ON THE NORTHCOTT PROPERTY OF ZETA FUNCTIONS OVER FUNCTION
FIELDS
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ABSTRACT. Pazuki and Pengo defined a Northcott property for special values of zeta functions of number
fields and certain motivic L-functions. We determine the values for which the Northcott property holds over
function fields with constant field F; outside the critical strip. We then use a case by case approach for

some values inside the critical strip, notably Re(s) < % - igig and for s real such that 1/2 < s < 1, and

we obtain a partial result for complex s in the case 1/2 < Re(s) < 1 using recent advances on the Shifted
Moments Conjecture over function fields.

1. INTRODUCTION

The Northcott property [14] implies that a set of algebraic numbers with bounded height and bounded
degree must be finite. In [15], Pazuki and Pengo study a variant of the Northcott property for number fields
using special values of the Dedekind zeta function to measure the height. For a field K and s € C denote

Cr (1)

Cicls) = i oS e

the first nonzero coefficient of the Taylor series for (x(s) around s.
For a fixed s = n € Z, Pazuki and Pengo consider, for B a fixed positive real number, the set of
isomorphism classes of number fields

(1) {[K]: [k (n)] < B},

and discuss the finiteness of this set under various conditions of B and n. For number fields, they prove that
a Northcott property holds for n located at the left of the critical strip, but does not hold for n to the right
of the critical strip, and they show that such a property does not hold for n = 1, but holds for n = 0. They
also estimate the size of this set when the Northcott property holds.

We are interested in exploring the Northcott property for global function fields, more precisely, we consider
the set of isomorphism classes of function fields K with constant field F;, and we aim at considering the
value of its zeta function at any complex number s € C. To this end, we define

Sq.s.8 = {[K]: (& (s)| < B},

where [K] denotes the isomorphism class of K, a global function field in one variable over a finite constant
field IF, with ¢ elements, where ¢ is fixed. The Northcott property of IF, at s is equivalent to having S, s B
finite for all B € R-g. More generally, we consider the following definition.

Definition 1.1. Let g be a power of a prime, s € C, and T C Rxq. We say that the triple (q,s,I) has the
Northceott property if the set Sq s g is finite for all B € I. We say that (q,s,Z) is non-Northcott if the set
Sq,s,B 15 infinite for all B € T.

The Riemann hypothesis implies that the zeros of (x(s) are included in Re(s) = 1/2. While working
with the Northcott property on s such that Re(s) = 1/2 we will sometimes replace (j(s) by (x(s) in the
definition of Northcott property. This will allow us to conclude that the Northcott property is not satisfied
when there are infinitely many zeros. More precisely, we consider the following definition.
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FIGURE 1. For the base field IF;, the Northcott property holds in the area in blue. Bright
red indicates that S, s p is infinite for all B. This involves the real segment [1/2, 1], where
for s = 1/2, we take the Northcott property with (x(1/2). Light red means that S, s g is
infinite for B greater than a certain constant. The dashed line at Re(s) = 1 indicates the
boundary of the critical strip. More elementary results are available for Re(s) > 1. Remark

that the white gap corresponding to % — 12?21 <o < % disappears as ¢ — 0.

Definition 1.2. Let q be a power of a prime, s € C such that Re(s) =1/2, and T C R>g. We say that the
triple (q,,Z) has the Northcott property with (i (s) if the set

(2) {[K]: ¢k (s)] < B}

is finite for all B € Z. We say that (q,s,Z) is non-Northcott with (x(s) if the set s infinite for all
Bel.

We prove the following results.

Theorem 1.3. Let 0 = Re(s).

a) If g > 4, then (q,0,Rs¢) satisfies the Northcott property.
b) When o < % — }ggi, then (q,s,Rsq) satisfies the Northcott property.
¢) Let 0 > 1 and

1

b= ma—gor

Then (¢, s,R>p) is non-Northcott.
d) For ¢ =1 (mod4), (¢,1,Rsq) is non-Northcott.
e) For g=1(mod4) and 1/2 < o < 1, (q,0,Rs0) is non-Northcott.
f) (q,1/2,Rsyg) is non-Northcott with (x(1/2) (as opposed to (5 (1/2)).
2



g) For g=1(mod4) and 1/2 <o (but s # 1), let

1
(1—g*)(1—q'9)
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P monic
irreductble

1\ /2
x [ 1+ > .
( |P|

Then (q,s,Rsg) is non-Northcott.

B

In the list of Theorem statements d), €), and f) depend on deep results on the distribution of quadratic
Dirichlet L-functions due to Lumley [12,[13] and Li [10], while g) for ¢ < 1 depends on the Shifted Moments
Conjecture for quadratic Dirichlet L-functions, which was formulated by Andrade and Keating [2]| for the
function field case, and has been recently proven under certain constraints by Bui, Florea, and Keating [4].
The result of g) for o > 1 follows directly from a moment computation and improves upon the set given in
¢). The result of f) is with (x(1/2) as it rests on the existence of infinitely many [K] such that (x(1/2) = 0,
instead of working with (j(1/2).

