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Abstract

This paper studies the inverse Steklov spectral problem for curvilinear polygons. For generic curvi-
linear polygons with angles less than 7, we prove that the asymptotics of Steklov eigenvalues obtained in
[LPPS19] determines, in a constructive manner, the number of vertices and the properly ordered sequence
of side lengths, as well as the angles up to a certain equivalence relation. We also present counterexamples to
this statement if the generic assumptions fail. In particular, we show that there exist non-isometric triangles
with asymptotically close Steklov spectra. Among other techniques, we use a version of the Hadamard—
Weierstrass factorisation theorem, allowing us to reconstruct a trigonometric function from the asymp-
totics of its roots.
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1 Introduction and main results

L1 Direct and inverse Steklov spectral problems

Let Q C R2 be a bounded connected planar domain with connected Lipschitz boundary OS2 of length L =
|0€2|. Consider the Steklov eigenvalue problem

Au=0 in{2, 9u = Au on0f, (r1)
on

du

on

The spectrum of the Steklov problem is discrete:

with A being the spectral parameter, and being the exterior normal derivative.

0=21(Q2) <X <--- < Ap(Q) < -+ S o0
Equivalently, A,;, may be viewed as the eigenvalues of the Dirichlet-to-Neumann map Dg:

Dq: HY/2(0Q) - H2(0Q),  Daof = agﬂf ,
nola

where Hq f denotes the harmonic extension of f to (2.

If the boundary 052 is piecewise C 1 the Steklov eigenvalues have the following Weyl-type symptotics (see
[Agro6]):

Am = % + o(m) asm — +oo. (r.2)

In the past decade, there has been a lot of research on the Steklov eigenvalue problem, see [GiPor7, LPPS19]
and references therein. In particular, a significant amount of information has been obtained on the dzrect spec-
tral problem, which is concerned with the dependence of the Steklov eigenvalues on the underlying geometry.
The present paper focuses on the zzverse spectral problem: which geometric properties of €2 are determined by
the Steklov spectrum?

Let

A:AQ = {)\1,A2,...}

be a multiset given by the Steklov eigenvalues of €2 with the account of multiplicities. We say that two domains
Q1 and Qg are Steklov isospectral it Aq, = Aq,. Interestingly enough, no examples of non-isometric Steklov
isospectral planar domains are presently known [GiPor7, Open problem 6]; we refer also to [Edwg3sb, MaShis,
JoShi4, JoShi8] for some related results and conjectures. At the same time, Steklov spectral invariants of planar
domains are also quite scarce. It follows from the Weyl’s law (1.2) that the perimeter of €2 is such an invariant.
Moreover, if the boundary of €2 is smooth, the Steklov spectrum determines the number of boundary compo-
nents and their lengths [GPPS14]. However, for smooth simply connected planar domains, extracting further
geometric information from the Steklov problem is quite difficult. In part, the reason is that in this case the
Dirichlet-to-Neumann map Dq, is a pseudodifferential operator of order one on the circle, and the remainder
estimate in Weyl’s law (1.2) could be significantly improved [Roz86, Edwosa]:

_ 2mm

Aom = Aam+1 + O (mfoo) = W

+0 (mfoo) , m — 400. (r3)

Asaresult, no other spectral invariants except the perimeter could be obtained from the eigenvalue asymptotics
on the polynomial scale.

Definition r.r. We say that two bounded planar domains €2y and §25 are Steklov quasi-isospectral if their re-
spective Steklov eigenvalues are asymptotically o(1)-close: Ay, (€21) — A (Q2) = 0o(1) asm — oo. N

PAGE2



INVERSE STEKLOV PROBLEM FOR CURVILINEAR POLYGONS

In particular, any two Steklov isospectral domains are also Steklov quasi-isospectral. It also follows from
(1.3) that @/l smooth simply-connected planar domains of given perimeter are Steklov quasi-isospectral; more-
over, in view of (1.3), 0(1)-closeness of the corresponding eigenvalues immediately implies o (m~°°)-closeness
asm — 00, cf. Remark r.14.

In the present paper we investigate the inverse spectral problem on curvilinear polygons. In this case, the
asymptotic formula (1.3) does not hold even with a 0(1) error term. In fact, as was recently shown in [LPPS19],
the eigenvalue asymptotics depends in a delicate way on the number of vertices, the side lengths and the angles
at the corner points. Moreover, [LPPS19, Corollary 1.6] implies that curvilinear polygons having the same re-
spective edge lengths and angles are quasi-isospectral, see also Theorem 1.3. Itis therefore natural to ask whether
these geometric features of a curvilinear polygon are determined by the Steklov spectrum.

1.2 Steklov spectrum of a curvilinear polygon

Let P = P(cx, £) beacurvilinear polygon withanglesa = (a1, . .., ) andsidelengths € = (¢4, ..., 4,) €
R’} (see Figure 1). Note that the vertices V; and the edges I; (of length /;) are enumerated clock-wise. The
angle av; at the vertex V is formed by the edges I and Ij11, 7 = 1,...,n. Here and further on we use cyclic
subscriptidentification n+1 = 1. Throughout the paper, we assume that the sides of the polygon are smooth,
and thatax = (a1, ..., ) € (0,7)", ie. we only consider polygons with angles less than 7, see also Remark
1.4. We denote by

L=L,=|0P|:=l1+... 0, (1.4)

the perimeter of P.

Figure 1: A curvilinear polygon

An asymptotic characterisation of the Steklov spectrum of P (e, £), denoted as above by Ap (4 ¢), in terms
of the zeros of a certain trigonometric polynomial determined by o, £, was obtained in [LPPS19]. We recall this
construction below.

For given vectors a € (0, 7)", £ € R}, define the characteristic polynomial of the Steklov problem (r.1)
on P(a, £) as the trigonometric polynomial' of a real variable o,

Faele) 1= Y- wecos(le-¢lo) =TT sin (). ()
j=1

¢e3n

where

3n — {il}n, T+L — {1} % Snfl C 3n7

"Note a slight change of notation compared to [LPPS19]. Note also that in this paper we use the term “trigonometric polynomial”
in a generalised sense as we allow the frequencies to be incommensurable.
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2

T
R »
. a;
JECh(C)
and for a vector ¢ = ((1,...,(,) € 3" with cyclic identification (41 = (1,
Ch(C) = {] € {17 cee 7n} | CJ 7é Cj-‘rl}' (1'7)

We denote the class of all possible characteristic polynomials by
Fi={Fayu(o) | ac (0,m)", LR}, neN}.

