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Abstract

Existence results are established for second order differential equations on open. half open
and compact intervais.

1 Introduction

This paper presents existence results for second order differential equations on finite. semi-finite.
infinite. open and haif oper intervals. In particular. we examine the problem

1 y'= fit.y.y") ae on ia.b

where =x < a < b < x and f is a locallv Carathéodory function We also discuss the problem
1.1} with boundary conditions:

ar = (.

{1.3; yb =

—
2
o

The literature on second order differential equations 1s devoted mainly to boundaryv value prob-
lems on compact intervals [1.3.4.6.7.9.10.11 and to a lesser extent to problems on the semi-infinite
interval {2.4.8.11.12". This paper has two main objectives. Firstly. we are interested in obtaining
new existence results for problems for differential equations on bounded and unbounded open and
half open intervals. Our second objective is to give a systematic treatment of the smoothness prop-
erties of a solution of {1.1). For example. when we examine (1.1j{1.2:. it is of some importance to
know what conditions must one put on the nonlinearity f to have a solution in Cla.b)N K ",:;clfa. b1

orin Cla.bin W lia b,

Throughout this paper. we will assume the existence of lower and upper solutions of {1.1}.
In addition. our nonlinearity f will satisfy a growth condition of Nagumo type. Our technique
uses results from the thecrv of boundary value problems on compact intervals together with a
simple fixed point result. More preciselv. the fixed point is obtained as a limit of fixed points of an

appropriate sequence of operators.
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2 Preliminaries

Let I be a real interval. We denote by C*{I) the space of k-times continuously differentiable
functions endowed with the topology of uniform convergence on each compact subset of I. This
space is a Banach space if I is compact. otherwise, it is a metrizable locally convex space. By
C>(I). we mean the space of infinitely differentiable functions with compact support in I. We
denote by L} (I) the set of functions integrable on each compact subset of . Observe that if |
is compact. L'(J) = L},.(I). Similarly, we denote by W[i'cl(l) the set of functions y € W21(J) for
every compact subset J C I.

Definition 2.1 We say that f: I x R2 — R is a L}, (I)-Carathéodory function if
(i) the map t— f(t,y.2) is measurable for all (y.z) € R?;
(i1) the map (y.z) — f(t. y. z) is continuous for almost all te I;

(iii) for any r > 0. there exists h, € L}, (I) such that [f(t.y.2)] € he(t) for almost all t € 1
and for all [yl <r jzi < T

Observe that if I is a compact interval. this definition coincides with the usual definition of
Carathéodory function.

Now we give the definition of lower and upper solutions of (1.1). (1.1) (1.2) and (1.1) (1.3). We
take I a real interval such that {a.b) C I C [a.b] where —c < a <b< x.

Definition 2.2 A function a € H'[i‘cl(l) ws called a lower solution of (1.1 1f o”(t) > flt.a(t).a(t))
almost everywhere on I. When a € I o is called a lower solution of (1.1) (1.2} if it is a lower
solution of {1.1) and satisfies ala} < ¢ Similarly. when b € I. a s called a lower solution of (1.1}

(1.3) if a s a lower solution of {1.1) and satisfies a(b) < d.
We define an upper solution of (1.1). (1.1) (1.2}, and (1.1) (1.3} by reversing the inequalities.

Next we recall a result from the literature on second order differential equations on compact
intervals. This theorem will play an important role in the proof of our existence results.

Theorem 2.3 Let —x < a < b < > and f : [a.8] % R? — R be a Carathéodory function.
Assume there ensts a. 3 € W3ta. bl respectively lower and upper solutions of (1.1} (1.2) {1.3)
with aiti < 3(t) on la.b,. In addition. assume there eist p € (1.x]. a function ~ € L%a.b]
with 1 p—1/qg = 1. M > 0. and a Borel measurable function v : {0.x) — (0.} such that

ri/viry € L, 0.t

(fitoy s} < ~itieliz) ae t€ la.b} and all a(t) <y < 3{t).

and

Caei M orF
(A e </ dr.
) r

vir)
where 1 =1d —cl/ib—a.. and A =sup{3it]-alrl  t.TE€ [a.bl}. Then the problem (1.1 (1.2}
(1.3} has a solution y £ Wlla b such that alt) <ylt) < 3(t) and [y ()] < M forallt € ja.b.

