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If E/Fp, then ap(E) := p+1— #E(Fp).

o |ap(E)| < 2yp
@ E(Fp) =Z/mZ x Z/mKZ  with p=1(modm).
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@ P(ap(E) =t) for some given t € Z7?
© ook P(ap(E) = 1) ~7, Pla< ZE <p)l 2 PVi—Pdu
@ P(#E(Fp) = prime) =7

@ P(E(Fp) = G) for some given G? P(E(Fp) = cyclic) =7
@ Dynamics of elliptic curves:

S P(#E(Ep) =gt (1 <j< k)| E By (1<j<k)) =2

Py Pk SX
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Theorem (Castryck-Huberts)

Let (N,p) = 1. For any conjugacy class F in GLo(Z/NZ) with
determinant p, we have

#.7-" N?loglog N

HmEA)= 4+GLP)(z/Nz) VP

(Cebotarev on the modular covering X(p?; ¢n) — X(1;1). Similar
result by Achter via the Katz-Sarnak equidistribution theorem.)



Probabilistic interpretations of Euler products
If p > N*t¢, then the Castryck-Hubert result implies

P(ap(E) = t(mod N)) 10 0 #{o € GLP(Z/0'Z) : tr(0) = t (mod £)}
1/N N GLY(z/erm)|




Probabilistic interpretations of Euler products
If p > N*t¢, then the Castryck-Hubert result implies

P(ap(E) = t(mod N)) 10 0 #{o € GLP(Z/0'Z) : tr(0) = t (mod £)}
1/N N GLY(z/erm)|

Similarly, a direct computation reveals that the result of Fouvry-Murty
and David-Papallardi can be rewritten as

VX 27l #{0 € GLo(Z/IZ) : tr(c) = t(mod )}
D B(a(E) =1) ~ logx 1;[ Z\GLQ(Z/M)\ '

p<x



Probabilistic interpretations of Euler products
If p > N*t¢, then the Castryck-Hubert result implies

P(ap(E) = t(mod N)) 10 0 #{o € GLP(Z/0'Z) : tr(0) = t (mod £)}

/N N |GLY (z/tr)|

Similarly, a direct computation reveals that the result of Fouvry-Murty
and David-Papallardi can be rewritten as

VX 27l #{0 € GLo(Z/IZ) : tr(c) = t(mod )}
D B(a(E) =1) ~ logx 7 1;[ Z\GLQ(Z/M)\ '

p<x

Gekeler showed the following remarkable identity:

_ (4)2
P(ap(E) = 1) = fxo(t, ) H f(t,p),  fuolt,p) = W\/ff’

(¢ # p).

o #lo € GLP(Z/07) - tr(o) = t(mod (1)}
fi(t,p) = lim (7 |GLY(z/erz)]
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S:=> wa[J(1+6ua)),

acA ¢
A c 790 [-X, X]9 living in sets G(q) C (Z/qZ)? satisfying CRT
Assume A is well-distributed among members of G(q), g < X¢,
o(a) =Ap(a) (r>w(P(a))).

where Ay is ¢"-periodic and P € Z[xq, ..., X4],
1
Ay = lim Ayr(a@)  exists,
£ S5 1G(0n)] 2 Al
acg(e)

de(a) = M (%@) 4+ Ak (D,ﬁa)) + O<£2>

if 01 By < 09X where Dy,...,Dx € Z[xy,.. ., X4] of height XO().

Then S~ WH(1 +A;), where W= Z Wa.
¢ acA
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S:IP(@_ \(f <5)~/ VI—Rdu (B —a>p/2H)

S= Y PaE)=t= D (o) ]t p)

2a/p<t<28/p 2a/p<t<28\/p ¢
Proof: write S =, wa][,(1 + de(a)) with
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{ o e GLO (z/0'7) }
tr(o) = a(mod (")

o(a)=f(a,p)—1, Ap(a)=-1+1"-
“ |GLYP (z/er)|

Ay=—-1+ lim 1 Z Ayr(a) =0.

r—oo fr
a(mod¢r)
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2nd application : e.c. with a prime number of points

#{ o€ GLy(Z/tZ)

(1det(o) +1 —tr(o)

— P(#E(Fy) = prime) = - TT ; |
Iogp ; (1= 7)IGLa(Z/¢Z))|

where ¢ is small if we can show that there is the right proportion of

primes in [p — 2\/p+ 1,p + 2,/p + 1] among APs a(mod q), g < p°.

Proof: Note that

S= 3 fo(p+1—q.p)[[flp+1-a.p)
1

g prime
p—2{/p+1<g<p+2,/p+1

= Z Wa H(1 + de(a))

acA l

where

A={qgprime:|g—p—-1]<2yp}, Wa~fo(p+1-ap),
G(b) = (Z/bZ)", 6i(a@) =1ga- (f(p+1—-a,p)—1).
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S = ZWaH1+5e a)),

acA 4
where A= {gprime: |qg—p— 1| <2p}, d(a) = lim,_,oc Apr(a) with

o € GLo(Z/1'Z)
# { det(c) = p(mod ¢") }
tr(c) =p+1—a(mod/")

Ap(a) = -1+ |GLa(Z/0Z)| /$(¢27)

o€ GlLy(Z/7)
#{ £4det(s) 11— tr(o) }

Y. As(a)= (1 - D) GLa(z/¢z)

ac(zZ/ez)*

1
1+ 4= I'_UC]O o0
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primes in [N — 2v/N 4+ 1, N + 2\/N + 1] among APs a(mod gm),
a=1(modm), g < k°.



3rd application : e.c. with a given group structure

G=17/mZx 7/mkZ, N =|G| = mPk,

o e GLo(Z/0'Z)
tr(o) =
# < det(o) +1— N(mod¢"),
o = I (mod ¢ve(m),
o # I (mod ¢ve(m+1)

~ ~_ 1+0(e) ,
2 P(EF) = 6) = oy LLIm —— i@y

where ¢ is small if we can show that there is the right proportion of
primes in [N — 2v/N 4+ 1, N + 2\/N + 1] among APs a(mod gm),
a=1(modm), g < k°.

Need analogue of Gekeler’s formula for P(E(F,) = G).