If Fop(0) = 0, let
2mo = 2mo e

be the multiplicity of zero as a root of F ¢ (this mulitplicity is always even since Fy ¢(0) is an even function
of o), otherwise set mg = 0.

Denote by 01 < 09 < ..., the non-negative roots of (1.5) taken with account of their algebraic multi-
plicities (except o = 0 which, if present, is taken with half its algebraic multiplicity, that is mg). We call them
guasi-eigenvalues of the Steklov problem (r.1) on P(ax, £). Let

E = Ea,l = {0'1,0'27 e },

with account of multiplicities as above.

Remark 1.2. As was shown in [LPPS19, Subsection 2.5], the quasi-eigenvalues ¥ may be also viewed as the
square roots of the eigenvalues of a certain quantum graph Laplacian, where the metric graph is circular and is
modelled on the boundary of P, and the matching conditions are determined by the angles at the vertices. See
also Remark 3.2 for a further discussion. |

One of the main results of [LPPS19] is
Theorem 1.3 ([LPPS19, Theorem 2.16]). Let P(ex, £) be a curvilinear polygon withangleso = (o, . .., ) €
(0, )", and side lengths £ = ({1, ..., Ln) € RY, and let Ap (o gy and Yo ¢ be defined as above. Then, with

some € > 0,
Am —om =0 (mfe) , asm ' 4o0. (1.8)

Consequently, as was mentioned in the previous subsection, any two curvilinear polygons sharing the vec-
tors £ and o are Steklov quasi-isospectral.

Remark 1.4. As was mentioned in [LPPS19], numerical experiments indicate that Theorem 1.3 holds also for
polygons having angles greater or equal than 7, however there is a technicality in the proof (which goes back to
the methods of [LPPS17]) that requires us to assume that all the angles are less than 7. Still, we believe that all
the results of the next section remain valid without this assumption. <

1.3 Main results

In order to state our main results, we need to introduce some additional notation. Recall that in [LPPS19] we

s
S.{2k+1\keN},

5::{%]1{61\1}.

In what follows we say that a curvilinear polygon is non-exceptional if it has no exceptional angles. Additionally,
for a € (0, )", we will define the corresponding cosine vecror

distinguish the set of special angles

and the set of exceptional angles

c=cq=(C1,...,cq) € [-1,1]", (1.9)
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where
772
ci = c(a;) := cos —, ) =1,...,n.
J (aj) 20 J
Note that an angle « is not special iff ¢(a) # 0, and « is not exceptional iff |¢(cv)| < 1. For an exceptional
angle v = 5 with k € N we have

O(a) = c(a) = (-1)*,

and as in [LPPS19] we will call this quantity the parity of an exceptional angle cv.

Definition 1.5. We say that two curvilinear polygons P(cx, £) and P(ax, £) are loosely equivalent if one can
choose the orientation and the enumeration of vertices of these polygons in such a way that £ = £ and either
Cq = C5 O0rCq = —Cg. <

Remark 1.6. The correct enumeration of the components of ¢, depends on the enumeration of the com-

ponents of £, since an angle a; lies between sides ¢; and ;4. For example, let £ = (¢1,...,¢,) and the
corresponding cosine vector ¢ = (cy, ..., ¢p); if the orientation of £ is changed, say as (¢1, €y, . .., {2), the
corresponding cosine vector is given by (¢p, ¢n—1, . . ., ¢1) — note a shift in the indexing. |

Definition 1.7. We say that a curvilinear n-gon P (e, £) is admissible it

the lengths ¢1, . . ., £,, are incommensurable over {—1,0, +1}, (r.10)

(that s, only a trivial linear combination of /1, . . ., £,, with these coefficients vanishes), and
all angles aq, . . ., oy, are not special. (r1)
<

Clearly, being admissible is a generic condition for curvilinear polygons. It is essential for our statements
to hold, see Remark r.17.

Let us now formulate the first main result of the paper. It may be thought of as a converse statement to
[LPPS19, Corollary 1.6].

Theorem 1.8. Let P and P be two Steklov quasi-isospectral admissible curvilinear polygons. Suppose that P is
non-exceptional. Then P is loosely equivalent to P.

In order to state the analogue of Theorem 1.8 for polygons with exceptional angles we need additional
terminology and notation from [LPPSi9]. If there are K > 0 exceptional angles, they split the boundary
OP into K exceptional boundary components Y1, . . ., Yi; let n,, denote the number of boundary arcs in Yy,
k = 1,..., K. Without loss of generality we can assume that the vertices of P are enumerated in such a way
that the endpoint of YV is the vertex V,,. Each exceptional boundary component Y is described by a vector of

n, lengths of its boundary arcs £(),,) := £(%) = (fgn), e ,f,&?) , and by a vector of n,; — 1 non-exceptional

angles between these arcs?, (V) = alf) = (agﬂ), . ,agli)fl). Set in this case c(Y,) = c) =
2 2
<cos ﬁ, ...,COS 2%) . Denote also by —),; the znverse of Y, obtained by reversing the orientation
Qg A e—1

(i.e. reversing the order of the vertices of V). We call an exceptional boundary component ever if the parities
of exceptional angles at its ends coincide, and odd if they are different.

As shown in [LPPS19, Theorem 2.17(b)], the exceptional boundary components of a curvilinear polygon
contribute to its set of quasi-eigenvalues independently.

Using the notation above, let us introduce the following analogue of Definition 1.5 for exceptional bound-
ary components.

*Another slight change of notation compared to [LPPS19].
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Definition r.9. Let ) and ) be two exceptional boundary components. We say that ' and y are loosely
equivalent if they have the same parity and, by choosing W tobe Y or —Y, we have £()) = £(W) and either
c(Y) = c(W) orc(Y) = —c(W). N

In other words, two exceptional boundary components are loosely equivalent if their length vectors co-
incide modulo, possibly, a reversal of orientation, and once orientation is fixed, their cosine vectors coincide

modulo, possibly, a global change of sign.

Theorem rx0. Let P and P be two Stcklov quasi-isospectral admissible curvilinear polygons. Suppose that P
has K > 1 exceptional boundary components Yy, k = 1,..., K. Then P also has K exceptional boundary
components which could be re-ordered in such a way that, for any k, its k-th component becomes loosely equivalent

to Y.

Remark1.11. Theorems 1.8 and 1.10 imply that the number of vertices and the number of exceptional boundary
components of a curvilinear polygon are Steklov spectral invariants, see also Theorem 1.16(b). Note that in
Theorem 1.10, we cannot obtain any information on how the exceptional boundary components of P are joined
together. <

Theorems 1.8 and 1.10 follow directly from Theorems 1.12 and 1.16 below.

