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Existence Results for Initial Value
Problems in Banach Spaces
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Abstract

In this paper, we establish some existence results for the initial value prob-
lem y' = f(t,y), ¥(0) = a € E where E is a real Banach space and f has a
decomposition f = g + h with g and h satisfying respectively, a compactness
and Lipschitz assumptions. Our results rely on Krasnoselskii fixed point theo-
rem.

1 Introduction and Preliminaries

In this paper, we are concerned with the initial value problem:
y(t)=f(ty(t), tel0,T], y(0)=a€E; (1.1)

where E is a real Banach space and f : [0,T] x E — E has a decomposition f=
g+h with g and h Carathéodory functions satisfying respectively, a compactness and
Lipschitz assumptions. Our results rely on Krasnoselskii’s fixed point theorem for
contraction plus compact mappings and donot use homotopy arguments. The paper
is divided in to three sections. In the first one, we give some preliminaries. Our main
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existence result is obtained in Section 2. This result will be used in Section 3 to obtain
more applicable existence results. More precisely, in Section 3.1, we give existence
theorems of Wintner type, which generalize some results of ([4],[8]) where h = 0.
In ([4],[8]), proofs rely on topological transversality theory. In Section 3.2, existence
theorems are obtained under an assumption which is equivalent to an assumption of
existence of upper and lower solutions to (1.1) in the scalar case. No growth condition
is assumed.

Throughout, E is a real Banach space with norm || - ||. In case E = H, a Hilbert
space, we denote the inner product by (, ) so that flull? = (u,u) for u € H. We
denote by C([0, T}, E) the space of continuous functions u : [0,T] — E. We set
C.([0,T],E) = {u € C([0,T], E) : u(0) = a}.

Let u : [0,T] — E be a measurable function. By JT u(t)dt, we mean the Bochner
integral of u, assuming it exists (see [3] for properties of the Bochner integral). We
define the Sobolev class W11([0,T], E) by the space of continuous functions u such
that there exists v € LY([0,T], E) with u(t) — u(0) = Jsv(s)ds, for all ¢ in [0,71.
Notice that if u € WV([0,T], E) then u is differentiable almost everywhere on [0, T,
u' € LN[0,T), E), and u(t) — u(0) = fy'(s)ds for tin[0,T]. Also,if Fisa reflexive
Banach space, u € W'([0,T), E) if and only if u is absolutely continuous. By a
solution to (1.1), we mean a function u € W'*([0,T], E) satisfying the differential
equation (1.1) a.e. on [0,7] and y(0) = a.

A function g : [0,7] x E — E is a Carathéodory function if: (1) the map ¢ — g(t,2)
is measurable for each z in E; (2) the map z — g(t,2) is continuous for almost all ¢
in [0,T); (3) for each r > 0, there exists h, € L'([0,T], R) such that lIz|l € r implies
llg(t, 2)|| < h.(t) for almost all ¢ in [0, T).

For the sake of completness, we state the Krasnoselskii’s fixed point Theorem (see
for proof [6],[11]).

Theorem 1.1 Let C be a nonempty closed convex subset of a Banach space E.
Suppose Ty, Ty map € into E and

(i) Ti(C) + T2(C) € C
(i) 1 :C = E 1s continuous and compact;
(iii) T, : C — E is a contraction mapping. +

Then there exists y € C with Ty(y) + To(y) =y .

2 Main Existence Result

In this section, we establish an existence result for the initial value problem (1.1),
which will be used to prove the forthcoming theorems.

Theorem 2.1 Assume f : [0,T] x E — E has the decomposition f = g" + h~ with g*
and h* Carathéodory functions such that

(2.1) for each t € [0,T], the set {Fg*(s,u(s))ds : u € Ca([0,T], E) } 15 relatively

compact;
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(2.2) there exists ¢* € L'([0,T], R) with ||h*(t,u) — h*(t,v)|| < ¢*(t)llu — v]| a.c.
t€{0,T) and allu,v € F.