In addition, we discuss bounds for #5, s g in the cases of a) and b). More precisely, we use a result of
Couveignes [6] to prove that there is an absolute computable constant Q (independent of ¢) such that

(3) #Sq.0,8 < ¢ 0B,

where

1
(log ¢) log (q%*" - 1) '

(We recall that the cases a) and b) only occur when o # 1/2, and therefore the value for ¢, above is
well-defined.)

Pazuki and Pengo [15] study the Northcott, Bogomolov, and Lehmer properties for special values of L-
functions evaluated at n € Z. They prove that the Northcott property holds at the left of the critical strip
for a general family of motivic L-functions (assuming meromorphic continuation and functional equation),
which can be compared to our result of Theorem b). They also focus on the Northcott property for
Dedekind zeta functions of number fields evaluated at integer numbers and prove that it is not satisfied for
n € Z>1, in a result analogous to our Theorem ¢). When n € Z<g, they obtain bounds for the size of
the set given in which are better than in the case of n < 0, but worse than in the case of n = 0.
Our results are limited by the lack of understanding on the number of smooth, projective curves of genus g
over a fixed finite field.

This article is organized as follows. Section [2] covers standard background on the zeta function attached
to a global function field. Sections [3] and [ treat the left and right sides of the critical strip, while Section
considers the critical strip.

Co =
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2. SOME BACKGROUND ON (k(s)

In this section we recall some background on function fields with constant field F,. More details can be
found in [1§].

Let K be a global function field in one variable with a finite constant field I, with ¢ elements. A prime
of K is a discrete valuation ring R with maximal ideal P such that Fy[T] C R and the quotient field of R
equals K. The degree of a prime P, denoted by deg(P) is the (finite) dimension of R/P over F,. The group
of divisors of K is the free abelian group generated by the primes. Thus, a divisor is an element of the form
A =3 ,a(P)P. In this case, ), a(P)deg(P) is called the degree of A, denoted deg(A). The norm of A is
equal to ¢4°8(4) and is denoted by |A|. The divisor A is said to be effective if a(P) > 0 for all P. We write
A > 0 to indicate that A is effective.

The zeta function of K is defined for Re(s) > 1 by

C(s) =Y

il

1 = by
A|SZZ

ns’
n=0 q

where the sum is taken over all the effective divisors, and b, is the number of effective divisors of degree n.
Notice that (x(s) satisfies an Euler product

<K“):II<1‘|;P)_:

P

where the product takes over the primes of K.
From this, we have

=1 A(A)
4 log Ck (s) = —— =y
W )= 2 2 3P0 ~ 2 TealA) AT
where A(A) is the von Mangoldt function, equal to deg(P) if A = P7 (or A = jP if written additively) for
P prime and 0 otherwise.
By the Weil conjectures ([18, Theorem 5.9]), there is a polynomial Lk (u) € Z[u] of degree 2g, where g is
the genus of the curve whose function field is K, such that

Lr(q™*)
5 CK S) = .
®) R
The right hand side provides a meromorphic continuation for s € C. We immediately see that (x(s) has
simple poles at s = 0, 1. If we set

Exc(s) = ¢ (s),
then we have the functional equation

(6) Ex(1—s) =&k (s).

The Riemann Hypothesis, which is known to be true in this context, implies that the zeros of (x(s) occur
only at Re(s) = 1/2.

The function (k(s) admits certain symmetry inherited from the functional equation. This symmetry
centers on the critical line Re(s) = 1/2. It is natural to analyze the behavior of |(x(s)| depending on the
position of s respect to the critical strip.

After making the change of variables u = ¢—*°

, we can write
2g
(7) Li(u) = [J(1 = mju),
j=1
where |7;| = \/q. In addition, it is known that L (0) = 1 and Lg (1) = hg, the class number of K. By the
functional equation, the m;’s can be separated in pairs of complex conjugates, so that m; = 7a,_;. Notice
that we also have (|18, Theorem 5.12])

29
(8) dom=a 413 dag,
j=1 d|e
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where
(9) aq = #{P : deg(P) = d}.
Thus, we can write the Euler product for (x(s) as

(10) Ci(s) = ﬁ (1 - qi)

n=1

In particular for K = F,(T") we have

() =] (1 - |}1)|)

P

where the product is over all the primes of F,(7"), namely, the monic irreducible polynomials and the prime
at infinity. When P is a monic irreducible polynomial, we have that |P| = q°8(P) while the prime at infinity
has norm g, since its degree is 1. Notice that

1
CFQ(T)(S) = (1—¢ )1 - q1—s)'

We will also denote by (p, 7] the zeta function without the prime at infinity. In this case

1

CIE‘Q[T](S) = 1—7911—3

Throughout this paper we will write s = o + i1, where o, 7 are real numbers.

3. THE LEFT SIDE OF THE CRITICAL STRIP

Starting with the left side of the critical strip, we obtain a positive result for a large subset of C, ./, that
contains C,<¢ (for ¢ > 4). More precisely, we prove in Theorems and that for s in the blue area of
Figure[l] (¢,s,R~o) has the Northcott property.

Lemma 3.1. The polynomial Lk (u) € Z[u] satisfies the following bounds
(11) (Valul = 1)* < |Lic(w)| < (Valul +1)* .
Proof. This follows immediately from equation and the triangle inequality on each factor. |

Lemma 3.2. Let g be a power of a prime p. For a fized g there are finitely many isomorphism classes of
global function fields over F, with genus g.

