THE NUMBER OF PRIME FACTORS IN hA-FREE AND h-FULL
POLYNOMIALS OVER FUNCTION FIELDS

MATILDE LALIN AND ZHEXING ZHANG

ABSTRACT. We study the distribution of the number of prime divisors function € over polynomials
of the function field F,(T") when restricted to h-free polynomials and to h-full polynomials. We
use an adaptation of the Selberg—Delange method to arithmetical semigroups due to Warlimont to
compute the first and second moments in each case and show that a generalization of the Erdés—Kac
Theorem is true.

1. INTRODUCTION
Let ¢ be a prime power, and let IF, be the finite field with ¢ elements. Given f € F [T, let
(1) f=aPf.. P

be its prime factorization, where each P; € F,[T"] is monic irreducible, e; > 1, and o € F,.

Let h > 2 be an integer. We say that f is h-freeif e; < hfor j = 1,...,rin (I). In particular, the
case h = 2 yields the square-free polynomials. We denote by Sj, the set of h-free monic polynomials.
Analogously, we say that f is h-fullif e; > hfor j =1,...,r in . In particular, the case h = 2
yields the square-full polynomials. We denote by A/, the set of h-full monic polynomials.

The number of prime divisors function is defined by Q(f) := e; + - -+ + e,. The distribution of
values of this function, along with that of the number of distinct prime divisors w(f) := r, have
been widely studied over the natural numbers. The average number of w(n) is known to satisfy

i Zw(n) = loglogz + O(1).

n<x

More precise expressions for this average were given by Sathe [Sat53], Selberg [Sel54], Delange
[Del53l Del71], and Saidak [Sai02]. Hardy and Ramanujan [HRO00] famously proved that w(n) has
normal order loglogn, which means that w(n) ~ loglogn for almost all n. Turdn [Tur34] proved
that the variance of w(n) for n < z is < xloglogz. Erdds and Kac [EK40] used the central
limit theorem and Brun’s sieve to famously prove that (w(n) — loglogn)/(loglogn)/? for n > 3
has a limiting normal distribution. This result was recovered by Delange [Del53, [Del71] by the
method of moments, and it was later extended by Halberstam [Hal55]. The method of moments
was further simplified by Billingsley [Bil69] and by Granville and Soundararajan [GS07]. The
function field version of Turdn’s and Erdés—Kac’s theorems was proven by Liu [Liu04bl Liu04al
as consequences of much more general results. Rhoades [Rho09] considered an application of
Granville-Soundararajan’s method to the function field case. The function (n) is closely related
to w(n) and satisfies similar properties including the Erdés—Kac Theorem.
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In this note we are interested in studying the distribution of w(f) and (f) as f goes over the h-
free and the h-full polynomials of F,[7]. We focus on €2 because there is a very natural argument for
obtaining the moments in the case of h-full polynomials, but we also state the analogous results for
w. Our results imply that these functions satisfy limiting normal distributions even when restricted
to h-free or h-full polynomials, and therefore versions of Erdos—Kac type of statements are true
in these restricted contexts. This is expected in both cases, but the h-full case is somehow more
surprising, since the family is sparse, as will be discussed later. The current work generalizes the
results obtained in [JL22|] for the first moments of Q(n).

Let

1 1 1 1
! ”*;(Og( |P|)+|P|> e ”+;<0g< |P|)+|P|—1)’

denote the function field analogues of the Mertens constants, where

. "1
v = lim (Z 7~ log n) ~ 0.57721566 . . .

is the Euler-Mascheroni constant. Mertens constants By and By appear in estimates for > _ w(n)
and ) _ Q(n) respectively (see [HWO0S8, Theorem 430]).

Above and for the rest of the article, >, and [, denote the sum and product over all monic
irreducible polynomials in F,[T]. We let M,, denote the set of monic polynomials of F [T of degree
n. For a polynomial F(T) € F,[T], its norm or absolute value is defined by |F(T)| = ¢*). We
denote by (,(s) the zeta function associated to F,[T], defined precisely in (4). Throughout this
article, the error terms have implied functions depending on ¢ and h. This does not pose a problem,
as we assume ¢ and h to be fixed.

We compute the first and second moments of €2 for h-free polynomials.

