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FIXED POINTS OF CONE-COMPRESSING AND
CONE-EXTENDING OPERATORS IN FRECHET SPACES

M. FRIGON anp D. OREGAN

ABSTRACT

A generalization of norm type cone-compression and -expansion results due to Krasnosel’skii (see Dokl.
Akad. Nauk SSSR NS 135 (1960) 527-530) is presented here for single-valued completely continuous
maps defined on a Fréchet space. Applications to second-order differential equations on the half line are
presented, and the existence of nontrivial solutions is established.

1. Introduction

We present a generalization — for single-valued completely continuous maps defined
on a Fréchet space — of norm type cone-compression and -expansion results due to
Krasnosel’skii [5], establishing the existence of a fixed point in the intersection of an
annulus and a cone. Even though our result holds for k-set contraction, we choose
for the sake of simplicity to present it for completely continuous maps. Here, we
consider admissible maps in the sense of Frigon [3], and we therefore use the theory
of upper semi-continuous multivalued maps. This type of result was also obtained
by Agarwal and O’Regan [1] for appropriate sequences of upper semi-continuous
multivalued maps and decreasing sequences of Banach spaces.

Applications to second-order differential equations on the half line are presented,
and the existence of nontrivial solutions is also established. For other results on
these types of problem, the interested reader can consult [4] or [8].

Our main result will rely on the following particular case of a result due to
Petryshyn [7, Theorem 3] for upper semi-continuous multivalued maps.

THEOREM 1.1. Let E be a Banach space and let C = E be a closed cone. Let U
and V be bounded open sets in E suchthat 0 c Uc U c V,andlet F : VNC — C
be a compact, upper semi-continuous multivalued map with nonempty compact convex
values. Assume that:

(1) vl = x|, for all y € F(x) and x € 0UNC;

2) lyll < lIxl|l, for all y € F(x) and x € 0V NC;
or

(1"y Iyl < |Ix]|l, for all y € F(x) and x € 8UNC;

2" |yl = lIx|l, for all y € F(x) and x € dV N C.
Then F has a fixed point in CNV \ U.

NASANA

For the sake of completeness, we recall some notations and definitions — given
in [3] — that will be needed in what follows.
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Let E be a Fréchet space with the topology generated by a family of semi-norms
{I"ll1}nen. For the sake of simplicity, it is assumed that the following condition is
satisfied:

Ix|; < |x|> <..., foreveryx¢€E. (*)

For r > 0 and x € E, we denote B(x,r) ={y € E : [[x —y|l, <r, Vne€ N}. A subset
X of E is bounded if, for every n € N, there exists r, > 0 such that ||x|, < r, for
every x € X.

To E we associate, for every n € N, a Banach space [E, as follows. For each
n € N, we write

X ~,y, ifand only if ||x —y|, =0.

This defines an equivalence relation on E. We denote by E, = E/~, the quotient
space, and by [E, the completion of E, with respect to |||, (The norm on E,
induced by |-, and its extension to IE, are still denoted by ||-||,.) This construction
defines a continuous map u, : E — IE,. For r > 0 and x € IE,, we denote
Bux.r) =y € E, : |x—yl, <rl.

For each subset X < E, and each n € N, we set X,, = u,(X), and we denote by
X,, and 0X,, respectively, the closure and the boundary of X, with respect to |-,
in IE,. Similarly, for every m > n, we can define an equivalence relation on IE,, still
denoted ~,, which defines a continuous map p,,, : IE,, — IE,, since IE,, /~, can be
regarded as a subset of [E,. In fact, E is the projective limit of (IE,),en.

LEmMA 1.2. Assume that the condition (*) is satisfied, and let X be a closed
subset of IE. Then, for every sequence (z,)neN With z, € X,, such that (tnm(zZm))msn is
a Cauchy sequence in X, for every n € IN, there exists an x € X such that (ftym(zm))msn
converges to [,(x) € X, for every n € N.

For every n € N, let D(n) = [E,. We define
D(o0) = {x € E : 3Ny = N infinite and z, € D(n) for n € Ny such that

1.1
Vn e N, pym(zm) = pa(x) as m — oo with m € Ny and m > n}. (1.1)

Let us recall the notion of a pseudo-interior, introduced in [3].

DEerINITION 1.3. Let X be a subset of E. The pseudo-interior of X is defined as
follows:
pseudo-int(X) = {x € X : pu(x) € X, \ 0X,,, for every n € N}.

The set X is pseudo-open if X = pseudo-int(X).

