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Neumann and Steklov eigenvalue problems
Let Q C R? be a bounded simply-connected Lipschitz domain.
Neumann problem:
—Au = puin Q and %‘89 =0.

The Neumann problem describes the vibration of a homogeneous
free membrane.

Steklov problem:
Au=0inQ and %:auon 09.

The Steklov problem describes the vibration of a free membrane
with the whole mass uniformly distributed on the boundary.
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Neumann and Steklov spectra

The spectra of Neumann and Steklov problems are discrete:

0=po < p1(Q) < p2(Q) < p3(Q) <--- 00,

0 =00 <01() <02(Q2) <03(Q) </ 0.
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Neumann and Steklov spectra

The spectra of Neumann and Steklov problems are discrete:

0=po < p1(Q) < p2(Q) < p3(Q) <--- 00,

0=00<01(Q) <02(Q) <03(Q) <--- /0.

Both Neumann and Steklov spectra start with the simple
eigenvalue

MOZUOZOa

and the corresponding eigenfunctions are constant.
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Variational characterization

Vul? dz
pk(2) =inf  sup 7‘[9 | Z‘ ,
Uk 0£ucUy fQ u? dz

k=1,2,...
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Variational characterization

Jo IVul?dz

() = inf sup , =12,.
H ( ) Uk 0£uc Uy fQ u? dz

Vul?d
ok(Q) =inf sup Jo|Vuldz =1,2,.

9 4 >
Ekx 0£ucE, faQ u? ds
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Variational characterization

_ Jo |Vul? dz
() =inf sup =H—n—-, =1,2,...
H ( ) Uy 0£ue Uy fQ u2 dz
Vul?d
ok(Q) =inf sup M k=1,2,...

)
Ex 0zuck, Joq u?ds

Here U, and E, denote k—dimensional subspaces of the Sobolev
space H1(R), such that Uy are orthogonal to constants on Q and
E\ are orthogonal to constants on 0X2.
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Questions

Question 1. How large can the k—-th Neumann eigenvalue be on
a simply-connected planar domain of a given area?
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Questions

Question 1. How large can the k—-th Neumann eigenvalue be on
a simply-connected planar domain of a given area?

Question 2. How large can the k—th Steklov eigenvalue be on a
simply-connected planar domain of a given perimeter?

The mass of the membrane Q equals area(£2) in the Neumann case
and the perimeter L(09) in the Steklov case.

Therefore, Questions 1 and 2 could be reformulated as follows:

How large can ux and o, be on a membrane of a given mass?

6
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Neumann eigenvalues

In 1954, this problem was solved for 111 by Szego:
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Neumann eigenvalues

In 1954, this problem was solved for 111 by Szego:

u1(2) area(2) < wug(D) =~ 3.397,
where D is the unit disk.
The equality is attained iff Q is a disk.

Two years later, Weinberger generalized this result to arbitrary
(not necessarily simply—connected) domains in any dimension.
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Second Neumann eigenvalue

Theorem 1 (Girouard—Nadirashvili-P. '09)
— If Q is simply-connected then

u2(2) area(2) < 2 (D) ~ 6.787.
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Second Neumann eigenvalue

Theorem 1 (Girouard—Nadirashvili-P. '09)
— If Q is simply-connected then

u2(2) area(2) < 2 (D) ~ 6.787.
— There exists a family . degenerating to the disjoint union of
two identical disks such that

lim () area(€2:) = 2 (D) 7.
e—0+

Note that the equality is not attained.
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Second Neumann eigenvalue

Theorem 1 (Girouard—Nadirashvili-P. '09)
— If Q is simply-connected then

u2(2) area(2) < 2 (D) ~ 6.787.

— There exists a family . degenerating to the disjoint union of
two identical disks such that

lim () area(€2:) = 2 (D) 7.
e—0+

Corollary Pdlya’s conjecture holds for k = 2 on simply—connected
planar domains with Neumann boundary conditions.
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Steklov eigenvalues

Example On the unit disk D, the eigenvalues of the Steklov
problem are equal to

Ook—1 = 0ok = k
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Example On the unit disk D, the eigenvalues of the Steklov
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Steklov eigenvalues

Example On the unit disk D, the eigenvalues of the Steklov
problem are equal to

Ook—1 =02k = K
and the corresponding eigenfunctions are given by
rkcos kO, r*sin k6.
Weinstock inequality '54:
01(Q) L(0Q) < 2701(D) = 2.

The equality is attained iff Q is a disk.
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Hersch—Payne—Schiffer inequalities

In 1974, Hersch, Payne and Schiffer proved that

(k+n—1)272 if k+nis odd,

(Tk(Q) O'n(Q) L(89)2 < {(k + n)2 7T2 if k+ nis even.
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Hersch—Payne—Schiffer inequalities

In 1974, Hersch, Payne and Schiffer proved that

(k+n—1)272 if k+nis odd,

Uk(Q) O'n(Q) L(89)2 < {(k + n)2 7T2 if K+ nis even.

