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INTRODUCTION

IN THIS paper we use a variational method for solving some semilinear parabolic equations with
a discontinuous nonlinearity, possibly on either some convex or nonconvex constraints. The
approach is based on the fact that the solutions of the above-mentioned problems can be viewed
as ‘‘steepest descent curves’’, in a suitable sense to be specified, for some lower semicontinuous
functionals, possibly restricted to suitable constraints. This abstract framework, which is
presented in Section 1, seems interesting to us in that it provides a unifying tool for treating

various kinds of constrained problems, including cases in which the constraint is not convex
(see Section 4); moreover the existence theorem that we et holds under reasonably weak
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assumptions. All these ideas in great part originated from the paper [10], where a general
framework for variational evolution was proposed, and are also related to the theory of
maximal monotone operators (see [4]) and some of its extensions (see [5, 6,9, 11-15, 17, 19-24]
for some applications), the main difference being in the fact that, using compactness, we find
existence theorems without uniqueness.

The applications presented can be described, roughly speaking, as follows: given an open set
Q C RY and g: Q x R — R, possibly discontinuous, we search for U: [0, T[ = LX) which
solve

U(r) € Ha(Q) v¢in 7 and a.e. in I:} ®.0
W) = AUE) + g(U)); '
WU(t) € HI(Q), W) = ¢ a.e.in Qv¢in/anda.e. in I:
W) = AU(r) + g(U@)) a.e. in (x| UE)x) > px)}, P.2)

W) = [AWE) + g(UEN* a.e. in x| W) = ¢(x)),

(here the convex constraint K = {u = ¢} is involved);
¢
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U(r) € HUQ), U@) = ¢ a.e. in Q, j U@ dx = p*viin T

Q
and there exists A:/ — R such that a.e. in I: (P.3)
W) = AU@) + g(UE) + AQ)U(@E) a.e. in x| UE)x) > @)},

W) = [AU@) + g(UE) + AOUD]T  ace. in x| UWEHK) = p(x)]

(here the additional nonconvex constraint S, = {fq #> dx = p*} is considered).

In Sections 2, 3 and 4 the precise meanings of the above problems are given and some exis-
tence theorems are proved (see theorems 2.13, 3.7 and 4.7) by finding the ‘‘curves of maximal
relaxed slope’’ (see definition 1.3) associated with the functional

u(x)

Sw) = %j | Du(x)|* dx + j E g(x, s) ds
Q Q

0

with no constraints [for (P.1)], subjected to the condition ¥ € K [for (P.2)] or to the condition
ue KNS, [for (P.3)].

Problems (P.1) and (P.2) were already treated by Shi Shuzhong in [26], with techniques of
differential inclusion (see [2, 25]). We are mainly interested in solving precise equations (so we
have the assumption (g.2)); moreover the variational approach allows more general growth
conditions for the nonlinearity (see assumption (g.1)). The results presented in Section 4, which
were suggested by [7], are new as far as we know.

1. THE CURVES OF MAXIMAL RELAXED SLOPE AND
GENERALIZED EVOLUTION EQUATIONS

The concepts defined in this section are set in a Hilbert space structure; a lot of them could
be as well considered just in a metric space, as in [20].

Let H be a Hilbert space with inner product ¢+, ) and norm ||| and let f: H = R U {+x}
be a given function. We set D(f) = {u € H| f(u) < +}.

If u,vedD(f), we consider the ‘‘graph distance’’ between v and u as d*uv,u) =
lv — ull + |f(v) — f(u)| and denote by D(f)* the metric space D(f) endowed with the metric
d*. We also frequently use the following notations: if R > 0 we set:

Bu,R) ={ve H||lv - ul| =R} for u in H,
BXu, R) = B(u, R) N {v e D) | fv) = fw)) for u in D(S).
We recall the definition of slope (see [20]).

Definition 1.1. Let u € D(f). The ““slope of f at u’’, denoted by |Vf|(x), is defined as:.
1V/1(u) = —lim inf (M A o>.
vou ”U - UH
Definition 1.2. Let u € D(f). The “‘relaxed slope of fat 1’’, denoted by |Vf|(w), is defined as:
V7 (1) = suple) | ¢: D(f)* — R is continuous, ¢ < |Vf]}.
It is clear that [V/]:D(f)* - RU{+} is a lower semicontinuous function such that

VT < [vfl.
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Definition 1.3. Let I be an interval with nonempty interior and U: I — H be a curve. We say
that U is a ““curve of maximal relaxed slope almost everywhere for f”’, if there exists a
negligible subset E of I such that:

(a) U is continuous on I;

() foU() < +o VEeINE, foU() = feUminT) V¢ € I\E if I has a minimum;

© @) - W)l < §RIVICUE) dr v 1, 1, € I with £ < 13

(d) fo WD) — fo Uty < =2 (VW@ At V1, € INE with t) < ;.
If E = ¢, then we say that U is a curve of maximal relaxed slope for f.

Remark 1.4. 1t is straightforward to see, as in [20], that, if U is a curve of maximal relaxed
slope almost everywhere for f, then

(a) U is absolutely continuous on any compact subintervais of 7\{inf 7} (of 7 if [ has a
minimum and f ¢ U(min /) < +e) and

lw el = Ve  ae. in I

(b) there exists a nonincreasing function m:/ — R U {+e}, which is almost everywhere
equal to f - U, such that:

m'(t) = —(IVFI(W@))* a.e.inl.

Definition 1.5. Let W C H. We say that fis “‘coercive on W, iftheset{v e H|f(v) = C} N W
is compact for every C in R.

Let u € D(f). We say that fis “‘coercive at u”’, if there exists R > 0 such that f is coercive
on the set B*(u, R).

We say that fis locally coercive, if fis coercive at every u in D(f).

Definition 1.6. We say that fis V-continuous, if for every u in D(f), for every sequence (1),
converging to u such that sup, f(u,) < +o and sup,|Vf|(u,) < +o, one has:
,}im Su) = fu).

Definition 1.7. We say that fis dV-continuous, if for all  in ©(f) and all sequences (u;), con-
verging to u with sup, f(u,) < +o and lim [Vf[(u)llu, ~ ull = 0, one has:
k—

lim fue) = /().
The proof of the following two theorems are essentially contained in [20].

THEOREM 1.8. (Existence.) Let u, € D(f) and suppose that:

(a) fis coercive at u,;

(b) fis V-continuous.

Then there exist 7 > 0 and U: {0, T[ = H, a curve of maximal relaxed slope almost every-
where for f, such that W) = u,, fo W) < f(uy) V¢ and f- U is lower semicontinuous.

Proof. This statement is precisely the first part of {20, theorem 4.10}: for the proof simply
observe that V-continuity implies the assumption (b) of that theorem.
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THEOREM 1.9. Suppose that fis dV-continuous and let U: J = H be a curve of maximal relaxed
slope almost everywhere for f.
Then f - Ul is continuous and nonincreasing.

