


ON CONTINUATION METHODS FOR
CONTRACTIVE AND NONEXPANSIVE MAPPINGS

MARLENE FRIGON

ABSTRACT. In this paper, we present results concerning the homotopy invari-
ance of the property of having a fixed point for contractive, weakly contractive,
or nonexpansive, single-valued or multivalued mappings. The notion of measure
of noncompactness is not used.

0. INTRODUCTION

It is well known that either f has a fixed point, or Af has a fixed point on
the boundary of U for some A € (0,1), if f : U — E is a contractive mapping,
where U7 is a bounded domain containing the origin, and £ is Banach space.
Indeed, this is a consequence of continuation results for k-set contractions, see
for example [6], [14], [15], [18], [19]. More generally, we know that the property
of having a fixed point is invariant by homotopy for contractions. In the first
section of this paper, an elementary proof of this result is presented without
using the notion of measure of noncompactness. Moreover, it is shown that
there is a Lipschitzian curve of fixed points. This combines results of [8] and
[10]. In addition, the homotopy invariance of the property of having a fixed
point is also established for weakly contractive maps. However, this fact does
not hold for nonexpansive mappings, as it is shown in section 2.

The topological degree theory for condensing multivalued mappings with
nonempty compact, convex values is well developped, see for example [2], [12],
[17]. Howeover, it does not permit to obtain homotopy invariance of the prop-
erty of having a fixed point for contractive multivalued mappings when we
assume the values to be only closed subsets of a complete metric space. This
result due to Granas and myself [7] is presented in section 3. In section 4. a
Nonlinear Alternative is given for multivalued nonexpansive mappings in a uni-
formly convex Banach space. All our results do not use the notion of measure
of noncompactness.
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Let (\V.d) be a metric space. By B(x,r), we denote the open ball in .\
centered in X of radius r; and by B(C, 7). we denote Upe B(x, 1), where (" is
a subset of X'\ For (" and I two nonempty closed subsets of X', we define

D(C K) =inf{e >0 : CC B(K,e), K C B(C.e)} € [0,].

D is called the generalised Hausdorff distance.

Let C he a nonemply subset of X. A function [ : C — X is said confraciive
if there exists a constant o < | such that d{f(z), f(y)) € ad{x,y); and it is
sald nonerpansive if d(f(z), f(y)) < d(z,y).

Similarly, a multivalued mapping F : ¢ — X with (nonempty) closed values
is said contractive if there exists a constant o < 1 such that D(F(x), F{y)) <
ad{z,y); and it is said nonexrpansive if D{F(z), F(y)) < d(x,y).

We mention that contractive mappings are called strictly contractive by
some authors.

1. CONTRACTIVE AND WEAKLY CONTRACTIVE MAPPINGS

The results presented in this section extend and unify those of [8] and {10},
First of all, we want to give an elementary proof of the fact that the property
of having a fixed point is invariant by homotopy for contractions.

Let (X, d) be a complete metric space, and U/ a domain of X.

Definition 1.1. Let f and g : I7 — X Dbe two contractions. We say that they
are homotopic if there exists H : U/ x [0, 1] — X such that
(a) H(1)=J, H(-,0) = g;
(b) H{z,t) # x for every x € 9l/, and t € [0, 1}
(c) there exists a < I such that d{H(z,t), H(y,1)) < ad(x,y) for every r,
yeU,and t €[0,1];
(d) there exists a constant M > 0 such that for every z € U,andt, s €[0,1].
d(H(x,t), H(z,s)) < Mt — s|.

Theorem 1.2. Let f and g : U — X be two homotopic confractive mappings.
Then f has a fized point if and only if g has a fired poinl. Morcover, if f has
a fired poini, there exisls a Lipschitzian curve defined on [0, 1], A +— 2y such
that 5 = H(xy,A) where H is an homolopy between f and g.

Proof. Let us denote
Q=1{2e{0,1]: H(,)) has a fixed point},
where H is an homotopy between [ and g. If g has a fixed point, 0 € ¢. First

of all, we want to show that @ isopenin [0,1]. Let Ay € Q. and 2z the
fixed point of H(- Ag}. Fix » > 0 such that B{x,r} C /. Take & > 0 such



ON CONTINUATION METHODS FOR CONTRACTIVE MAPPINGS 21

that for (A — Al < &, M|]A = M| < (1 = a)r, (where M and a are given by
the homotopy). Then, the function H(-.A) maps the ball B{x, r) into iself.
Indeed, for every y € B(x,r),

d(x, H(y, A)) < d(H(x, Ao}, H(y, Mo)) + d(H (v, o). 1 (4, A))
<ad{z.y)+ MA — Xyl
<ar+(l—ajp=r

By the Banach contraction principle, H(-, ) admits a fixed point for each
A€ B(Ag,6) N0, 1].