Theorem r.x2. Two curvilinear polygons are Steklov quasi-isospectral if and only if their characteristic polyno-
mials coincide.

The “if” direction immediately follows from (1.8). The “only if” partis essentially proved in two steps. First,
in Theorem 2.2 we show that the polynomial Fy, ¢(o) is uniquely determined by the collection of its nonneg-
ative zeros ¥ ¢, which are the quasi-cigenvalues of P. This easily follows from the well-known Hadamard-
Weierstrass factorisation theorem for entire functions [Congs]. Second, we deduce from a general property of
the zeros of almost periodic functions [KuSuzo, Theorem 6] and the asymptotic formula (1.8) that the collec-
tion of quasi-eigenvalues X, ¢ coincides for all Steklov quasi-isospectral curvilinear polygons.

Theorems 1.12 and 2.2 immediately imply

Corollary x.x3. Two curvilinear polygons are Steklov quasi-isospectral if and only if their quasi-eigenvalues coin-
cide.

Remark 1.14. Theorem 1.12 together with formula (1.8) also imply that if two curvilinear polygons PP and P are
Steklov quasi-isospectral, there exists an € > 0 such that A, (P) — A (P) = O (m™¢) asm — oc. <

We also prove the following constructive modification of Theorem r.12:

Theorem r.1s. The characteristic polynomial Fo, ¢(0) defined by (1.5) can be reconstructed algorithmically from
the Steklov spectrum of a corresponding curvilinear polygon P(cx, £).

The proof of Theorem r.15 also uses the Hadamard—Weierstrass factorisation, but does not rely on the
results of [KuSuz0]. Instead, we use in an essential way the polynomial decay of the error estimate (1.8), see
subsection 2.4 for details.

Theorem 1.16. Given the characteristic polynomial F(0) = Fq ¢(0) of an admissible curvilinear polygon
P(ax, L), we can recover the number of vertices v and the number of exceptional angles K > 0. Moreover,

a) If there are no exceptional angles, that is K = 0, we can recover the vector of side-lengths £ modulo cyclic
shifts and a reversal of orientation, and, once the enumeration of vertices is fixed (cf. Remark 1.6), we can
also recover the vector ¢, modulo a global change of sign.

) If the number of exceptional angles is K > 1, then for each exceptional boundary component Yy, K
1, ..., K, wecan determine whether it is even or odd, and obtain the number n, of its constituent boundary
ares, the vector of their lengths %) modulo a reversal of orientation, and, once the orientation is fixed, we
can also recover the vector ¢") modulo a global change of sign.

PAGEG6



INVERSE STEKLOV PROBLEM FOR CURVILINEAR POLYGONS

It immediately follows from Theorems 1.15 and 1.16 that all the geometric data in Theorem 1.16 can be re-
constructed from the Steklov spectrum of an admissible curvilinear polygon.

The proof of Theorem 1.16 is fully constructive, in a sense that all the operations required to extract the ge-
ometric data from the characteristic polynomial may be easily done “by hand” or implemented using symbolic
computations, see subsection 3.2. By contrast, a numerical implementation of the algorithm of Theorem 1.15
may not be straightforward.

Remark 1.17. 1f either of the admissibility conditions (1.10) or (r.11) is not satisfied, we can construct a number
of examples of different curvilinear polygons with the same characteristic polynomial, see subsection 3.3. The
admissibility assumption is therefore necessary for the validity of Theorem 1.16. Hence, in view of Theorem
1.12, Theorems 1.8 and 1.10 require this assumption as well. <
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2 Proof of Theorems 1.12 and 1.15

2.1 Some auxiliary facts

We will use the following results proved in [LPPS19].

Proposition 2.x. Let P = P(av, £) be a curvilinear polygon, with o € (0, 7)", £ € R}, and L given by (1.4).
With the sequences ¥, g and Ap defined as above, we have
(a) Aso — +o0,
L
#(ZaeN[0.0)) = #(Ap N[0,0)) + O(1) = 2o+ (1)

(b) There exists a constant N = N, g € Nsuch that for every interval I C Ry of length one

#(Eaenl) <N and #(ApNI)<N.

Part (a) is just a one-term Weyl’s asymptotic formula for the Steklov quasi-eigenvalues and eigenvalues,
respectively, which are taken from [LPPS19, formula (2.31)] and [LPPS19, Proposition 2.30] (the former in
turn follows from [BeKur3, Lemma 3.7.4] and the quantum graph analogy [LPPS19, Theorem 2.24]). Part (b)
immediately follows from part (a).

The polynomial (1.5) can be equivalently re-written as

1 R
Foylo) = Z BLS cos(|[€-¢lo) — H sin 20, (2.1)
¢e3n J=1
We note that
e =p-—¢
We additionally set
T=Th=The:={€-¢:¢ec3} (2.2)
Then the set 7 has at most 2"~ ! distinct elements ¢1, . . . , 47 and (1.5) can be also re-written as
#T
Foe(o) = Z ) cos(txo) — ro, (23)
k=1
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where the coefficients 7, K = 0, 1, ..., #7, depend non-trivially on a; if for some k > 1 we have t, = 0 €
T, then the corresponding term ry, is incorporated in ro. We can also further re-write (2.3) as

#T
r . .
Fax(a) = Z Ek (eiltkg + eltkg) —T0. (2.4)
k=1

2.2 Infinite product formula

Our first objective is to prove the following result.

Theorem 2.2. Given the collection of quasi-eigenvalues Yoy g = {0 } of a curvilinear polygon P (v, £), we can
recover the corresponding characteristic polynomial F, ¢ uniquely.

We start with the following easy corollary of the Hadamard—Wieierstrass factorisation Theorem. We recall
that for an entire function f : C — C, its order p is defined as

p = inf {7’ eR: f(z)=0 (e'z‘r) as|z| — oo}.

Theorem 2.3. Let f : C — C be an even entire function of order one with a zero of order 2mq at z = 0, and
non-gero geros 1y repeated with multiplicities; denote by I the sequence (with multiplicities) consisting of mg
zeros and ;. Then there exists a constant C such that

f(z) = CQr(2),

where

22
Qr(z) == ]] (1_2>’

v €I\{0}

Proof. By the Hadamard—Weierstrass factorisation Theorem [Congs] applied to f, we obtain
f() = 2™ [ B () B (—?) |

yergoy N 7

where g(2) is a polynomial of degree less than or equal to one, and the primary (or elementary) factors Ey (w)
are defined by

Ei(w) := (1 —w)e®.