Proof. This is a “‘relaxed version’’ of [20, lemma (3.10)]. For the proof it suffices to repeat
all the arguments carried on in the proofs of [20, (3.9) (b) and (3.10)], just replacing the slope
with the relaxed slope and to remark that dV-continuity provides the relaxed version of the
condition of [20, (3.11)].

The following proposition individuates a class of functions to which the previous theorems

apply.

ProrosiTioN 1.10. Assume that f satisfies the following inequality:
Sw) = fw) — @, v, | f), | f@), [VAl@)llo ~ ul
Yu,ve D) with [VF() < +o

where ®: D(f)? x R® = R is a function which is bounded on bounded subsets.

Then fis V-continuous.

Furthermore, if ®(u, v, py, P2, p) = ©y(u, v, p;, p)(1 + p), with &, bounded on bounded
subsets, then f is dV-continuous.

So, if in addition f is coercive, we can apply the previous theorems to get existence and
regularity of a curve of maximal relaxed slope for f.

(1.1)

Proof. The fact that (1.1) implies V-continuity of fis trivial. For the second part just observe
that from (1.1) we can deduce:

f) = fw) = ®(u, v, | f@)], [f@DA + VI T@)v — ull

for another suitable @, bounded on bounded subsets, which implies dV-continuity.

ProposITION 1.11. Suppose that f = f, + G, where f,: H = R U [+00} is a convex lower semi-
continuous function and G: D(f,) — R satisfies the following inequalities:

1G] = K(w) + pulfow)] vue D) } (1.2)
IS@) - S@)| = L, v, | fo@), | fo@Dllv — ull  Vu,ve D) = Do) .

where K:D(f) = R, L: D(f)* x R*)* = R are continuous functions and u € [0, 1[. For
instance G could be a locally Lipschitzian function.
Then f is dV-continuous.

Proof. Fix u, in D(f); by (1.2) and the lower semicontinuity of f;, it is easy to prove that
1
u) <= ——f(v) + C,
h) =1, vV u € B(uy, R)
[Vfol(w) = |VfI(w) + L(u, u, | fo@), | fo)))

for suitable R, C > 0. Since f, is convex, it verifies (1.1) with ®(u, v, py, p,, p) = p; it follows,
from the second inequality in (1.2) and the two previous ones, that f satisfies (1.1) in B(uy, R)
with @, v, py, P2, p) = p + 2L(u, v, p;/(1 — ) + C, p/(1 + @) + C).
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Now we are going to show that, under suitable assumptions, a curve of maximal relaxed slope
for f solves an equation of the type:

U = —grad f- U.
To this aim the following lemma is a crucial point.
LeMMA 1.12. Let ‘U: J — H be a curve of maximal relaxed slope almost everywhere for fand set
I' ={t e I|TVFI(U(1)) < +}. Let A:I' = H be an operator which satisfies the following
properties:
@ 4O < IVA(UW@)) a.e. in I;

(b) D, (f~W)(t) = CA(), W (£)) ae.in ]
(D, denotes the right-lower derivative). Then for almost every ¢ in I we have:

{‘u'(t) = —AQ),
m'(t) = -[A@®I*

where m: I — R U {+o} is a nondecreasing function equivalent to £+ ‘U as in (1.4).

Proof. We recall that meas(/\I') = 0. From (a) and (b) of remark (1.4) we get:
fwol = VW) a.e. in I,
D*m(t) = ~(JVFT(U@)))? a.e.in I.
Then, for almost every ¢ in I', we have:
~(VTWE))? = D*m(t) = D, (f» W) = KA(®), W (1))
= ~[AO[ U] = ~(vrlCwen*

It follows:
WD), A = —laOIHuOl = AV TUE*.
Then we have W ()|> = JVFI(AU(@)))? = |A@)|)?> = —m'(¢) and hence
U'(t) = —A(@).

The remainder of the section is devoted to finding ‘‘good candidates’’ for the operator 4. In
several situations (e.g. in the ¢-convex context: see [14]) the concept of subgradient is well fitted
to this aim. We recall the definition (see [10]).

Definition 1.13. If u € D(f), we call “‘subdifferential of f at &’ the set:
lim ing QS0 — (v W) o}.

v u “U - u“

3 fu) = {a e H

As well known 97 f(u) is a closed and convex subset of H (possibly empty). If 37 f(u) = ¢, then
we can define the ‘‘subgradient of fat u’’ as the element grad™f(u) in 8™ f(u«) which has minimal
norm.

It is quite simple to check that A(U(¢)) = grad™f o U satisfies (b) of lemma 1.12; in general
(and in the cases that we want to treat) it does not satisfy (a); for this reason we are led to
introduce a larger set than 3™ f(u).
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Definition 1.14. We define the multivalued map Q(f): D(f) — 2¥ by:
there exist a sequence (), in D(S), such that

lim u, = u, lim f(uy) = f(w)
ae QW e {77 e
and a sequence (o), in H such that

o € 37 f(uy) Vv &, oy — o weakly in AH.

We have the following result.

ProposITION 1.15. Let f be locally coercive. Then for all # in D(f) with [Vf](#) < +, one has:
(a) there exists o in @(f)(u) such that |l = [VfI(u);
) vFlw) = lim_}inf lgrad=f(w)ll.

3 f(v) =

Proof. Let (uy), be a sequence such that u, — u, f(u,) = f(1) and
V() = TV/T(w).

Fix k integer, then arguing as in the proof of {20, lemma 5.5, part (c)], we can find «} such that

Sup) = fluy)

1
lug — uell = %’

1
IS # @, llgrad flup)l = (1 + E) 1V [ ()

It follows that w; — u, f(u;) — f(u) and grad f(u;) > o € H weakly (passing to a sub-
sequence). Then o € @(f)(u) and by the weak lower semicontinuity of the norm, we have:

lall < lim inf ligrad=fup)l < TVfIw).

But, since |[grad”f(u;)| = |Vf|(u}), we also get (b).
To state the main theorem we need another definition.

Definition 1.16. Let @: D(f) — 2" be a multivalued map. We say that @ is a ‘‘subdifferential
along curves’’ for fif:

for all absolute continuous curves U: I — X such that

sup fe U(r) < +oo, aU@)) # J a.e.in 1

tel

one has for almost all #in 7
D, (feUNt) = {a, UW(E)) Vo in G(U(2)).

In the next theorem we essentially require that @(f) is a subdifferential along curves for f;
however, since the explicit determination of @(f) may be nontrivial, the use of a larger (and
easier to compute) @ may be useful.
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THEOREM 1.17. Suppose that f is locally coercive and let @: D(f) — 27 be a multivalued map
such that:

{@(f)(u) CQu) VueD();

@ is a subdifferential along curves for f.

