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1. INTRODUCTION

In this paper, the second order problem with impulses at variable times

"(t) = f(t,z(¢),2'(t)), a.e. t €[0,1],
(P1) z(tt) = I(2(t)), if t = 7(z()),
() = J(z(t)), ift =r(x(t)),

with the Sturm-Liouville boundary condition
z(0) —az'(0) =a, a>0,

(SL) z{(1)+ bz’ (1) =3, b>0,

is studied.

The literature on second order impulsive boundary value problems is de-
voted totally to the case where the impulses are at fixed times (i.e. when 7
is constant), see for example [3]-[5]. This is in contrast to first order initial
value problems where some results were obtained with impulses at variable
times, see [2], [6], [7], [10].

To our knowledge, it is the first paper to treat second order boundary
value problems with impulses at variable times.

For sake of simplicity, in section 2, we begin by discussing the problem
(P1}), (SL) with homogenous Dirichlet boundary condition (ie.a=b=a =
g = 0). To obtain the existence of a solution, we use fixed point theory
for composition of acyclic maps [8], [9], and the fact that the solution set of
an initial value problem has Rj;-values {1}, [11]. Some of the ideas of this
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approach were used in our paper [7] on periodic first order problem with
impulses at variable moments.

In section 3, we then use some of the ideas and results in section 2 to
discuss the Sturm-Liouville problem (P1), (SL).

The final section examines a Sturm-Liouville problem (P2), (SL) with a
different type of barrier, where

o(t) = f(t,z(t),2'(t)), ae te(01],
(P2) () = I(z(1)), if £ = r(z'(1)),
' (t1) = J(z(t)), if t = r(z'(t)).

For the remainder of this section, we gather together some known defini-
tions and facts for the convenience of the reader.

We denote 92 = {z : [0,1] D R:30 <t <--- < t, = 1 such that z is

C? on [0,¢;] and on Jti1, ], i = 2,...,n; and limy_o (™ (¢ + h) exists for
k=0,1,2,andi=1,...,n}.
Definition 1.1. Let X, ¥ be two metric spaces, a multivalued mapping
¢: X =Y is upper semi-continuous (u.s.c.) if {z : ¢(z) N K # 0} is closed
for every closed subset K of Y. It is acyclic if it is upper semi-continuous with
compact values and for every ¢ € X, H™(¢(z)) = 6ymZ, where {H™}men
denote the Cech cohomology functor with integer coefficients.

Definition 1.2. A nonempty compact metric space X is an Rg-set if it is the
intersection of a decreasing sequence of compact contractible metric spaces.

Lemma 1.3. An upper semi-continuous multivalued mapping with compact
Rs-values is acyclic.

The following theorem is a corollary of a fixed point result which can be
found in [9].

Theorem 1.4. Letr <0 <s, m#1, and H : [r,s] x [0,1] - R an acyclic
map such that ,

(1) for every A € [0,1[, r € H(r,)) and s & H(s,));

(i) H(z,0) = {ma} for every z € [r,s].
Then H(-,1) has a fized point.

2. HOMOGENOUS DIRICHLET BOUNDARY CONDITION

In this section, we discuss in detail the second order homogenous Dirichlet
boundary value problem with impulses at variable times (P1), (D), where

" (t) = f(t, z(t),2' (1)) a.e. t€f0,1],
(P1) 2(t*) = I(z(t)), if t = 7(z(t)),
' (t1) = J(z(t)), if ¢t = r(z(2)),

z(0) =0,

() z(1) = 0.
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1l assume that the following conditions hold:

(H1) The functions f : [0.1] xR - R I:R - R J: R — R are

continuous, and 7 : R — 10. 1] is of class C2.

(H2) There exist r < 0 < s such that f(t,z,7) = f(t.z.s) = 0 for

t€[0.1] and z € [k, k].

(H3) J{r) =r, J(s) = s, and J[r,s] C [r, s].
(H4) 7"(z) + Mr' ()’ f(t,z,y) > O for all X € [0,1}, t € [0,1], z €

[—k, k], y € [r, ] such that yr'(z) = 1.

(H5) zI(z) >0 for z € [r, 5]
(H6) 7(I(z)) < 7(z) for z € [r,s].