Proof. The statement follows from the fact that there exists a moduli stack M, over I, classifying smooth
proper curves of genus g > 2. (See for example [7].) |

We are ready to prove the main result of this section. First we treat the case s = 0 separately.

Theorem 3.3. Let q be a power of a prime such that ¢ > 4. We have that (¢,0,Rx) satisfies the Northcott
property.

Proof. We remark that

sLi(qg™®) hi . s hi

(5 (0) = lim = im .
& (0) 520 (1—¢g ) (1—¢'=%) 1—gqs=01—g5 (1—q)logg

By Lemma [3.1] we have that
—1)%9
(12) a-1%
(¢ —1)logg
Since ¢ > 4, \/g — 1 > 1, and we conclude that |(; (0)| — oo as long as g — oo. Therefore, if [K] € S, 0,5,
we must have that g(K) is bounded. By Lemma there are only finitely many [K] for each g, and we

conclude that S, 0,5 must be finite. O
5

< ¢k (0)]-



Theorem 3.4. Let s = o + i7 € C* such that
log 2
<1/2 — ——,
7 / log q

then (q,s,Rsq) satisfies the Northcott property.

Proof. First notice that if o < 1/2 — 1982 “then we have that 2 < q%_". From here, we deduce that

logq’
Valul —1> 1.

By Lemma [3.1] we conclude that |Lg (u)| — oo as long as g — co. We reach the same conclusion as long as
s # 0, since the denominator in (x(s) is non-zero and bounding |(x (s)| is therefore equivalent to bounding
|Lic(u)|. Thus, if [K] € g5, we must have that g(K) is bounded. By Lemma [3.2] there are only finitely
many [K] for each g, and we conclude that S, ; 5 must be finite.

|

A natural question is to bound the size of S, s g in the cases when it is finite. We will need the following
result of Couveignes [6].

Theorem 3.5. [6, Theorem 2 (simplified version)] There exists an absolute and computable constant Q such
that the following is true. Let K = Fy(T)(C) = Fo(T,X) be a function field of genus g > 2 and degree
[Fo(T,X) :Fg(T)] =n. Then K is determined by at most

Q(logn)*(g + n(1 + log, 1))
parameters of Fy.

Although Couveignes does not give the value of Q, this constant is only related to the technicalities of
the proof and is independent of the base field. In our context this means that it is independent of q.
Using Theorem [3.5 we can prove the following bound.

Theorem 3.6. Let € >0 and s € C such that 0 < 1/2 — igj Then, as B — oo, we have

3
#Sq.5,5 < g2 (8P,

where
1

(log q) log (q%*" - 1) '

Proof. By Theorem [3.5] the number of possible fields K of genus g and degree n is bounded by

Co =

qQ(log n)2(9+n(1+logq n)) )

We need to count over all possible values of n. We can take n as the gonality of the curve C, defined
as the smallest possible degree of a dominant map ¢ — P!(F,(T')), and known to be bounded by 2g — 2
when g > 1 (see [16, Proposition A.1]). For g = 1, we have an elliptic curve, and we can bound the degree
of the function field by 2. Thus, we have a bound for the number of isomorphism classes of fields under
consideration with fixed genus g given by

2g—2
Z qQ(logn)2(9+n(1+logq n)) SqQ(log(2g*2))2(9+(29*2)(1+10gq(29*2))+1 (g >2).
n=2

For g = 1 this number is bounded by
1+ qQ(log2)2(1+2(1+logq 2))7

and for g = 0, we have just one field.
We proceed to let g vary. First consider the case s = 0 with ¢ > 4. By equation , we have

(va—1)%
(¢—1)logq =B
6

)



and this gives
g < loalla—1)(log ) B)
— 2log(y/g—1)

= ag log B + by,

- 1 _ log((¢g—1)(logq)) . .
where ag = 2or(va—1) and by = 2los(va-1) denote constants that are only dependent on gq.
Now consider the case s # 0 such that 0 < 1/2 — %ngz' By equation (1)),
2
(e
<B

(L—g o) (A —g'=om)| =
and this gives
log (| (1 _ qfofir) (1 gl
2log (q%_a — 1)
L andp, - () (1))
21og(q§*"—1) 21og(q5*°—1)
Finally, we need to consider the bound summing all the possible values g up to aB + b. This gives
2+ qQ(log2)2(1+2(1+logq 2) 4 Z qQ(log(2g—2))2(9+(29—2)(1+10gq(2g—2))+1
2<g<aB+b
<924+ qQ(10g2)2(1+2(1+10gq 2) 4 qQ(log(2(aB+b71)))2(aB+b+2(aB+b71)(1+logq(2(aB+b71)))+2'

)’B) < a,log B + b,

g <

where a, = are constants that are only dependent on ¢ and gq.