Then, if U: 7 — H is a curve of maximal relaxed slope almost everywhere for f, one has for
almost every ¢ in I:

(@) a(u@) = J;

(b) @(U(r)) has a unique minimal section (namely a unique element of minimal norm), which
we denote by A(WU(z)); moreover Q(U(r)) belongs to A(S}U(?)) and is therefore the unique
minimal section of Q(H(WU(?));

(c) the equations

{‘u'(t) = —A(UQ)),

m'(t) = —|A(u@E))?
hold ( is as in lemma 1.12).

Proof. Since [Vf[(U(t)) < + a.e. in I, we have (a). By proposition 1.15 we can define
A(U(2)) almost everywhere in I as an element with norm less or equal to [Vf](U(¢)) (there exists
at least one of such elements). Since @ is a subdifferential along curves, then A4 - ‘U satisfies the
assumptions of lemma 1.12, hence (¢) holds. Moreover, this states that, for a.e. ¢, A(WU(¢)) is
uniquely determined; to see that A(WU(¢)) € QA(S)(U(r)) it suffices to replace @ with Q(f) in the
previous arguments.

Now we want to study functionals restricted to some constraints. For this we consider a
smooth surface M defined as

M ={ve Wy = 0,dy() £ 0},

where W C His an open set and y: W — Ris a C' function. For u € M we denote by N(u) the
normal space to M at u (which has dimension one). Furthermore we consider the function
Ijy: H— R U {4} defined by

L 0 ifueM,
u —3
M +oo  if ue H\M.

It should be as well possible to treat a wider class of constraints, but this is not necessary to our
present aims.
The main result in constrained problems is the following lemma.

LeEmMA 1.18. Let f: H — R U {+} be locally coercive and M, y as above.
Let uy € D(f), Ry > 0 and suppose that there exist two constants C;, Cy, = 0 and a map
w: B¥uy, Ry) = D(f) N M such that:

f) = fly @) — Crllww) - v,

V B* ’R . M.f
() — vl = C, dist(v, M) v e B*(u, o)} ( )
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Then there exist R < R, and constant K (depending on u,, Cy, Cy) such that, for all u in
B*uy, R)y N M, for all @ € 37(f + I)(w):

(" there exist a sequence (#;), in D(f) such that:

lim u, = u, ,}im Suy) = f(w),

k-

a sequence (o), in A and v e N(u) such that:

o € 07 fuy) Yk, Iim o = o + v;

koo

moreover we have the inequality:

il = K(1 + |y v &.

Proof. Let R < Ry, u e B¥u,, R) and take p > 0 such that B(u, p) C B(u,, R) and f is
bounded below in B*(u, p) (f is coercive at u). Let o € 37 (f + I,)(u), it is easy to see that,
possibly reducing p, there exists a function w:[0,2p] — [0, 2p]) of class C'! such that
w(0) = @'(0) = 0, w is 1-Lipschitz continuous and the function / defined by

h() = f(v) = e, v — uy + w(lv ~ ul)

restricted on M N B(u, p) has a unique strict minimum at v = u.
Let A = 0, since fis locally coercive, then there exists u, , a minimizer in B(u, p) for the func-

tion v = h(v) + Ay*(v). Then:

h(y) + Ay*w) < h(v) Vv e MnN B, p). 1.3)
It can be easily deduced, by coerciveness, that there exists #' = lim #,, and going to the limit
in (1.3), we get p(u’) = 0 & u’ € M. From (1.3) again we getktah:t° u#' = u (because u is the
unique strict minimum in M N B(u, p)) and )\lﬂirgn S = f(u).

Then, for A large, u, € int(B(u, p)), which implies:

of = o~ 1.grad ) + 'l ~ ul) 2= € 07/,
A

Now we want to estimate |4 grad y*(u,)||: we have from (1.3) and (M.f)
AV = fly(wy)) — fn) — Lo, w() — ) + w(y(w,)) — w(u)
< (G + llall + DC, dist(uy, M).
Since y is C' and dy(u,) # 0, we get that, if R is taken small enough, then there exist ¢ > 0,

C’ = 0 such that

. ‘L C' oy
Y() = edist(v, M),  |lgrad y)|| = C' = |grad p(v)|| < e distw. 20)

for all v in B(u,, R). It follows:

20
Algrad y*(u)l| = 24|y(uy)| llgrad yu)ll < GG+ lall + 1).
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Then, we conclude that, for a sequence (1), going to +oo:
A grad Y2(u, ) = v € N(u)
and the remaining part is trivial, since a{ = « + v.

CororLARY 1.19. If f, M and u, are as in the assumptions of lemma 1.18, then there exists
R > 0 such that

Q(f + L) C R Nu) + N(uw) VY ue B*u,, R).

Proof. Use the definition of Q(f + I,,)(u) and apply a standard diagonalization technique to
the result of lemma 1.18.

THEOREM 1.20. Let M be a Cl-surface (namely a manifold of codimension 1), fo: H - R U
{+0o0} be a convex lower semicontinuous function and G: D(f,) — R a function satisfying (1.2).
Set f = f, + G and suppose that f is locally coercive,

Let uy € D(S) N M be a point such that

D(S) and M are not tangent at i,

in the sense that the tangent plane to M at u, is not tangent to D(f) (which is a convex set).
Then:

(a) there exists R > 0 such that, for all « in B*(u,, R)
Q(f + L)) C QW) + Nu);

(b) if @ is a multivalued map satisfying the assumptions of theorem 1.17 with respect to f,
then the multivalued map @ + N satisfies the same assumptions with respect to f + Iy in
B*(u,, R), for a suitable R > 0.

Proof. The proof of (b) is an immediate consequence of (a): just observe that sub-
differentiability along curves behaves well with respect to the restriction to a constraint, since,
if U lies in M, then U’ is tangent to M.

Let us prove (a). Take u, € D(f), arguing as in proposition 1.11 we can find R, L > 0 such
that G is L-Lipschitzian in B*(u,, R). We define v: B¥u,, R) = D(f) N M satisfying (M.f) of
lemma 1.18. Since M and D(f) are not tangent at u, (hence at any u of B(u,, R), if R is small),
then we can find 4* and u~ in D(f) such that, possibly reducing R

Yty >0, yu’)<O,
dyu)(u* — u) = ¢, dy(u)(u™ — u) < —¢ VY u € B¥u,, R)

for a suitable ¢ > 0 (y is as in lemma 1.12).
If v € BXu,, R), we define A(v) by

y(v + A ut - v) =0 if y(v) =0,
yo + AQ)u” —-v) =0 if y(v) = 0.
It is not difficult to see, by computations, that A is well defined, and

|A(v)| = Cdist(v, M) Vuve B*uy, R)
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{v + AWt —v)  if p) =<0,
v+ AN uT —v) if y(v) = 0,

it follows that the second condition in (M.f) is satisfied with C, = C. For the second one
observe that, if for instance p(v) < 0, we have, for a suitable C; > 0:

So) = fo(w(v) = A(W)(fo(v) — fou™)) = C, dist(v, M);

the first inequality holds by the convexity of f;, the second one is true, taking R small, since f,

comicantinnian
IS lO‘v‘v’er SEMICONInUcUSs.