We note that By (w)E1(—w) = (1 — w?), and that, since f(2) is even, so should be g(2). As g(2) is also
linear, it is therefore a constant. The result follows immediately. O

Let now o, £ be arbitrary, and let Fy, ¢ € F. Theorem 2.3 immediately implies
Theorem 2.4. There exists a constant C = Coy g such that Fo, 4(0) = CQx.(0), where
2m 02
= 0 1—— .
Qx(o) =0 11 | (2:5)

Ujeza,l\{o} J

with mg being the multiplicity of zero in Yo g.
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2.3 Recovering a trigonometric polynomial from an infinite product

Consider the mean operator M defined on the space of almost periodic functions on R by the formula

M|f] := lim 1/0tf(3) ds,

t—oo
and consider additionally the function
(A[f])(2) == M [e 7 f(s)]
whose support determines the set of frequencies of f [Bess4]. Note that we are not dealing with any continuity

or boundedness of A so we do not need to specify a norm. It is, however, evident that A[f] is linear in f.
Furthermore, for a constant ¢ € R, by direct computation,

. [y 0, if ;
Ale®](z) = lim = [ @2 ds={" 1 ‘ f 7
t=oo t Jq 1, ifz=gq.

Also, by an easy argument,

Alfl(z) =0 whenever a function f is (1) at +oo0. (2.6)

But now recall from (2.4) and Theorem 2.4 that

Faxlo) =) T (e7"7 4 &) —rg = CQx(0)
=1

o

with some constant C'. Thus, the set of frequencies 7 of F’ can be recovered via
T={=>0: AlQI(z) £0}.
The coefficients r; are then recovered via
ry = 20AQIL) fr0 AL €T: 1o = —CAQI0),

and the unknown constant C' can be found from the condition that the coefficient 7, corresponding to the
maximal element of 7 should be equal to one:

1

¢= 2A[Q](maxT)"

This proves Theorem 2..2.

Proof of Theorem 1.12. As mentioned in the Introduction, the “if" part follows directly from (1.8), and it remains
to prove the “only if” part. Consider two Steklov quasi-isospectral curvilinear polygons P and P, with ¥ and
5 being their corresponding sets of quasi-eigenvalues. By Theorem 1.3, these sets of quasi-eigenvalues difter by
o(1) at infinity. Moreover, each set of quasi-eigenvalues is a set of zeros of some characteristic polynomial of
the form (1.5) which is an almost periodic function with all real roots. Therefore, by [KuSu20, Theorem 6],
which implies that in this case two almost periodic functions with asymptotically close zeros have exactly the
same zeros, we have > = . An application of Theorem 2.2 completes the proof. O

PaGE9



S Krymsk1, M LEvITIN, L PARNOVSKI, I POLTEROVICH, AND D A SHER

2.4 Another infinite product

In this section we have a sequence A = {\,;, } for which \;;, = o, + O(m ™) for some (unknown) sequence
Y = {0} of roots of an unknown trigonometric polynomial F' € F with some unknown € > 0. We will
explain how to recover F'(¢) from this information.

The key idea of this proof is that, motivated by (2.5), we may define a similar “infinite product” with o,
replaced by A,,. Suppose that ng elements of A are equal to zero. (In fact, in the inverse Steklov problem, since
A is the sequence of actual eigenvalues, we always have ng = 1.) Then set

Qa(o) := g2no H (1 — )\2) . (2.7)

m=ngo+1

Consider the following ratio, which we for the moment compute formally, after some simplifications, as

o T _ (1 _ 1
g IT (1 A2, II (> Az,

QA(U) . m=ng+1 _ m=nop+1
- [ - ) :
Qx(o 2 1 1
O e i (o8) G
m m
m=mo+1 m=mo-+1
In the purely formal sense, as 0 — oo, this ratio tends to the constant
© 2
% -
m=mg m
no oo 2
_ Om, )
Co=Cosai=3 (=)™ [ o H 7 if ng > mo, (2.8)
m*mo—i-l =ny m
)moTno H A2 H )\—Qm if ng < my.
\ m=ngp+1 m=mgo+1 "™

Note that in all the cases the infinite products in (2.8) are well-defined in view of (1.8) and Proposition 2.1(a).
The following result makes this formal calculation rigorous and also handles the singularities near the ze-
roes.

Theorem 2.5. With terminology as above,

Jim (Qa(0) ~ Co@s(0)) = 0.

Proof. Set
Ms(o):={meN:o, € X o —oy,| <1}. (2.9)
By Proposition 2.1(b), there exists a constant N € N such that forany ¢ > 0,
#Mz(a) < N.

We define a new function,

g,
meMs (o)

2
. Y 2 (1-%)
Quale) =Qelo) [ S5——3=0s0) [] ﬁﬁ
This is, essentially, Qs (o) but with the zeros near each fixed o moved to be the zeros of Q5 (o) instead. Observe
that the product factor appearing in this definition has at most IV terms, and the whole expression can be also

re-written, using (2.5), as

~ 9 A2 o? o?
QE,A(J) =0 o H O'T <1 - )\2> H <1 - O_2> . (Z.IO)
meMs (o) 7 mgMs (o) "
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Then we claim that

Jim (Qza(0) ~ Qs (0)) =0 (21)
and B
lim (Qa(0) = CoQs.a(0)) =0, (212)

from which the Theorem follows.

An observation that will be useful in the proofs of (2.11) and (2.12) is that since Qx;(o) is a multiple of
F (o), itis uniformly bounded together with all the derivatives.

To prove (2.11) we write

~ A\ —o?
Qza(0) = Qs(0) = -Qx(o) [1- ] N

_ @x(0) meMs (o) meMs (o)
[T (om—0) I[1 (om+o0)
meMsx (o) meMsx (o)
= —Pi(0) (o),
where
Qx(o
Pl(O') = H E((O_) — O')’ (2"14)
meMs(o)
[I (-0 I (—0?)
meMs(o) meMs (o)
P —
) [T (onto)
meMsx (o) (2.15)
= H (om —0) — H (/\m—a)imiz,
meMs (o) meMs (o) m

We claim that P; (o) is uniformly bounded and that P (o) tends to zero as o tends to infinity; this is enough
to establish (2.11).
To examine Pj (o) we note the following analysis fact:

Proposition 2.6. For any function f(z) on an interval [a, b] which is C* Y and which is zero at z € [a, b],

f@) Y Tul)
pmw) T w 1)
where .
Ti(z) == / (t — xo)* FEH (1) dt.
o
Proof of Proposition 2.6. We first note that
Ti(x) = (2 = 20)* (@), (217)
and, using integration by parts,
y _ k+1
(k + 1)y (z) = / d(t = 20)™ FERD (@) dt
dt (2.18)

zo

= (z — 20)F ™ f* (@) — Tppy (2)
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We now prove (2.16) by induction in k. It is obviously true for k = 0. Suppose now it holds for some k.
Then, using (2.17) and (2.18), we obtain

