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Preliminaries

X n, n ≥ 2 — compact Riemannian manifold

∆ — Laplace operator

∆φi = λ2
i φi , {φi} — orthonormal basis of eigenfunctions

0 < λ2
1 ≤ λ2

2 ≤ . . . — eigenvalues

Spectral function:

Nx ,y (λ) =
∑
λi<λ

φi (x)φi (y)

Counting function:

N(λ) = #{λi < λ} =

∫
M

Nx ,x(λ)
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Weyl’s law

Pointwise Weyl’s law:

Nx ,x(λ) =
λn

(4π)
n
2 Γ(n

2 + 1)
+ Rx(λ),

where Rx(λ) = O(λn−1).

Integrating over the manifold X we get:

N(λ) =
Vol(X)λn

(4π)
n
2 Γ(n

2 + 1)
+ R(λ),

where R(λ) = O(λn−1).

Remainder estimates are sharp and attained on a round sphere.
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Main results

Lower bounds for Nx ,y (λ), Rx(λ) and R(λ).

Two types of estimates: for arbitrary manifolds and for negatively
curved manifolds.

When the curvature is negative, hyperbolic dynamics allows to
prove finer estimates.
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General case: off-diagonal bound

It was proved by Lapointe–P.–Safarov ’09 that (under some
generic technical condition)

1

λ

∫ λ

0
|Nx ,y (µ)| d µ >> λ

n−1
2 , x 6= y ;

This bound is expected to be always true. It is sharp and attained
on a round sphere.

Moreover, it is shown in L.–P.–S. that the spectral function grows

on average as λ
n−1

2 on any manifold.
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General case: on-diagonal bounds

Similarly, the following lower bound is typically (and possibly
always) true on any surface:

1

λ

∫ λ

0
|Rx(µ)| d µ >>

√
λ,

In dimensions n > 2, one typically has

1

λ

∫ λ

0
|Rx(µ)| d µ >> λn−2,

The latter bound is simpler and proved using different techniques
than the estimate for surfaces.
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General case: bound on the error term in Weyl’s law

Under some mild assumptions, one can show that that the error
term R(λ) satisfies

1

λ

∫ λ

0
|R(µ)| d µ >> λn−2.

Open question: Is
lim sup
λ→∞

|R(λ)| =∞

on any surface?

We give a positive answer to this question in the negatively
curved case.
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Manifolds of negative curvature

Suppose sectional curvatures satisfy

−K 2
1 ≤ K (ξ, η) ≤ −K 2

2

Let G t be the geodesic flow on the unit tangent bundle SX .
It is an Anosov flow, i.e. there exists natural splitting of Tξ(SX )
into a direct sum of DG t-invariant subspaces

Tξ(SX ) = Eu
ξ ⊕ E o

ξ ⊕ E s
ξ .

Here Eu
ξ is the unstable (exponentially expanding) subspace of

dimension (n − 1), E s
ξ is the stable (exponentially contracting)

subspace of dimension (n − 1), and E o
ξ is a one-dimensional

subspace tangent to the flow.
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Thermodynamic formalism for Anosov flows

Sinai-Ruelle-Bowen potential: H : SX → R :

H(ξ) =
d

dt

∣∣∣∣
t=0

ln det dG t |Eu
ξ
.

Topological pressure of f : SX → R:

P(f ) = sup
µ

(
hµ +

∫
fdµ

)
,

µ is a G t-invariant measure, hµ — Kolmogorov–Sinai entropy.

Example P(−H) = 0.
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Variational principle: P(0) = h, h — topological entropy of G t .

Margulis’s theorem:

ν(T ) =
ehT

hT
(1 + o(1)),

ν(T ) — number of closed geodesics on X of length ≤ T .
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Local results: off–diagonal

Theorem A (Jakobson–P.) If X is negatively curved then for any
δ > 0 and x 6= y

Nx ,y (λ) 6= o
(
λ

n−1
2 (log λ)

P(−H/2)
h

−δ
)

Power of the logarithm is positive

P (−H/2)

h
≥ K2

2K1
,

and equals 1
2 if curvature is constant.

Get a log–improvement compared to the general case!
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Local results: on–diagonal

Theorem B (Jakobson–P.) Let X be negatively curved and
n = 2, 3.

Then for any δ > 0 and for any x ∈ X ,

Rx(λ) 6= o
(
λ

n−1
2 (log λ)

P(−H/2)
h

−δ
)
.

For n = 2, related bounds were proved by Karnaukh ’96.

If n ≥ 4, we do not get anything new compared to the general case:

1

λ

∫ λ

0
|Rx(µ)| d µ >> λn−2.
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Remainder estimate on surfaces

Theorem C (Jakobson–P.–Toth) Let X be a compact surface of
negative curvature. Then for any δ > 0

R(λ) 6= o
(
(log λ)

P(−H/2)
h

−δ
)
.

For constant negative curvature such a bound was proved in 1976
by Randol and Hejhal using methods of analytic number theory.

Our approach: wave trace asymptotics for long times,
thermodynamic formalism, small–scale microlocalization.
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Theorem C is in agreement with the following

Conjecture (folklore) On a generic negatively curved surface

R(λ) = O(λε)

for any ε > 0.

15 / 1



Sketch of the proof of Theorem C

Consider the spectral distribution

e(t) =
∞∑
i=0

cos(λi t)

which is the even part of the wave trace on X .

One can show that sing supp e(t) = {0} ∪ {±σl}, where σl

denotes the length spectrum of X .

Example On the unit circle

∞∑
k=1

cos k t = −1

2
+ π

∞∑
k=−∞

δ(x − 2 k π)
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To prove Theorem C we use long time version of the
Duistermaat–Guillemin trace formula.