76



Existence theory for compact and noncompact intervals

Remark. Theorem 2.3 is proved in [4.5] when p = 1. The case when p > 1 can be found in [11.
chapter 5].

Now, we formulate a simple fixed point theorem. This will be used in section 3 to establish
existence results for second order differential equations on semi-infinite. infinite. open and half

open intervals.
Let {En}n>1 be a sequence of topological spaces such that ... C E; ¢ E; and N3 E. = E.

We say that a sequence {r,}n>) such that z, € E, for all n € IN converges to z € E if the
sequence {I,}n>k converges to r in Ey for every k € IN.

Theorem 2.4 (Fixed Point Theorem) Let E be a space and T : E — E be a multivalued
operator. Suppose there exist a sequence of metrizable locally conver spaces ... C E, C E,. and
a sequence of multivalued operators {T, : E; — En}a>1 such that Mnx>1En = E. and for each
sequences {Zn, }k>1 and {vn, }k31 with vn, € Ty, (Zn,), converging to z and v respectively. we
have v € T(x). Assume that for every n € N, T,, has a fized point z,, € E,. In addition, suppose
that {zn}npk is relatively compact in Ey for every k € IN. Then T has a fized point in E.

Remarks. (i) The proof is immediate. The assumptions yield the existence of a subsequence S of
integers and an r € E with 1, convergingto r as n — oc in S.

(ii) In the applications in section 3. E, will be Banach spaces. the operators Ty, : E,, — E, will be
single-valued and the operator T : E — E will have the following property: for any subsequence
S of integers and any r € E with 1, converging to r as n — 2 in S, there exists v € E such
that T, z, convergestov € Tr as n —oc in S.

3 Existence theory

Let I be a real interval (open. half-open. closed. finite. or infinite) and let f:IxR>~Rbea
L}, (I)-Carathéodory function. So. (a.b) C I C [a.b] for some —x < a < b < .
We denote by E a space to be specified in the applications and such that E ¢ Clia.b). Define

the multivalued operator T: E — E by
[ b
Tw={ge Eniklab) : / g{tio”(t)dt =/ fltou(t). u'(t)o(t)dt Yo € CZ(a.b)}.
a a

Of course. for the moment. we don't know if the operator T is well defined.

Let {actezi {bchesro {ckust. {de}e>1 be sequences of real numbers such that
a<...<ar<a; <b <br... and (a.b) C Uizi{ax. bl C 1. For k € IN. denote by E; a Banach
space. and by T : Ex — E an operator to be specified later and such that E = Me>1Ec. Ecoy C Ey.
Ei C Cllak. bl and Ti(u)(t) = Filu)(t) for everv t € [ak. bx]. where Fi(u) € W*la, b is the
unique function satisfving

Felw)'(ty = flt. ult).u'(t)) ae. on (ap be).
Felullae) = e, Felu){be) = dy

Observe that for every u € Ey.
by ‘ by

(3.1 / Teluj(t)o" () dt = / fleult) W' {t)olt)dt for every 0 € C™{ag. by i.
A 253

Our first result establishes the existence of a solution of (I.1;in B I;ﬁ(a.b}.
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Theorem 3.1 Let f : I x R?2 — IR be a L!_(a.b)-Carathéodory function. Assume there exist

foc
a < e W&;(a.b) respectively lower and upper solution of (1.1). In addition. assume there
erist p € [l.oc], @ function v € L} (a.by with 1/p+ 1/q = 1. and a Borel measurable function

v [0.c) — (0.¢) such that Illv/u"(.r) € L},.[0.x).
lfty, 2)l S v(tyelizl) aet€ I and all a(t) < y < 3(t).

and .
P

/x :(x) dzr = .

Then (1.1) has a solution y € W2l(a.b) such thata <y < 8.