Now, to show that @ is closed, take Ay, X2 € @, and 21, zy the fixed points
of H(:,Ay) and H(-, As) respectively. We get

dzy,20) <d(H(z1, M), H{zg, Ag)) + d(H(2y, A2), H(zu Ay))
S A[I/\l - /\2' + ()’d(élfl,;sz),

and hence MIA, - A|
Az, o) < 12T 224
(z1,22) < - o
It follows that @ = [0, 1] and the curve of fixed point A — x, is Lipschitz-
ran. O

Remark 1.3. If in the definition 1.1, we replace the condition {d} by
(d’) there exists a continuous function ¢ : [0,1] — B such that for every
rel/,and 1, s €[0,1], d(H(z,1), H(z,s)) < [¢(t) — ¢(s)];
the previous result holds except that the curve of fixed points is no longer
Lipschitzian but it is continuous.

In the particular case where X is a Banach space, we get as corollaries the
following results.

Corollary 1.4. Let E be a Banach space, I a domain of E containing the
origin, and let f : U — E be a coniraction such that (U7 is boundcd. Then,
there exist X* € (0,1] and a Lipschitzian curve of fized points of Af. A — )
defined on [0, A*] such that (A*,xy+) is on the boundary of [0, 1] > U7.

Corollary 1.5. Lel E be ¢ Banach space, U a domain of E containing the
origin, and let f - U7 — E be a contraction such that F(UY is bounded. Assume
that for every x € U, one of the following conditions is satisficd:
1) A < el E. Rothe
G) 7@ < fle - fll; {
(i) N7 < (2P + e - F@Y)*; M. Aliman
() Gl < maxfell, fle = floli}:
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(v) —2€l and f(x) = —f(—x).
Then f has a unique fived poind.

More generally, we can consider weakly contractive maps. Agam (X, d) is a
complete metric space and U is a domain of X.

Definition 1.6. A function f : U — X is said weakly contractive if there exists
¥ X X X — (0,00) compactly positive (i.e. inf{(x,y):a < d(zy)<b} =
6(a,b) > 0 for every 0 < a < &) such that

d(f(x), f(y)) < d(x,y) ~ P(x,y).

If ¥ is a compactly positive function, we define for 0 < a < b
v(a,b) = min{a,0(a,b) }.

The following lemma is due to Dugundji and Granas [3] and will be used
later. We give the proof for sake of completeness.

Lemma 1.7. Let2p € X, r > 0, and f : B(zq, r) — X weakly contractive. If
d{zo, f(z0)) < y(r/2,7), then f has a fized point.

Proof. Let &y = f(zq), since d(zq, f(x0)) < ¥(r/2,r) < /2, 2 € Bag, 7).
Define 25 = f(ay). Then

d(zy,21) < d(zy, ) — (21, 20),
and

d(xs,20) < d(xg, 21) + d(2y, 20)
< 2d(zy,20) = (21, 20) < .

Again, take r3 = f(z3). Then
d(z3, z2) < d(zy,20) ~ Pxy, 20) — (22, 21),
and

d(xz,x0) < d(2s, 21) + d(2y, 20)
(x2, 20) — P(x2,70) + d(xy, 20)
d(zz,20) — (22, 20) + ¥(r/2,7)

A
[

IAIA
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By repeating this argument, we get a sequence {z,, = f*(x¢)} in B(xg,r) such
that

(L1 d(y, engy) < d(xg,21) — Zw (2j-1,25)

Moreover, by the same argument, if for some s > 0

(1.2) d(xy,2n41) < ¥(s5/2,5), then z,, € B(x,,s)NB(ag,r) for all m > n.

The inequality (1.1) implies that the sequence {Z oy (xio1,25) } is con-
vergent. Let € > 0, and choose N € H such that

P(xn, 2nq1) < 0(y(c/2,¢),d(zp,71)) foralln>N.
This, and the fact that d(xy, 2ny1) < d(xo, ;) implies that

d(zn, zny1) < v(e/2,¢€).

From (1.2), we get that z, € B(zn,€) N B(zp,r) for every n > N. So,
d(zy,2,) <2 foralln, m>N.