Then (1.1) has a solution.
Proof. Let us endow C([0,7], F) with the norm

¢
_ Q) A
ltlg = max e “u(t)]| where Q(t)= [ ¢"(s)ds
A solution to (1.1) is a fixed point of the operator T : C,([0,T}, E) — C,({0,T], E)

defined by:

(Ty)(t)

at [ Sou(s)ds =a+ [ Ko,y ds+ [ g7(s,u(s)) ds
(Toy)(8) + (Tay)(2),

where (Thy)(t) = [{ g*(s,y(s))ds and (Toy)(t) = a + J§ h*(s,y(s)) ds. Since ¢* and
h* are Carathéodory, Ty and T, are well defined and continuous. Condition (2.1)
together with the Arzela-Ascoli Theorem imply that T) is compact. Also, T3 is a

contraction mapping since

]

1Tou — Tovllg = :E;ng%(q Q(t)/ [R*(s,u(s)) — h*(s,v(s))] ds
< max [0 [ g7(6)e20 0 us) - vis)) ds
< Jlu—2g max [e QW _ 1]]

tefo,7]
= (1= D) flu—vllo = kollu ~ vlle

with kg < 1. Then, Krasnoselskii’s fixed point Theorem (Theorem 1.1} gives the
existence of a fixed point to T i.e. a solution to (1.1).

Remark 2.2.

(a) Condition (2.1) is satisfied if g* is a K-Carathéodory functioni.e. ¢* is Carathéo-
dory and satisfies property-K (see [4]):

for each 7 > 0, there exist a nonnegative function 5, € L'([0,7],R) and a
compact set K, in E such that |[z|] < r implies ¢*(¢, z) € n,(t) K, for almost all
tin [0,7].

(b) A more general version of this theorem could be given in terms of measure of
non-compactness and condensing mappings.

3 Other Existence Results

3.1 Wintner type existence results
We first present an existence result if £ = H, a real Hilbert space.

Theorem 3.1. Assume [ :[0,T] x H — H has the decomposition [ = g+ h with ¢
and h Carathéodory functions such that
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(3.1) there are v € L'([0,T},[0,00)) and ¢ : [0,00) — (0,00) a Borel measurable
function such that (y, f(t,y)) < r()e(||yll) for a.e. t € [0,T] and ally € H,
and [T r(s)ds < Tl 55 d=-

Let I{z) = [juy (5 4= and notice I :[|la]|,00) — [0,00) is strictly increasing. Define

M = I7Y(fT r(s)ds) and assume

(3.2) for each t € [0,T), the set {f5 g(s,u(s))ds : u € Co([0,T], H) with fu(s)f < M
for all s € [0,T]} is relatively compact;

(3.3) there exists g € L([0, T}, R) with ||h(t,u)—h(t,v)|| < g(t)lfu—v]| ae t€[0,T)]
and all w,v € H with ||ul|, |jv|| £ M.
Then (1.1) has a solution.

Proof. Consider the initial value problem:
v'(t) = a1(t,y(1)) + ha(t,u(t)) t€[0,T],  y(0) =g (3.4)

with gl(t’ y) = g(t,p(y)), hl(t’ y) = h(t,p(y)) and

Y, if lyll <M
ply) = _
M, i lyll > M

(vlf>
is the radial retraction of H onto B(0, M) = {y : |ly]| < M}. It is easy to check that
p is nonexpansive i.e.

p(y1) = p(y2)ll < llyr —wall for all yi,y: € H.
This together with (3.3) implies that

hi(t,w) = ha(8,0)]| = JIR(2, p(u)) = R(t, p())I < ¢(®)]Ip(u) — p(v)l|
< q(t)flu—vlf;

so (2.2) is satisfied with k* = h; and ¢" = ¢. Notice as well that g* = ¢, satisfies
(2.1). Consequently, Theorem 2.1 implies that (3.4) has a solution y. The following
Lemma 3.2 applied with R = ||a||, ¥(z) = ¢(z)/z, and z(t) = ||y(t)|| implies that
ly(O]] < M for all ¢t € [0,7]. Indeed, if Hyt)H > M for some t, then there exists
o] € (0.7)such tht ol € W22 b)) Il = el ) = M and
llall < llw()]] € M for t € [to,t,). I [ r(s)ds = Yds, r(t) = 0 ae. on
[0, T]\[to, t1). Thus fly(¢)}} = M fort > t; and lly(l = HaH fort < 1o, a contradiction.
Otherwise, by Lemma 3.2, ||ly(t)]] < M for t € [to, 1], a contradiction. Consequently,
y is a solution to the original problem (1.1). :

