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1. I N T R O D U C T I O N  

Let k be a posit ive integer and  T • (0 ,  oo].  In this pape r  we establish existence results for  the 
impulsive differential  equa t ion  ( IDE) 

I 
y '  = f ( t , y )  for  a.e.  t • [0, T) ,  t ~ r i (y( t ) ) ,  

y ( t  +) = I i ( y ( t - ) )  if  t = ri(Y(t)) ,  i =  1 . . . . .  k ,  (1.1) 

y(O) = yo.  

Here  f :  [0, T ) ×  R n-- ,  R n is a L~oc[0, T ) - C a r a t h 6 o d o r y  funct ion,  Ii m a p s  R n into R n and 
%: R n -o R f o r  i . . . .  1 . . . . .  k .  

We let f~a = {u: [a ,  T )  --, R ~ : u is cont inuous  except for  a countab le  n u m b e r  o f  points  

ti • (a, T) ,  u(t~-) = limh~0+ u(ti + h) and u(tT)  exist and u(ti) = u(t/-)} and  ~a  1 = {u • ~a  : U is 
dif ferent iable  a lmost  everywhere  on (a, T)  and  u '  • L~oc[a, T)];  here 0 < a < T. By a solut ion 
to (1.1) we mean  a funct ion y • f~o ~ with y( t  +) = I i ( y ( t - ) )  if  t = ri ( y ( t ) ) ,  i = 1 . . . . .  k ,  y (O)  = Yo 

and y satisfying the different ial  equa t ion  y '  = f ( t , y )  for  a.e.  t • [0, T) ,  t ~ ri(Y(t)) ,  
i = 1  . . . . .  k. 

Mos t  o f  the l i terature to date ,  see [1-41 and  their  references,  examine impuls ive  differential  
equat ions  with fixed momen t s ,  i.e. when ri is a cons tant  for  each i and r i + l  > ri for  
i = 1 . . . . .  k. Only  very recently [5, 6] have a t t empts  been made  to establish existence results for  
the more  general  p rob l em (1.1), i.e. for  impuls ive different ial  equat ions  with var iable  t imes. In 
[6] L a k s h m i k a n t h a m  et al. establish some interesting results for  the ( IDE)  

I 
y '  = f ( t , y ) ,  t • [0, TI], t ;e r ( y ( t ) ) a n d  T 1 • (0, oo), 

y( t  +) = y ( t - )  + I ( y ( t - ) ) ,  t = r (y( t ) ) ,  (1.2) 

y(O) = Yo, 

using the idea of  upper  and lower solutions.  In  par t icular  they show that  if  
(i) c¢,/~ are lower and upper  solut ions o f  (1.2) such that  c~(t) _< f lU) on [0, Tx]; 

(ii) t i f f)  hits the surface  S: t = r(x) only  once at to, to • (0, T1] and fl(to) < f l( tg);  
(iii) f •  C([0, T1] x R, R), I :  R --* R,  z • C I (R ,  (0, oo)) and z is increasing for  o~(t) < x < 

/~(t), t • [0, T,]; 
(iv) rx(x + sI(x))I(x)  < 0, 0 _ s _< 1, t = r(x), u( t )  <_ x <_ t i f f) ,  t • [0, TI]; 
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(v) rx(x) f ( t ,  x) < 1, t = r(x), a( t )  <_ x <_ flU), t ~ [0, Td; and 
(vi) for any (t, x) such that t = z(x), a ( t )  <_ x <__ flU) implies c~(t) <_ x + <_ flU) for t e [0, TII 

are satisfied, then (1.2) has a solution y with o~(t) __ y( t )  <_ flU) for t e [0, T d. 
The ideas in [6] together with "cont inuat ion of  solut ion" ideas are used by Kaul et al. [5] to 

establish other existence type results to IDEs with variable times when there is one or more 
surfaces (barriers) t = ri(x). One of  the features of  [5, 6] is that the conditions put on I~ and ri 
guarantee that the solution to the IDE meets each barrier at most  once. 

In this paper two types of  existence results are established for (1.1). Our first result uses the 
notion of  upper and lower solutions. Conditions are put on f ,  Ii and r~ to guarantee that (1.1) 
has a solution y ~ ~1 with c~(t) _< y( t )  <_ fl(t) for t ~ [0, T). It is interesting to note that our 
solution y may hit each barrier t = r~ (x) more than once, also we have no monotonici ty assump- 
tion on the barrier. Our second result establishes existence of  a solution to (1.1) when our non- 
linearity f satisfies a growth condition of  Wintner type [7, 8]. 