Remark. In Theorem 3.1, we can replace

¥l

1
x ¥ : - x

[ Edr=o by Wl < [ G
where 1 = min{!3(bx) — a(ar)}, |3(ax) ~ albe)} }/1be — akl. and A = sup{ 3{t) — a({z) : t.7 €
[ak. bkl }

Proof. As before, choose {ak}esre {br}ext- {ck k1. {di}i>1 sequences of real numbers such that
Uk>1lak. bi] = (a.b). alak) < o < Blax). and a(bx) < di S 3(by). Fix E = CHa.b). Ex =
C'a. bi). and Tk : E, — Ei the operator defined by Te(u) = Fi(u) for all u € Ex where Fi{u) is
defined previously.

It is clear that a fixed point of T in E is a solution of (1.1}, Also. £ = M1 Eg. and ifra € En
is a sequence converging to I € E and T,(1n) — v € E. then (3.1} and the Lebesgue dominated
convergence Theorem imply v € T{(r).

On the other hand. a fixed point yx € Ex of T is a solution in 112 {as. bi! to the problem

y"(t}:f(t. y(t).y'(t)) ae on (ak b).

b -)
(3.2) ylak) = ek ylbe) =di.

By Theorem 2.3. Ti has a fixed point yx € Ex such that alf) < yf{t) < 3(t) end typtt) < My for
every t € lay. by with

|
Al I;
dr.

N
Akl iivlicvaes, < /

e vlT)

where i = min{i3(bg) — ata )l {3ae) — albi) }/ibe — ar!. and Ay =sup{ It} —a 1 tre

‘ag. bil }. In fact, for every k £ IN and for every n 2 k. the following inequalities are satisfied:

alt) < galt) < 3(). [Wh(0] € My 7t € lai bl and  [un(0) < hett) ae on fa b

I3
n
where hy € L']ai.bg) is a function given in condition (i11) of definition 2.1.
The Arzela-Ascoli Theorem implies that {yn}npk is relatively compact in Ex. The conclusion

follows fromn Theorem 2.4.

Now. we assume that —>c < a € ] and we want to point out some additional assumptions that
could be imposed in order to guarantee that the solution lies in Cla.b} M 2 a. by
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Theorem 3.2 Let f : [ x R?> = R be a L}, .(a.b)-Carathéodory function with condition (iii) of
definition 2.1 replaced by

(i) for anyr > 0. there erists h, € L} (a.b) such that |f(t.y.2)| < h.(t) for almost all t € (a.b)
and for all [y <r. z € R; (t—a)h(t) € L} [a.b). and

lim(t = a)?h(t) = 0 if h, § Lh[a.b).

In addition, assume there erista < S € Cla.b) N Wli‘cl(a. b) respectively lower and upper solutions
of (1.1)(1.2). Then the problem (1.1)(1.2) has a solution y € Cla,b) N I’V;‘;'CI (a,b).

Proof.  As before, choose the sequences {ar}r>i. {be}r>1, {ck}izi. {dk}x>1 such that
Ue>1lae be) = (a.b). a(ax) < cx € Blax). albe) < di < B(by), and ek ~ ¢| = min{ [T —¢| : ala) <
z < B(ag) }. Take E = Cla.b) N C'(a,b), Ex = Cla.bi] N Ctak. b], and define Ty : Ex — Ej by

Fe(u)(2). if ¢t € {ag. be.

Te(u)(t) =
cx—¢ :
S(t—a)+c ift€(aar)
It is clear that E = Mg>1E4. and if 14 — r and Ti(x4) — v in E. then v € T(z).
Again. by considering the problem (3.2) and applying Theorem 2.3. we get the existence of a
fixed point yx € Ey to T for every k € IN. Moreover. for every n > k. the following inequalities

are satisfled:

aft) Syalt) S 3t). lyn(t)] £ My for every t € {ax. by].

inf {a(t)} < yalt) < sup v{3(t)} for every t € [a.ai]. and

SR t€ a.ay;
()] < he(t)  almost everywhere on {ag. bl

where M > 0 is as in the proof of Theorem 3.1. and A € L], (a.b) is given in (i).