Theorem 1.1. For any € > 0 and as n — oo, the first moment of ) over the h-free polynomaials
of degree n 1is given by

_q"log(n)  ¢" B h g
@ 2 =T am <32 ;Pw—l)w(nl—e)’

feESLNMy,

while the second moment is given by

oy _¢"(log(n))* _ ¢"(log(n))

h
2<BQ_2P:—|P|}‘—1> +1

feShﬂMn CQ(h‘) CQ(h)
qn ) h2 h2
Tom | *Z(uﬂw—l rPrh—1‘<\P\h—1>2)

h h "
“ (Tms) T ()

In particular, for the square-free polynomials, we have

2 1
\Sgﬂ./\/ll Z Qf 10g(n)+(Bz_%:—|P\2—1>+O<n15)’

feSan My,
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and

2( Z|P|2—1>+1

5 3|P|+1
Bi+ B = (@)= D R - P 17

2
2 2 1
+<;—|P|2_1> —232;—|P|2_1 +O(F>'

We remark that the asymptotics of equation over the integers was given in [JL22, Theorem
1]. Equation [2| shows that the asymptotics of the mean value of  over the h-free polynomials of
degree n is log(n), which is analogous to the result over the integers if we interpret the degree of
a polynomial as analogous to the logarithm of a positive integer. The monic h-free polynomials
of degree n are a comparatively large subset of the monic polynomials of degree n: their sizes are
z (h) and ¢" respectively (see Lemma ) Therefore it is not surprising to obtain results for h-free
polynomials that are analogous to What is obtained when considering the whole set of polynomials.

The proof for Theorem rests in a version of the Selberg-Delange method for function fields
developed by Warlimont [War93].

The above result allows us to compute the variance.

! Z Q(f)* =(log(n))* + log(n

|82 N M| FESHNM,,

Theorem 1.2. For any € > 0 and as n — o0, the variance of ) over the h-free polynomials of
degree n is given by

Vatn el ®) =g A 2 Q(ff—(W > Q(f))

mores,nMy, " fes,NMn
h? h? 1
=logln) + B2 —((2) + 3 ( (P17 PP =1 (P - 1>2) o (n) '

Finally, we obtain an analogue of Erdés-Kac theorem in this case.

Theorem 1.3. Asn — oo, Q(f) with f € S, NM,, approaches a normal distribution, namely, for

a< B,
< ) —log(n) I Ay
{feé‘hﬂ/\/ln.ag Toa(n) gﬁ}‘e\/%/a e dt.

This result is proven by computing the moments of Q) loen) 4nd using Stirling numbers of the
4/ log(n)

1
|Sr N M|

second kind to understand their growth.
We also compute the first and second moments of 2 for A-full polynomials.
Let &, denote a primitive h-root of unity in C.
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Theorem 1.4. For any e > 0 and as n — 00, the first moment of ) over the h-full polynomials of
degree n 1s giwven by

Yoo =

feN,NM,,

T
L

D‘|'.S-\:
ol
ilng

o
3
]

1—|—(q k) deg(P)(h+1) | (q k) deg(P)(2h— 1)>

~——

+ BQ)

X
1
>
—_—

o
OS]
~ N
>3

T
—
—~
()
==
I
=[S

. )—deg(P)(h+j)
+ +7
. ( ]) Z 1+ (q%éf}l:)—deg(P)(h-l— ) (q%&’:)—deg(P)(%—l)

<
Il
—
)

while the second moment is given by

1 _ 1 — —
S =TS e T (1 + taheh) o0 oy (ghgh) o)
feENL,NM,, P

>
._\

(=)
D'| >3
o~
i M
o

(%>2+ (2B, + 1) log <h> + B2+ By — ((2) +;ﬁ)

X
| —
>
o
7=
o
0Q

h—1
+ (h+j)<2h <log<h>+32>+(h+j)
j=1
h—1
( é-k) deg(P)(h+¢)
+ - (h + 5) Z ( %§k> deg(P)(h+1) | . (qhgk) deg(P)(2h—1)

(q é“k) deg(P)(h+j)
1—|—(qh£k) deg( )(h+1)_|_ (qhgk) deg(P)(2h—1)

1

(qh fk) deg(P)(h+j) (qh é‘k) deg(P)(h+£)

D R EFICENDY

)
< h > ( + (qhek)-des(P) (D) 4 . +(q%§}l§)_deg(13)(2h_1)>

n 1_q—2 n 3 q 2deg(P)
() - o (2) Sy
Z (f) q2(1_q_2 [og 5 + 2+2 —1+q 3 deg(P)

deg(P) —*deg(P)
1 g(-) By + - Z 1)des(P g~ 2deg(P))] )
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and

T 0= (15 [ (e 0 e a0+ S g

fENQmMn 1_q
5 deg(P) 5 deg(P)
q:2 q 2
pofa(on () ¢ ) raray Yy
( &\3 2 Z 1+ g3 des(P) — 1+ g3 des(P)
. q—3deg(P) (_1)n1 +q—2
P <1+q_§deg(P))2 l4q2

)deg(P)q—% deg(P) (_1)deg(P)q—% deg(P)

P
g (3) + 22) '
+ 3( ( ogly)tBe)+3+ 32 1)deg(P>q—§deg(P)> XP: 1+ (—1)dea(P) g2 des(P)

| >+O(nf€).