Here k = max|I[r, s]| + max{|r|, s}.

Theorem 2.1. If (H1) - (H6) hold, then the problem (P1), (D) has a solution

in Q2.

Before we prove Theorem 2.1, we first introduce some notations and obtain
some preliminary results.

For zo,y0 € R, to € [0,1} and A € [0, 1], we consider the problem
2"(t) = falt z(t), 2" (1), te0,1],
P(to,z0.y0, A) z(to) = xo,
z'(to) = yo,
where we define

It zy) = Af(tm(z), ma(y, N),

with 7, : R — [k, k], and 72 : R x [0, 1] — [r, 5] given by

and

k, if z >k,
mi{z)=(z, f-k<z<k,
-k, ifz< —k;
7, if:c<r+(12—n)‘)r,
T, ifme[r-{—(l—;’\zr,s—(l—;)‘zs],
ma(z, Ay =< s ifr>s— LN

e e N T3 )
n ! 2n . ’ L
s+ ——L——-H_”n(l“x s, ifz=s5-— —L—~(1")‘27(12~ s, v el0,1];

here n > 2 will be fixed later (see Lemma, 2.7).

Remark 2.2. Notice that fy is bounded.
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Define the following maps:
T:[rs] x[0.1]—[0,1] x R® x [0,1] by
iy, A} = (0.0,y, ),
S:0.1] x B x[0.1] — C'{0.1] x [0,1] by
S(t, z0,y0,A) = {(z,A) : z is solution of P(tg, zo. yo. A)},
T:Z 10,1 xCH0.1] x[0,1] by
Tz, A) = (T(z).z, \),
J :[0,1] x C'[0,1] x [0,1] = [0,1] x B? x [0,1] by
T(t,2,A) = (8, M (2(t). T(&' (), A), V),
E:CHM0,1}x[0,1] = R by
E(z,A) = z(1),

where
Z ={(z,\) € C*[0,1] x [0,1] : 2" () = fult, z(),z'(t)),
z(t) € [—k, k], 2'(t) € [r, 8]} € C*0,1] x [0, 1],
T(z)=inf{t >0:t=7(z(t)) },
and

J: R x {0,1] - [r, s] is given by f(y,/\) = A {(m3(y)) + (1 = Nmz(y),
with 73 : R — [r, s] defined by
s, ify>s,
ma(y) =qy, ifr<y<s,
r, ify<r.
It is clear that Z, J and & are continuous.

Lemma 2.3. Suppose (H1) holds. Then the map S is u.s.c. with nonempty
R ~values, and so, is an acyclic map.

Proof. The problem P(to, 2o, yo, A) is equivalent to the first order system
(2'(t),4'(1) = (y(0), [alt,z(t),4(2)), te[0,1],
(2(to), y(to)) = (z0,%0)-

Since the growth of the right hand side is at most linear, the solution set is
nonempty. In fact, the conclusion follows immediately from results in [8]. [

Lemma 2.4. Suppose that (H1) and (H2) hold. Then every solution z
of P(to.Zo,yo0,A) with yo € [r, 5] satisfies:

(i) z'(t) € [r, 5] for all t € [tg,1);

(i) (t) —xo € [r, 8] for all t € [to.1].
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Proof. Suppose that z'{tg,1] Z | — o, s]. Then there exist t; < ¢; < t» such
that z'(t,) = s and 2'(t) > s for all t € J¢1,t2]. On the other hand,
" (t) = Af(t.m(z(t)),8) =0 on [t;, 1],

and so, z'(t) = s for all t € [t;.t5], a contradiction. A similar argument
shows that z'(t) > r for all t € [tg,1].
Statement (ii) is a direct consequence of (i). -

Remark 2.5. Lemma 2.4 implies that S o Z{[r. 5] x [0,1]) C Z.

Lemma 2.6. Under (H1), T:X > 10,1[ is continuous, where X = {z €
C[0.1] 1z € C'[0,1] and 7'(x(t))z'(t) < 1 for all t such that t = (z(t)) }.