Lemma 3.2. Let R > 0, r € L'([0,T},[0,00)) and ¢: [0,00) — (0,00) be a Borel
function such that . :
/0 r(s)ds < l 3 dz
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Let M, be such that [ r(s)ds = [} w (=7 9= Then for any [ts,t,] C [0,T] and any 2
in Wh([to,11],[0, 00)) with 2'(2) < r(t)9(2(t)) for ae. t € [to, 1] and z(t) < R, we
have 2(t) < Mg for all t € [to,t,]. Moreover, if [ r(s)ds < fI r(s)ds, 2(t) < M, for
all t € [to, t1].

Proof. Since 2/(t) < r(t)y(2(t)) for a.e. t € [to, ;] and 2(t5) < R, for any t € [t,, t]
such that z(f) > R, there exists to € [to,?] with z(ip) = R. Dividing by P(z(1)),
integrating from #, to ¢, and using the change of variable formula we get

A1) 1 T Mo
[ dr < (s)ds S/o r(s)ds =/B mdm

Therefore z(t) < Mo, and 2(t) < Mo if [ r(s)ds < J r(s)ds. This completes the
proof.

We next derive an existence result for a real Banach space E.

Theorem 3.3. Assume f:[0,T] x E — E has the decomposition f = g+ h with g
and h Carathéodory functions such that

(3.5) there exist a nondecreasing Borel measurable function ¢ : [0,00) — (0,00), and
r € LY(]0,T), T)) such that ||f(t y N < r(t)e(lyll) for ace. t € [0,T] and
dlye E and Jo r(s)ds < f,a” (P(Z‘)

Let J(z) = [y W(I) dz and notice J : [||a]|,00) — [0, 00) is strictly increasing. Define
M = J (T r(s)ds) and assume (5.2) and (3.3) hold with H = E. Then (1.1) has

a solution.

Proof. Consider the initial value problem (3.4). First, notice that in that case, the
radial retraction p is Lipschitz and not necessarily nonexpansive. More precisely,

Ip(1) = p(y2)ll < 2lly1 = goll for all ys,y, € E.
This together with (3.5) implies
1h1(t,w) = (2, 0)l| < q()llp(u) — p(v)If < 29(8)|Ju — vl};

so (2.2) is satisfied with h™ = h; and ¢* = g. Notice as well that ¢* = ¢, satisfies
(2.1). Consequently, Theorem 2.1 implies that (3.4) has a solution y. For such a y,
WOl = l13(0) + £ v'(s)ds]l < flall + & l#(s)]| ds = p(z). Clearly, p(t) is absolutely

continuous and p'(¢) = ||y/(t)|| almost everywhere. Since y is nondecreasing,
() =1y (OIF < r(@e(lly®)l) < r(t)e(p(t)

almost everywhere. Lemma 3.2 applied with R = [la||, ¥(z) = ¢(z), and 2 =
implies that |ly(¢)|| < p(t) < M for all ¢ € [0, T] and consequently that y is a solution

to the original problem (1.1).
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3.2 Existence results without a growth condition

In this section, we establish existence results without a growth restriction. To our
knowledge, these results are new even in a finite dimensional context. Let E = H be
a real Hilbert space.

Theorem 3.4. Assume f : [0,T] x H — H has the decomposition f=g+hwithyg
and b Carathéodory functions such that

(3.6) there exist v € W([0,T], H) and M € WU([0,7],[0,00)) such that (y —
o(t), f(t,y) — V(1)) < M(t)M'(t) for a.e. t € (0.T) and all y € H with Hy —
o(t)| = M(8); f(t,0(t)) = v'(t) a.e. on {t € [0,T]: M(t)=0};[la - v(0)}} <
M(0);

(3.7) for each t € [0,T], the set {fs g(s,ufs))ds : u € C.([0,T), H) with |lu(s) —
v(s)|| < M(s) for all s € [0,T]} is relatively compact;

(3.8) there exists ¢ € L'([0,T}, R) with |h(t,uy) — h(t,u)fl < q(t)llwr — ul| a.c.
t €[0,T] and all u; € H with |lu; —o(t)]| < M(t), = 1,2.
Then (1.1) has a solution such that ly(t) —v(t)]] < M(t) for alli € [0,77.