Since G is L-Lipschitzian in B*(u,, R), then the first inequality in (M.f) follows with
Cf = Cl + L.
Now (a) follows immediately from lemma 1.18.

2. THE UNCONSTRAINED CASE

In this section we study a semilinear parabolic equation with a discontinuous nonlinearity.
The existence theorem (see theorem 2.13) that we prove provides a generalization to the one of
[26] in the superlinear case. The analysis carried out in this section will be also used in the con-
strained cases.

Let N = 2, Q be a bounded open subset of RY and g: Q x R — R a measurable function. We
introduce the functions g, : Q X R — R defined by:

2(x, s) = inf{p(s) | ¢: R = R is continuous, ¢(d) = g(x, ¢) for a.e. ¢ in R},
glx, 8) = supie(s) | : R = R is continuous, ¢(o) < g(x, o) for a.e. o in R}.

We shall denote by 2* the number 2N)/N — 2, if N = 3 and 4+ if N = 2,

In the following we denote by il ¢ the standard norm in the space L(2) and by B, (u, R) the
ball {v||lv — ull, < R}. We also consider in the Hilbert space Z*(2) the standard inner product
(u, vy = fq uvdx

We introduce the following assumptions on g.

2% 4
there exist a € I*(Q), be R, p € [1,7[ N [1,1 +N[ such that

(g.D
le(x, s)] < a(x) + bls|? vxeQ,vseR;
for every measurable function u: Q — R, the functions:
x = glx, u(x)),  x~ gx, u(x) (g.2)
are measurable;
there exists £ C R such that meas(&) = 0 and for all x in Q the function:
&(x, s) (g:3)

is continuous on R\ E.

If (g.1) holds, we can define G: Q X R — R, by G(x, s) = {; g(x, ¢) do.
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Really assumption (g.1) could be weakened to allow the ‘“natural’’ growth condition p < 2%,
using the techniques of [24]; we do not do this for sake of simplicity.
The proofs of the following two remarks are quite standard, so we have omitted them.

Remark 2.1. Under the assumption (g.1), G is a Caratheodory function and there exist
a, € L'(Q), b, € R such that:
[G(x,s)| < a,(x) + bylslP™' vxeQ,vseR, Q.1
|G(x, 5,) — G(x, s)| = (@a(x) + b(Js,)” + |s,1P)|sy — 54l VxeQ,vs,,s eR. (2.2
Remark 2.2. The following facts hold:
(a) if g does not depend on x, then (g.2) is automatically fulfilled;

(b) the function s — g(x, s) (s — g(x, s)) is upper (lower) semicontinuous, ¥ x &€ €;
(c) for every x in © we have:

glx,s) = g(x, s) vseR;

if s — g(x, s) is continuous at s,, then g(x, so) = g(x, o) = &(x, So);
(d) under the assumption (g.1), we have:

g(x, s) < D_G(x, s), a(x,s) = D*G(x, s) vseR;
lgCx, ), lglx, )| = a(x) + bl|s|® vxeQ, vseR;

(e) if (g.1) and (g.2) hold, then for all u € H{(Q)z(:, u), gi-,we IX().
Definition 2.3. If (g.1) holds, we define f,: I2(Q) = R U (+}, by

1 S |Dul? dx + 8 Gx,wydx if u e H(Q),
Q Q

Siw) =

+00 otherwise.

ProrositioN 2.4. Under the assumption (g.1), the following facts hold:

(a) f, satisfies the assumptions of proposition 1.11, with fy (1) = 1 { |Dul* dx and G(u) =
fg G(x, u) dx; then, by proposition 1.11 f; is dV-continuous;

(b) for every C;, C, in R, there exists M > 0 such that:

full, < Cy, fi(w) = C, = ||Dull, = M;
(¢) if (up)x is a sequence in HI(Q), u € L*(Q), and
u, = uin LX(Q), sup f; (uy) < +oo,
k
then u € H{(Q), u, = u weakly in H}(Q) and u, — u in LYQ) for all g < 2%;

(d) f, is lower semicontinuous;
(e) for every u, in Ha(Q), C in R, f, is coercive on B, (u,, R).
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Proof. We prove (a). By (2.1) we get:
Sw) = ~|la|, - bl”“”g:{ Vue Hj(Q).

By interpolation, since p < 1 + 4/N, there exist ge lp + 1,2*[, 0 < 2 and C, C, > 0 such
that, for all « in Hg(Q):
lall2it < fullg*~Nuly < Clullg*' ~*IDull} < Cillully?*'=?7¢=% + L Dul3

(C is related to the imbedding of H}(Q) in L**(Q)), which implies the first inequality in (1.2).
Notice that we have proved:

Si) = F|Dul) = Cillull§ 17770 —lall, ¥ u e Ho(€). 2.3)

To prove the second inequality in (1.2) we use (2.2), estimating [ul%, [v[5 in terms of

S1@), f,(v), as above.

The proof of (b) is a direct consequence of (2.3).

To prove (c), (d) and (e), just use (b) and the compact imbedding of Hy(Q) in LYQ),
for g < 2*.

ProprosiTiON 2.5. Under the assumptions (g.1) and (g.2), we have:

—VAlWlv - ull, = j DuD(v — u) dx + j gx, w)(v — W't dx
Q Q

(a)
- i gl w)(v — wy~ dx  Vu,ve Hy(Q);
JQ
(b) u € HY(Q), |Vfil() < +0 = Aue LX(Q) and  [Aull, < [Vf|G) + llall, + bllulls,;
(¢) if u e HY(Q), a € 3"f, (u), then:

j alv — w)ydx < j DuD(v — u)dx + j B0, v — W)t dx — j g, w)(v — u)” dx
Q Q Q

Q

Yu,ve Hy(Q).
Proof. Let u,ve Hy(Q) = D(fy) and (f), be a sequence such that £, — 0; then
u + t,(v — u) € H}(Q) and we have

S+ g @—uw) - fiw)

I

%Al - ul; < lim inf

Gix,u + (v — u) — Glx, u)dX

=< j DuD(v — u) dx + lim sup j
Q o Iy

k-
By (2.2), we get, for k large:
G(,u + (v —w) - G(, v

- <a+ b((2° + DulP + 2%|v — ulP|v — u| € LYQ).
k
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Applying Fatou’s lemma and remark 2.2, we obtain the conclusion, since, in an a.e. sense:

. G, u+ L (v—u) - G(,u
lim sup
ko tk

< DYG(-,w)v — w)* — D_G(-,u)v — u)~

<g(,ww - w" - g, u)v - u).
We prove (b). Let w e C;(Q); applying (a) with v = u + w, we get:

—S DqudeWfll(u)llWHerS 1206, wlw” dx + j 206, 1)) dx
Q 2

< A l@wl, + Eﬂm + bluP)iw] dx

= (VA + llal; + blulE)liwll,,
which implies (b).
To prove (c) proceed as in the proof of (a), noting that, if « € 37f; (1), then

g a(v — u) dx < lim inf Siu + 4@ — w) ‘fl(u)‘
Q

k- tk

Remark 2.6. Let u € HX(Q), Au € L*(Q). Then |Vf,|(u) < +oo.