As B — oo the above is bounded by
< quh(llozoq(l)) (log B)®B )
We conclude by noticing that the formula for ag is simply the result of specializing a, at o = 0. |

Remark 3.7. Lipnowski and Tsimerman [11, Lemma 2.1, Corollary 2.2] estimate the number of possible
L (u) of fixed genus g to be at most (2¢)7¢399+1), In the same article, [11, Eq. (28)] gives a bound for the
number of isomorphism classes on each isogeny class of p%92(1+o(1)). Combining these two estimates gives

a bound of
(Qg)gqig(gﬂ)p%g?(1+0(1))

for the number of isomorphism classes of fields under consideration with fixed genus g. While this formula
is more explicit than the bound given by Theorem the final bound for #5, s g is asymptotically worse
as it has g2 in the exponent. In fact, this leads to

#8, o p < q7 % (Ho(1)B?

Remark 3.8. The result of Theorem can be in principle improved if we use the argument by de Jong
and Katz |7], which claims that the number of smooth proper curves of genus g > 2 is bounded by

9777,
where c¢1, co are (non-effective) positive constants. This leads to
#S, 5.5 < goras(Ho(1)(og B)B,

This bound has a slightly better asymptotic than the result of Theorem but it has the disadvantage that
we can not compute cj.

4. THE RIGHT SIDE OF THE CRITICAL STRIP

‘We now consider the right side of the critical strip, that is, C,~1, where we obtain a result conditionally
on the value of B. More precisely, we prove that for the s in the pale shade of red of Figure[I] the Northcott
property does not hold for B sufficiently large.

The first result allows us to compare (x(s) with (x (o).

Lemma 4.1. Let s=oc +it € C witho > 1. Then

1
() < |k ()] < Ck (o).
7




Proof. We start by proving the upper bound. Since o > 1, the Dirichlet series for (x(s) converges and we
can directly bound

. 0o oo 00 b
|CK (0 + ZT)| = Z n(o-i—zr) Z n(o—HT) Z C]% = CK (U)
n—l = n=1

Now we proceed to prove the lower bound. Notlce that for any 0, 1 4 cos(f) > 0. By considering the
logarithm of the Euler product , we have that

1 log | P
log (i (o) + Relog (k (o + iT) ZZ + cos(7 log | P7]) > 0.

jlppe

P j=1
Taking the exponential, we conclude that
(13) Ck(0)|Ck(s)| > 1
as desired. ]
Corollary 4.2. Foro > 1,

1 S CK (0’)

Proof. This follows directly from setting s = o in ([13). O

Lemma shows that if we can control (x (o), then we can also control |(x(s)|. We now focus on
estimating (x (o).

Lemma 4.3. Let a; be defined by equation @ Then
¢
2
ar < q? +q"7 + 79(//2 +2gq"7*.

Proof. This proof follows from combining various elements from [18, Theorem 5.12]. By applying Mébius
inversion to , we have, for £ > 1,

(14) tag =3~ pu(d)g + 3" () | 3o

dle dle

We focus on the first term. The highest power of ¢ is ¢* and the second highest power is ¢*/2 that only appears
when 2 | £ and in that case, it has coefficient —1. All the other powers are at most ¢"/3. The total number
of terms is bounded by >, |1(d)[, which is seen to be 2¢() " where w(f) is the number of distinct prime
divisors of £. If p1,...,py(e are the distinct primes dividing ¢, then one has that 2w < py-- Doy <L
Combining all of this, we obtain

(15) > uld)g’* < g+t

dle

Similarly, we have

29
(16) Son@d) [ dom || < 290" + 2900,
dle j
The result follows by combining equations and . O

We use the previous estimate to give an upper bound for (x (o).

Remark 4.4. By employing a better estimate for w(¢) given by Robin in |17, Theorem 11]

log ¢
0) <1.3841 >3
w(b) < log log ¢ =7
one can actually prove
(17) 3" uld)gt < gf + et gt

dle
8



and we remark that the above bound is true for ¢ > 1. This leads to

¢ 0/3
q q 2g £/2

ap < —+ —— +
¢ 4 g 102'1%?;2 l 7

This is a much better bound when ¢ is large. For our purposes, the biggest terms will come from g — oo,
and therefore we will continue to work with the inequality from Lemma [1.3]

+ 2gqé/4.

Proposition 4.5. Let ¢ > 1. Then we have

q(7
q% —1
2
eXP( e 1)
"7 35— " T—
) < .

N e T e

Proof. We apply Lemmaﬁ 4.3| to the Euler product (10) and obtain

log Cx (o Z an log <1 - >

n=1

" 2 1
—Z <q+q"/3+gq"/2+29q"/4> log (1—M>.
n n q

By using the estimate 1 — % <log(z) for z € R>, we obtain

2 1
log Cxc (o Z < ¢+ L2y 2gq"/4) .
n=1 n qna -1
Now we further use the bound
qna qa
g —-17"¢q7 -1
and get
o s n 9
log Cx(9) < (q + "+ g2 ng”/4> ¢ "
q° — 1 el n n
q 1— 1, 1 29
= —log(1 — — 2glog(1 —q2 + + ’
e R q"i_1>
and thus
q9 -1
exp( L 1+ 072% 1)
Cr(o) < 1

O

The result of Proposition gives an upper bound for (x (o) when ¢ > 1. This upper bound tends to
infinity as g — oo, and therefore it gives a weak result in terms of the Northcott property.

We close this section by focusing on the case of quadratic fields, where we obtain a better upper bound,
independent of g.