Since ¢ is arbitrary, {2,} is a Cauchy sequence, and hence converges to x €
B(.z a,7). From the continuity of f, we get

z= lm z, = hm fleny) = f(=),

O
and this completes the proof. [J

Definition 1.8. Let f and ¢ : U — X be two weakly contractive maps. We
say that they are homotopic if there exists H : U x [0, 1] — X such that
(a) H(v 1) = f7 [{(:O) =4
(b) H(x,1) # x for every x € U, and 1 € [0, 1];
(c) there exists a compactly positive function 1 : X x X — (0, o) such that,
d(H(z,1), H(y,1)) < d(z,y) — ¥(z,y) for every , y € U, and { € {0, 1}
(d) there exists a continuous function ¢ : [0,1] — B such that for everv
zelU, and t, se0,1], d(H(x,t), H(x,s)) < |o(t) — é(s)].

Theorem 1.9. Let f and g : U — X be two homotopic weakly contractive
maps. Assume one of the following conditions 1s satisfied:
(a) f ts bounded;
(b) Ilzue extsts an homotopy H between f and g such that the positively
compact function ¢ associated to H satisfies inf{6(a,b) : b > a} >0 for
all a > 0.
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Then [ has a fized point f and only if g has a fired pomnd.
Proof. Let H be an homotopy between f and g. Define
Q@ ={Ae{0,1]: H{-. A) has a fixed point}.
To show that @ is open, take Ag € Q and = H(x, Ay). Let r > 0 be such that
B(xz,v) C U, and let & > 0 such that for |]A—Ap] < &, [¢p(N)—@lAg)] < A {r/2, 7).
Then
dix, H(x, X)) <d(x, H{x, o))+ d{H{x, Ag), H{x, A})
<H(A) = (o)l < y(r/2,7).

By Lemma 1.7, H(-,A) has a fixed poiut for every A such that [A — Ag] < 6.

To show that @ is closed, take {A,} in Q such that A\, — A. Let z, =
H(x,,A,). Fix e > 0. If assumption (a) is satisfied, there exists A > 0 such
that H(U x [0,1}) C B(0, ). So, d(ixy, ¥y) < 2M for all n, m € 11. Define
po=0(, 2A7). If assumption (b) is satisfied, define p = iuf{f(c.h) : b > =}

Let N € I1 be such that for all n, m > N, [6(A,] — @(Am)| < pr. Then
d{r,, x,) < e for every n, m > N. Indeed, otherwise,

d(z,, xm) < d([{(.’l’” ) /\Yl)v H{xn, A )) + d([j (,ana Am)1 Hxp, Ay ))
< lq/’(’\n) - d)(Am)t +d{ry,, 2y ) — (xn, )
<+ d(@‘n s xm) - 7,"'/’(1771 , $rv:) S (I(IH s Tyn )7

which is a contradiction. So @) is closed.
Therefore, if [ has a fixed point, ) = [0, 1], so g hLas a fixed point. O

2. NONEXPANSIVE MAPPINGS

It is natural to ask whether the results of the previous section hold for nen-
expansive mappings. The following result was obtained by Z. E. A. Guennoun.

Theorem 2.1. Let E be a uniformly conver Banach space, U a bounded. con-
vex domain of E containing the origin, and let f : U — I be a nonexpansive
map. Then, there cxist A* € (0, 1] and a curve of fired potnts of Af, A — 1,
defined on [0, X} and locally Lipschitzian on [0, A*]N[0,1), such that (X7 2x.)
is on the boundary of [0,1] x U.

Proof. By Corollary 1.4, for all ¢ € (0, 1), there exist s € (0,1] and a Lipschitz-
ian curve A — 1z, of fixed points of Af defined on [0,s] such that (s.r,) €
0] < U). I xg ¢ 8U then s = t and the curve can be extended bevond
1. Let A" = sup{{ : the curve is defined on [0,¢]}. If A" < 1 then we have the
conclusion. If A* = 1, let {A,} be an increasing sequence converging to 1, and
rn = A, f{ay ). The sequence {xy,} has a subsequence converging weakly to »,
and the sequence {z, — f(x,)} converges strongly to 0. The demi-closedness
of (I — f) implies that 2 = f(2) (see the following lemma). and the proof is
completed. O
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Lemma 2.2. Let E be a uniformly conver Banach space. (' a closed. bounded.
conver subset of IV, and [+ C — E a nonexpansive map. If {z,} converges
weakly tow i Cand if (I — [)2,) — y. then (I — f)(x) = y.

Theorem 2.1 is only a partial answer to the following question: does the
analogous result of Theorem 1.2 hold for nonexpansive mappings. The answer
to this question is no as it is shown in the following example.