It is worthwhile to mention that our results contain as a particular case the problem with 
fixed moments;  this is not the case in [5, 6]. 

2. P R E L I M I N A R I E S  

In this section we establish two existence results for the initial value problem 

Iy ' = f ( t , y )  a.e. on [a ,T) ,  
(2.1) 

y(a) = ao, 

which will be needed when we examine the IDE (1.1); here 0 _ a < T _< oo. We will establish 
the existence of  a solution to (2.1) in AC~oc([a, T) ,  R"). Recall AClo¢([a, T) ,  R ~) is the set of  
functions u ~ C([a, T ) ,  R ~) which are absolutely continuous on every compact  subset of  [a, T). 
Also recall if u ~ C([a, T) ,  R n) then for every m e I1, 2 . . . .  } = N ÷, we define the seminorm 
Pm(U) by 

pro(U) = sup [u(t)[ 
[a, t m] 

where tm 1" T. Notice C([a, T) ,  R ") is a locally convex linear topological space. The topology on 
C([a, T), Rn), induced by {P,,}m ~ N + , is the topology of uniform convergence on every compact  
interval of  [a, T). From the Arzela-Ascoli  theorem, a set f2 c_ C([a, T),  R ") is compact  i ff  ~ is 
uniformly bounded and equicontinuous on each compact  interval of  [a, T). 

We use the Schauder -Tychonoff  theorem [9] to establish existence results of  (2.1). For 
completeness we state the fixed point result. 

THEOREM 2.1. Let K be a closed convex subset of  a locally convex linear topological space E. 
Assume that f :  K ~ K is continuous and that F ( K )  is relatively compact  in E. Then f has at 
least one fixed point in K. 

We will assume throughout  this section that f :  [ a , T ) ×  R n ~  R n is an L~oc[a,T )- 
Carath6odory function; by this we mean 

(a) the map s ~ f ( s ,  y)  is measurable for all y ~ R ", 
(b) the map y ~. f ( s ,  y )  is continuous for almost all s e [a, T), 
(c) for each r > 0 there exists Pr e Llo~[a, T) such that [y[ _< r implies I f ( s ,y )[  <- Pr(S) for 

almost all s ~ [a, T). 
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THEOREM 2.2. Let f :  [a, T) × R n --* R n be a L~oc[a, T)-Carath6odory function. 
following conditions are satisfied 

I 
] f ( t ,y)]  <_ q(t)~u([yl) for almost all t e [a, T) with 

~u: [0, oo) --. (0, oo) a Borel measurable function 

1 1 1 
with ~ ~ Lloc[a, oo) and q ~ Lloc[a, T); 

¢/is nondecreasing 

and 

it* l ~ du q(s) ds < 
a [aol q/(U) 

Then (2.1) has a solution y e ACloc([a, T) ,  R"). 
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Assume the 

(2.2) 

(2.3) 

and 

where 

K = {y ~ C([a, T) ,  R") : [Y(t)[ <- b(t) ,  t e [a, T)} 

(2.5) 

since 

f z dx 
J ( z )  = I.or ~(x) 

Notice K is a dosed,  convex, bounded subset of  C([a, T) ,  R~). We next claim that N maps K 
into K. To see this let y ~ K. Notice for t < T that 

INy(t)l <_ laol + q(s)qt(ly(s)l)ds <_ laol + q(s)q/(b(s))ds 
a oa 

= ]aol + (s) ds = b(t)  

"b(t) ~ I t 
ioo~ ~ ( x )  = . q ( x )  dx.  

Thus, IVy ~ K and so N: K ~ K. 
It remains to show that N:  C([a, T) ,  R") ~ C([a, T) ,  R") is continuous and completely con- 

tinuous. To see continuity let y ,  ~ y in C([a, T) ,  R"), i.e. Pm(Y,) -~ Pro(Y) for each m. The 
Lebesgue dominated convergence theorem together with the fact that f :  [a, T) x ll" --, R" is a 

Let 

Proof .  A solution to (2.1) is a fixed point of  the operator  N: C([a, T), R ~) -~ C([a, T), R") 
defined by 

Ny( t )  = a o + f ( s ,  y(s)) ds. 
o 

for any t* < T. (2.4) 
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L~o~[a,T)-Carath6odory function implies Nyn--" Ny  uniformly on [a, tm] for each tm. 
Consequently, N" C([a, T) ,  R ") ~ C([a, T) ,  R n) is continuous. To show N is completely con- 
tinuous, let A c C([a, T),  R ") be bounded. It is easy to see that N(A)  is uniformly bounded and 
equicontinuous on [a, tin] for each tin. Hence, N: C([a, T),  R ") --, C([a, T),  R ") is completely 
continuous. 