( f(z) )“““) d Ti)

x — T dx (x — @o)F T
= —(k+ 1)(z — 20) " 2Th(z) + (z — 20) " f*H) ()
= —(z —20)  fF (@) + Tppa (2) + (& — 20) T fFH ()

= Tjp11(2).
O
Proposition 2.6 implies
Corollary 2.7. Under conditions of Proposition 2.6,
fx) \W H (k+1)‘
< . .
‘ (:z: _—— ()| < ||f Ol forall z € [a,b] (2.19)
Proof of Corollary 2.6. We use (2.16): the integrand in Zj () is bounded point-wise in absolute value by
— zolF || D ’
[# = ol Hf COab]’
from which (2.19) follows. O

We now inductively apply (2.19) to Py (o), taking [a,b] = [0 — 1,0 + 1] and 29 = 04, € Mx(0), to
show that

[PL(0)] < [|@s(0)llg#rms@)jp—1,041 -

The right-hand side here is in turn is bounded by [|Qx (o)~ (r), which we know is finite. Thus, P (o) is
uniformly bounded.

To analyse P (o), we use (2.15). There are at most IV terms in the sets Mx;(0), and therefore in the prod-
ucts in the right hand-side of (2.15). All the elements of My;(¢) go to 0o as ¢ — 00. Moreover, the absolute
value of the difference of every two corresponding terms of these products,

o = Al

20 — 1

Am +o o2 — N2,

Oom +0

(Um - U) - ()‘m _G)

Om + 0

goes to zero as 0 — 00, and there is a uniform upper bound for all terms. By continuity of the product map
from RY to R, the difference of products goes to zero, as desired. This completes the proof of (2.11).

We now proceed with establishing (2.12). For simplicity we assume from now on that the multiplicities of
zero in sequences 2 and A coincide, that is ng = mg. The other cases can be treated in a similar manner.

In order to prove (2.12) we intend to prove first that the function

Rya(0) = 1n|Qa(0)] — In|CoQs.a(0) (220)
satisfies
1i_>m Ry p(0) =0. (2.21)

Then (2.12) follows immediately since the function > e” is uniformly continuous on any compact set, and
both Q4 (0) and @x; A (o) are uniformly bounded on the positive real line by (2.11) and (2.21), and both terms
in (2.12) have the same sign for sufficiently large o.
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To prove (2.21), we write out (2.20) explicitly using (2.5), (2.10), and (2.8), and simplifying, yielding

o? o2 o?
Ry p(0) = Z <ln - |-In5—In 1—2>
m&Mz(U) )‘m )‘m Um
)\,Qn — o2 A — O Am + 0O
= Z In e = Z <1n p— +1In P > (2.22)
mgMs (o) mgMs (o)
= > <ln 14 2m T Im +ln}1+)‘m_+0m>.
g Ma(o) Om — O om+ o

Each term of the sum in the right-hand side of (2.22) goes to zero as 0 — 00, so any finite sum goes to
zero. Let

./f\/lvg/\(a) =Ms(e)U{m:0, <1} U {m A —om| > ;} . (2.23)

and

—~ 1
Mg p(o) =N\ Msa(o) = {m Com —o| > 1 om > 1, A\ —op| < 2} : (2.24)

to write down the right-hand side of (2.24) explicitly we have used (2.9) and (2.23).

Since M s.A(0) \ Mx (o) is finite, we can replace the summation in the right-hand side of (2.22) by the
sum over m € M, 5 (o). For those terms,

Am — Om

‘1+
om Fo

<1
9’

and we use the fact that on the interval [— %, %] we have the inequality
|In(1 + x)| < 2|z|.

Thus it suffices to show that the following expression goes to zero as o goes to infinity:
Z ( > . (2.25)

mEM*EY Alo)
The second term in (2.25) is smaller than the first, and we have, by (1.8) and by Proposition 2.1(a),

Am — Om

Om +0

Am — Om

Om — O

|[Am — om| < constm™€ < const o, €,

so it is enough to show decay of the expression
o
* o m
Ria(o) = >

We have

R5: A(0) < Ré#(a) = Z LJ, with ME#(O') ={m:|om—o| > 1,0, > 1},
meM¥ (o)

and we will show that Rg (¢) — 0as o — oo by comparing to an integral. Consider the function

"l —o0o

go(z) = |~L.
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For each fixed o, this function has no local maxima. So for each o, withm € ME# (o), there exists an interval
Ay, of length 1 either directly to the left or to the right of 7, for which

9o(0m) < 2 /A go() da.

We sum these inequalities over m € ./\/lgE (0),and use the fact that each x € R lies in at most IV such intervals
A,,, to obtain the estimate

RE@)= Y golom) <2N go(z) dz. (2.26)

1 1
r>35,|lc—0o|>35
meM¥ (o) ple=olz;

In principle, the integral in the right-hand side of (2.26) can be written down explicitly in terms of the
incomplete beta functions, and the asymptotics as ¢ — 00 analysed, but the resulting expressions are pretty
cumbersome, so we instead break this integral into three parts to estimate. First consider

2 3 €
Int (o) ::/ 9o () dx:/ dz.

1

2

1L o—x
2

The denominator is bounded below by /2, so we obtain a bound

2 (3 X (671 — g€ ife # 1
Intl(a)g/Qxde:{—l(g o) el
o J1
2

€
2772 ife =1,

which goes to zero as o goes to infinity.

o1 P -
Ints (o) :—/ go(x) dzx —/ dz.
%

The second part is

o —Xx

[SIS)

Here the numerator is bounded above by (%) ~ and we get a bound

1
oN—€ 972 1 o\ €
tutz(2) < (3) =(3) me
nta (o) < 5 /‘2’ a—a:dx 5 n o

which again goes to zero as o goes to infinity.