Unlike the h-free polynomials, the h-full polynomials are a sparse set: the number of monic h-full
polynomials of degree n is asymptotically

—3deg(P)

_92 q

7 (1 I (_1)deg(P)q—%deg(P)>

=)
?|w:
i

H( deg(P)(h+1)+ (q £k)- deg(P 2h71)).
P

(See Lemma [5.3]) For the case h = 2, this reduces to

=
l\3| I3

[H (1 4 g des P)> N || (1 + (—1)des® _deg(P))] e I

The fact that the set is sparse explains why the results of Theorem are very different from what
is obtained in the cases of the h-free polynomials and the whole family.
Theorem [I.4] allows us to compute the variance.
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Theorem 1.5. For any € > 0 and as n — oo, the variance of ) over the h-full polynomials is

given by

2
1
) gy 00 (g ¥ o)

fFENLNMy, fENLNM,
1
h (10g<h)+82 (2)+ZW>
P

-1
1 + ( qhék) deg(P)(h+1) 4 ... 4 (qigﬁ)—deg(m(?h—l)))

-1
lg H( deg(P)(h+1)+ (q 5) deg(P)(2h— 1))

=0 P

h—

. 1 ki — deg(P)(h+£)
x (h+4)| (h+7)+ (h+€)z (4)”
= (qhgk) deg(P)(h+1) 4 . (thk) deg(P)(2h—1)

=1 P

L
gl
)

8 EE: 1+ (qn€k)—dea(P)h+1) ... 4 (g gh)—deg(P)(2h=1)
P h
+ ck\—deg(P)(h+j) ( ;7 ¢k\— deg(P)(h+£)
o Z (h—l—])(h—f—g)z (qg) (qg) .
1<j0<h—1 P (1 + (qhgk) deg(P)(h+1) 4 . (qhgk) deg( )(2h—1)>

[(Zf H<1_|_ qr é&) deg(P)(h+1)_|_ (q 5) deg(P)(2h— 1)>>

Xzf H( (¢ fk) deg(P)(h+1) 4 ... 4 (gF 51@) deg(P)(2h— 1))

§iUL }: mw%<m D) i O( 1)
X +7) + — ].
= 1+ (q;bgk’) deg(P)(h+1) 4 . (thk) deg(P)(2h—1) nl—¢

The above statements are proven by considering the factorization of each f to codify the h-full
condition and by exploiting the fact that 2 is completely additive. As we will remark later, it is
possible to give a proof that avoids using the completely additive property, that therefore can be
applied to extend the results to w. We have chosen to keep the method of proof that employs
the completely additive property here because it yields clearer formulas for the first and second
moments and the variant of ().

Finally, we also obtain an analogue of Erdés—Kac theorem in this case.

Theorem 1.6. As n — oo, Q(f) with f € N, N M,, approaches a normal distribution, namely,
fora <5,

1 Q(f) — hlog () /
—_— eENLNM, :a< <p
ARl | K S e (®) TV

_t2/2dt
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This result is again proven by computing the moments of w, using similar techniques
nios(3)
as the ones for the h-free polynomial case.

Let us remark that we can recover the results over all monic polynomials with no restrictions if
we specialize at h = 1 in the formulas for hA-full polynomials. Our error terms depend on h. If they
did not, letting h — oo in the formulas for h-free polynomials would also recover the results for all
monic polynomials.

This article is organized as follows. Section 2] provides some notation and preliminary statements.
The distribution of € over the h-free polynomials is considered in detail in Section 3, while Section
describes the corresponding results for w. Similarly, the distribution of {2 over the h-full polynomials
is treated in Section |5} including a discussion on the proof strategy for Theorem in Section [5.3|
Section [6] states the corresponding results for w. Finally we discuss the results in Section [7}

2. NOTATION AND PRELIMINARY STATEMENTS

We denote by M the set of monic polynomials over F,[T] and by M,, (respectively M<,,) the
subset of M containing the polynomials of degree n (respectively degree < n). Let P be the set of
monic irreducible polynomials, and let P,,, P<,, be defined analogously to the corresponding subsets
of M. The zeta function of IF,[T] is given by

W =5 =)

fem P

The above sum and product converge for Re(s) > 1. However, one can also see that

Cols) = —

1 — ql—s’
and this provides a meromorphic continuation for (,(s) to the whole complex plane, with a single
pole at s = 1. By making the change of variables © = ¢~° we can write

Z,(u) = Z udes() — H (1- udeg(P))*1 7
fem P
which converges absolutely for |u| < é, and has a meromorphic continuation to the complex plane
with a pole at u = é.
We recall Perron’s formula over F,[T"] which we will use throughout this article. (See for example
[Mur08, 4.4.15] for the classical statement, and [DFL22, Lemma 2.2] for the function field version.)