The Schauder-Tychonoff  theorem implies that N has a fixed point in K, i.e. (2.1) has a 
solution y ~ ACloc([a, T) ,  Rn). • 

Remark.  We note that assumption (2.3) can be removed in theorem 2.2; see [10]. 

Theorem 2.2 immediately yields the following corollary which is useful when we know that 
there exists upper and lower solutions to (2.1). 

COROLLARY 2 .3 .  

following condition satisfied 

I there exists q e Lion[a, T) with If( t ,  Y)I <- q(t) 
for almost all t e [a, T) and all y e R n. 

Then (2.1) has a solution y e AClo~([a, T) ,  Rn). 

Let f :  [a, T ) ×  R " ~  R" be a L~o¢[a, T)-Carath6odory function with the 

(2.6) 

We now use corollary 2.3 to obtain an extra existence result for (2.1) when f :  [a, T) x R ~ R 
is a L~oc[a, T)-Carath6odory function. A function o~ e g2~ is called a lower solution of  (2.1) if 

l s '(t)  <_ f( t ,  ~(t)) 

c~(t +) <- o4t-) 

~(a) <_ ao. 

a.e. t e [a, T) 

for all t c [a, T), 

Similarly we define an upper solution of (2. l) by reversing the inequalities. 

THEOREM 2.4 .  

following conditions are satisfied 

I there exists oL, f l e  f~l, respectively, lower and upper solutions 

of  (2.1) with or(t) _< fl(t) for t e [a, T); 

and 

I there exists si ~ (a, T),  i = 1, 2 . . . . .  a < s I < s2 < ""  and sil" T 

with o4t +) = offt-), fl(t +) = f lU-)  for all t e [a, T) / l s  I , S 2 . . . .  }. 

Then (2.1) has a solution y ~ ACloc([a, T) ,  R") with o~(t) _ y(t)  <_ fl(t) on [a, T). 

Let f :  [a, T) x R ~ R be a L~oc[a, T)-Carath6odory function. Assume the 

(2.7) 

(2.8) 

Proof. Consider the modified problem 

I y '  = f*(t ,  y) 

y(a) = a o, 

a.e. on [a, T), 
(2.9) 
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where 

I 
" f ( t ,  fl(t)), y > fl(t),  

f * ( t , y )  = f ( t , y ) ,  a ( t )  <_ y <_ fl(t),  

k . f ( t ,  a( t )) ,  y < a( t ) .  

Notice  that  f *  is a L~oc[a, T ) - C a r a t h 6 o d o r y  funct ion since c~, fl are cont inuous  a.e. on [0, T).  
Coro l la ry  2.3 implies that  (2.9) has a solut ion y • ACloc([a, T) ,  R"). We  now claim that  
a( t )  <_ y ( t )  <_ flU) for  t • [a, T) .  

First consider t • [a, sl], where sl is as described in (2.8), We s h o w y ( t )  _< flU) for  t • [a, sl]. 
Assume  this is false. Then  since y(a) = ao <- fl(a) there exists x~ < x2 • [a, sl] such tha t  
y(xO <- fl(xO, y(x2) >/~(x2) and y( t )  >_ fl(t) for  t • (x l ,  x2). Consequent ly ,  

fl(xz) - fl(Xl) < y(x2) - Y(Xl) = f ( t ,  fl(t)) dt <_ fl(xz) - fl(xO, 
Xl 

a contradic t ion.  Thus,  y( t )  <_ B(t)  for  t • [a, sll and  a similar a rgumen t  yields y( t )  >_ e~(t) for  
t • [a, Sll. Thus ,  

a( t )  <_ y ( t )  <_ fl(t) for  t • [a, Sl]. (2.10) 

This together  with the fact tha t  ct, fl are,  respectively,  lower and  upper  solutions of  (2. l) implies 

o~(s?) <_ offs~) <_ Y(Sl) <- fl(s~) <-- fl(s~). 
Tha t  is 

O/(S~) ~--- Y(S1) ~___ fl(S~).  (2.11) 