Proof. It can be deduced by (a) of proposition 2.4 and by the inequality:
L) = fi@w) = ~(Aully + llall, + b(uls, + TosDllv — ull,.

Definition 2.7. Assume (g.1) and (g.2). We define the multivalued map @, : H}(Q) — 22 by:

a(v~u)dxsg DuD(v — w)dx + } g(x, u)(v — u)" dx
ae @ u)e Ve e @

—S g, (v — w)y"dx Ve Hy(Q).
Q

ProrosiTion 2.8. Under the assumptions (g.1) and (g.2), we have:

(@) @,(u) is closed and convex for every u in H}(Q);

(b) Q(f))(w) C @, (u) for every u in Hy(Q);

(c) there exists a continuous function ¥,: (R*)* - R™, increasing in all its arguments, such
that:

{fl(v) = /i) = i lullz, (ol, 1A @] 1A@DA + el — ull, 2.4

Yu,ve Hy(Q) Vac @ ()

(d) if @;(u) # @, then |Vf;|(u) < + (=Au € [*(Q)), moreover for every « in @, (u) there
exists £ in I3(Q) such that:

a = —Au + f, glx, u(x)) < f(x) < g(x, u(x)) a.e. in Q:
if A, (1) denotes the minimal section of @, (1), then:
Ay@) = (-Au + g, ) VO + (~Au + g(-,u) AO.
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Proof. Part (a) is obvious. To prove (b) first observe that, by (¢) of proposition 2.5, it follows
0 fi(w) C @, (u) v u e H(Q).

Now let (#)x, 4 be in Hy(Q), (), o be in I*(Q), such that u, — u in IX(Q), f,(ux) = f (W),
o € @;(u,) Yk and o, — o weakly in I*(Q). By (c) of proposition 2.4 we obtain that
Du, — Du weakly in I*(Q) and u;, — u in L**(Q) 2p < 2*); we can also suppose that u, — u
almost everywhere in Q. From the lower semicontinuity of ||-]l, with respect to weak
convergence, we get:

limsup — [|Du,l3 = | Dulj}.

ko0

If v e Hj(Q), then

L o (v — u)dx < j Du, D(v — up)dx + j gx, u ) ~— uy)* dx — E g(x, (v — uy)” dx.
Q Q

Q
Passing to the limit, applying Fatou’s lemma and the semicontinuity of g, g, we obtain
a € @, (1). So @, turns out to be closed with respect to this sort of ‘‘weak-strong convergence’’:

in particular, since it contains 07 f;, then it contains Q(f;).
We prove (c). Let u, v € Hy(Q), o« € @, (u), then

G(x, v)dx — j G(x, u)ydx
Q

J) - f(w) = j DuD(v — u) dx + j
2

Q

v

j a(v—u)dx+j G(x,v)dx—j G(x, uydx
Q Q Q

— j B, w)v — w)* dx + j glx, u)(v — u)” dx
Q Q

=K+ llal)@ + lluly + ol + LAl + LA - ul,

v

where K, y are suitable constants, which can be obtained by (2.3).
We prove (d). It is easy to deduce from (c) and from (a) of proposition 2.5 that @, (v) # & =
[Vfil(w) < +0 = Au e I¥Q). Then, if « € @, (1)

j awdxs—g Auwdx+§ g(x, wyw dx v we HJ{Q) with w = 0,
Q Q Q

g awdx?_—i Auwdx + g glx, wyw dx v w e Hj(Q) with w = 0,
Je Q o
which is the weak formulation of (d).

ProprosITION 2.9. Assume that (g.1), (g.2) and (g.3) hold. Then @, is a subdifferential along
curves (see definition 1.16).

For the proof of proposition 2.9 we need some lemmas.
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LEmMMa 2.10. Let I be an interval, U e L', L'(Q)) be absolutely continuous and such that

U’ e LI, LN(Q)). Let N C R be such that meas(N) = 0. Then for almost every ¢ in I one has:
meas({x € Q| W({F)(x) € N, W () x) =z 0}) = 0.

The proof is contained in the Appendix.

Remark 2.11. The assumption (g.3) implies that for every x in Q and s in R\E G'(x, s) (the
derivative with respect to s) exists and G'(x, s) = g(x, 5} = &(x, s).

LEMMA 2.12. Assume that (g.1) and (g.2) hold. Let U € I*(J, LX) be an absolutely con-
tinuous curve such that sup{f, - U(#)|feJ} < +o. Then the function ¢~ G(WU(?)) =
fo G(x, U(r)) dx is absolutely continuous and for a.e. ¢ in [I:

(GoUy@) = S g(x, U@))U'(r) dx
0 (2.5)
U@y =0 a.e.in fx e Q| U)X € £}
fwe recall that E was defined in (g.3)].

Proof. By (a) of proposition 2.4 G is locally Lipschitzian in the sublevels of f;, so it is clear
that G« U is absolutely continuous. Let ¢ € I be such that W (¢) and (G » W)Y (¢) exist and
meas({x € Q| U{)(x) € E, U (t)x) # 0}) = 0. Then we can find (h;), converging to 0*, such
that (W + A,) — W)/ (A — W () almost everywhere in Q. We claim that, for a.e. x in Q:

lim G, Ut + R ) — Glx, W) _  glx, WONU ()x)  if UE)x) € E,
k=0 hy 0 if W)(x) e E,
which can be expressed as g(x, W))W (£)(x), with the obvious convention. To prove this we
first note that:
G(-, U + ) — G(-, U@))
"

Ut + hy) = U)
Ay

< a + b(|UE + AP + [U(@)]P)

c U+ ) — U@)

h, , (2.7)

where ¢ € I>(Q), by (a) of proposition 2.4. Then, for almost every x in Q such that
U'(t)(x) = 0, the right-hand side of (2.6) is zero, namely (2.6) holds. In the other case
U(t)(x) ¢ E for a.e. x and

i 206 W+ A)X)) — Gx, UE)x)

k- hk
- lim G(x, U@ + A (X)) — Glx, WEOK)) UE + h)x) — UE)(x)
koo U + A — UE)x) hy

{

G'(x, UWENUW ()x) = glx, W)U (1)(x).