By the Arzela-Ascoli Theorem. {yn}n>k is relatively compact in Cllai. by} for every k € IN.
Now. we want to show that it is relatively compact in Cla.b;]. We already know that this set is
bounded. All that remains to be shown is the equicontinuity at #y for every ¢y € [a. by,

First. we examine the case when tg # a. Choose N > ksuch thata < ayv < ty. Thenforn > N
and ay <5<t € {a by we have

‘ ynlbe) — ynlay t— be pr , A
nlt) = ynls)) = dmmwlexn), o o [ swmin g ar
by —ay by —ax ay Jax

t r i
[ ] s s drar

5

IA

Rielt = sl + 2hxnl gy 0, It — 81

with R = (1/{be —a1)}sup{|3{t)i.{a(t)! : t € la. b }. This implies the equicontinuity of {yn}n>k

at tg € (Ll.bké.
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On the other hand, observe that for n > k. we have

( [es=f(t — a)l. if t € {a.an).

an—a

’ (b ) =pn (a0
(oo =) + gkl — a)

i

'yn(t) — ynla)]
— L [ (r—an) f(royn(r). yn(r)) dr

bk —~Qp YGn

|
~ fzen pYe(h —r)f(r ya(r). yp(r)) dr . it € (an.bel.

bk—a
[zt(t - a)l, if t € [a.an).
S 9 fon — ol + Kilt —a] + 255 [7 (r — an)hi(r) dr
|+ s [ (b~ r)he(r) dr. if € (an. bi).
Lozt (t - a)l. if t € {a.an).
S 9w — ol + Kilt —a) + 2255 [ (r = a)hi(r)dr
+ 1,—;:;.[ (b — T)hi(r) dr, if t € (an. byl

By choice of ¢n. cn — ¢. Also. by (i) and Hospital's rule, (r —a)he(r) € L} |a.b) and
by
lim(t - a)/ (bx = r)hi(r) dr = 0.
Za .
Therefore. {yn}n>k is equicontinuous at a. and the proof is complete.

Remark. Observe that the solution y obtained in the previous theorem is not necessarily in C'lia. b}
but y' € L} Ja.b).

Theorem 3 3Lt f:IxR!—Rbea L}, la.b)-Carathéodory function. Assume there exist
o< 3e Wy, 1'a by respectively lower and upper solutions of (1.1} (1.2). In addition. assume there
erst p € [1 x]. a function v E L] la.b) with 1/p + 1/q = 1. and a Borel measurable function

v 0.y — (0.x) such that rv/z.»(r) €L} 10.x).

fit oy sy < Aozl ae tel and all alt) <y < 3(t).
and .
/ i dr = .
v{r)

Then (1.1) {1.2) has a solutiony = H {a b} such that o < y < 3.

Proof. The proof is similar to that in Theorem 3.1. We choose a; = a. and ¢ = ¢

Remark. In Theorem 3.3. we can replace

i

H

x rp 15 2
/ dr =x by [Akfp HA,’HLG"a.bk‘ < /

LT L A
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where ry = min{|8(b¢) —ala)l. [3(a}) —albi)| }/|bx —al. and Ax =sup{3(t)—a(z) : t.7 € [a. b] }.

Similar results could be obtained if we are interested in solutions in Wlicl {2.6)NCla. b]. K 'l:;'cl (a.b:.
and W2l (a.b) N Cla.b].

4 Examples

We give three very simple examples to illustrate the theorems of the previous section. We consider
the problem

(41 () = f(t.y(t) e te (0.b).
(4.2) y(0) =c,
where f:(0,b) x IR = IR is a L*=(0, b}-Carathéodory function.

Example 4.1 Assume there erista < 3 € Wli'cl(O. b} such that t'a"(t) > f(t.a(t)) and t73"(t) <
f(t. 3(t)) almost everywhere on (0,b). Then. for any r € IR. the problem (4.1) has a solution in
W22 (0.5).

To get more regularity on the solution, we add some restrictions.

Example 4.2 Assume there exist a < 3 € W2H0.5) N C[0.b) such that t7a”(t) > f(t.a(t)) and

ocC

tT 3"t < f{t.3(t)) almost everywhere on (0.b). and a(0) < ¢ < 3(0). Then. for any r < 2. the
problem (4.1) (4.2) has a solution in WZ1(0.b) N C[0.b).

Example 4.3 Under the assumptions of the previous example with e < 3 € U'licl [0.6). for any
r < 1. the problem (4.1} {4.2) has a solution 1n H'I;‘I[O.b).
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