Next consider  t • [s~, s2]. Essential ly the same reasoning (since (2.11) is true) establishes that  
a( t )  < y ( t )  <_ flU) for  t • [Sl, s2]. Cont inue  this process and  so the t heo rem is established. • 

3. IMPULSIVE DIFFERENTIAL EQUATIONS 

In this section var ious  existence results are established for  the impuls ive  differential  equa t ion  

I 
y '  = f ( t , y )  for  a.e. t • [0, T) ,  t ~ r i (y( t ) ) ,  

Y(t  +) = I i (y( t ) )  if  t = r i (y( t ) ) ,  i = l . . . . .  k, (3.1) 

y(O) = yo. 

We first present  a result for  scalar IDEs  based on the not ion  o f  upper  and lower solutions.  A 
funct ion o~ • ~ is called a lower solution of  (3.1) if 

I a ' ( t )  <_ f ( t ,  o~(t)) for  a.e.  t • [0, T) ,  

~(t  +) -< a ( t - )  for  all t • [0, T) ,  

~(0) _< Yo. 

Similarly,  we define an upper solution of  (3.1) by reversing the inequalities. 

THEOREM 3.1. Let f :  [0, T)  x R ~ R be a L~o¢[0, T ) - C a r a t h 6 o d o r y  funct ion.  Also let Ii: R ~ R 
and 2"i:R-'~ R with ri • Ca(R) for  each i = 1 . . . . .  k. Assume  the fol lowing condi t ions are 
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r~(yo) ~ 0 for  i = 1 . . . . .  k; (3.2) 

l there exists oL, fl • f21, respectively,  lower and  upper  solutions o f  (3.1) 

with ct(t) _ f l ( t )  for  t • [0, T) ;  also for  any  (t, x) and  i • 11, 2 . . . . .  k] (3.3) 

such that  t = zi(x) ,  a ( t )  <_ x <_ f l( t)  we have ot(t ÷) __. I i (x)  <- fl(t+); 

there exist e > 0, ao >-- 0, bo > 1 such tha t  for  all tl < t2 (t~, t2 • (0, T)) 

and for  all y • C[t~,  t21 such that  zj(Y(t2)) = t2 for  s o m e j  and 

y( t l )  • l,.J~= ~ I~(r(l(t~)),  T( ta ,  t2, rj ,  y )  = I[~ f ( t ,  y ( t ) ) r j ( y ( t ) )  d t  + r j ( y ( t l )  ) 

satisfies one o f  the fol lowing condi t ions 

(i) T ( t l ,  t2, r~,y) < t2, (3.4) 

(ii) T(/1, t2, z j , y )  > t2, 

(iii) T ( t l ,  t 2, zj ,  y)  >>_ g. + t I - ao(t 2 - tl) , 

(iv) T ( t l ,  t2, z j , y )  _< - e  + t 1 + bo(t 2 - tl); 

and 

Then  (3.1) 

either ri(x) ~ rj(x) for  all x ~ R and i ~ j with i , j  • {1 . . . . .  k] or  if 

ri(x) = rj(x) for  some x • R and i ;~ j then I i (x)  = I j (x) .  

has a solut ion y • f ~  with a ( t )  <_ y ( t )  <_ f l ( t )  for  t • [0, T).  

(3.5) 

R e m a r k .  In (3.4), "¢i -~ denotes  the inverse image.  

P r o o f .  Let Yl • C[0, T) be a solut ion (guaranteed by t heo rem 2.4) o f  the IVP 

Iy ' = f ( t ,  y)  a.e.  on  [0, T), 
(3.6) 

y(0) = Yo, 

with a ( t )  <__ Yl(t) _ fl(t) for  t • [0, T).  Def ine  

r i , l ( t )  = r i (Y l ( t ) )  - t for  t _ 0. 