In particular, this implies: o4(S2) L(0Q2) < 2 k.
For we get Weinstock's inequality.

Hersch, Payne, Schiffer noticed that their inequality is sharp for
with the equality attained on a disk.

In fact, a much stronger statement holds!
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Theorem 2 (Girouard—P. '10) There exists a family of
simply-connected domains, degenerating to the disjoint union of n
identical disks as € — 0+, such that
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Theorem 2 (Girouard—P. '10) There exists a family of
simply-connected domains, degenerating to the disjoint union of n
identical disks as € — 0+, such that

lim o,(Q:) L(0Q:) =27n, n=2,3,...

e—0+

and

lim 0n() 0ns1(Q) L(0Q:)? = 47%0°, n=2,3,...

In particular, the Hersch—Payne—Schiffer inequalities are sharp for

aln=kandn=k+1, k> 1.

12 /25
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Why pull the disks apart?

One could ask why in Theorem 2 we do not apply a more natural
construction used in Theorem 1:
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Why pull the disks apart?

One could ask why in Theorem 2 we do not apply a more natural
construction used in Theorem 1:

The reason is that convergence of Steklov eigenvalues in this case
could be quite unexpected.
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Collapse of the Steklov spectrum

According to the variational principle,

Vul? dz
k() =inf sup fﬂ‘il, =12,...
Ex 0ucE, Joqu?ds

Let s be the length of the passage and let the width ¢ — 0+.
Consider k pairwise orthogonal test—functions vanishing in the

disks and equal to sin 2”% m=1,...,k, inside the passage.

For every fixed m, the numerator in the Rayleigh quotient tends to
zero as € — 0+, while the denominator does not. This implies

el—lrg—i- O-k(e) =0

forall k=1,2,...!
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Product of the first two Neumann eigenvalues

Motivated by analogy between Steklov and Neumann eigenvalue
problems, we propose

Conjecture The product of the first two Neumann eigenvalues

attains its maximum on a disk among all domains of a given area:

11(Qpa(Q) area(Q)? < jua (D) 7
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Product of the first two Neumann eigenvalues

Motivated by analogy between Steklov and Neumann eigenvalue
problems, we propose

Conjecture The product of the first two Neumann eigenvalues

attains its maximum on a disk among all domains of a given area:

11(Qpa(Q) area(Q)? < jua (D) 7

For simply—connected domains, it follows from Szegé inequality
and Theorem 1 that

p1(Q)12(Q) area(Q)? < 2 py(D)? 72
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Theorem 1: sketch of the proof

Assume area (Q2) = .
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Theorem 1: sketch of the proof

Assume area (2) = m. We want to show: 12(Q2) < 2 u1(D)
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Theorem 1: sketch of the proof

By Riemann mapping theorem, there exists a conformal
diffeomorphism ¢ : D — €.

Consider the pullback of the Lebesgue measure dz:

dp = ¢*(dz).

Since the Dirichlet energy is conformally invariant,

) fD |Vf|? dz
Q) =inf sup —r—r——.
H2() E o;éng Jp f2dp

Infimum is taken over all two—dimensional subspaces £ C H!(D)
such that

/fdp:O for all f € E.
D

16
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First eigenspace on the disk

Let f(r) = J1(¢r) with J{(¢) =0, where J; is a Bessel function.

The functions

Xo(2) = <f(\z|) ;7' t> (t € R?)

are the eigenfunctions corresponding to
p1(D) = pp(D) = ¢* = 3.39
Let s,t € S! be such that s L t. Then
X2(2) + X2(2) = £2(|z]).

Set

K:/Dxf(z) dz:;/sz(\z])dz.

17/25



Hyperbolic caps

— Let v be an hyperbolic geodesic.

— A hyperbolic cap is a connected
component of D \ .

— 7 : D — D is the reflection across
the geodesic ~
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Hyperbolic caps

— Let v be an hyperbolic geodesic.

— A hyperbolic cap is a connected
component of D \ .

— 7 : D — D is the reflection across
the geodesic ~

u(z) ifzea,

Theliftofu:a—>Risf/(z):{( ) ifzea (2)
u(tz) if z € a* =1(a).

18 /25



Test functions for 1,(2)

Conformal equivalence ¢, : a — D
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Test functions for 1,(2)

Conformal equivalence ¢, : a — D

Define

u§:XtO¢a

o
?
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Test functions for ()

Conformal equivalence ¢,:a — D
Define
U; = Xt 0 ¢,

Lift to obtain test functions

i:D—-R (teR?

t

5 1S in t.

The function U
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J,
9

Hersch's lemma allows to choose ¢, so that fD it dp=0.

