Sieve weights and their smoothings

Dimitris Koukoulopoulos'

Joint work with Andrew Granville'? and James Maynard®

"Université de Montréal
2 University College London
3 University of Oxford

Oberwolfach, 10 November 2016



Selberg’s sieve

Z M(d)<(z Ad) ;

d|(a,m) d|(a,m)

for any A\g € Rwith Ay = 1.



Selberg’s sieve

> u(d)<(z Ad) ,

d|(a,m) d|(a,m)

for any Aq € R with Ay = 1. Minimize quadratic form

2
Z(Z )‘d) = ) AgAg-#{ac A: Dla}.

acA \d|(am) dh o\ m
D=5



Selberg’s sieve

> M(d)<(z Ad) ;

d|(a,m) d|(a,m)

for any Aq € R with Ay = 1. Minimize quadratic form

2
Z(Z )‘d) = ) AgAg-#{ac A: Dla}.

acA \d|(a,m) di,do|m
D:[d17d2]

Assume )y supported on d < R, so D < R?.



Selberg’s sieve

> M(d)<(z Ad) ;

d|(a,m) d|(a,m)
for any Aq € R with Ay = 1. Minimize quadratic form

2
Z(Z )‘d) = ) AgAg-#{ac A: Dla}.
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Assume )y supported on d < R, so D < R?.
Optimizing (making assumptions on A) yields
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Selberg’s sieve weights & beyond

Ag =~ C-u(d)- (W) -14<r, K = Sieve dimension

Weights Ay decay smoothly to 0, with ‘smoothness degree’ increasing
with «.
More generally, consider
o log d
Wi B) = 3 () (o2 ).
d|n
supp(f) C (—o0, 1], f(0) = 1.
M:(n; R) should behave like a sieve weight for f sufficiently smooth, i.e.

> My(m; R)? < IogR >t

n<x n<x
pln = p>R

Maynard and Tao used k-dimensional generalization of M:(n; R) to
detect small gaps between primes.
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To smooth or not to smooth?
|
Wi B) = 3" () (1o2) . supp(f) < (~oc. 11
d|n

Is this a sieve weight when f is not smooth?

If n=2m, 21 m, then

>oowd)y= > wd)+ D u(2d)

din, d<R dim, d<R d|m, 2d<R
= Y ),
d|m, R/2<d<R

Ford: #{n<x:3!d e (R/2,R], d|n} = x(log R)~’(loglog R)~%/2,
where § ~ 0.086 < 1,i.e. >4, g<pu(d) # 0 too often.
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How much to smooth?

Forfe CAR), n=p{"---pfmwith pi,...,pat m,

logp,
Me(m; R) < My ( || Iog,‘;
d))2k
; . B\2k < X anx(de, d<R (
Guess : n§<x M;(n; R)<" < max { og A’ (log R)244

If 3= e x(Xain, a<r #(d))?* ~ ckx(log R)F«, then we would need
A > Ex/2k for M¢(n; R)k to act as a sieve weight.

}
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Theorem (Granville, K., Maynard (2017?))

Let k, A € N. Assume that:
o > nex(Xain, a<r#(d))?F ~ ckx(log R)E« when x/R?X — oo;
o f e CAR), supp(f) C (—oo,1], f, ..., A unif. bounded.

(a) If A> Ex/2k + 1, then

n3/2x
. > Mi(n; R <<kaIO r (x=2R22)
n<X g
3p|n, p<R"
2k _ Ck X X S Rk+e
° I;(Mf n; R) R + O kA <(Iog R)3/2> (x > )

(b) IfA< Ex/2k+1 andx > R > 2, then
" nex Mi(n; )2 < x(log R)Ek=2K(A=1).
Dominant contribution when #{p|n: p < R} ~ (Ex + 2k)loglog R.
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The exponent Ex

Z ( Z u(d)) . ckx(log R (x/R?K — o).

n<x d|n, d<R
Dress, Iwaniec, Tenenbaum (1983): E4 =0
Motohashi (2004): E, =2

La Breteche (2001), Balazard, Naimi, Pétermann (2008) :
E, exists for all k. Ex =7?

Let’s simplify the problem: recall if n=2m, 2+ m, then

doowd)y= > p(a)

dln, d<R dlm, R/2<d<R

2k

Finite field analogy: (;n > ( > u(G)) .
FeFglf]  GIF, deg(G)=m
deg(F)=n
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The analogy for permutations, 3

Perm(n; m, k) = #{(Mozicen : 11 € {0,1} (/1] 0dd), > 1y =m, Vi}.

I icl
We have 221 — { free variables of size < m and 2k constraints :
Perm(m; m, k) =< m?* "' —2k=1 (k> 2).
Remark: The analogous results holds for Fq(t].
Guess: Ex=2%""-2k—1 in > ( Y pu(d)* ~ ckx(log R)F.
n<x d|n,d<R

Motohashi proved E, = 2, but 24~' — 4 — 1 = 3 (the analogy between
Z and Fg[t] analogy breaks down).
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The source of the extra cancellation, 2

(Y wa) "~ > 11 “2
n<x din, d~R [1-; DI~R (1<i<2k)  IC[2K]
D;<(log R)¢ when |/|=0dd

Fixing D, with |/| odd, we must perform a lattice point count:

Zb, even 1—‘[even l

T2 Dj~R; vi  IC[2K] Dy
IE) I~

2k—1
~c-(log R 21 | smaller terms,

The total main term cancels since >, 1(n)/n=0

—  E < 2?1 _2k_1.
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with s; = 3. sj and F(s) some nice Euler product.

Shifting contours, we pick up pole contributions when s; = 0 with
|l| = even.
Dominant contribution NOT when sy = --- = sy = 0, but when

sj = (—1)~'s; # 0 after a permutation of the variables (many, many
such poles).



The exponent Ex: encore

2k X even (1 + s;) & R

S wd) ~ o / . / F(s)tL oL T (1+5) [] 5.
n<x d|n, d<R y / C(1 +Sl) fl
%(S/)ZW
1<j<2k
with s; = 3. sj and F(s) some nice Euler product.
Shifting contours, we pick up pole contributions when s; = 0 with
|l| = even.

Dominant_contribution NOT when sy = --- = so, = 0, but when
sj= (-1 Y~1s; # 0 after a permutation of the variables (many, many
such poles).

Theorem (Granville, K., Maynard (2017?))

Ex = <2k) — 2k, e Z( 3y p(d))Zk ~ cix(log R)(K) 2.

k
n<x din, d<R
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Interpolating between integers and polynomials

If o € S, then u(o) = (—1)"sgn(o) and E, ¢yce[san(p)] = 0.
Theorem (Granville, K., Maynard (2017?))
Letk > 2, x # xo real character mod q, and x/R? — .
(a) Iflog R > max{log g, L(1, x) '}, then
1 2k _ o
30 )T = L1 0P (log AP,

n<x d|n, d~R

(b) If L(8,x) = 0 and (log q)% < log R < 115, then

s (X (@) = (togq)"- (iog A2~

n<x d|n, d~R




Thank you!
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deg N=n degM=m
:/ E(r )vae” Zq(re(8))) de
[0,1]2 P Zq(rle(6)))  TI(r- e(@)™
where

deg(G
zan) = 3 (4 <TI0 - gy

ergy N9 P

6) =3 jc,; and F is some ‘nice’ function.

Poles when r; = 1 and ¢, = 0 (mod 1) with / even. e.g. when r; = 1 and
0; = 1/2for all .

The torsion of R/Z, i.e. the discrete structure of Fq[t], yields a
fundamentally different pole structure.