Theorem 2.1 (Perron’s Formula). If the generating series A(u) =3~ ey a(f)udes) is absolutely
convergent in |u| < r <1, then

1 A(u) du
Z a(f) = i n
T u|=r u u
feMny
where, in the usual notation, we take § to signify the integral over the circle oriented counterclock-
wise.

The following result was first proven by Warlimont in the context of arithmetical semigroups
and was recently rediscovered by Afshar and Porritt in the function field setting. It provides an
extension of the Selberg—Delange method for function fields and will be crucial for obtaining the
first and second moments in all cases.
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Theorem 2.2. [War93, Lemma 2],[AP19, Proposition 2.3] Let C(u,z) = >, -,C.(n)u" and
B(u,2) = )50 Bz(n)u™ be power series with coefficients depending on z satisfying C(u,z) =
B(u, z)Z,(u)?. Suppose also that, uniformly for |z| < A,

B,
Z | in)|n2A+2 <4l
n>0 q

Then, uniformly for |z| < A and n > 1, we have

z—1

C.(n) = q”?(z)

where T'(2) is the gamma function defined by

F(z):/ = te~tdt.
0

We will need the following extension of the above theorem.

B(1/q,2) + O (¢"n"*®2) |

Theorem 2.3 (Generalized Theorem|2.2). Let C(u,2) =3 -, C.(n)u™ and B(u, 2) = >~ -, B.(n)u"
be power series with coefficients depending on z satisfying C(u,z) = B(u, 2) Z,(u")?
positive integer. Suppose also that, uniformly for |z| < A,

B,
> [B:(n)| gln)’n“” <l

3
n>0 q

, where h is a

Then, uniformly for |z| < A and n > 1, we have

noo._1 h—1

Cz(n) = %};3(2) ;55”8 ((q%&}’f)_l’Z) + OA (q%nRe(z)—2) :

where &, denotes a primitive h-root of unity in C.

Proof. Following Lemma 2.1 and Corollary 2.2 in [AP19], we define D,(n) for n > 0 via Z,(u")* =
Yoo D.(n)u™. The binomial theorem gives

z —z n+z—1 n, hn
e IO RS D (M VS
n>0
and therefore,

®) D=3 ety (M"Y

oY
<
=
&
—
v@
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O
=
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=~
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+
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We now follow the proof of [AP19 Proposition 2.3]. First express the coefficients C, as convolutions
of B, and D, to obtain

© =Ty BOZLG T ) o, (qﬁ > 'BZ(“”(n—a)Re(Z)Q)'

0<a<n th( )

We split the first sum at § and use that

(n—a>zfl _ *1(1‘|“OA(CL/7’L))7 1f0§a§ %’
OA(nA—1)7 " % e

Then the first sum in @ can be written as

3 B.(a) Sp s & (n — a) !

Bz a h, (n—a)k_»—1 Bz a nAfl
_ @) 2z S (14 Osa/m) +04 | 3 B
0<a<y 2<a<n q
h—1
z— B.(a)&y ez B.(a)|a B.(a a2A+!
3 E)kh L0, | R Z| (Z)| n | <>§|‘l 7
0<a<? k=0 (a&) 0<a<zn 4 n<a<n q
where we have used that nRe(*)=2q24+1 > p=A=2p2441 — pA-1 for 2 < ¢ < n. Completing the sum
over a, the above then equals
h—1
z—1 k:nB Loky—1 19) Re(z)—1 Bz(a) Re(z)—2
Y B ((g76h) " 2) +0a | n Z—%+n
k=0 5<a q
h—1
_ 21 kTLB Lky—1 O Re(z)—2 Bz(a)n Re(z)—2
=n Z&L (q7,) " 2) +0an Zq—%‘f'n
k=0

(7) - “25 B ((ah€h) ™ 2) + 04 (n™72).

For the other terms in @, we get

a

h

Y

0 BZ .
(8) B.(n) < n"*® A" B. (n)| < ¢rn 72" B:a)] 4o < ghnRe)—2
a=0
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and
|BZ(ga)| (n a)Re(z)—Q
0<a<n qr
B,
= Z ‘ ia)’n o(2)= (1—|-OA a/n —|-OA Qa A-2
0SCL<ﬁ qr % qn
2A+1
Re(z)—2 (CI, -3 B( z)—3 ‘Bz<a’)’a
a3 1 > e 2
0<a<? 0<a<? g<a<n
(9) < nRe(z)fQ
Combining (7)) with (8) and @ in @ we get the result. 0

3. THE DISTRIBUTION OF () OVER h-FREE POLYNOMIALS

Recall that h > 2 is a fixed integer and that we denote by Sj, the set of h-free monic polynomials.
In order to prove Theorem , we start by considering the following Euler product (converging for
Re(s) > 1), which gives the generating Dirichlet series for the h-free polynomials:

Z4(u) 1 — yldes?) deg(P) (h—1)de P) deg(
a0 20 T () = T 0 i) - 57 i
P

P fESH

We incorporate the coefficient Q(f) by introducing it as the exponent of an extra variable, which
we will later differentiate. This preserves the additive structure of Q(f).

