [0,00) — (0,00) Borel measurable such that
‘f(t»:% Q)i < ¢k(|‘ZD fOT te (tkytk+1)a a(t) < Yy < ﬂ(t)) g€ R; and

/dw Toay e > sup(BY) —alr) 17 € (taythsn) } = A,

where di = max{la(tg, ) - B(t)118(t5,1) — (6]} (teon — t).
Then the problem (1.1) has a solution such that a(t) < y(t) < B(t) for allt € [0,1].

Proof. Let £ > 0 be such that ¢ > 0 if a; = 0, and take M > max{||#'lo, fla’{lo} such

that for k =0,...,p,

Moo
~———dz > Ajg.
d Yr(z) g
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To (t,y,q), we associate (t,7, §) given by:

B(t), ify> p(t), M, ifg>M,
7=< ife(t) <y<p(t), and =4 g, f-M<g<M,
a(t)7 if y< a(t), "M, if qg< —-M.

Let r : R — [—1,1] be defined by

() = { u: if jul < 1,

T otherwise.

We define f; : [0,1} x R2 — R by
fl(tiy:Q) = f(t)i]ad) + r(y - m - Eg-
Consider the associated problem

v'(t) - ey(t) = filt,y(®), ¥’ (1) te0,1\{tr,. .., 1o},
aoy(0) — boy'(0) =10, ary(1) +bry'(1) =11,

y(tF) = L(@(ty)) +y(ty) — vlte),

V(6 = Ne@(t0), 9 (7)), k=1,...,p

By Theorem 2.1, the problem (3.1) has a solution. Now, we will show that this
solution y is such that a(t) < y(t) < B(t), and |y'(t)] < M for all t € [0,1]. Then, by
using the definition of fy, we will conclude that y is a solution of (1.1).

If o(t) < y(t) < B(t) for all t € [0,1] does not hold, we can assume without
loss of generality that y — [ attains a positive maximum on [t tr,1) at 7 for some
ke {0,...,p} If 7 = ¢f or 7 = ti,, and y/(7x) = fF'(7), or 7x € (tf tey1), then
v (1) = B'(7k). By (H4) and the definition of fi, we get

B"(1k) 2 ¥" (1) = f(7, B(7x), B (7)) + (y(7) — B7x)) + e(y(me) — B(7)) > B (%),

(3.1)

a contradiction.

Remark that 7o # 0, and 7, # 1. Indeed, if 7o = 0 then y'(0) < 3'(0), and by the
boundary conditions, if bp = 0, then ag(y(0) — 8(0)) = ro — aoB(0) < 0, a contradiction;
and if by 5 0 then by(y'(0) — B'(0)) > ao(y(0)— B(0)) > 0, so we need only to consider the
case when y(0) = #'(0) and by the previous argument we get a contradiction. Similarly
we can not have 7, = 1.

It remains to discuss two cases: T, = tp., with y'(ty,;) > 8(tyy,) for k =
0,....,p—1, and 7, = t} with y'(t{) < B(tf) for k = 1,...,p. Ifm =t for
ke {0,...,p~ 1} with y/(t;,) > B'(tesy), then §'(¢,,) > B'(t,). On the other
hand, (H4) gives

y(t:+1) = Ik+l(§(t):+1)) + y(t1:+1) - g(t/:+1) > Ik+1(13(t;+1)) = /3(t2+1)~

By the previous argument, we must have 7x4+1 = t:_H or tg, o Since 7, # 1 and by the
previous reasoning, there exists i € {1,...,p — k} such that 7x4; = t,':ﬂ, Thaiol = tpog
¥ (tF.) < Bt and §'(tr,,) > B'(tis,). By assumption (H4), we get

V() = Neril@tip), 7 (tegs) = N (Bl 9 (80)) =2 B8,
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a contradiction.
If 7 = ¢ with y/(¢f) < B'(¢}) for k € {1,...,p}, then

Bt < y(tf)
= L(y(ty)) + vty ) = ()
< Le(B(t;)) + y(te ) — wlty)
<BEE) +ylty) - 5tg)-

Therefore, y(t; ) > y(t; ) i.e y(t;) > B(t; ) by definition of . By the previous arguments
Th-1 @(tF_ 1, tp ] s0 Ty = tf_,. Since 9 # 0, we get a contradiction. Similarly, we can
show that y(t) > a(t).