Plan: counting function ←→ Fourier transform of the wave trace

Main term ←→ singularity at t = 0

Error term ←→ singularities at t ∈ σl .

Singularities ←→ growth of the Fourier transform

Originally, Duistermaat–Guillemin formula takes into account only
one closed geodesic.

Let us sum up the contributions of all closed geodesics of length
L ≤ T (λ), where T (λ)→∞ as λ→∞.
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Notation

χ(t,T ) — a cut-off function

χ(t,T ) = (1− ψ(t)) ρ̂
( t

T

)
,

ρ is an even, non-negative Schwartz function, supp ρ̂ ⊂ [−1,+1],

ψ(t) ∈ C∞0 (R), ψ(t) ≡ 1 if t ∈ [−T0,T0], ψ(t) ≡ 0 if |t| ≥ 2T0.

Lγ — length of a closed geodesic γ

L]
γ — primitive period of γ

Pγ — linearized Poincaré map corresponding to γ
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Proposition 1

Let T (λ)→∞ as λ→∞ with T (λ) ≤ ε log λ for some ε > 0
small enough. Then the smoothed Fourier transform of the wave
trace

w(λ,T ) =

∫ ∞

−∞
χ(t,T )e(t) cosλt dt

has the following asymptotics:

w(λ,T ) =
∑

Lγ≤T (λ)

L]
γ cos(λLγ)χ(Lγ ,T )√
| det(I − Pγ)|

+ O (1) .
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We also have

Proposition 2 Assume R(λ) = o ((log λ)a) for some a > 0.

Then
w(λ,T ) = o((log λ)a).

Using Proposition 1 we show that w(λ,T ) grows sufficiently fast,
and then apply Proposition 2 to prove Theorem C by contradiction.
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Proposition 1: idea of the proof

First try: Lγ ’s are the singularities of the wave trace. Apply
stationary phase at each singularity and sum up.

Problem: As T (λ)→∞, singularities may accumulate, and
apriori there is no control at which rate: “almost multiplicities” in
the length spectrum can be arbitrarily close! It is impossible to
separate Lγ ’s, and the stationary phase method fails.

Instead: Microlocalize and separate closed geodesics in the phase
space. To do this, we use the following dynamical result.
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“Spaghetti lemma”

Let X be a negatively curved surface and let Ω(γ, d) denote the
d-neighborhood of a geodesic γ in SX .

There exist positive constants T0,B and τ such that for any
T > T0 the sets Ω(γ, e−BT ) are disjoint for all pairs of closed
geodesics γ on X with length Lγ ∈ [T − τ,T ].

Proof uses uniqueness of a closed geodesic in each free homotopy
class.

22 / 1



“Spaghetti lemma”

Let X be a negatively curved surface and let Ω(γ, d) denote the
d-neighborhood of a geodesic γ in SX .

There exist positive constants T0,B and τ such that for any
T > T0 the sets Ω(γ, e−BT ) are disjoint for all pairs of closed
geodesics γ on X with length Lγ ∈ [T − τ,T ].

Proof uses uniqueness of a closed geodesic in each free homotopy
class.

22 / 1



“Spaghetti lemma”

Let X be a negatively curved surface and let Ω(γ, d) denote the
d-neighborhood of a geodesic γ in SX .

There exist positive constants T0,B and τ such that for any
T > T0 the sets Ω(γ, e−BT ) are disjoint for all pairs of closed
geodesics γ on X with length Lγ ∈ [T − τ,T ].

Proof uses uniqueness of a closed geodesic in each free homotopy
class.

22 / 1



“Spaghetti lemma”

Let X be a negatively curved surface and let Ω(γ, d) denote the
d-neighborhood of a geodesic γ in SX .

There exist positive constants T0,B and τ such that for any
T > T0 the sets Ω(γ, e−BT ) are disjoint for all pairs of closed
geodesics γ on X with length Lγ ∈ [T − τ,T ].

Proof uses uniqueness of a closed geodesic in each free homotopy
class.

22 / 1



Growth of w(λ,T )
By Proposition 1

w(λ,T ) =
∑

Lγ≤T (λ)

L]
γ cos(λLγ)χ(Lγ ,T )√
| det(I − Pγ)|

+ O (1) .

Because of cos(λLγ), it is an oscillating sum! We need to estimate
it from below.
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First, let us forget about oscillations.

Consider the sum ∑
Lγ≤T

Lγ√
| det(I − Pγ)|

To find the asymptotics of this sum we use the following property
of the topological pressure P(f ) due to Parry and Pollicott:

∑
Lγ≤T

Lγ exp

[∫
γ
f (γ(s), γ′(s))ds

]
∼ C eP(f )T

P(f )
.
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Proposition 3

There exists a constant C0 > 0 such that∑
Lγ≤T

Lγ√
| det(I − Pγ)|

= C0e
P(−H2 )·T (1 + o(1))

as T →∞, where P is the topological pressure and H is the
Sinai-Ruelle-Bowen potential.

One can show that P
(
−H2

)
≥ K2

2 > 0 and hence the sum grows
exponentially in T .

Now we deal with the oscillations in w(λ,T ).
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Dirichlet box principle

One can choose λ large enough so that

dist(λLγ , 2πZ) <
1

10

for all Lγ ≤ T .

Then cos(λLγ) is always close to 1 for all Lγ .

This “straightening the phases” argument is well-known in analytic
number theory.
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By Margulis’s theorem,

#{γ | Lγ ≤ T} ∼ ehT

hT
,

where h is the topological entropy.

To make Dirichlet box principle work one has to take

T ≈ 1

h
log log λ

Thus, exponential growth in Proposition 3 yields a logarithmic
lower bound in Theorem C.
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