Proposition 4.6. Let 0 > 1 and K be a quadratic extension of Fy(T') with constant field F,. Then

1
|CK( )‘ — (1 o q*")(l _ q170)2'

Proof. Since K is quadratic, we can write

L(57XD)

(18) CK(S) = (1_q_s)(1_q1_s)7
9




where xp is the quadratic character associated to the extension and

xp(f)
1fls

L(s,xp) =

fmonic
To be concrete, we can think of xp(f) := (?) , the Legendre symbol, with D € Hag441, the set of monic
2
square-free polynomials of degree 2g + 1. Furthermore, we can think of K = F,(T)(v/D).
We have 0
xo(f 1 1
el s X [P < B =) = o
fmonic ‘f| |f| —q
Considering the denominator of (x(s) in , we obtain the result.

fmonic

O
Theorem 4.7. Let o > 1, and
1
B> .
(1=q)(1—q'7)?
Then (q, s, B) does not satisfy the Northcott property.
Proof. By Proposition |Ck (0)] < B for all quadratic fields provided that B is larger than W.
This gives an infinite family of quadratic fields with |(x(0)| < B.
For complex s, we use the upper bound in Lemma to conclude. O

5. INSIDE THE CRITICAL STRIP

In this section we use results of Lumley [12}/13], Li [10], and Bui, Florea, and Keating [4] to get information
on some specific values inside the critical strip. Unless otherwise stated, we assume that ¢ = 1 (mod 4). This
is a common assumption made in [2[12,[13] that allows cleaner formulas as quadratic reciprocity becomes
trivial.

5.1. The Northcott property at the pole s = 1. Here we treat the case of s = 1, corresponding to the
right bold point in red of Figure [Il We consider the following result of Lumley.

Theorem 5.1. [12, Corollary 1.8] For g large and 1 < 7 <log g — 2log(log g) — log(log(log g)), the number
of D € Hogt1 such that

hp  Cr,m(2)

— < —_—

qg evr
is given by

] qT,CO(q{logN(T)}) lOgT
o s v -Cuatern D (g (1))

T

Above, we have written hp instead of th(T)( VD) for short, and ~y denotes the Euler—Mascheroni constant.

We will not discuss &, Cp, and C;. It suffices to say that Co(gt°8*(M}) and Cy(g°8*(M}) are positive
functions depending on 7.

Theorem 5.2. Let B > 0. Then (q,1, B) does not satisfy the Northcott property.
Proof. Given B > 0, fix 7 large enough such that
Cr,111(2) q

T (I1-¢Ylogqg
Since 7 is fixed, we can evaluate the exponential factor in and it gives a fixed positive constant ¢(7)
(that can be very small).

We have that (see for example, [18, Proposition 2.3])

¢"(1-¢7") n>2,
(20) # {q” n=20,1.

10




Applying this, we get that for g large enough (so that 7 satisfies the right conditions) there are at least
g1 — g e(r)
possible D € Hag11 satisfying that
hpg™?
(1—q7")loggq
We will combine this with the fact that
—1)Lk(q* Li(qg7! -1 Lg(qg~! hxq™9
¢ (1) = lim (s )Lk (q™") _ k() lim —> _ k(q) _ K{q :
s=1 (1 —¢%)(1 —q'—9) 1—q¢gts=s0l—gl=s (1—gYlogg (1—gqg1')logqg
where the equality Ly (¢™1) = hrqg™9 follows from the functional equation @
Finally, we obtain

(x(1) < B.
Letting g — oo, we have that S, 1 p is infinite for any choice of B > 0. O
5.2. The segment of the real line inside the right side of the critical line. For 1/2 < 0 < 1 we use

another result of Lumley that is very similar to the result we had at the pole s = 1. This corresponds to the
red segment in Figure

Theorem 5.3. |13, Theorem 1.3, partial statement] Let N be large and 1/2 < o < 1 be fized. There exist a

constant B,(c) > 0 and an irreducible polynomial P of degree N, such that

(log, [P)'~~

log(L(o, x < —By(0) —E2——.
( ( P)) q( )(logqlogq|P|)o—

With this, we can prove the following.
Theorem 5.4. Let B> 0 and 1/2 < o < 1. Then (q,0, B) does not satisfy the Northcott property.
Proof. Given B >0 and o € (4,1) we can choose N such that
(logg |PDL=7

1 —Bq(0) 7t
< 977 (logg logg IPD7 < B
e N < =g =g R

Then, we can construct a sequence of irreducible polynomials P where P, is a polynomial of degree N and
Py, is of degree N + k such that for all the polynomials in the sequence

G, (0)] < B.

Thus, we see that S, p is infinite for any choice of B > 0.

O

5.3. The Northcott property at s = 1/2. Now we consider the case of s = 1/2, more precisely, we look
at Cx(1/2). For this case, we use the following result of Li.

Theorem 5.5. [10, Theorem 1.3, simplified version] For any ¢ > 0 there exist nonzero constants B. and N,
such that if N > N¢,

#{D € F,[T] : D monic, square-free,|D| < N,L(%,XD) =0} > B.N'/5=¢,
The above result immediately implies the following.
Theorem 5.6. Let B > 0. Then (q,1/2, B) does not satisfy the Northcott property with (x(1/2).