The third and final part is

[o.¢] o0 33,76 o 1
Int = o(x)dr = dx = ——dx.
ntz(o) /0+ go(z) dz /(Hé%_J T /; 2@ T o) z

The last integral goes to zero by the dominated convergence theorem, with the dominator x™

1=€ since the

integrand converges to 0 as ¢ — 00 for any fixed x. Thus all three integrals converge to zero, as o tends to
infinity, completing the proof of (2.12), and with it the proof of Theorem 2.s. O

Proof of Theorem 1.15. The upshot of Theorem 2.5 is that
Fae(o) = CiQa(o) +o(1) as o — +00, (2.27)

with some constant C'. By repeating now word by word the construction of Section 2.3 with C replaced by
C'1 and using (2.6), we arrive at Theorem r.15. O
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3 Proof of Theorem 1.16

3.1 Recovering the lengths sorted by magnitude

Assume, as in the statement of Theorem 1.16, that we are given a characteristic polynomial, in the form (2.3), of
an unknown curvilinear polygon P (cx, £) satisfying conditions (r.10) (that is, the lengths are incommensurable
over {0, £1}) and (r.11) (all angles are not special). Recall that by (2.2)

T=A{l€-¢l:¢e3t}
(and is known), and by (1.9)

. 2 2
= [ cos —,...,cos — |,
2@1 QOén
(and is unknown). Set additionally
: o o
So :=sign | sin — - - -+ - gin ——
0 & 2051 20%

(yet unknown).

Then,

* all elements of 7 are distinct positive real numbers;

* cardinality #7 is equal to 2!

as

, and we can therefore immediately recover the number of vertices of P

n =logy(#T) + 1;

2n71

* thecoefficientsry, k =1,..., , are all non-zero (since there are no special angles), and their moduli

do not exceed one;

* ro € (—1,1) is given by
n
’I”()ZS(]le—CJZ.
j=1

Assume, as above, that we are given a trigonometric polynomial in the form (2.3) corresponding to a non-
special polygon with incommensurable lengths. Then we have the following

Theorem 3.1. Given a set of frequencies T = Tp, we can reconstruct a permutation of the vector of lengths
0= (0.0,
such that the lengths are sorted increasingly,
O<th<. o<t
Proof of Theorem 3.1. Without loss of generality, re-order the frequencies in an increasing order,
t1 <tg < --+ < togn-1.

We now proceed in steps, where on Step k, k = 1, ..., n, we determine the value of E%.
Step 0. We immediately have

L=+ -+l =0+ -+l =maxT, =tyn1.

Step 1. Set
Ty =T \ {L}.
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Then

1 1
Ell = 5([4 — max'ﬁ%l) = 5([4 — t2n71_1).

Stepk, k =2,...,n — 1. Suppose we have already found ¢} < --- < £}, Set

k—1
7:17k =< + L—Qijtj fje{O,l} R

J=1

and

Tk = Ta \ Tni

) )

(basically, to obtain 7, ;, we exclude from 7, all linear combinations of lengths which may have minuses in
front of already found ¢1, ..., ¢}, and do not have minuses anywhere else, and the negations of such linear
combinations). Then,

1
0, = i(L —max Tp ).

Step n. Set
n—1
b, =L-> 1
j=1

Thus, we recover the lengths £ < --- < £},. O

We do not know yet the original order of the sides, that is, the permutation (1my,))_; such that £} = (.
We will also use the inverse permutation (kyy, ),y such that ) = £p,.

3.2 Recovering the correct order of the sides and the information on the angles

Once we found the vector £/, we still need to determine the correct order of sides and the angles, with appro-
priate modifications in the exceptional case. We consider separately three cases.

Case n = 1. Then there is only one angle and one side, the trigonometric polynomial has the form
cos(t10) + 7o, where t; = £1, and we know the coeficient 79 = sp\/1 — 5. We have £ = (¢1). There

are two sub-cases:

ro = 0: Then the only angle is exceptional, therefore ¢ = #(1), and the exceptional boundary component is
even.

rg 7 0: The angle is non-exceptional, and ¢ = £ (\/ 1-— T(Q)) (as |so| = 1).

Casen = 2. Thereare two angles, and the trigonometric polynomial has the form r; cos(t10)+cos(t20)—
70, where

r1 = c1C3, r% =(1- C%)(l — c%) (3.1)

Without loss of generality £’ = £. There are three sub-cases:

ro = 0 and |r1| = 1: Both angles are exceptional, and there are two exceptional boundary components of
one side each. They are both even if 71 = 1 and both odd if 7 = —1.

ro = 0and |r1| < 1: One angle is exceptional and another is non-exceptional, and there is one even excep-
tional boundary component. Without loss of generality we can assume that 1 is even exceptional

(c1 = 1), then ¢ = 71, and therefore allowing for a change of orientation and a change of sign,
Cc = :|:(1, 7‘1).
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ro 7 0: Both angles are non-exceptional. Solving the quadratic equations deduced from (3.1), we obtain

ol { } Vit+rt =3+ + - ir}
C1],|C2 =90 — (> Wlthp = )
p V2

and therefore allowing for a change of orientation and a change of sign, ¢ = + (p, %) .

Case n > 2. Once we know all the £/, we know the linear combination of £} which corresponds to
a particular frequency tj. In order to proceed further, we need to re-write the characteristic trigonometric

polynomial once more using a slightly different notation.
First, consider a subset J C {1,...,n}. We denote by {(J) = ((1,. .., (pn) avector in 3" such that

G = 1, ifjeJ,
T l-1, ifjed.

For every such subset 7 there exists a unique element ¢ := () € Ty, such thatt = |{(J) - £/|. We note also
thatt(J) = t({1,...,n} \ J). The characteristic polynomial can be re-written as

Z T(2j) cos(t(J)o) — ro,

jg{l’»n}

where all the amplitudes (J) are known.

It will be in particular useful to write down the amplitudes () in cases when a subset J contains either
one or two elements. For 7 = {k}, the vector {(J) will have exactly zwo sign changes, in positions my,_; and
myg, and we have

7“;4 = T’({k}) = Cmy—1Cmy,»

see Figure 2(a).

For J = {j, k}, with j # k, the situation is more complicated and depends on whether the vertices Vi, ;
and V;,, are neighbours, that is, on whether |m; — my| = 1. If they are zot neighbours, there are four sign
changes in ¢(7), in positions 1, m;, my_1, and my, and we have

r({d,k} = rjrs.,

see Figure 2(b).
If the vertices Vi, ; and Vi, are neighbours, then the vector ¢(J) will have again exactly wo sign changes,
now at positions min(m;, my) — 1 and max(m;, my,), and we have

/o

. 75Tk
T({]a k}) = Cmin(m;,mg)—1%max(m;,my) = 32 )
min(m;,my)

see Figure 2(c).
We emphasise that at this stage we do not yet know the correct enumerating sequence my. On the other
hand we know the matrix

R;,k = T({],k}), jakzla"'an;

its diagonal entries are R) , = 1. Introduce additionally the matrix

/ /
ALY —_—
i = g k=1,...,n.
ik

This matrix is symmetric, and its oft-diagonal entries (which are all positive) indicate which sides are adjacent
to each other, in the following sense:

PaGE 17



S Krymsk1, M LEvITIN, L PARNOVSKI, I POLTEROVICH, AND D A SHER

Ch(¢({7,%¥}))

s ={m; —1,mj,m, —1 mk}

DCh(C({): k}) = {mj —1,mi} P

. .
.....
......