We define, for every n € N, the multivalued map S, : X — X by
Sn(x) = {y €X: HX _yHn = O}
DerINITION 1.4. Let X be a closed subset of E. A compact map f : X — E is

called admissible if, for every n € IN, the following conditions hold.
(1) The multivalued map F, : X,, — IE, defined by

Fu(ptn(x)) = €0(1y o f 0 Su(x))

admits an upper semi-continuous extension IF, : X, — IE, with convex, compact
values.
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(2) For every ¢ > 0, there exists m = n such that for every x € X,

diam, (f(Sm(x))) <e.

REMARK 1.5. Notice that if Y is a closed convex subset of E and f : X — E
is an admissible map such that f(X) < Y, then, for every n € N, the extension
IF, can be chosen such that IF,(X,) < Y,, since F,(X,) = Y,. Indeed, otherwise, its
intersection with Y, is also an extension of F,,.

2. Fixed point results

THEOREM 2.1.  Let (E,{||*|n}nen) be a Fréchet space, let C be a closed cone in E,
and let f : C —> C be admissible and completely continuous. Assume that there exist
U and V, two bounded pseudo-open subsets of E such that 0 € U < U < V, and for
every n € N,

(1) [yl = lIx[ln, for all y € Fy(x) and x € 0U, N Cy;

() [yl < lx[lns for all y € Fy(x) and x € 0V, N Cy;
or

) ylls < x|l for all y € Fy(x) and x € 0U, N Cy;

2) 1¥lln = Ix[ln for all y € F,(x) and x € 0V, N C,,;

(where TF, is as given in the definition of an admissible map). Then there exists x €
C NV ND(0), with x = f(x); here,

D(n) :C_nm Vn\ U,
and D(o0) is as defined in (1.1).

Proof. Since f is admissible, for every n € N we have IF, : C, — IE, an upper
semi-continuous extension of F,, defined by

Fu(pta(x)) = 80ty 0 f © Su(x)) = .

Note that for every n € N, C, is a cone. Indeed, let X, € C,, and let 4 € [0,1].
For every x € u; (%) and y € u;'(), we have Ax + (1 — A)y € C, and hence

tn(Ax + (1= A)y) = 2pn(x) + (1 = Dpn(y) = 28+ (1 = 1) € Co.

Similarly, it is easy to show that t% € C, for every t > 0. So C, (and hence C,) is a
cone.

Observe that for every n € IN, we know that U, and V, are open, and that
0 € U, c U, c V,. Also, from Remark 1.5, we can consider that IF, : V,nC, — C,
for every n € N.

Theorem 1.1 implies that IF, has a fixed point x, € D(n) for every n € IN.
Obviously, tym(xm) € Fu(unm(xn)) for every m = n. The compactness and the
upper semi-continuity of IF; permit us to deduce the existence of a subsequence
(t1,m(Xm))men, , converging to z; € Vi, such that z; € IFi(z;). Now take Ni = {me
N; :m = 2}. The same argument, applied to (p2,m(Xm))me Nj» implies the existence of a
subsequence (L m(Xm))men,, converging to z; € Vs, such that z, € F»(z>). Moreover,
U12(z2) = z;. By repeating the argument, we obtain

...cN;cN{= N cN,
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and, for every n € N,
2y € IFy(z,) NV, such that (i, m(Xm))men, converges to z,.

By a diagonalization process, we deduce the existence of a subsequence (X )men, such
that (unm(xm))men, converges to z, for every n € N. Lemma 1.2 and the definition
given in (1.1) imply the existence of x € C NV N D(co) such that p,(x) € IF,(u.(x))
for every n € IN.

To conclude, we have to show that x = f(x). If this is not true, there exists n € N
such that ||x — f(x)||, = d > 0. Since f is admissible, there exists m > n such that

d/2 > diam,(f(Su(x))) = diam,(co(f (Su(x))))-

The fact that p,(x) € IF,,(w,(x)) implies that there exists y € co(f(Sy(x))) such that
|x — yllm < d/2. Thus

d=|x—f(x)[x
< Ix=yla+ 1y —=fX)a
<llx=ylm+d/2
<d,

a contradiction. OJ

REMARK 2.2. The last theorem is true for f defined on C N7V if
CoNVycu(CNV)

for every n € N. In that case, it is also true if Condition (1) in Definition 1.4 is
replaced by the following condition.

(1) For every n € N, the multivalued map F, : C, NV, — IE, defined by

Fu(pn(x)) = CO(ptn © f © Su(x))

admits an upper semi-continuous extension IF, : C, NV, — IE, with convex,
compact values.

REMARK 2.3. Theorem 2.1 can be generalized to k-set contraction.

CoROLLARY 24. Let (E,{|[ls}nen) be a Fréchet space, let C be a closed cone in
E, and let f : C —> C be admissible and completely continuous. Assume that there
exist R > r > 0 such that, for every n € N,

(1) Iylla =7, for all y € Fy(x) and x € B,(0,r) N C,;.