Proof. By Theorem there are infinitely many K for which |(x (1/2)| = 0 and therefore we obtain infinitely
many K such that |(x(1/2)] < B. O

Remark 5.7. The above result does not cover the case of (;(1/2). To do this, we would have to consider
the first nonzero coefficient of the Taylor series for (x(s) around s = 1/2.
11



Remark 5.8. It would be interesting to see if Theorem [5.6 has a counterpart in the number field case. This
is not clear, as there is no vanishing result analogous to Theorem in the number field case. We speculate
that understanding the result over number fields is equivalent to understanding the standard Northcott
property with ¢} (1/2) as opposed to the current results involving the Northcott property with (x(1/2).

Theorem [5.6] can be extended to a more general class of s. An algebraic integer « is called a Weil integer
if |a| = /g under every complex embedding.

Theorem 5.9. For any B > 0 and ¢° a Weil integer, the triple (q,s, B) does not satisfy the Northcott
property with Cx(1/2).

Proof. The statement follows from the fact that for any Weil integer ¢°, there exist infinitely many function
fields K such that (x(s) = 0.

By the theory of Honda—Tate, for every Weil integer ¢°, there exists an abelian variety A/F, such that
¢® is a Frobenius eigenvalue for A. By the work of Gabber [9, Corollay 2.5], for any abelian variety A/F,,
there exists a smooth projective curve C/F, such that A is an isogeny factor of the Jacobian of C' (see also
[3] for an effective statement). Hence (k. (s) = 0 where K¢ is the function field of C'. The theorem follows
from the fact that {1 (s) = 0 for any field L which is an extension of K with constant field F,,. O

5.4. The Northcott property in the right of the critical line. Here we consider the set 1/2 < Re(s) <
1. This case will be studied in the context of the Shifted Moments Conjecture, formulated over function
fields by Andrade and Keating [2] and recently proven for products of up to three factors and Re(s) < 1 by
Bui, Florea, and Keating [4].

For simplicity of notation we will write (,(s) instead of (r [r)(s). Here, as before, it is assumed that
g = 1(mod4) for simplicity.

We start by recalling a simplified version of one of the results of Bui, Florea, and Keating.

Theorem 5.10. [4, Theorem 1.2, simplified version of a particular case] Let a1, s € C such that | Re(a;)| <
1/2. Denote A = {a1,as}. ForasetAC A, let A~ = {—a : a € A} and ¢~ 29% = ¢~29 Laex®, We have

1

#TZQH . Z L(% +0l1,XD)L(% + a2, xXp) = Z q72ng(A\Ql)u91— + Es,

€EHogt1 ACA

where if C = {y1,72},
So=Ac(l) J[ < +v+7),

1<i<j<2

w2 deg(P) 1\ ' 7o (P%) 20d

B | udeE(P) 1 7¢(P™)  20deg(p)

Ac(u) = H H <1 |P|1+%‘+%‘> 1+ (1+ P> Z |P|g u g )
b monie 1515552 -

(21) o)=Y

B 71 72
Py |1l f2]

fimonic

and, for e >0,
By <. ¢~ (H2min{|Re(an) || Re(a) Dg+eg.

Remark that the various sets of the form (A \ 20) U2(~ should be taken as multi-sets in the case where a
parameter is repeated. Therefore, in our case, they always have cardinality 2.

We stress that the result of Bui, Florea, and Keating is much more general than Theorem [5.10] as it
considers a product of k factors of the form L(% + a,xp) and it includes a twist by xp(h), where h is a
polynomial of degree < g. We have written a simplified version that is sufficient for our purposes. The error
term that we give in Theorem is more detailed than the term in the original statement in [4] and has
been taken from the proof.

12



Theorem 5.11. Let 0 < Re(a) < % be fized and
1
() a)
1 —1 —1 -1
1 1 1 1 1
Pmonzr lQ ( |P‘ +a) ( |P|2+a> ( |P|2+a> ( |P|2+a) > |P|
irreducible
—1/2
(em)

Then (¢,1/2 + a, B) does not satisfy the Northcott property.

Proof. In Theorem we fix @« = aj,a3 = @. Since Re(a) > 0 is fixed, we have that Re(a)g — oo as
g — 00, and therefore the dominant term occurs when 2 is the empty set. We have

1 1 2 _ T& T{a,a}(P%)
(22) FHoger Z IL(5 + a,xp)|” = H <1+ <1+|P|) Z|P|£> (1+o0(1)).

DeH P monic /=1
ot irreducible

B>

We can give a more precise expression for the Euler product above. Notice that

-1 -1 -1 -1
1 1 1 1 1
| (1-—=— l——— ) +(1+—— 1+ ——
2 <( |P2+a) ( P|2+a> < |P|2+a> ( |P|2+a) )

1 0 1 e e} 1 e’} ( l)Jl ( 1)]2
=3 Z |P|J'1(%+a) Z |P‘j2(%+6) + Z |P|]1( +a) Z |P|]2( @)
Jj1=0 j2=0 0
L (& Tamy (P | & <1>ZT{M}<P”>
=14+ = A AT ARAKA Covc) ASIPAS I
2 (;_:1 |P|= ; |P|2
This allows us to write
1
FTHorr IL(L +a,xp)[* = Ca(l +0(1)),
201 Dy,
where
() ) () o) )
Ca: — 1— — 1— — + {14+ —— 14+ — 4+ —
Prl;[nic [2 << |P|§+a) < P5+“> |P|3 T B |P]

irreducible

(em)

In other words, the average value of |L(3 + a, xp)[? is given by Co(1 + o(1)).
Finally, given € > 0, we can guarantee that for g large enough, there is a D € Hag4y1 such that

IL(X +a,xp)| < CY? +e.