. -
-------------

Figure 2: Illustration of the sign changes in {(7) in three cases: (a) 7 = {k};(b) J = {J, k}, and the vertices
Vin, and V;,, are not neighbours; (c) J = {j, k}, and the vertices Vin, and V. are neighbours, in the case
shown with m; = my, — 1.

o If D’ < 1forsome j # k, then the sides with lengths E and ¢}, are adjacent to each other, and for the
angle ap between them (with p = max(m;, my)) the correspondmg element ¢, of the vector ¢ can be
found, up to sign:

T
Cos 20, ' Dm.

cepl =

* If D’ = lforsomej # k, then the corresponding sides with lengths £; and £}, are either not adjacent,
or are adjacent but with an exceptional angle between them.

We can now use the properties of the matrix D’ to find, first, the number K of exceptional angles. Note
that in the non-exceptional case each row of D’ contains exactly zwo off-diagonal entries which are less than one.
In the exceptional case, a row number j may have oze such entry (which indicates that there is an exceptional
angle at one end of the side E;) or zero such entries (indicating that there are exceptional angles at both ends of
this side). Thus, we can recover the number of exceptional angles as

g HOH R D)y < 1) o

Assuming for the moment that K = 0, we can now proceed with determining the side-lengths £ in the
correct order, and the vector ==¢. From now on, without loss of generality we can assume m; = 1, so that
{1 = ). By inspection of the first row of matrix D’ we can find two indices, denoted k3 and ky,, such that
entries D1, and D1, are strictly less than 1. Therefore, the sides %2 and E;n are neighbours of the side
¢ = ¢}, and should be re-labelled as £5 and ¢,, (we have the freedom of choosing enumeration of these two sides
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at this stage, hence an ambiguity in choosing the orientation). Suppose, for definiteness, that we set my, = 2

and my,, = n. Then we have, for the angle between ¢1 and /3, |c1| = /D] kp» and for the angle between £

and £y, [en| = /D]y, -

We now continue the process by looking at the row number k9 of D’. We have already determined one of
the entries in this row which is less than one: it is D,’m1 (by the symmetry of D). Let the index of the other
such entry be denoted by k3. Then the side £3 := ¢}, is adjacent to £2, and we set my, = 3 and find, for the
angle between ¢5 and /3, |c2| = 4 /wa’kg.

Continuing the process, we determine the order of all sides (modulo reversal of orientation), and the vector
(lea]y -y len))-

In the presence of exceptional angles (K > 0), we proceed in a similar manner with the following modifi-
cations. We start the process at a row of D’ in which there is exactly one off-diagonal entry which is less than
one, if such a row exists (otherwise choose a row with no off-diagonal entries less than one). Assume it is the

first row of D and set, for the first exceptional boundary component, £ gl) = /. Suppose D’L ke < 1; then set

Egl) = %2 and ‘cgl)

off-diagonal entry less than one can be found. We then re-start the process from another (as yet unencountered)

= D’1 ko We continue the process until we reach a row of D' in which no further

row of D’ to find the second exceptional boundary component, and so on.

To finish the proof of Theorem 1.16 it remains only to show, in the non-exceptional case, that if we fix the
sign of the cosine c1, say, the signs of other cosines ca, . . ., ¢, will be determined automatically. This in fact
follows immediately: the angles cv,;, and cv,;,—1 are adjacent to the side ¢, = %m, and therefore

Slgn (Cmflcm) = Slgn (Dknukm) . (33)

The exceptional case is dealt with similarly. O

Remark 3.2. In view of Remark 1.2, a combination of Theorems 2.2 and 1.16 may be perceived as an inverse
spectral result for a certain special family of quantum graphs. Moreover, our methods allow to recover from
the spectrum of a quantum graph not only its edge lengths £ (which is expected, see, for example, [KoSmoo,
GuSmoi, KuNoos, KoSco6, KPSo7, BoEnog, KuNoio]) but also some information on vertex matching con-
ditions encoded by the vector £cq. |

3.3 Examples

Example 3.3. Consider the trigonometric polynomial

Fo) = —% cos((2+ ¢ — m)o) — % cos((2V2 + e — 7)o + % cos((2 — e + 7))

— % cos((—2V2+e+m)o) + 1—10 cos((2V2 — e+ m)o) — é cos((—2+e+ma)  (3.4)
+ % cos((2 4 e+ 7)) 4 cos((2V2 + e + m)o) — g
The cosine terms are ordered in increasing order of frequencies t, k = 1,...,8.
We start by finding the side-lengths, in increasing order, following the procedure in the proof of Theorem
" Steps 0 and 1. By inspection, we immediately have

4
L=Y 6 =2V +err,
k=1

and

6’1:%(L—tg):%(L—(2+e+7r)):\/§—1.
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Step 2. We have
721,2 - {tb cee 7t6}7

and therefore ) !
th = S(L—te) = 5(L—(-2+e+m) = 14+ V2.
Step 3. We have
721,3 - {tly t27 t37 t5}7

and therefore ) ]
vy = (L —ts) = (L= (2V2—e+m)) =e.

Step 4. Finally, , , , /
(=Lt~ t=m

We now proceed to determine the order of sides £,,,, = % in the polygon, and the corresponding quantities
|ck|. We re-write (3.4) as

F(o) = —icos (—++-) o) - 1cos (+++-)-£o)+ 1cos (—+-4)-£0)

60 3 8
2 1 1
~ 15 08 (= =++)-£0) —i-ﬁcos (++—-4)-£0) — g oo (+=++)-£0)
1
+ %cos((—+++) o) +cos((++++)-£o)— %

By inspection, the matrix R’ is

1 _2 1 _ 1
20 15 8 60
2 _1 _ 1 1
/ 15 6 60 8
= 1 1 1 2 |
8 T 60 10 15
_ 1 1 2 _1
60 8 15 3
and therefore the matrix D’ is
11 1y
20 16 25
11y 4
p—|1 ~% 9
1 ¢4 1L 1
25 10 4
4 1 1
L5 1 -3

Setly =) =2 1. Looking for the entries different from one in the first row of D, we set ko = 2,
k4 = 3 (and so mo = 2, m3 = 4), and therefore obtain

1
bL=6=1+V2  |al=/Dj,=7

—— 1
54 = gé =e, ’64’ = D/1»3 = g

Switching to the second row of D', we set ks = 4 (and so my4 = 3), and further obtain

[~ 2

53262:7[', ‘CQ‘: DéA:g,
1
lesl = /D3 = 9
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Summarising, we have so far
(my) = (1,2,4,3), (km) = (1,2,4,3),

1211
et beahleal oo = (§.5.55 )

and

,e: ( 3.7 /27 ﬁL?Eg) = (\/5_171+ﬁ7ﬂ7e)' (3'5)

Finally, to find the signs of ¢;, we use (3.3), giving

sign(cieg) = Sign(D’QQ) = —1, sign(cacs) = Sign(DﬁlA) =—1, sign(cscq) = sign(Dgyg) =1,

1 211
=+(-,-22-). .