N o w  (3.2) implies ri,l(O) ~ 0 for  i = 1 . . . . .  k. I f  ri.~(t) ~ 0 on [0, T) for  i = 1 . . . . .  k (i.e. 
t ~ r i (y l ( t ) )  on [0, T)  for  i = 1 . . . . .  k) then the result o f  the t heo rem follows, i.e. y~ is a 
solut ion of  (3.1). It  remains  to consider the case when ri.~(t) = 0 for  some t and some i. N o w  
since ri, 1(0) # 0 for  i = 1 . . . .  k and ri. ~ are cont inuous ,  there exists t~ > 0 such tha t  r~, 1 ( / 1 )  = 0 
for  some il • [1 . . . . .  k] and rj, l(t) # 0 for  all t • [0, tl) and j = 1 . . . . .  k. Assumpt ion  (3.3) 
implies 

fl(t~{) >_ I i l (y l ( t l )  ) >_ c~(t~{). (3.7) 

N o w  let Y2 • C[/1, T) be a solut ion (guaranteed  f r o m  (3.7) and theo rem 2.4) o f  the IVP  

Iy ' = f ( t , y )  a.e. on [t~, T),  
Y(tl) = I i l (y l ( tO) ,  (3.8) 

with c~(t) _< Y2(t)  <_ f l ( t )  for  t • [t x , T).  Observe  that  y2(tl) • Iil(zT, l( t l)) .  Define 

ri.2(t ) = z i (y2( t ) )  - t for  t _> t I .  
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I f  r~,z(t) ~ 0 o n  (t I , T)  fo r  al l  i = 1 . . . . .  k t h e n  

I Yl ,  o n  [0, q ] ,  

Y = Y2, o n  (t~, T) ,  

is a s o l u t i o n  o f  (3.1).  I t  r e m a i n s  to  c o n s i d e r  the  case  w h e n  the re  exis ts  t*  > tl w i th  r~,2(t*) = 0 
f o r  s o m e  i. N o w  s ince  y~ = f ( t ,  Y2) a .e .  o n  [ t l ,  T)  we have  

t* = [ri(Y2(t*)) - r i (Yz(tO)l  + r i (y2 ( t l ) )  

= Y2( t ) )z ; (y2( t ) )  d t  + zi(Y2(tl)  ) = T ( t  I , t* ,  r i ,  Y2). 

By  a s s u m p t i o n  (3.4) ,  i f  (i) o r  (ii) is s a t i s f i ed ,  we get  a c o n t r a d i c t i o n  ( a n d  we a re  f in i shed) .  I f  (iii) 
is s a t i s f i ed  t h e n  

t*  -> e + t I - ao(t 2 - t l )  a n d  so t* - t I >_ - - .  
1 + a  o 

I f  (iv) is s a t i s f i ed  t hen  t* - t I >-- e / (bo  - 1). C o n s e q u e n t l y ,  

I - , - = ~ * .  ( 3 . 9 )  t*  t 1_> m i n  1 + ao bo 1 

N o w  (3.9) t o g e t h e r  wi th  the  c o n t i n u i t y  o f  ri. 2 fo r  i = 1 . . . . .  k imp l i e s  t h a t  t he re  exis ts  
t 2 ~ t l  + ~* such  t h a t  r i ,2 ( t  ) ~ 0 fo r  al l  t e (t~, tz) a n d  i = 1 . . . . .  k w i th  ri2,2(t2) = 0 fo r  s o m e  
/2. A s s u m p t i o n  (3.3)  imp l i e s  

fS(t~) >_ Ii2(Y2(t2) ) >_ a ( t ~ ) .  

Le t  Ya e C[t2, T)  be  a s o l u t i o n  o f  the  I V P  

Iy ' = f ( t , y )  a .e .  on  [t 2, T) ,  
(3.10) 

y(t2)  = Ii2(Y2(t2)), 

wi th  a ( t )  <_ Y3(t) _< [~(t) f o r  t ~ [/2, T) .  D e f i n e  

ri,a(t ) = "ci(y3(t)) - t fo r  t _> t 2. 

I f  r i ,3(t  ) ~ 0 o n  ( tz ,  T)  fo r  a l l  i = 1 . . . . .  k t hen  

l 
Yl ,  on  [0, t d ,  

Y = Y2, on  ( q ,  t2] , 

Y3, on  (tz ,  T) ,  

is a s o l u t i o n  o f  (3.1).  I t  r e m a i n s  to  c o n s i d e r  the  case  w h e n  t h e r e  exis ts  i > t2 wi th  ri.3(7) = 0 f o r  
s o m e  i. T h e n ,  as a b o v e ,  7 = T(t2, t, z i ,  Y3). By a s s u m p t i o n  (3.4) ,  i f  (i) o r  (ii) is s a t i s f i ed ,  we get  
a c o n t r a d i c t i o n .  I f  (iii) o r  (iv) is s a t i s f i ed  t hen  7 - t2 -> e*. H e n c e  t h e r e  exis ts  t3 > t2 + e* such  
t h a t  ri,3(t) ~ 0 fo r  al l  t e (t2, t3) a n d  i = 1 . . . . .  k w i th  ri3,3(t3) = 0 fo r  s o m e  i3. 