Example 2.3. Take X =%, U = B(0,1), and H : U x [0,1] — X defined by
H{x t) = (ta,xy,20,...),

where @ € B\{0}. and @ = (2,)nen. It is clear that for every {, H(-.1) is
nonexpansive. Also,

HH (2 t) = H (2, s)]] < la] ft = 5],
for every w € U and every s and . On the other hand,
r=H(x) fandonly if ta=uz; =2,= -
if and only if ¢t =0 and » = 0.

Thus, H(-,t) has a fixed point if and only il { = 0.

The next example shows that Theorem 1.2 does not hold also for homotopy
H such that [|[H(x,t) — H(y,t)|| < ||z — yl].

Example 2.4. Take X' =1 7 = B(0,1), and H : U x [0,1] — X defined by
1 V23

y TEL Y, =y, =23 )7
V2B VA

where a € B\{0}, and 2 = (2, ),en. As in the previous example,

Hx,t) = (ta

1H(z.1) = H(z.s)l| < [a| |t = s,

for every x € U7 and every s and 1. Also, it is clear that for every { € [0.1]. and
r,yell,
1 (e t) = Hy Ol < Jlr = yl]-

Moreover,

ta ta

r= H({rt) ifandonlyif ta=az, 00 = — 753 = —=, -
(z.1) 1 only z BT
ifand only if t =0 and & = 0.

Thus, H(-.1) has a fixed point if and ouly if t = 0. Observe that. in this
example, H is not condensing.
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Definition 4.1. Let {2,,} be a bounded sequence in . The asymplolic radius
of {x,} m K is the number defined by

(I, {2, }) = inf limsupljz — 2|
e pewco

Definition 4.2. Let {x,} be a hounded sequence in E. The asymptotic cender
of {z,} in K is the (possibly empty) set defined by

AR Az, }) = {z € K :limsup llz — x| < #(K, {2.]) }.

17— 00

Definition 4.3. A bounded sequence {x,} is said to be regular relative to K
if P(K, {xn}) = r(J, {zn, }) for every subsequence {xn,} of {2s}.

Lemma 4.4. FEach bounded scquence has a subsequence regular relative to IV

Lemma 4.5. Let E be a uniformly conver Banach space, K a noncmpty,
bounded, closed. conver subsel of E, and {x,} a bounded sequence m E. Then
AN, {z,}) is a singleton.

Now, we can give the main theorem of this section.

Theorem 4.6. Let E be a uniformly convex Banach space, U a nonemply,
bounded, convex domain of E. Let F: U — E be a multivalued nonerpansive
mapping with compact valucs. Assume there emsts H - U — E with closed
values such thal
(a) H(-, 1) = F;
(b) H(-,0) has a fized pont; .
(c) for everyt € [0,1), there exists a < 1 such that for allz, y € U, and
all s € [0,], D(H(z,5),H(y.5)) < allz =yl
(d) there exists a continuous function ¢ : [0,1] — R such that for every
v €U and every 1, s €[0,1], D(H(x,t),H(x,s)) < |o(1) — ¢(s)].
Then one of the following statement holds:
(i} F has a fized point;
(i1) there cxistt € [0,1) and x € OU such that x € H{x t).

Proof. Assume (i1) does not hold. By Theorem 3.3, for every 1 € 0,1, H(-. )
has a fixed point in U/. Thus, we can take sequences {t,} and {z,} such that
r, € H(zy,t,), and t,, — 1. Since F has compact values, the sequence {a,, }
is bounded and we can assume that it is regular relative to U by Lemma 4.4.
Let {2} = AU, {x,}), and r = #(U,{zn}). Choose yp € F(x) such that

an - ynH < D([[(.’Bnt"),F(l'))
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wce F'(x) is compact, {y,} has a subsequence {y,, } converging to y € I(r).

terefore,

”Ink - y” < ”‘zfﬂk - ynk“ + ”ynk - yH
<@t ) = S+ ll2ny — 2ll + g, — ull.

So,

limsup ||z, — yl| <limsup ||z, — 2] = r.
k—o0 k—oo

By Lemuna 4.5, this implies that y = x. Thus, z € F(x). O

Corollary 4.7. (Nonlinear Alternative) Let E be a uniformly conver Banach

sp
a

bo

=~

10.

11.

12.

13.

ace, U a nonempty, bounded, conver domain of E. Let ' : T7 — £ be
multivalued nonexpansive mapping with compact values such that F(U') Is
unded. Then one of the following statements holds:

(1} I has a fixed point;
(1) there exist 2 € GU and A € (0,1) such that x € X Fr.

The author wishes to thank Professor Andrzej Granas for helpful suggestions.
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