We remark that the trigonometric polynomial (3.4) was in fact constructed as I, (o) with

and so

i = <e,n,1+\@,\f2—1), (37)

EZC&=<1 2 1 1)- (3-8)

and o such that

27 _57 17 5
Comparing (3.5)—(3.6) with (3.7)—-(3.8), we can confirm that we have indeed recovered the geometric informa-
tion about the polygon within the restrictions of Theorem 1.16(a), see also Remark 1.6. N

Example 3.4. Consider now the trigonometric polynomial

F(o):=F-

Qexy

+ %cos((Q —e+m)o) —cos((—2V2+ e+ m)o) — %cos((Q\/i —e+m)o) (3.9)

7o) = —% cos((2+e—m)o) — %cos((?ﬁ +e—m)o)

+cos((—2+ e+ m)a) — cos((2 + e+ m)o) + cos((2V2 + e + m)o).

Itis generated using the same vector ‘ (given by (3.7)) as in Example 3.3 (and therefore has the same frequencies
ti, k =1,...,8)butwith a replaced by a vector ctey such that

- 1
Cex = Cq,, = 5,1,1,—1 . (3.10)

We will now use the procedure outlined in the exceptional case of Theorem 1.16(b) to recover the geometric
information from (3.9).

Since the frequencies are the same as in Example 3.4, the recovery of the vector £’ goes exactly as before.
The matrices R’ and D’ become, by inspection,

-1 -1 3 -3 -11 1 1

-1 1 -1 1 11 1 1
R=1, R and D' = 11
2 —3 —3 1 L1 =5 3

1 1 1 1 1

-3 3 1 3 L1 3 3

Formula (3.2) then gives the number of exceptional angles K = 3. Starting the reconstruction of excep-

(1)

tional boundary components with the third row of D', we set £;’ = ¢4 = e. Since the only non-unity off-

(1) cgl)‘ =, /Dé,4 = % There are no further sides

diagonal entry in this line is Dy 4, we set £y’ = £ = 7 and
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(1)

1 . . .
connected to £5 7, therefore the first exceptional boundary component has two sides; as 81gn(D§73 D; 1) =—1

this exceptional boundary component is odd.
The other two exceptional boundary components have only one arc each; we can choose 22 = (0 =

(V2 — 1) (this exceptional boundary component being odd since sign(D} ;) = —1),and 0B = (1) =
(V2 + 1) (this exceptional boundary component being even since sign(Dy5) = +1). <

The next two examples illustrate that Theorem 1.16 no longer holds if we drop either the condition that
there are no special angles, or the condition of sides incommensurability.

Example 3.5. (a) Consider a family of straight parallelograms

T 4r 7w 4w
P, = -, =, — 1— 1-—
a P<<57 5757 5),(&7 a?a/7 a)>

depending on a parameter 0 < a < 1, with sides @ and 1 — a (and therefore a fixed perimeter L = 2), and
angles £ (which is special) and 4%. Then the characteristic polynomial (1.5) for F, is
F(o) = cos(20) — —
o) = cos(20) — —.
V2
As it is independent of @, we cannot recover the side-lengths from it.

(b) We additionally show that if we allow special angles, there exist pairs of straight triangles (with pairwise
different vectors £ and c) which produce identical trigonometric polynomials (r.5). For i1,42 € N, consider
a triangle T3, ;, with perimeter one, two special angles a1 = 21.1%, a9 = ﬁ, and the third angle a3 =
m — a1 — ag. Then (v5) for T}, ;, becomes, after some simplifications

o . 1
F(0) = cos(a) + (—1)""2 sin 27rw.
44119 — 1
The polynomials for two different triangles 75, ;, and T 5 would coincide if they have the same constant
term, in particular if
(cpyptieati2tl it tl (311
diyip — 1 44119 — 1
has a solution (71, Z'Q,ajg) e N4 o
One solution of (3.11) is given by (i1, i2,71,72) = (3,31, 4,10); thus two triangles with perimeter one
and angles o = (%, &5 %) andx = ( T ‘r’g’—gr), respectively, are indistinguishable from their respective
Steklov quasi-eigenvalues. N

Example 3.6. Consider two curvilinear triangles 7 = P(a, £) and T = P(&,£), with £ = (1,1,3) and
£ = (1,2,2). Then we claim that the angles o = (o, a2, avg) and & = (&g, &g, @3 can be chosen in such
a way that

Fae(o) = Fy 40), (3.12)
forall o € R, and therefore all the quasi-eigenvalues of 7 and 7 coincide.
L e— 7T2 PR —_ 7'('2 e 7T2 . e— ot 7r2 s :
Set¢j := cos 2a;> 87 += S 5o, Cj 1= cos 207 and 5; := sin 57 j = 1,2,3. We now write down

(3.12) explicitly using the definitions, yielding

cos(bo) + cacs cos(o) + crea cos(30) + c1e3 cos(30) — s15283

= cos(bo) + ¢ac3 cos(o) + ¢1¢2 cos(o) + ¢1¢3 cos(30) — 515253,

which becomes an identity if we can find an instance of

cac3 = CaC3 + C1C2,
cica +cie3 = cics, (3.13)
515283 = §1§2§3.
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It is easily checked that the system (3.13) is satisfied, for example, if we choose

_ _~_} _—39+\/241~_7—\/241~_—19+\/241
01—62—02—2703— 40 ,C1 = 12 ,C3 = 40 )

and choose the angles in such a way that all the sines are positive. Note that all the angles here are neither special

nor exceptional. N

Remark 3.7. The numerical computations of the first few eigenvalues in each of Examples 3.5(a ,b) and 3.6

indicate that the corresponding families or pairs of quasi-isospectral domains are not isospectral. <
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