(2) lyla <R, for all y € IF,(x) and x € dB,(0,R)N C,;
or

(1) |yl <, forall y € Fy(x) and x € 0B,(0,r) N C,;

(2) Iylln =R, forall y € F,(x) and x € dB,(0,R)NC,,.

Then there exists x € C N B(0, R) N D(c0), with x = f(x); here

D(n) = C, N B,(0, R) \ B,(0,7),
and D(o0) is as defined in (1.1).
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3. Application

To illustrate how easily the fixed point theory of the previous section can be
applied in practice, we consider the boundary value problem

Y'(t) —mPy(t) + q()g(y(1) =0, 1€ [0,00),
¥(0) =0, (3.1)
lim (1) = 0,
where m > 0 is a constant.

To establish the existence of a solution, we will need some lower- and upper-type
inequalities for the Green’s function k of the boundary value problem

V') —mPy(t) =0,  t€[0,00),
y(0) =0, (3.2)
fim 0 =0

It is easy to see that

e—mt
5 (ems _ e—ms)’ if s <t,
_ m
k(t,s) = —ms
2—(6”” —e), ifs>rt
m
The following inequalities will be needed:
k(t,s)e™ < k(s,s)e”™, for all t,s € [0,00). (3.3)
Also, for any a,b € (0,00), a < b, we have
k(t,s) = koe ™k(s,s), forallt € [a,b],s € [0,00); (3.4)
here, ko = min{e~"", " — ¢~} Now, for t,s € [0,00), we have
e—2mt )
k(t,s)e™™m o if s <t
Kssjem™ 1
———, ifs>1
1 — e—2ms
—2ms
e .
= if s<t,
<
= 1— ef2ms ¢
1= ooms’ i s >t,
= 1,
whereas for t € [a,b] and s € [0,00), we have
k(t S) estfml, if s < t,
7’_ = pmt _ pmmt .
k(s,s)e=ms . ifs>1,
1 — e—2ms
S e b, if s <t,
= QM —eTma if g >t

= ko.

We are now in position to prove our main existence result.
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THEOREM 3.1. Let q : [0,00) —> [0, 00) be measurable, and let g : [0,00) —> [0, 00)
be continuous and nondecreasing. Suppose that the following conditions are satisfied:
(1) limy_,,e ™ f(t) e™q(s)ds =0;
(i) lim, o ™ [ e ™g(s)ds = 0;
(iii) there exists R > 0 such that
o0
R> sup e_’"tJ k(t,s)q(s)g(e™R)ds;
te[0,00) 0
(iv) for fixed a,b € (0,00) with a < b, there exists r € (0,R) such that
b
r < gllar) sup e | kit sha(s)ds
t€la,b] a
where kg is as defined in inequality (3.4).
Then (3.1) has a solution y with

sup le™y(t)] <R and y(t) =kor, fort € [a,b].

te[0,00)

Proof. Choose {b,} an increasing sequence such that by = b and b, — o0. We
endow C([0,00)) with the family of semi-norms {|||,}sen, defined as follows:

HyHn: sup |e_’my(t)|~

t€[0.b]
We denote E = (C([0,00)), {|||l+}nen) and
C={ye€E:y(t)=0on [0,00) and y(t) = ko[ y | Vt € [a,b],Vn € N}.
For n e N,

IEn = (C[Oa bn]s HHn)a
C,=C,={y €, :y(t) =0 on [0,b,] and y(t) = kol|y |Vt € [a,b]},

and

Din)=C,Nn{z€E, :r<|z|, <R}
Notice that
D(0) = {y € B(0,R) : y(t) = 0 on [0,c0) and y(t) = kor, Yt € [a, b]}.
Let f : C N B(0,R) — E be given by

0

f(o) = JO k(t, 5)q(s)g((s)) ds,  for t € [0,00).

We will establish the existence of a solution to (3.1) by applying Corollary 2.4.
First, notice that C, N B,(0,R) < u,(C N B(0,R)) for every n € IN. To see this, fix
n € N, and let y € C, N B,(0, R). If we let z be defined by

N y(), ifte[0,b,],
“)_bm»iﬁ>%

then z € CN B(0O,R), and ||y — z||, = 0. Thus y € u,(C n B(0, R)).
Next, we show that f : C N B(0,R) — C. To see this, let y € C N B(0, R). Clearly,
f)(t) = 0 for t € [0,00). Now fix n € IN; then inequalities (3.3) and (3.4) imply that
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for t € [a,b],

o0

) = j

. k(t,s)q(s)g(y(s)) ds

> ko L k(s 5)q()g(1(5)) ds

> ko L M (x, 9)g(s)g (v (s)) ds
= koe ™ f(y(x),

for any x € [0,00). As a result, we have

f)@) = kollf(¥)lln,  for all £ € [a, b].

Thus f(y) € C.