Taking € arbitrarily small we can construct an infinite sequence of D’s satisfying this property, and leading
to bounded [(x (% + «)|. This implies that S 1 /214, 5 is infinite.
O

5.5. The Northcott property at Re(s) = 1. In this section we examine the behaviour at the boundary
of the critical strip, namely Re(s) = 1. We need a result along the lines of Theorem Since we have not
found this in the literature, we start by computing the average of |L(% + o, xp)|*> where Re(a) > 2. When
Re(a) > % this also gives an alternative better bound for Theorem
In this section we will use M to denote the monic polynomials in F,[T], M, to denote the monic
polynomials of degree n, and M<,, to denote those of degree up to n.
13



Our main result here is the following.
Theorem 5.12. Let Re(a) > % Then for e >0,

1 . 5 1\ 7' X oy (PY)
T 2 Harewl= ] <1+<”|P|> 2y

DeHogy1 Pmonic =1
irreducible

+ O(q(E—Re(a))g + min{q(g_l)g, I+ 4gq(6—2 Re(Oé))g})7
where for a set C, 1¢ is defined by .

We remark that the main term in the above formula is the same as in equation , with a difference in the
conditions, namely that we now have Re(a) > 1. In the above result we do not assume that ¢ = 1 (mod 4).
Before proceeding to the proof of Theorem [5.12] we consider some auxiliary results.

Lemma 5.13. [4, Lemma 2.1, particular case] We have

|L(% ta, XD)|2 _ Z T{a,a} (f)XD(f) + q_4g Re(a) Z T{—a,—a}(f)XD(f)

f6M§2g |f|§ fEMS29*1 ‘f|§
where for a set C, 1¢ is defined by ,
Proof. This follows from |4, Lemma 2.1] by setting k = 2 and oy = a, oy = @. O

Lemma 5.14. [8, Lemma 2.1] Let x s be a non-trivial Dirichlet character modulo f. Then for n < deg(f),

Z Xf(B) < (deg(f)—l)qg_

BeM, n
Lemma 5.15. [5, Lemma 3.7] For f € M we have
1 ) 1\ .
Y - (1+7) +ow™.
#H29+1 DG%Q: +1 P’rgnc |P|
g irreductible
P
Lemma 5.16. For any € > 0,
(23) Iy ()] < [ 177
and similarly
(24) T a-m (F)] < 7R

Proof. We have that

B 1 da(f)
|T{a,a}(f)|— f_zf:f |f1|a|f2|a = |f|Re(a)’

fimonic
where dy is the divisor function. We can use that da(f) = o(|f|¥). The bound for 7{_, _&}(f) is proven
similarly. |

We are now ready to proceed with the proof of the main result of this section.

Proof of Theorem[5.14 By Lemma we can split the sum under consideration in two Dirichlet sums of
approximate length 2¢g as follows

1 Z |L(% —|—04,XD)|2 1 Z Z T{a,a}(f)XD(f)

- = T
#H2g+1 DeHogy1 #H29+1 DeHagt1 fEM<2y |f‘ ’
gt Re(a)g T{fa,fa}(f)XD(f)
iy 2 115
g+ DeHogy1 fEM<ag—1

:SQg,oz + SQg—l,—or

14



We can further split each of the above sums into a sum where the character is evaluated in squares and a
sum where it is not as follows

_ H{a, Oé} (f) 1 T{oz a} (f)
529, _#H2g+1 Z Z |f| * #Hagr1 Z Z

DeHag4+1 fEM<2y DeHazgt1 fEM<2y |f|
=0 f#0
=52g,a(1) + S2g,0(# 1),
—4Re(a)g _ —4 Re(a)g _
q T{—a,—a (f)xo(f) ¢ T —a,—a (f)xp(f)
oyt o =L Yy el v Y Tecd
29+1 DeHagt1 fEM<ag-1 |f‘ 29+1 DeHagt1 fEM<ag-1 |f‘
f=0 f#£0

=82g-1,—-a(0) + S2g-1,—a(# D).

The main term comes from Say o(0J), while the other three terms are smaller. We do not need to estimate
them for our purposes, so we will bound them to get an error term.
We start by focusing on the main term, coming from Sa, o(0). We apply Lemma and obtain

1 Z Z T{a,&}(f)%XD(f): Z T{a,a}ifh) 1 Z XD(hz)

#HQngl DeHagy1 fEM<ay |f| heM<q #H2g+1 DeHagyr
=0

Tma(hg) 1 g
= X H<”|P|) O™

hEMSQ Plh

We remark that there are ¢ monic polynomials of degree n. Applying inequality , we obtain

‘T{ava}(hzﬂ —2g ! 2n(e—Re(a)) —2g —2g
> T O(q*) <> q O(¢™) < O(g~™).
heM<,

n=1

Now we consider the generating function

_ T{aﬂ}(hZ) 1 - deg(h) _ L T T{ozﬂ}(P%) 20 deg(P)
A = 3 BT (1) 0= T (1 (1) 25— '

heM Plh Pmonic /=1
irreducible

Since |T{a,a} (P¥)] < “,‘22?7}22@, it can be seen that A(u) converges for |u| < ¢Re(®).