C o n t i n u e  this  p r o c e s s  a n d  the  resu l t  o f  the  t h e o r e m  f o l l o w s .  O b s e r v e  t h a t  i f  T < oo the  
p r o c e s s  wil l  s t o p  a f t e r  a f in i te  n u m b e r  o f  s teps .  • 
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Remark .  In a s sumpt ion  (3.4) we m a y  replace " f o r  all y e C[ t l ,  t2]" by " f o r  all y ~ C[t~, tz] 
which satisfy o l ( t ) _  y(t)<_ [~(t), t ~ [t I , t2]".  Also,  we can replace e by  e(t 0 with e an 
appropr ia t e  funct ion.  

Examples.  (i) A p rob l em with fixed m o m e n t s  satisfies (3.4), indeed suppose  x~(x) = t / f o r  
each x ~ R with ~ < t 2 < . . .  < tk. We claim that  (3.4)(iii) is satisfied. 

To  see this, since t l  < T2 < . . .  < t~ notice there exists e > 0 with dist(ti ,  tj) >_ e for  all 
i, j e [ 1 . . . . .  k] and i ;~ j .  Notice also tha t  zj(x) = 0 so 

T( t l ,  /2, r j , y )  = rj(y(tO) = tj; 

here t l , t 2 e ( 0 ,  T ) , t ~ < t 2  and y e C [ t ~ , t 2 ]  with z f i y ( t 2 ) ) = t z  for  some j and  y(t l )  
U/g= l Ii (r~- l(tl)). Not ice  

This follows since 

_ _  m 

t j  = t 2 a n d  t I E It 1 . . . . .  tk]. 

( Q ,  if  t I # ~ ,  
T7 1(/1) 

R, if tl = ~ ,  

and so Y(tl) ~ [,.J/g= l l t ( z [ l ( t l ) )  if  and only if t~ ~ IT  . . . .  ~1- Thus  if t I < t 2 with t2 = ~ and 
t~ = t / f o r  some i then j > i (since tl < t2) and so 

T(t~, t2,  l j ,  y )  = ~j > t j _ l  + e >-- t i  + F, = tx + e. 

Consequent ly  (3.4)(iii) is satisfied. 
(ii) Suppose  for  each x e R we have ri(x) = r(x) and Ii(x) = I(x) for  all i = 1 . . . . .  k. In  

addi t ion  assume r : R ~ R is increasing and I(x) <_ x for  all x e R. Also s u p p o s e f ( t ,  x)z '(x) < 1 
for  all t e ( 0 ,  T) and  x e R  (need only for  all x with a ( t ) < _ x < - f l ( t ) ,  t e ( 0 ,  T)) and 
j e 11 . . . . .  k]. We  claim that  (3.4)(i) is satisfied. 

T o  see this notice 

T ( t l ,  /2, 2", y)  = y( t ) ) z ' (y ( t ) )  dt  + r(y( t l ) )  < t2 - tl + r(y(t l)) ;  

here t l ,  t2 e (0, T),  t 1 < t 2 and  y e C[tl ,  t2] with z(y(t2) ) = t 2 and  Y(tl) 6 / ( l - - l ( /1)) .  Now since 
r is increasing y(t l )  e I (z - l ( tO)  means  Y(tO = I ( r - l ( t 0 ) .  Also,  since I(x) <_ x we have 

r(Y(tl)) = r ( I ( r - l ( t l ) ) )  -< z ( r - l ( t l ) )  = t l .  

Thus  

T ( t l  , t2 ,  r ,  y )  < t2 - tt + r ( y ( t l ) )  -< t2 

and  so (3.4)(i) is satisfied. 

Remark .  Notice  we could replace " I ( x ) <  x and f ( t , x ) r ' ( x ) <  1" by  " / ( x ) <  x and  
f ( t ,  x)r ' (x)  _< 1"  in the above  example .  