(11) C(u,z) = H (1 + zudo8P) o gLy (D) deg(P Z Q) deg(f)
P fes

Extracting the singularity at u = % leads us to consider
B(u, 2) :=Z,(u)"*C(u, 2)
1 — zhuh deg(P)
deg
(12) _H ( 1 — zydee(P) ) ’
In order to estimate the derivative of C(u, z) we need Theorem 2.2 We claim that for B(u, z) given

by [12), if B(u,z) = 3,5 B-(n)u", then uniformly for |z| < A, we have Y_, ., ‘BZEL Plp2At2 ) 1.
Indeed, we have the following result.

Lemma 3.1. For |z| < A, n>2 and o >

s B@

oa
0<a<n q

where ca, 15 a constant depending on A and o.

Proof. Our proof follows very similar steps to those in the proof of [AP19, Proposition 2.5]. Let
b.(f) be the function defined on the powers of monic irreducible polynomials P by

1 h, h
(13) 1+Zb Py =1 +zu+ -+ 21— w) = (i) (1 —u)?,

1—zu
E>1

and extended multiplicatively to all f € M.
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Then B(u, 2) = > e b.(f)udee) and therefore, B.(n) = > fem, b=(f). Expanding the right-

hand side of (13)), we see that b.(P) = 0. By Cauchy’s formula integrating (L3)) over |u| = /3, we
obtain -
1 1—2"u du
b(PF) = — — | (1 —u)? .
(F%) 2mi |u|\/§< 1—zu ) (1 =) ukt1

Thus,
N
(Pl < (3) M

for k > 2, where
My:= sup |(I4+zu+--+2"""")(1 - w7
|2<A Jul<\/2

is a constant depending on A. Applying this bound, we have

B.(
Z | oa < Z adeg

0<a<n feM<n
b
< H Z kodcg P)
PE'Pgn k>2
52\
< TT (e (220)
PeP<, k>2
11 [1+ M3/2
Pepe, q° deg(P) (qo deg(P) _ 3/2)

Taking the logarithm, noticing that ¢7°&(") — /3/2 > q"deg(P)% for ¢ > 3 and deg(P) > 1,
and applying the Prime Polynomial Theorem [Ros02, Theorem 2.2] that states that there are

% + 0 (%) monic irreducible polynomials of degree n, we have

M43/2 ) g41-2) M,
log | 1+ <K My < o .
pezm ( g7 s (go sl — /3/2) 1<Zd;n d ¢ -1

The statement follows by applying the exponential function. ([l
Since a?4*? < ¢*/3 as a approaches infinity, it follows from Lemma 3.1 that

Z\B \2A+2 Z’B% <.l

a>0 a>0

uniformly for 2| < A. Thus we can apply Theorem [2.2] to B(u, z).
Before proceeding to the proof of Theorem [1.1] we prove an auxiliary result that will allow us to
differentiate inside an error term after applying Theorem [2.2]

Lemma 3.2. Let G, (z), f(2) be complex functions, analytic at z = 1 such that G,(R), f(R) C R
and

Gn(Z) — f(z)nRe(z)fl +0 (nRe(z)fZ)
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in a neighborhood of z = 1. Then, for any small € > 0, we have

(14 Gul(1) = S| 0 (),
(15) Gr(1) Z%(f(z)nf‘e@‘l) o)

Proof. For ease of notation, we will assume that z is real and z > 1 to compute the derivative. (This
does not restrict the result, since the derivatives at z = 1 exists by hypothesis.) Write z = 1 + /.
Then for any K > 0 there is an M = My such that if n > M,

f(2)n' — Kn*™' < Gu(2) < f(2)n" + Kn'!
in a neighborhood of z = 1. Thus,
(f(z)ng — Kn"1) — (f(1)+ Kn™') < Gu(z) — Ga(1) < (f(z)n" + Kn"") — (f(1) — Kn™")

and
fln' = f() _ Gu(z) = Gu(D)| _ K (0 +1)
l l - In ‘
By enlarging M if necessary, we can assume that, for n > M,
K K
_ < gn—l—i-a
nf(z) nf(1)
We have
K
Kn'™t = f(2)n* < ) < f(2)nf (bn=17¢) = £f(2)n*1re,
fEn' \ ry ) < fEm (077) = L)

and similarly,

Thus

Taking ¢ to be arbitrarily small in the above equation, we obtain

nl—a

Gun=U@m1mﬁ+o(1)7

as desired. This completes the proof of equation ([14]).
To prove (15) we proceed similarly. Writing 2y = 1+ ¢ and zo = z; +m with 25 > 2; > 1 for
ease of notation, we have that for K > 0 and M = Mg and n > M,