By Perron’s formula, for r < 1,

T{a,a) (h?) 1N A(u) du
2 || H<1+|P|) 2Wifu|—rug(1_u> u

heMc<, Pl|h

Re(a)—

We move the integral to the circle |u| = ¢ ¢ encountering the pole at u = 1. This gives

T{a,a}(h?) 1\ A(u) (e—Re(a))gy _ (c—Re(a))g
Z BT H 1+ — 7 = — Res,—1 =y ra— +O(q )=A(1)+ O(q 9).
heMc, Plh

Putting all of the above together, we finally write

—1 o
(25) Saa@ =[] (1 + <1 + |]13|> > w> + O(gle~Rel@g),

Pmonic (=1
irreducible
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Now we consider Sa5_1,—o (). Following similar steps as before and applying 7

1 om0l | s~ reacm®) (1Y o
H#Hog 11 2 2 If|2 = 2 A H(HIPI> Ol

DeHagr1 fEM<og 1 heM<y_1 Plh
f=a

< Z |h|2Re(o¢)71+£ +O(q72g)

hEMSg,1
<<q(2 Re(a)+e)g
Combining with the term ¢~ *Re(®)9  this gives
(26) Sag-1,-a(0) < 2R,

Our next step is to bound Sy4 o (3% O). We follow the proof of [1, Lemma 3.2].

Z Z T xo(d) (f) q Z T{aa} (f) Z xo(f)

D€H2g+1 feMSQg |f|2 n=0 femMm, D€H2g+1
f#0 0
2g
=2 0 F D reml) D D om
n=0 fEM, DeMagi1 AGM
20 42D
29 (g—1) deg(f)
—n {g=1) deg(J)
(27) =" Y ram(H-1)TT e > uA) > xs(B),
n=0 feM, AGMSQ BGMgngl,gdeg(A)
f#0 (41

where in the last line we have applied quadratic reciprocity and the fact that deg(B) is odd.
We can apply Lemma in the innermost sum when 2g + 1 — 2deg(A) < deg(f). Note that the sum is
zero otherwise, since it is a full character sum. Also applying , we obtain

SRR CIECUPS SIS SEMRPTID S (N e
|f‘ {ona} 29 +1—2deg(A)

DeHagi1 fEM<ay n=0 feM, AceMc,
40 20
29
<’ S g Y || Re@pdentn) 1
n=0 feM,
29
<<qg Z 2nq(%—Re(a)+5)n
n=0

<<qg + 22gq(272 Re(a)+e)g.
Combining with equation (20)), we get
(28) Saga(# 0) < g9 + 229¢e—2Re(@)y

When ¢ = 3 and Re(a) is close to %, the bound above is sub-optimal, since it becomes > ¢ for some
positive ¢. To solve this, we bound the innermost sum in using the Riemann Hypothesis instead, to
16



obtain

29
DS T{a,a}(f)lXD(f) S0 EY Framl Y 9 2T
DeHtagi1 fEM<ay ME n=0 feEMn AeM<,y
0 f#0

|

29
<<q(1+6)g Z q—ﬂ Z |f|E—Re(a)

n=0 fEM,
29
1
<<q(1+6)g Z q 5 —Re(a)+e)n
n=0

<<q(1+5)g.
This gives
(29) Sog.a(# 0) < gl=7b9.

Finally we consider Ssg—1,—o(# 0). The computation is similar as before and applying the Riemann
Hypothesis gives

2g—1
T —a,—a (f)XD(f) 5 -z
Sy et <N g7 E Y e ()]
DeHagy1 fEM<ag_1 |f| 2 n=0 feMy,
f#0
2g—1
<<q(1+5)9 Z q—% Z |f|€+Re(a)
n=0 fEM,
<<q(2+2 Re(a)-i—e)g’

. . . . —4Re(a) .
where we have used equation (24). Again, combining with the extra factor q#;fﬂg, this leads to
g

(30) Sag-1,-a(# O) < ¢e2Re@)s,
The result follows by combining equations , , , , and

O
With Theorem [5.12] proven, we can now proceed to study the corresponding Northcott property.
Theorem 5.17. Let Re(a) > 1 with a # 3 and
1
B> - -
() )
_ _ _ _ 1/2
(i) (=) () (ms) )
X —([1-—— 1— —— +(1+ 14+ —— + —
p}_[ [2 <( |P5+a) |plEte |plate |Plate 1]
irreducible
|P| '
Then (¢,1/2 + a, B) does not satisfy the Northcott property.
Proof. The proof follows the same lines as the proof of Theorem [5.11] O

Remark 5.18. As a final remark, for Re(a) > %7 Theorem [5.17| provides a better result than Theorem
In the case of Theorem the bound is chosen to control all the quadratic (x(s), while in the case of
Theorem the bound is chosen according to the average, and is, therefore, less resctricted.
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