From (2.6) and (2.7), applying Lebesgue’s theorem, we get the conclusion.
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Proof of proposition 2.9. Let ¢ be such that @, (W(2)) = &, U'(t), (G » W)'(¢) exist and (2.5)
holds. If ¢’ > ¢, o € @, (U(¢)), we have:

LW ~ /(U@ j G ) ~ U@, E Glx, W) = G, U@
t—t 0 1 —t o 1 —t

—j atx, (e O Z MO g,

0 r—t

+ j g(x, tll(t))wdx.
' -1

Going to the limit, as ' = ¢*, we get:

D, (foUN) = (e, W) + j glx, WE)HU'(r) dx — j Z0x, WEN(U'(#))* dx
Q Q

+ j g, WEN(U'(#)” dx.
Q
Using lemma 2.10 and remark 2.11 we get the conclusion.
We can prove now the main theorem of this section.

THEOREM 2.13. Let 2: Q X R ~ R be a measurable function satisfying (g.1), {£.2) and (g.3).
Then for every u, in Hi(Q) there exist T > 0 and U: [0, T — IXQ), an absolutely continuous
curve, such that U(0) = u,, W) € Hy(Q) for every ¢ in [0, T'[ and for almost all ¢ in [0, T[:
(we recall that E was introduced in {(g.3)]
AU(L) € LXHQ);

W AU() - g(-, U@) a.e.in [x € QW) ¢ E},
B a.e. infxe Q|U@ENx) e E};
AU(@) = 0 € [g(-, W), &(+, U(@))] a.e. in [x € Q| U (x) € E}.

Moreover the function:
t- m(t) = %j [DU@)|? dx + X G(x, U(t)) dx
Q Q
is continuous, nonincreasing and m'(t) = | W ()| a.e. in [0, T.

Proof. By propositions 2.4 (a) and 1.11 we can apply theorem 1.8 and prove the existence of
U a curve of maximal relaxed slope almost everywhere for f, such that U(0) = u,. Such a
curve has the property that f; - U is continuous, by theorem 1.9 and proposition 2.4 (a). More-
over &, satisfies the assumptions of theorem 1.17, as was proved in propositions 2.8 (b) and
2.9. Then, applying theorem 1.17, we obtain the conclusion by the characterization of the
minimal section of @, given in proposition 2.8 (d).
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T TR
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In this section we study the evolution of the functional f; on the convex constraint produced
by the presence of an obstacle. The result is an existence theorem (see theorem 3.7) for a
problem of parabolic variational inequalities (see also [26]).

Let Q, g be as in Section 2 and let ¢: Q — R be a measurable function (the obstacle). We
denote by X the closed and convex set:

K = {u e IXQ) | u(x) = ¢(x) a.e. in Q)
and for u in K we introduce the ‘‘contact set’
Cu) = {x € Qfux) = p(x)}.
We define f,: I*(Q) = R U {+} by f, = f; + I, where, for a generic subset V of IXQ),

) (0 ifuev,
Uu) =
Y l+oo ifuev.

ProrositioN 3.1. Suppose that (g.1) holds. Then:

@) D(f) = Hy(Q) NK; if 9 € WHA(Q), then D(f) # T & ¢ € Hy(Q);

() f» =fo + G, where fy = fo + Ix is a convex lower semicontinuous function and §
satisfies the inequalities (1.2); therefore f; is dV-continuous, by proposition (1.11);

(c) for every u, € Hy(Q) N K, R > 0, f; is coercive on B, (u,, R);

(d) f, is lower semicontinuous.

The proof is straightforward.
ProposrTioN 3.2. Suppose that (g.1) holds and that ¢ € W13Q), Ag e LX(Q). Then for every
Uy in H{(Q) N K, R > 0 there exists a constant C, such that:
VA2l = [VAilw) = C + [VfI() v u e By(u, R) with f,(u) < £, (uo).
In particular |Vf,|(1) < +o0 & [Vf,|(u) < +o(eAu e IX(Q)).
Proof. Let uy € H}(Q) N K, R > 0: we construct a map 7: B,(uy, YN{fi(v) = fL)) —
Hy(Q) N K such that for all u € B, (u,, R) with f, (1) < f,(x,):

{!ln(v)—uUZSIlv—ullz, Vo By (. R) with £,(0) < f. (40
v e B,(uy, R) with f,(v) = f(u,

fi) = fi (@) - Cllv — uf,

for a suitable C. If this can be done, the conclusion follows from [7, lemma 3.4], applied in the

metric space X = B,(u,, R) N {f1(v) = f;(w)}. The function x is simply defined by:

n(v) =vVe
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(n(v) € HA(Q) because ¢+ € HX(Q) by (3.1) (a) and v € Hy(Q)). It is clear that ||n(v) — ul, <

lv — ull,. Moreover

Si) — fi(z(v) = E Drn(v)D(v — n(v)) dx + j G(x, v) — Gx, n(v)) dx
Q Q

G(x, v) — G(x, n(v)) dx

Q

1l

[ DepD(v — n(v)) dx +
JQ

¥,

= —j Ap(v - 7(v)) dx — j a + (v + |z@))v - =(v)] dx
Q Q

= —(lagl, + llall, + b(IvlI5, + Iz@ENIv — 2,

= —Cllv - 7,

(since ||v||, and f, (v) are bounded, then |[v]|,, and [[v||,, are bounded, by (a) of proposition 2.4).
This concludes the proof.

ProrosiTioN 3.3. Suppose that (g.1) and (g.2) hold. Then:
(a) the following inequality holds:

&0, w)(v — w)* dx ~ j glx, w)(v — u)~ dx
Q Q

Aol -l = | Db - wax+ |
Q
voe H(QNK;
(b) if u € H(Q) N K, o € 3"f,(u), then:

alv — wydx = E DuD(v — u)dx + j g0, (v — w)t dx — j glx, w)(v ~ u)” dx
o 0

JR 2

vve H(QNK.
Proof. The proofs are similar to those of (a) and (c) of proposition 2.5.