Test functions for ()

Conformal equivalence ¢,:a — D
Define
U; = Xt 0 ¢,

Lift to obtain test functions

i:D—-R (teR?

t

5 1S in t.

The function U
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Using E = E, = {i} | t € R?} in
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#2(Q) E ozfce  Jpf2dp
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Using E = E, = {i} | t € R?} in

Q) = inf su
#2(Q) Eo;éng Jof2dp

leads to

~t|2
12(S2) < sup M-
test [p (85)° dp

Jo V2 dz
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Using E = E, = {i} | t € R?} in

_ fD\Vdez
Q) =inf sup ——p——
#2(Q) E ozfce  Jpf2dp

leads to

Vit|?d
(@) < sup 11V E O
test [p (85)° dp
Lemma
/ \Vii|? dz = 2u1 (D)K.
D

The proof uses conformal invariance of the Dirichlet energy. The
factor 2 appears because of the lift.
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Previous lemma implies:

2u1(DYK
(@) < sup 22K
tes!? f[) (@g)” dp
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Previous lemma implies:
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Previous lemma implies:
2u1(D)K
112(Q) < su M
tESl fD dp

Lemma For each cap a there exists t € S! such that

it)? —1 2(12|) dz
/D(ua) dPZK—z/Df(] ) dz.

This follows from growth properties of subharmonic functions.

Note that dp = d(z)d z, where §(z) is subharmonic: Ad > 0.

Indeed, since Q is planar, the Gaussian curvature is zero, and
hence Alogé = 0.
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Previous lemma implies:

2p1(D)K
12(S2) < sup %
tes! f[) (Bf)” dp

Lemma For each cap a there exists t € S! such that

it)? —1 2(|2|) dz
/D(ua) dPZK—2/Df(] ) dz.

This follows from growth properties of subharmonic functions.

Note that dp = §(z)d z, where §(z) is subharmonic: Ad > 0.

Since f is increasing, for any s,t € S* with s L t we have:

F2(21)

/[,((‘"’3)2+ (2)°) d/’:/D(Xs2+Xt2)5(Z)dZZ/Df2(2|)dz.

21/25



Existence of a multiple cap

Lemma There exists a cap a such that [ (E§)2 dp does not
depend on t € S1.
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Existence of a multiple cap

Lemma There exists a cap a such that [ (E§)2 dp does not
depend on t € St

Suppose this is false.

Since for each cap a C D, the integral

is in t, there exists a unique maximizing direction
+t € St such that for each s # £t

/D(ag)2 dp >/D(a;)2 dp.



We obtain a continuous map
m : HC — RP?

where HC is the space of hyperbolic caps, associating to each cap
a its maximizing direction m(a).
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We obtain a continuous map
m : HC — RP?

where HC is the space of hyperbolic caps, associating to each cap
a its maximizing direction m(a).

The space of caps is naturally identified
with a cylinder

HC = St x (0,2n)

first coordinate: midpoint of 9a N dD,
second coordinate: length of da N dD.

23 /25
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lim m(a) = [e"]

24 /25



Lemma
lim m(a) = [1]

a—D
lim m(a) = [e*"]
a—el?

Since m is continuous, we get a homotopy between a trivial loop
and a “double” loop in RP! (note that RP! is homeomorphic
to S1).
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Lemma

lim m(2) = [1
lim m(a) = [e*"]

a—eif

Since m is continuous, we get a homotopy between a trivial loop
and a “double” loop in RP! (note that RP! is homeomorphic
to S1).

This is a contradiction. Therefore there exists a cap a such that
~t\2
/ (ua) dp> K
D

for all t € ST,
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Lemma
lim m(a) = [1]

a—D
lim m(a) = [e*"]
a—el?

Since m is continuous, we get a homotopy between a trivial loop
and a “double” loop in RP! (note that RP! is homeomorphic
to S1).

This is a contradiction. Therefore there exists a cap a such that
~t\2
/ (ua) dp> K
D
for all t € S, and hence

2u1(DYK
12(Q) < sup 2210)

————<2m(D). O
teS? fD (U§)2 dp

24 /25
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Remarks and open questions

1. Can one extend our results to multiply connected domains and
to domains in higher dimensions?
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2. Results for Steklov eigenvalues hold also if the mass on the
boundary is distributed with a non—constant density. Theorem 1
holds for log—subharmonic densities, i.e. for domains in
non-positively curved surfaces (Girouard—P. '10).

3. One could ask whether disjoint unions of disks always maximize
Neumann eigenvalues. Poliquin—Roy-Fortin '10 proved that this
is not true. For Dirichlet eigenvalues, a similar result was obtained
by Wolf—Keller '94.

Understanding the geometry of maximizers for higher Neumann
eigenvalues is an interesting open problem.
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