Now, we will show that |y/(t)] < M. If this is not true, assume without loss of
generality that 3’ £ M on [t{,t; ] for some k € {0,...,p}. Since a(t) < y(t) < B(t),
we have

min{|y’ ()| : t € [tF,t7,,]} < di.

Therefore, there exist s,7 € [t:,t,:H} such that ¢'(s) = dx, ¥'(7) = M, and d; <

y'(t) < M for t between s and 7. Consequently, y"(t) = f(t,y(t),y'(t)) for t between s
and 7. Without loss of generality, assume s < 7. Assumption (H5) gives

¥y (t) <y Oy (t)) forte (s,7).

By dividing by %, integrating from s to 7, and using the change of variable formula, we
obtain

M x g [0 s YO [
L w@= L wme= [ Siwas [ vo

M
=y(r) —y(s) < A < /d —__mjm) d,

a contradiction. A similar argument works for the other cases, and the proof is com-
plete. O

4. EXISTENCE RESULTS WITH SUBLINEAR GROWTH CONDITION

In this section, we obtain an existence result for (1.1) with a; > 0 when f grows sublin-
early in the variables y, y’. For convenience, we assume p = 1.
In particular we examine the boundary value problem:

y'(t) = f{ty(0),¥'()) te[0,1\{t:},

aoy(0) — boy'(0) = 79, ary(1) + biy'(1) =y,
y(t) = Li(y(t))),

y(t7) = Nu(y(tD), v/ (7))

(4.1)

with0=t0<t1<t2=1,ag,bo,b120,a0+b0>0,a1>O.
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Theorem 4.1. Let (H1),(H2),(H3) hold and ImlI; = R. Assume
(H6) [f(t,u,w)| < Ao + Ayjul® + Azjwlf  for constants Ao, A, Az, o, B with 0 <
o, f <1,
(H7) for each vg,v; ER and A € [0,1), there exists at least one solution {co,c1) to
aoco + (apty + bo)cy = vy,

ar]y(co) + ANy (co, —c1)ar(1 — 1) + b1 = vy. (4.2)

In addition, each solution (cg,c;) of (4.2) satisfies

lcol < Bo + Bi[vo|®* + Bafu,|72;

le1] < Bz + Baluo|® + Bsjv |74

[1(co)| < Be + Brluo|™ + Bglv|%;
IN1(=co,c1)] < Bg + Biolvo| + By [vq|°2,

for some Bj; (independent of Ai=0,...,11 ando; > 0 with 0 Loa,0:8 < 1
fori=1,...8,
are satisfied. Then the problem (4.1) has at least one solution in K2

Proof. Let y be a solution of (2.2)) with p=1, £ = 0, for some A € [0,1). Then

co+ealt—t) + AL [P f(z,y(z), v/ (z) dzds, FO<t< t,

y(t) = § Ji(co) + ANi(co, —cy)(t — t1) (4.3)
+A [ J F@y(z), ¥ (2)) deds, ift; <t<1
and .
oo [~ f e fosisa,
Y ANi(eg, —cy) + /\f:1 flz,y(z), v (z))dz, ift; <t<1; '

with ¢y and ¢; satisfying
aoco + (aoty + bg)ey =
t, by t
ro — ao)\/o ez, y(x), ' (z)) dzds ~ bo/\,é flz,y(x), ¥ (z)) dx
a1li(co) + ANy {co, —ci)far (1 — ;) + by] =
1 8 1
- ar) / / f(z,y(z),y/ (z)) dz ds — by / f(z,y(@),y(2)) de.