We now establish a result when our  nonl inear i ty  f satisfies a g rowth  condi t ion o f  Wintner  
type. First we p rove  the result for  scalar equat ions  and then we state the analogue  for  systems 
o f  equat ions  (since the p r o o f  is essentially the same we will omi t  it). 
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THEOREM 3.2. Let f :  [0, T) × R --" R be a L~oc[0, T) -Cara th6odory  funct ion.  Also let 
Ii : R ~ R and zi: R ~ R with z i ~ CI(R) for  each i = 1 . . . . .  k. Suppose (3.2), (3.4) and (3.5) 
are satisfied. In addi t ion assume that  following condit ions hold:  

I~ :R  ~ R is bounded  on bounded  sets, i = 1 . . . . .  k; (3.11) 

I 
[ f ( t , y ) l  < q ( t ) ~ u ( l y l )  for  almost  all t ~ [0, T) with 

~u: [0, oo) - - ,  (0, oo) a Borel measurable  funct ion (3.12) 

with I / q / e  L]oc[0, oo) and q ~ L]oc [0, T); 

~u is nondecreasing;  (3.13) 

and 

f ~Odx 
- oo. (3 .14 )  

V/(x) 

Then (3.1) has a solution y e ~0 l . 

P r o o f .  Let Yl E C[0, T) be  a solution (guaranteed by theorem 2.2) o f  (3.6) with 

[yl(t)] < j - 1  q(x)  for  t e [0, T) 
\ , ) o  

where 

Define 
i z dx 

J ( z )  = 
lYol ~//(X) 

(3.15) 

R e m a r k .  Assumpt ion  (3.13) could be removed in theorem 3.2 if we use a result in [10]. 

We now state the analogue o f  theorem 3.2 for  systems o f  first order  IDEs.  

THEOREM 3.3. Let f :  [0, T) × R" --* R n be a L]o c [0, T) -Cara th6odory  funct ion.  Also let 
Ii : R" -~ R" and ri : R" --, R with ri e C I ( R  n) for  each i = 1 . . . . .  k. Suppose (3.2), (3.5) and 

r~,l(t) = r~(Yl(t)) - t for  t _ 0. 

I f  ri,~(t) ~ 0 on [0, T) for  all i = 1, . . . ,  k, we are finished. It remains to consider the case when 
there exists t I > 0 such that  ril,l(ll) ---- 0 for  some i~ with rj,~(t) ~ 0 for  all t ~ [0, t 0 and 
j = 1 . . . . .  k. Observe that  

IIi,(Yl(tl))] <- m a x  IIil(X)l where Qo = j - x  q(x)  . 
l-Qo,Qol \Jo  

Let Y2 e C[tl, T) be a solution (guaranteed by theorem 2.2) o f  (3.8). Define 

ri,z(t) = z i (yz ( t ) )  - t for  t _> t l .  

Essentially the same reasoning as in theorem 3.1 ( theorem 2.2 is used instead o f  theorem 2.4) 
guarantees the result. • 
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(3 .11) - (3 .14) ,  w i t h  R r e p l a c e d  by  R n, a re  sa t i s f ied .  In  a d d i t i o n  a s s u m e  

¢ the re  exis t  e > O, a 0 _> O, bo > 1 such  tha t  fo r  all  t I < tz(t~, t2 • (0, T ) )  

and  fo r  all  y • C [ t l ,  t2] such  tha t  z j (y ( t2 ) )  = t 2 fo r  

s o m e j  a n d  y ( q )  • (.J~= l l i ( r ; l ( q ) ) ,  

T ( t l ,  t2, r i , y )  = I [ ~ f ( t , y ( t ) ) .  VTj(y( t ) )  d t +  r j ( y ( t O )  

sat isf ies  o n e  o f  the  f o l l o w i n g  c o n d i t i o n s  

(i) T(ta , t2 , z j ,  y) < t2, 
(ii) T(t l  , t2, r j ,  y )  > t2, 

(iii) T ( q ,  t2, r j , y )  >_ e + tl - ao(t2 - tO, 
(iv) T ( q  , t2, z j ,  y )  <_ -e.  + tl + bo(t2 - q ) .  

T h e n  (3.1) has  a s o l u t i o n  y • ~ o  1 . 

(3.16) 

R e m a r k .  T h e  V in (3.16) d e n o t e s  t he  g r a d i e n t  a n d .  d e n o t e s  t he  u sua l  i nne r  p r o d u c t  in R n. 
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