Definition 3.4. Under the assumptions (g.1) and (g.2), we introduce the multivalued map
Q,: H{(Q) N K — 2P°® by

j oz(v——u)dxsg DuD(v — u)dx + g g0, (v — w)*t dx
ae@u e " ¢ )

- j gle,w)(v —u)y"dx  Vve Hy(Q)NK.
Q

ProrosiTioN 3.5. If (g.1) and (g.2) hold, then the following facts are true:
(a) @,(w) is closed and convex for all u in Hy(Q) NK;
(b) Q)W) C @,(u) for all u in Hy(Q) N K;
(c) there exists a continuous function ¥,: (R*)* = R* increasing in all its arguments, such
that:
{fz(v) = f(u) - Tz(”“”z, ”0“2, ]fz(u)" lfz(U)D(l + ”01”2)”0 - u”z

Vu,ve Hi Q) NKVae R,yu);
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d) let g € WHQ), Ag € IX(Q); we have that, if @, () # & then |Vf,|(u) < +o and for
every u in H}{(Q) N K, « in @, (u) there exists # in L2(Q) such that o = ~Au + f and

glx, u(x)) = B(x) = g(x, u(x) for a.e. x in Q\ C(u),
B(x) = g(x, u(x)) for a.e. x in C(u);
furthermore, if 4,(u) denotes the minimal section of @, (), then:

(—Au + g(-,u) VO + (-Au + (-, ) AO a.e. in Q\C(u),

A =
20 {(—Au + &, w)A0 a.e. in C(u).

Proof. The proofs of (a), (b) and (c) are quite similar to the corresponding in proposition 2.8.
We prove (d). If @,(w) # &, then, by (c), |Vf|() < +o and by proposition 3.2 we get
|Vfil(u) < +oo, namely Au € I*(Q). Let o € ®,(u), we claim that:

S awdxs—g Auwdx+§ g(x,u)w*dx—g g(x, w)w™ dx
Q Q 0 Q 3.1

vV we Hg(Q) with w = 0 a.e. in C(u).
Let £ > 0 and w € Hj(Q) such that w = 0 a.e. in C(u). We set:
v, = u+ tw, w, =, Ve,

then w, € Hy(Q) N K. Moreover |(w, — u)/t| < |w| a.e., because

w,(x) — u(x) [ wx) if v,(x) = o(x),

! p(x) — u(x)

; € [w(x), 0] if v,(x) < e(x).

Moreover (w, — u)/t — w a.e. in Q, since w = 0 in C(u). From the relation

lg alw, —wydx =< l(—j Au(w, — u)dx + S g, w(w, — w)t dx — S g(x, w)(w, — w)~ dx)
t g f Q Q o

going to the limit as t — 0%, we get (3.1), by means of Lebesgue’s theorem. This inequality can
be extended to all w in L*(Q) such that w = 0 in C(u); so it follows:

S awdx = —E Auw dx + g glx,ywdx  vwe HQ\Cu)), w = 0,
Q\ C@) 2\ C(u) Q\NC@)

n

} awdxs~§ Auwdx + g gx,wwdx  vwel}Q),w=0,
Q Q JQ

which gives the conclusion.
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PropPoOsITION 3.6. Suppose that (g.1), (g.2) and (g.3) hold. Then @, is a subdifferential along
curves for f,.

The proof goes in the same way as the corresponding proof of proposition 2.9.

Arguing as in the proof of theorem 2.13, we can prove the following theorem. Note that,
even if we did not assume that ¢ € W1%(Q), Ap € IX(Q), an existence theorem would still hold,
in terms of variational inequalities; this can be easily seen looking at the proofs and at the defi-
nition of &, (the regularity of ¢ is used only for the ‘‘regularization result’’ stated in
proposition 3.5 (d).

THEOREM 3.7. Assume that g: Q X R — R is a measurable function satisfying (g.1), (g.2) and
2.3), ¢ € WHHQ) with Ap € LH(Q).

Then for every u, in Ha(Q) N K there exist 7 > 0 and U: [0, T[ — L*(Q), an absolutely con-
tinuous curve, such that U(0) = u,, () € Hy(Q) N K for every ¢ in [0, T'[ and for almost all
tin [0, T'[ [we recall that £ was introduced in (g.3)]:

AU() € L2(Q);

AU - g(+, UE)) a.e. in {x € Q| UE)(x) > o(x), W)X ¢ EY,
W) = § [AUE) - g, UNIVO  ae. in fx e QUK = o), UE)) & E},
0 a.e.in {x e Q| U()x) € E};
AUE) - 0 {[g(-, W), ¢, WE)]  ae. in fx e QU)X > i), UF)(X) € E},
1-0, 2(-, U))] a.e. in {x € Q| UE)X) = p(x), W()(x) € E};

moreover the function:
t = m(t) = %j [DU)[? dx + j Gx, U()) dx
Q Q
is continuous, nonincreasing and m'(t) = ||U'(#)]|3 a.e. in [0, T[.

4, THE PROBLEM WITH A NONCONVEX CONSTRAINT

Let Q, g, ¢, K be as in the previous sections and let p > 0. We set:

X uzdx=p2}.
Q

If uy € KN S,, we consider the following assumption:

S, = {u e IX(Q)

2 +2dx
Sg o dbx > jn((ﬂ ) ax (N.T.ug)

meas(ix € Q| p(x) < uy(x) <0} U {x e Q [0 < ug(0)}) > 0.

In [7, (3.12)] the following result is proved.
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ProprosITION 4.1. Let u, € KN S, then (N.T.u,) holds if and only if K and S, are not tangent
at u,.

Definition 4.2. If (g.1) holds, we define f;: I*(Q) = RU {+o} by f; = f; + Ixns, = f2 + Is,.
The following proposition is straightforward.

ProrosiTioN 4.3. We have:
@) D(fy) = Ho(Q NKNS,;
(b) for every u € H(Q)NKN S, f; is coercive at u;
(¢) f; is lower semicontinuous.

PROPOSITION 4.4. Assume that (g.1) holds and let u, € HY(Q)NK N S, satisfy (N.T.u,). Then
there exist R, C, C, > 0 such that:

IVl < VAW < € + GV Y u € B, (uy, R) with f3(u) = f5(up).
In particular, for every u in B, (uy, R) |Vf|(1) < +o0 & |Vfs| (1) < +oo.
Proof. As in the proof of proposition 3.2 we construct a map 7n':B,(u,, R) N
(o) < frlu)) = HI(EQNKN S, such that for all  in B, (4, R) with f, () < f5(u):
{Iln’(v) = ully = Cllv — ull;,
L) = L) — Collv — ul,,

for suitable R, C;, C,. This can be done observing that f, = f, + G, where fy = f, + Iy is a
convex lower semicontinuous function and G satisfies the inequality (1.2): then we can define
n’ as the function y of theorem (1.20), with M = §,. It is trivial to see that the required
inequalities are verified, so the proof is over.

v v e By (uy, R) with f,(v) < f;(up),

Definition 4.5. Under the assumptions (g.1) and (g.2), we define the multivalued map
@y: H(Q) N KNS, - 28® py:

Qs (u) = @, () + {Aull € R).