Remark 3.5. Observe that in the scalar case, if a < 5 e WH1([0,T], R) are respec-
tively lower and upper solutions to (1.1) i.e. a(0) < a < 5(0), o(t) < f(t,aft)),
() > f(t,B(1)), then v = (o + 8)/2 and M = (3 — a)/2 satisfy (3.6).

Proof. Consider the initial value problem:

y(t) = folt,y(t)) tel0,T], yl(0)=a (3.9)
with fo(t,y) = f(t,p(t,y)) and
. Rz if fly — o)l < M(2)
plt,y) = ot ,
M(t) (=) + o(t), if [ly —v(0)ll > M)

is the radial retraction of H onto B(v(t), M1t)) = {y : ly —v(t}}l < M(t)}. 1t is easy
to check that p is continuous and nonexpansive ie.

Hﬁ(t»yl) - i)(t,yz)i! § vy — yz“ for all yi,y2 € H:

and condition (2.2) is satisfied with A*(¢,y) = h(t,pt,y)) and ¢* = ¢. Notice as well
that ¢*(t,y) = g(t.p{t.¥)) satisfies (2.1). Consequently, Theorem 2.1 implies that

(3.9) has a solution y. We now claim that lly(t) —v(t)]] < M(t) for all 7 € (0,77, and

consequently, y is a solution to the original problem (1.1).
Suppose there exists ; € (0, T with ly(t1) — v(t)fl > M(t1). Sinee {yl0) — w0}
M(0), there exists to € [0,11) such that fjy(te) — v(te)ll = M{fo) and [ly(t) — vt} >

M(t) for t € (to,11). Now, (3.6) implies that a.e. on ({o. 11},

MOM() > (p(ty(t)) — vt) falt () = (1))
M{t) (it . /
= iy — o), fult gl = ()
Tl = o] y(t) —vlt), falt y()) = v(t)

A
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Thus
77y <y(t) - ‘U(t),fg(t,y(t)) - vl(t» ae
M(t) > R e 1€ (to,th). (3.10)

On the other hand, |ly(f) — v(t)]| is differentiable a.e. on (t,¢;) and

Ioie) = ot = otto) = otto] + [* LEAZHIE WO o gy

Combining (3.10) and (3.11) gives

M(t) < lly(t) — v(t)] < M(to) + [ M(t)dt = M(1y),

tg

a contradiction.

Corollary 3.6. Assume f : [0,T] x H — H has the decomposition f = g + k with
¢ and h Carathéodory functions such that

(3.12) there exists a positive constant M > |la|| such that (y, f(t,y)) < 0 for a.e.
t€(0,7] and all y € H with |jy]| = M;

and satisfying (3.2) and (3.3). Then (1.1) has a solution such that ||y(¢)[| < M for
all t € [0,T]. We next give an existence result for a real Banach space E.

Theorem 3.7. Assume f : [0,T] x E — E has the decomposition f = g + h with ¢
and h Carathéodory functions such that

(3.13) there exist v € WH[0, T}, E) and M € W'([0,T),[0,00)) a nondecreasing
Junction such that |la — v(0)|] < M(0) and |[f(t,y) — v'(t)]] € M'(t) for a.e.
t€{0,T) and all y € H with ||y — v(t)]| = M(t);

and satisfying (3.7) and (3.8) with H = E. Then (1.1) has a solution such that
fly(t) —v(t))] < M(t) for allt € [0,T).

Proof. Consider the initial value problem (3.9). As before, Theorem 2.1 implies the
existence of a solution y to (3.9). ,

Suppose there exists t; € (0, 7] with ||y(#;) — v(t1)]] > M(t;). The initial conditions
imply the existence of £ € [0, 1) such that |[y(to) —v(o)|| = M(to) and |[y(t)—v(2)]| >
M(t) for t € (to,;). By condition (3.13), we get

M{ty) < ly(t) = v(t)ll = ly(te) — v{to) +/t:[y'(t) —v'(t)]dt ||
< M(t0)+/ttl M(t)dt = M(t,),

a contradiction. Therefore |jy(t) — v(t)|| < M(t) for all ¢ € [0,T] and hence y is a
solution to (1.1).
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