'f(zl)ne —f(1) _ Gulz) - G(l)‘ _K@+1)
l l - In

and
< Kn' (n™+ 1).

m m mn

’f(zé)”mM — f(z)n"  Galz2) — G(z1)
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By combining the above inequalities, we get
f)n™ —fz)n® _ fle)n‘—f(1)  G(22)-G(a1) _ G(21)-G(1)

m J4 m 4

+m {+m
Kn*(nm+1) K(n‘+1)
ml+m)n Ll +m)n
As before, by enlarging M if necessary, we obtain
K K K - m(l+m)
nf(z1) nf(z) nf(l) — nl=—e

The above leads to

f(za)n™ = f(z1)n* _.ﬂﬁﬁi*fﬂ) G(22)—G(21) __GQQZGO)
(+m B (+m
< f(z)n™ i+ f(z)n'l  f(z)n'm+ f(1)m
— nlfs + nlfe
1
< nl—s—f—m '

Taking ¢, m arbitrarily small, we obtain

G"<1>=<f<z>nz-1>”|z:1+o( ! )

nl—a

This concludes the proof of . O

3.1. The first and second moments of {2 over h-free polynomials. We now have all the
elements to proceed with the proof of Theorem [I.1]

Proof of Theorem[I.1] Starting from equation (1)), we have
Z 22y deslf) — C(u,z) = B(u, 2) Z,(u)*.

f€Sh
Applying Theorem we obtain
nz—l B
(16) Z ZAU) = an(z)B (1/q,2) +0Oa (q"nRe(z) ?).
fGShﬂMn

Differentiating both sides of (16]) with respect to z for z close to 1, and applying ((14)), we obtain
B(1 ! B(1 n
(17) Z Q(f)22 " = Bll/a.2) q¢'n* " + Mq" log(n)n* '+ O 9 ,
I'(z) I'(2) nl—e
feSLNM,,

Evaluating at z =1 gives

9 _ / n
as) ¥ - BRI BRI IR e B oy 0 (A2,

fESLNM,y,
Notice that I'(1) = 1 and I"(1) = —v. We also have that

1 1
B1/e. 1 =]] <1 - |P|h> AD)

P
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In addition, the logarithmic derivative gives

QBZ?%Q)) > (log (1 B %) i !Prl— 2 \Pﬁih—_w |

Applying the above identities to , we obtain the proof of .
We now proceed to prove . Multiplying by z, differentiating both sides with respect to z
for z close to 1, and applying , we obtain

> Q)R = (M) q e+ (M)/q”(nz_l + 22n*"'log(n))

fESLNMy, F(Z) F(Z)
+ %q" log(n)(n*~" + zn*~'log(n))
(19) o (nq)

We remark that

(B(l/q, >) _ (%B(l/q, 2)T(2) - B(1/q, z)P’(z))’

() [(2)?

:%B(l/q, 2)0(2)? — Q%B(l/q, T (2) + B(1/q, 2)(2T(2)? — T'(2)[(2))
I'(2)? '

In addition, the second derivative of B(1/q, z) gives

92 o 1 1 hz"1

1 h(h . 1)zh_2 h222h_2
+B(1/q,z);<<|P|_Z>2_ |P[h — 2k _(’P’h_zh)2>.

Evaluating the above at z = 1, we obtain

82 1 1 1 h i
528/a:1) a0 (2}; (log (1 - ‘ﬂ) TR =1 T PP - 1))
1 1 k(-1 R
(20) P> (<|P| —12 [P -1 (P~ 1)2)'

P

Evaluating at z =1 gives
5 :%B(l/q, Hr(1)? — 2%6(1/(], DI(L)T'(1) + B(1/¢,1)(217(1)* = T(1)T"(1)) ,,

> r(D)? q
fesSpnMy,
9 o /
+ %q” log(n)(1 + log(n)) + O (an”5> '
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Replacing in the above equation, and using the fact that I"'(1) = 72 4 ((2), we obtain

Z Q(f)2 :qn(log(n))2

FeESLNMyp Cq(h)

*%(220‘%(1‘%)*@—1‘|P|hh—1>+2”+1)
A0 @ (s (1= 30) + tm= 1))
"4 Ep:(m—l - =1~ 1)

27+1 1 1 h 7+ —((2)
n 1 o . —n
TLm 2(%(1 |P|)+|P|—1 |P|h—1)+ RO

O

We can compute the variance from Theorem [I.1] Before doing this, we need the following
auxiliary result.