(4.5)

For notational purposes, for j = 0,1, let

WP los, = sup ly V(&) and gD, 1 = sup |y (8)]
fo.t,] ft1,1}
Consider first the case when t € [0,#,]. Then (4.4) implies

W ()] < les] + /0 f @)y @)lde, te o4,
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and this together with (H6), (H7) and (4.5) yields

v (8)] < Qoo + Quullllss® + Qu2llv 163 + QoallyliZes
+ Quall 152 + Qoslwlig, + Qoslly'llSc,

for some constants Qg;, j = 0,...,6. Consequently, there exist constants Qo, @1, @2,
Q3 and Qg with

1 lows < Qo+ Qulivlisy, + Qally I, + QallyliZes + Qally' I (4.6)

where 6; = max{o3a,a} and 6; = max{o38, 8}. Also, (4.3) yields

W) < Jeol + ea] + / ’ / ' (@ y(@),y (@) dads, e [0,h]

and this together with (H6),(H7) and (4.5) yields

o oy

ly(t)| < Loy + Loznyﬂg‘ff + Loally 1537 + Loallwll??$ + Loslly’ 1925 + Losllyllgs:
+ Lorlly’ NO + Losllyll{*S + Loolly’ H“ﬁ + Liolwl§ s, + Lully’ Ho 4

for some constants Lo, - .., Ly;. Consequently, there exist constants Qs, Qs, @7, Qs and
Qg with

lullos, < Qs + Qellyllg, + Qrli'llgs, + Qsliwlie?, + Qally'llfe (4.7)
where 03 = max{oia,03a,0}, 83 = max{o18,033,0}, 65 = max{oaa, oo} and

8¢ = max{o23, 048}
Next, suppose t € (t1,1]. Then (4.4) implies

1
ly'(t)] < [Ni(eo, —e1)] +/ [f(z,y(x),y'(@)ldz, te€(t:,1]
i1
and this together with (H6), (H7) and (4.5) implies that there are constants Q10, Qu1,
@12, Q13 and Q14 with
I/ 1le,1 < Quo + Quillwlgns + Qually’ o + Quallyllf” y + Qually/ 172, (4.8

where 6; = max{oga,a} and 65 = max{gsf, 8}. Also (4.3) implies

1 t1
() < !Il(Co)Hle(cO,—cl)H[ / f (=, y(x),y/ (@) dzds, € (s, 1]

and this together with (H6), (H7) and (4.5) implies that there are constants Q1s, Que.
Q17, @1g and Qg with

611

lylle,r < @us + QuellyllSe, + Qur iy 10, + Queliwliery + Quslly’ ] (4.9)

where 63 = max{osa,o7a}, O = max{os8,073}, 61 = max{os, 05,0} and
8y, = max{osf3, 085, 8}
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Add (4.6} to (4.8) and use the fact that max{f,043,573,0s} < 1 to obtain the
existence of constants @20, Q21 and (29 with

19 ot + 1y llesa < Q20 + QarllWlgs, + Qualiylléss, (4.10)

where 63 = max{o7a,6,} and 614 = max{osa,6;}. Adding (4.7) and (4.9) vields the
existence of constants Q3 and Qo4 with

lvlloe, + Iyllen < Qas + Qaallly llow, + ¥/ ls,1)0% (4.11)

where 615 = max{64,606, 610,612} Put (4.10) into (4.11) to obtain

Illo.es + I¥lless < Q2s + Qaa(Qa0 + Quu W), + QazllyfO4)°

and since 13615, 614015 < 1, there exists a constant Ry with

lvllo, < Ro and  fiyll, 1 < Ro. (4.12)
Now (4.12) together with (4.10) implies that there exists a constant R, with

lv'lloe, <R and  [|g/lle, 1 < Ru. (4.13)

The result follows from Theorem 2.2 by letting U = B(0, R) with R = max{Ry, R,}+
1. O
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