Proof. First of all, the Intermediate Value Theorem implies that 7 is well
defined. Let € > 0, z € X, and denote = T(z). Take 0 < v < ¢ such that

1—7'(@()z' () > ~.
By continuity, there exists 0 < n < « such that for |t — | < 7, we have
1—7(z(t)z'(t) >~v/2 and |z(t) — z(f)] < 1.
Thus,

5 < /+ 1-7(@(t)a (t) dt = E+n— (i + ),

-2 - /. 1 -7 (@(t)e' (t)dt = { = n— r(2(f — ).

On the other hand, the function 7 is uniformly continuous on the interval
z(f) +[~1~7,1+4]. So, there exists 0 < § < v such that for all u, v in this
interval with |u —v| < §, we have |7(u) — 7(v)| < yn/4. Thus, for y € X such
that ||z — yl] < 8, we have

f—n—r(y(f—n))s—lf<ﬂ<f+n—r(y(5+n)).

The Intermediate Value Theorem now implies that there exists ¢ such that
lE—f<n<e, and f=7(y(D)).
We claim that £ = 7 (y). Indeed, if not, there exists £ < £ such that £ = 7(y())

and 7'(y(£))y'(f) > 1; this contradicts the fact that y € X. So, for y € X
such that ||z —y|| <4, [T(z) — T(y)] <e. U

Lemma 2.7. Suppose that (H1) and (H4) hold. Then, we can choose n > 2
such that for every (to, xo, Yo, A) € [0,1] x[—k, k] x [r.s] x [0, 1] with 7{z¢) <
to, and for every solution & of P(ty,zo,y0, A) such that z(t) € [—k, k] and
z'(t) € [r, 8] for all t € [t9,1], we have

rlz(t)) <t forallt € Jtg.1].

Moreover, if T(zq) = to, then 7/ (z(tg))z'(ts) < 1.
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Proof. From (H4).
' {u) + A (w3 f(t,u,v) > 0
on the compact set
A={{tuv,\)€[0,1] x [—k k] x [r,s] x [0.1] : v7'(u) = 1}.
Thus, there exists £ > 0 such that
(2.1) (u) + M (u)® f(t,u,v) > ¢ for all (£, u,v,)\) € A.

On the other hand, by uniform continuity, there exists § > 0 such that for
all (¢t,u,v,\) € A and all w € [r, 3] with jw — »| < §, we have

7w (. w,v) = (L uw)] < 55
and hence, this combined with (2.1) imply that
' (u) + A (w) F (¢ u,w) > g
Now, choose n > 2 large enough so that max{s,|r|} < né. Therefore,
(2.2) ' (u) + A7’ (u) f(t,u,ma(v, X)) > 0 for all (£,u,v,A) € A.

Now, suppose that 7(z(t;)) > t; for some t; € Jio,1]. Then A(t) =
T{z(t)) — t attains a nonnegative maximum in ]¢, 1[ at some t. Thus,

0=R'(#) =7 (z(t))z' () - 1,
and

0> h"(f) = "(2(D)2' () + 7' (@) A ({, 2(), &' (F));
wich contradicts (2.2).

If moreover, T(zg) = to, since h(t) < 0 for all t > ¢, then
0> h'(to) = (z(to))z' (to) — 1.
If h'(te) = 0, (to, z(to),z'(te), A) € 4; so, equation (2.2) gives
0 < h'(to) = 7" (z(ts)) 2’ (t0)? + T'(x(to)) = (o).

This implies that h attains a strict local minimum at ¢y, which contradicts
the first part of the lemma. O

Remark 2.8. Lemmas 2.6 and 2.7 imply that 7 is continuous.

Proof of Theorem 2.1. Let n be asin Lemma 2.7. Define H : [r, s]x[0,1] - R
by

Hy A =y+Eo080TJoToSoZ(y, ).
From the previous lemmas, H is well defined and is a composition of acyclic
maps. We claim that H(-,A) has no fixed points on the boundary for all
A € [0,1]. Indeed, suppose that s € H(s,A) for some A € [0,1[. Then there
exist

(z,\)) ESoJoToS0I(s,A) with z(1)=0,
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and
(r1,A) €SoZ(s,A) with (z,A\) € So0J o T(zy1, ).
That is 71 and z are solutions of P(0,0, s, ) and P(£. M (2 (2)), J(z| (£). \), A)
respectively; where ¢ = T(z1). Assumptions (H2) and (H3) imply that
z1{t) = st, J{z{(t).)) = 5, and
o{t) = M(x1(f) + s(t — 1) forall t € [{,1].
Finally, (H5) implies that (1) > 0, a contradiction. A similar argument

shows that r & H(r, A) for all A € [0,1[.
Observe that

H{y,0) = {y+y(1 - t,)}, where t, = 7(yt,).
Define H : [r, 5] x [0,1] > R by

H(y,\) = {(2 — (Aty + (1~ /\)/2))3/}.