Lemma 3.3. Let n > h. We have

fEShﬂMn
Proof. Recall from that

Z,(u
Z ydes(f) — Zq((ug)‘

feSh
By Perron’s formula (Theorem , for 0 < 0 < 1/q, we have
Z 1= 1 1 —qut du R 1 — qut q"
_ = €Sy— = .
210 Jjy=s 1 — qu et la w1 —qu)  (4(h)

fEShﬁMn

Proof of Theorem[1.4 By combining the results of Theorem [1.1] with Lemma [3.3] we have

Ea) = B0 gy 3 AU <|SmM| 2., )

fespnNMy, fespnM,

=logln) + 3 (P~ et~ o)+ 0@
*Z(log(l \P\)*!Prl—l‘rPrZL—l)W(%)'
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3.2. Higher moments of () and an Erdés—Kac result for h-free polynomials. The goal
of this section is to prove Theorem [1.3] namely the Erdés-Kac theorem for 2 over the h-free
polynomials. To this end we will prove that as n — oo,

! Q) ~log(n) )"
Sh VM, Z:< mm)>'ﬁg’

fGShﬂMn
where
—% _ p even
(21) C, = 22(3) ’
0 v odd.

Notice that

1 Q) —logm)\ 1 K0 mron, vt~
S, N M, Z ( log (1) ) = Tog(n)3 2 (£>E(Q)( 1)*""log(n)"~".

"l res,nMy,

Consider again the moment generating function

C(u, et) — H (1 + 6tudeg(P) 4t e(h—l)tu(h—l)deg(P)) _ Z eQ(f)tudeg(f)'
P feESLNM

After extracting the singularity at u = %, we obtain
B(u, ') :=Z,(u) " C(u, ")
“IT0 v (T )
Applying Theorem [2.2], we have
Z 2Nt qnnet—l B(1/q,¢") Y0, < ny, Re(et)— 2> .

FESHNMn L)
By the property of the moment generating function, we have
(22) E(Q) =E (%) |,
and therefore

(23) E () = ¢y(h) i <f) (n®' 1)) (%&)@'ﬁ) (=)

J=0

We claim that for 7 > 1,
J .
24 et=1\(j) _ ef-1 J t] mo_ et—lTA t]
(24) (n® )V =mn mz:l o ( (€ log(n))™ = n® (e log(n)),
where the { 731 } are the Stirling numbers of the second kind, and the 7} are the Touchard polynomials

[Tou39]. Indeed, proceeding by induction, when j = 1, both sides of become n® et log(n).
Now assume that is true for j. Differentiating, we have

570 =5 L e togpym 4 3 {7 Y gy,

m=1 m=1
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and the induction step follows from the fact that m { 111 } + {m{ 1} = {j:;l }
Combining (24]) with @ we have
1
e ( 1 )
n —&

o (o (U52) )

Jj=0

- Gl s () S () tt0xtm (%)”

log(n)* =0 j=0

(=1)"log(n)"~ + O ( L ) |

nl 3
t=0

Consider the change of variables u = v — ¢, k = v — £ + j. Then the main term in becomes

all) Z (—B%{z;)et))(vk) zk: (Z) (Z B Z) Ti—u(log(n))(—1)" log(n)"

log(n) 2 k=0 t=0 u=0

o RO (R

k=0

k

> (5) Tj—u(log(n))(—1)"log(n)".

t=0 u=0

(]

Since the generating function for the Touchard polynomials [Tou39] is
6x(et—l) = Tk<x>

_ k
N k!t’

k=0

one can see that the generating function for the inner sum in (26)) is given by

Notice that the coefficient of 2 in the power series of e*(¢' =171 is given by M

power of ¢ is t2*. Therefore, thinking of ¢*(¢'~1=") as a power series in ¢, we have that the coefficient
of t¥ is a polynomial in x of degree at most L%J
Now suppose that v is even. Then the coefficient of z2t? in e*(

, whose lowest

¢=1-1) i5 given by zg(v) Back
2

to the inner sum in , this gives a leading coefficient of for log(n)g when k is even.

k!
22 (})!
Incorporating this information in (26), we get, for v even,

v

1 v AYA vffO nvfﬁ
et 22 ()@ st

C‘Z(hi Bll/a. 1) vo (Z)Tvu(log(n))(—l)ulog(n)“—FO( ! )

: I'(1) logn

u=
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while for v odd we get

°(Jies)

as desired.