Notice that {Au |1 e R} is the set of normal vectors to S, at u.

ProrosiTION 4.6. If (g.1), (g.2) hold and u, in HJ(Q) N K N S, satisfies (N.T.u,), then there
exists R > 0 such that:

(@) Q(f3)(w) C Qs(w) for all u in B, (uy, R) with f3(u) < f3(u0);

(b) if, in addition, ¢ € W"23(Q), Ap € L*(Q), then @;(u) # & = Au € [}(Q) and, if Q;(u)
has a minimal section «, then there exist A € R and g in I3(Q) such that o = ~Au + 8 + Au
and:

g(x, u(x)) < B(x) = g(x, u(x)) for a.e. x in Q\C(w),
L) = g(x, u(x)) for a.e. x in C(u);
(one could prove that @;(u) actually has a minimal section for all &, but this is not really
necessary, since it turns out to be true at least almost everywhere on a curve of maximal relaxed

slope for f;, as was proved in theorem 1.17;
(o) if, in addition, (g.3) holds, then @, is a subdifferential along curves for f;.
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Proof. Parts (a) and (c) follow from theorem 1.20. (b) follows from the definition of ®@; and
the characterization of the minimal section of @,.

We can finally state the following theorem.

THEOREM 4.7. Assume that g: Q X R — R is a measurable function satisfying (g.1), (g.2) and
(g.3), p € WH¥Q) with Ag € L*(Q).

Then for every u, in Hy(Q) N KN S, such that (N.T.u,) holds at u«, there exist 7 > 0,
U: [0, T[ = LX), an absolutely continuous curve and A: [0, 7[ = R such that U0) = u,,
U(t) e HIQ)NKN S, for every ¢ in [0, T[ and for almost all ¢ in [0, 7'[ [F was introduced in

(g.3)]:
AU() € IH(Q);

AU@E) — g(-, UE)) + ADYUQ)
a.e. in fx € Q| UE)X) > o(x), W) (x) ¢ E},
W) = § [AUE) — g(-, U@E)) + A@)UE)] VO
a.e.in {x € Q| U)X = @), UWE)(X) ¢ E},
0 a.e.in fx € QU)X € E},
[g(, W) + A@)YUQ@), &(-, U@)) + AU)YU®)]
a.e. in {x € Q| UE)(x) > ¢(x), U)X € E},
1 = o, 8(, U®) + AYUQ)]
a.e. in {x € Q| U{E)(x) = ¢(x), U(FE)x) € E};

AU@E)=0¢€

moreover the function:

t-m(t) = %j [DU(?)|? dx + ! G(x, U(2)) dx
Q

Q2
is continuous, nonincreasing and m’'(t) = | W' (¢)||? a.e. in [0, T'[.

Proof. From proposition 4.4 and from the fact that f, is dV-continuous, we deduce that f;
is dV-continuous, so there exists U, a curve of maximal relaxed slope for f; such that
W(0) = uy, f; » U is continuous. The remainder of the proof consists in applying theorem 1.20,
using proposition 4.6.
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this research.
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APPENDIX
We want to prove lemma 2.10. We can prove it in a more general form.
LemMA A.L. Let I be an interval, U e L'(Z, L'(Q)), U be absolutely continuous and W' € L'(Z, L'(Q)). Suppose that N
is a negligible subset of R.

Then for a.e. tin I:
meas(fx € Q| UT)x) &€ N, W) # 0}) = 0.

For the proof we need some preliminary results.

LeEMMA A2, Let u € L},(Q) and suppose that the ith distributional derivative of u, denoted by du/dx;, is an element
of L} (). Then there exists a function &, which is almost everywhere equal to u, such that, for a.e. (n — 1)-tuple

Oy s ooy Xiys Xiags -0y X,), the function & = G(x,, ..., X,_,, & X,y y s .-, X,) is absolutely continuous and
QX1 ooy X1 &y Xy s oves X) U, ooy X1 & Xy s Xy)
= for a.e. &
ax; dx;

where [9ii/9x;] denotes the classical pointwise derivative.

Proof. The proof is given in [18, (5.6.3)].
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Lemma A3, If g = 1, U € L2, LU(Q)), then there exists U e L9 x Q) such that, for a.e. ¢ in I
U, x) = U@ ) a.e. in Q.

Proof. See [18, (2.20.9)].

LEMMA A.4. Let #: R — R be an absolutely continuous function and N be a negligible subset of R. Then:

meas({t € R|A(t) € N, I'(t) exists and A'(t) #= 0}) = 0.
Proof. See [16, (4.14)].

Proof of lemma A.1. By lemma A.3 we can find U and © in L'/ x Q) such that, for a.e. ¢ in I:
WL, x) = U@ENX), V= UWE)x) ae inQ.
We claim that “© is the distributional ¢-derivative of 9. To see this, take @ in CZ(f x Q); applying Fubini’s theorem we
get:

o

- J [ . 3
U, x) — o, x) dx dr dt | W, 0 —d(t, x) dx
at 1 Ja at

JIXQ
\ Cu@), 9’ dt = -
7 B

v

W), (1)) dr
¥

= \ dr\ D, 0p0, ) dx = — i D(t, O@(t, x) dx dt,
Jr

JIxQ

Je

where we denote by ¢ the map ¢ € C;(/, L'(Q)) defined by ¢(2)(x) = d(2, x).

Now let F = [(1, x) e I x Q| U(t, x) € N, (¢, x) # 0}. To prove lemma A.1 it suffices to prove that F is measurable
and that its measure is zero. For this we take a Borel set NV, such that N C N, and N, is still negligible and we set:
F, = {t,x) e I x Q) U, x) € Ny, V(t, x) # 0. Clearly F, is measurable and contains F. By Fubini’s theorem:

meas(F,) = i meas,;({ € I| W{t, ) e Ny, V1, ©) # 0)) dx.
JQ

By lemma A.2, we can suppose that, for a.e. x in ©, the function ¢ — U(z, ¥) is absolutely continuous and its pointwise
derivative is equal to ¥(r, x) for a.e. 7 in /. By lemma A.4 we get:

meas;({t € I| (6, ) e N, V6, ) #0) =0  a.e. in Q.
So meas(F,) = 0 = meas(F) = 0, and the lemma is proved.
Remark A.5. Finally we wish to point out a finite dimensional result which follows easily by the previous arguments.
Let @ ¢ RY be open and G: Q — R be Lipschitz continuous. It is not difficult to see that, if G has almost everywhere

continuous partial derivatives [compare with (g.3)], then @(G) is a subdifferential along curves for G (see definitions
1.14 and 1.16). Then, using the results of Section 1, it can be proved that the problem

—U € GG)HU)
UWO) = 1,

has a solution. This seems interesting to us, since, in general, the map @(G) does not have convex values.