Notice that H is continuous, and H{y,0) = I::T(y,l). Also, s ¢ INI(B,/\) for

A € [0,1}, since At, + (1 — ))/2 # 1. Similarly, » € H(r,\) for A € [0,1].

Theorem 1.4 establishes the existence of y € [r, s] a fixed point of H(-,1).
Consequently, there exist

(z2,1) €S0 T 0T oSoI(y,1) with z2(1) =0,
and
(1,1) €S0 I(y,1) with (22,1) €S 0T 0T (z1,1).

Now, from Lemma 2.4, we have that z,(t), z{(t) € [r,s], for t € [0.1],
and r3(t) € I(z1(t1)) + [r,s] C [~k k], 25(t) € [r,8] for t € [t1,1], with
t; = T(z1). Thus,

2y (1) = f(t 2 (1), 21 (1), te[0,t],
(2.3) £1(0) =0,
t # m{z1(2)), te€[0,t1];
and
z3(t) = f{t, z2(t),25(1)),  t €[, 1],
(2.4) r2(t1) = I(z1(t1)),
z3(t1) = J(z(t1)).
Moreover, by (H6), we have
T{z2(t1)) = r(I(z1(t1))) < 7(21(8)) = ;.
So, Lemma 2.7 implies that
(2.5) T(x2(t)) <t forall t € }t;,1).
Define
2(t) = {xl(t), on [0,¢],
z2(t), on 1. 1].
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From (2.3), (2.4), and (2.5}, we deduce that z is a solution of (P1), (D). O

Remark 2.9. We can see immediately from the above proof that (H5) can be
replaced by a more general assumption, namely

(H5) I(sts) +s(l—ts) > 0> I(rt,) +r(1 —t,.), where t, = 7(st,) and
tr = T(rt,).
Remark 2.10. It is possible to discuss (P1), (D) with more than one barrier
if the barriers are appropriately separated (see [7]}.

3. STURM-LIOUVILLE BOUNDARY CONDITION

In this section, we discuss the second order Sturm-Liouville boundary value
problem with impulses at variable times (P1), (SL).
We fix

k = max |{I{a + (a + 1)[r, s])| + (@ + 1) max{|r|, s} + |3].

We assume that (H1)-(H4) and the following conditions hold (with k just
given):
(H7) 7(I(z)) < 7(z) for z — a € (a + 1)[r, 5]
(H8) I{(z) >B—bsfora+as<z <a+{a+1)s,and I{z) < 3 - br for
a+{a+)r<z<a+ar.

Theorem 3.1. Suppose that (H1) - (H4), (H7) and (H8) hold, then the prob-
lem (P1), (SL) has a solution in Q.

Proof. Define the following maps:
To:[r,s) x[0,1] = [0,1] x K* x [0,1] by
Lo(y,A) = (0,a+ay,y. ),
Sp:{0,1] x R? x [0,1] — [r,s] x C*[0,1] x [0,1] by
So(t, 0. y0, A) = {(yo,z, A) : z is solution of P(to, g, yo, A)},
To:[r,8] x Z —[0,1] x [r,s] x C*[0,1] x [0,1] by
To(o, ¢, A) = (T(z), 40,2, ),
Jo :[0,1] x [r,s] x C'[0,1] x [0,1] — [0,1] x R? x [0,1] by
Jolt,yo,2,X) = (, M (z(8)) + (1= A)(B = byo), J(z'(2), A), \),
Eo:[r.s] x C*0,1] x [0,1] = R by
Eolyo, z, A) = =(1) + ba'(1),

where Z, %, j, fr, and P(te, zo, 50, \) are defined as in Section 2.
As in the previous section, we can check that Ty, J5, To, &0 are continuous,
and Sy is u.s.c. with Rs-values. Also, from Lemma 2.4, we have that

S o Iy([r,s] x [0,1]) C
I, 5] x (Zm {(z,\) € C[0,1] % [0,1]: (t) € a + (a + 1)r, S]}).
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Define Hy : [r,s] x [0,1] = R by
Holy A) =y —-8+&o0Ss0oTpoTs0S8, o Zy(y. A).