The argument in [3, Lemma 5.4 and Proposition 5.5] guarantees that the function
f : CNBO,R) — C is admissible and compact. It remains for us to check
Conditions (1) and (2) in Corollary 2.4.

First, however, we must describe the extension IF, that we are considering. Fix
ne N and u e C,NB,(0,R). Let

S,(u) = {v € CNB(0,R) :v is a continuous extension of u},

and observe that

Fu(u) = E(/vln ofoS, (M;l(”)))

— FoS5 ().
and
FoSzu)(r) = J a5, u(s)) ds,
0
where

k (t ) _ {k(t’ S)q(S)g(X), if s < bn,
n {k(t,5)q(s)g(e™y) :|y| < R}, if s> b,.
We know from [3, Proposition 5.5] that f oS is continuous and has compact,

convex values. We therefore take IF, = F, = f o S;.
Fix n € N, let x € dB,(0,R) N C,, and let y € IF,,(x). We must show that

[ylln <R. (3.5)

Since g is nondecreasing and | x||, = R, for t € [0,b,] we have
b, 0

VOl < | ke9)g()g(x(s) ds +J k(t.s)q(s)g(e™ R) ds

J

n
rb 0

<[ ke s)a(s)g (e Ry ds + j k(t5)q(s)g(@™R) ds
by,

J 0
(00
= | k(t,5)q(s)g(e™R) ds.
Jo
Taken together with assumption (iii), this yields

o0
[yln = sup [e™™y(t) < sup <e""J k(t,s)q(S)g(e'”“R)ds) <R;
te[0,b,] te[0,b,] 0

so (3.5) holds.
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Next, fix n € N, let x € 0B,(0,r) N C,, and let y € [F,(x). We must show that
Iylln = 7. (3.6)

Again, since g is nondecreasing, | x|, = r and x(t) = kor for t € [a, b], we have, for

t € [0,b,],

rby,

e My(t) = e | k(t,5)q(s)g(x(s)) ds

Jo
b

= e | k(t,5)q(s)g(x(s)) ds

b

=e ™| k(t,s)q(s)g(kor) ds.

a

Consequently,

b
Wl > g(kor)e*"”J k(t,s)a(s)ds, for all ¢ € [0,b,],

a

which, together with assumption (iv), yields

b
170l = glkor) sup e—'mj k(t.5)q(s) ds > r.

tela,b] a

Thus, (3.6) holds.
We apply Corollary 2.4 and Remark 2.2 to deduce the result. O

REMARK 3.2.
(a) If there exists r < R with

b
r < kog(kor) sup J eMHk(s, 5)q(s) ds,
telab] Ja

then (3.4) guarantees that assumption (iv) is satisfied.
(b) If there exists R > 0 with

o0
R> J e "™k(s,5)q(s)g(e™ R) ds,
0
then (3.3) guarantees that assumption (iii) is satisfied.

ExamMPLE. Let
g(s)=e* and g(x) = Ax*+ Bx’ + C,
with 4 > 0, o, f € (0,1), A,B > 0 and C > 0. It is clear that g is continuous and
nondecreasing. Also, assumptions (iii) and (iv) of the previous theorem are satisfied.
To see this, notice that max{a, §} < 1 guarantees that
r

li =

lggi Aor“ + All"ﬁ + A2
for any constants Ay, A; > 0, A, = 0. Now, let a,b € (0,1) with a < b, and notice
that (iv) is verified since

w’

r

lim — — = lim . =

=0 g(kor) =0 Akgr* 4+ Bkjrf + C
Therefore, the problem (3.1) has a non-trivial solution. Notice that if C = 0, then
y = 0 is a solution of (3.1).
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The ideas in this section can easily be extended to the more general boundary
value problem
V() = m?y(6) +g(t,y(0) =0, € [0,00),
¥(0) =0, (3.7)
lm (0 =0

Here, g : [0,00) x [0,00) —> [0, 00) is such that:
(1) s+— g(s,y) is measurable for any y € [0, 0);
(2) y— g(s,y) is continuous and nondecreasing for almost every s € [0,00);
(3) for any r > 0, there exists h, € L'([0,00)) such that g(s,y) < h,(s) for all
y € [0,r] and almost all s € [0, ), and

t o0
tlim e_’”tj e™h.(s)ds =0 and tlim e""J e "™h.(s)ds = 0;
(4) there exists R > 0 such that
@
R> e*"”J k(t,5)g(s, €™ R)ds;
0

(5) for fixed a,b € (0,00) with a < b, there exists r € (0, R) such that

b
r< sup e""’J k(t,s)g(s, kor) ds.

tela,b] a

Then (3.7) has a solution y with

sup le™y(t)] <R and y(t) = kor, fort € [a,b].
t[0,00)

The details are essentially the same, so they are left to the reader.
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