So, Hp is well defined and is a composition of acyclic maps. Moreover, Hg{-. \)
has no fixed points on the boundary for all A € [0,1]. To see this. suppose
that s € Ho(s.A) for some X € [0, 1]. Then there exist

(5,71, A) € Sg 0 Tn(s, A).
and
(¥,2,A) € Sopo JpoTols,z1,)), with (1) + br'(1) = 8.
Then, 73 (t) = a+as + st, y = J(z}({),\) = s with { = 7(z1({)), and
z(t) = M(21(8) + (1 = A)(B - bs) + s(t — 1) for t € [£,1].
Now, by (H8),
z(1) +b2'(1) = AMI(z1(F)) +bs = B) + B+s(1 1) > B+ s(1 - 1) > 3,

a contradiction. A similar argument shows that r & Ho(r, A) for all X € [0,1].
Notice that

Ho(y,0) ={y =B+ (B-by+y(1—1,)) +by} = {(2-£,)y},

where t, = 7(a + ay + yty). Define H as in the proof of Theorem 2.1 by
replacing ¢, by f,. Essentially the same reasoning as in Section 2 establishes
the result. O

4. ANOTHER TYPE OF BARRIER

In this section, we again discuss the second order Sturm-Liouville bound-
ary value problem with impulses at variable times, but with a barrier different
of the previous section, namely

z(t) = f(t, z(t), 2 (t)), a.e. t€0,1],
(P2) z(tt) = I{z(t)), if t = r(z'(t),
' (tT) = J(z(t)), if t = r(z'(t));

(SL)

As in the previous section, we fix
k = max |I{a+{(a + [r, s])| + (e + 1) max{|r|, s} + |3].
We assume that (H2), (H3), (H8) and the following conditions hold (with k
just given):
(H9) The functions f : [0,1] xR? - R, [ :R - R J: R — R are
continuous, and 7 : R — 0, 1] is of class C!.
(H10) 7(J(y)) < (y) for y € [r,s].
(H11) 7'(y)f(t.z,y) <1forallt € [0,1], z € [~k k], and y € [r, s].
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Theorem 4.1. Suppose that (H2), (H3) and (H8)-(H11) hold, then the
problem (P2), (SL) has a solution in Q2.

For the proof, we need the following lemma. First of all, define
Ti:rs]x Z —=1[0,1] x [r,s] x C*[0,1} x [0,1} by
Tilyo, & N) = (Ti(z).y0, 2, A),
where T1(z) = inf{t > 0 : t = 7(z'(t))}, and Z is as before.

Lemma 4.2. Suppose (H9) and (H11) hold. Then we can choose n > 2 such
that for every (to, To, Yo, A) € [0, 1] x{—k, k] x[r, s} x [0, 1} with m{yo) < to, and
for every solution x of P(to, zo,yo, A) such that z(t) € [—k, k], 2'(t) € [r, 5]
for t € [to, 1], we have T(z'(t)) < t for all t € ]to,1].

Proof. Since 7'(y) f(t,z,y) < 1, the same reasoning as in Lemma 2.7 implies
that there exists n > 2 such that

() flt,z,m(y,A) <1 forall (¢t,z,y) € [0,1] x [k, k] x [r, s].

Now, suppose the conclusion is false. Then h(t) = 7(z'(t)) — t attains a
nonnegative maximum on Jtg, 1] at some ¢. Then,

0=h(t) =7z (E)a"(t) — 1 = M (' () F(E, z(E), m2 (' (£),\)) = 1 < 0,
a contradiction. O
Remark 4.3. Lemmas 2.6 and 4.2 imply that 77 is continuous.

Proaf of Theorem 4.1. The proof is similar to Theorem 3.1 except that Ty
is replaced by 71, and f, is defined by (y). We leave the details to the
reader. O
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