4. THE DISTRIBUTION OF w OVER h-FREE POLYNOMIALS

In this short section we state, without proof, analogous results for w, which can be proven using
the same techniques as the results for 2.

Theorem 4.1. For any € > 0 and as n — 0o, the first moment of w over the h-free polynomials
of degree n is given by

o) @ (o e P1 )
G RARA() (Bl Z|P|<|P|h—1>>w(nl—e)’

while the second moment is given by

gz 4" (og(n)* q"(log(n)) B [Pl -1
L W TG 2<Bl §|P|<|P|h—1>>“]

e n e e (PP 1Y Pl-1
s |Fe -2 () +<§|P|<|P|h—1>>

nt—¢
Finally, the variance is given by

Vit ) =lon(n) + By = ()~ 3 lpp -1y I b0 (o
arp_freen(w) =log(n — — :
e s Pr=T [PI(P" - ni
To prove the above results, one works with the Fuler product

H Z,( (1+2(u deg(P) 4 ... 4 u(hfl)deg(P)))

Pl -1
~CBAD ) e

deg(P) __ uh deg(P) )

_ deg(P U
H (1 AT deaP)

Moreover, working with B(u, '), we also obtain

Theorem 4.2. Asn — oo, w(f) with f € S, N M,, approaches a normal distribution, namely, for

o < B,
- Lo < W) —log(n) L Ly
- {fEShﬂMn.ozg Toa(1) Sﬁ}‘%m/oée dt.
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5. THE DISTRIBUTION OF {2 OVER h-FULL POLYNOMIALS

Recall that h is a fixed positive integer and that we denote by N the set of h-full monic
polynomials. Let f € Nj,. We proceed to regroup the primes in the factorization of f according to
the congruence modulo A of their exponent. More precisely, we write

ht1,0 hteg,0 hti1+1 hte 1+1 hty p_1+h—1 hte, _yn—1+h—1
f PIO "'on,o P1,1 "'Pel,1 "‘Pl,hq "'ch,l,hq

J/

exp:O( mod h) expElKnod h) exth—‘lr( mod h)
By setting

_ ptio teg.0 pt1,1—1 teyp,1—1 t1,n—1—1 tep_q 11
m—Pl,o "'Peoo P1,1 "'Pel,l "'Pl,hfl "'ch,l,hq )

rj=PF ;- Pgw, (j=1,....,h—=1),
we arrive at

h h+1 2h—1
f=m T

and we remark that the r; are square-free and coprime in pairs.

5.1. The first moment. After the above observation, the first moment over the h-full polynomials
is given by

(27) Yoo = > Ay e ) QT 2,

FENRAM,, mhr?"q---ri’iflle./\/ln

Since () is completely additive and the r; are square-free, we have that

Qml it 2y = hQ(m) + (h+ 1D)Q>ry) + -+ (2h — 1)Q(r,1)
=hQ(m) + (h+ Dw(ry) + -+ (2h — Dw(rp_1).

Using this in , we obtain

Z Q(f) =h Z 12 (r - rpm)Q(m)

feNLNM,, mMmyry,...,rh_1E€EM
deg(mhr?+1 ---rii}l):n

+ (h+1) Z p2(ry a1 w(ry)
TN,T1,72,.0sTh_1EM

ht+2 | 2h—1
deg(mlrht2. N )=n

+(2h—1) > (e o)W (ren)
m,ri,...,rp—1€M

deg(mhr{l"'1 ~--r}2lh__22):n

(28) = hTy(n) + (h+ 1D)Ti(n) + -+ (2h — 1)T)—1(n).

Eventually we will see that Tj(n) gives the main term, while the Tj(n) give secondary terms.
In order to estimate the T};(n), as in the case of the h-free polynomials, we construct a generating
function which we will later differentiate using Theorem [2.3]
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5.1.1. The sum over Q(m). We now consider a generating function for Ty(n). Define

To(uz)= > p(ri- ) 22D om0

M,T1 ..y Th—1EM

_ H deg P)h) (1 + udeg(P)(h—H) + udeg(P)(h+2) 4ot udeg(P)(Qh—l)) )

We remark that %%(u, 1) yields a generating series for Tj.
As usual we extract the singularities at u" = % and consider

Bo(u, z) : Zq( )276(u z)
deg(P)h)

(29) - H _ Zudeg

(1 + qdesPIIHD) | dee(PIAHD) 4 deg(P)2A-1))

Our goal is to apply Theorem to find the coefficients of 7Tq(u, z). Before doing that, we must
verify that we can, indeed, apply the result.

Lemma 5.1. Set A < 3. For|z| < A, n>2, a,nda>h+1,

Bo,.
3 Bozl@)l .
qaa

0<a<n
where c4, i a constant depending on A and o.

Proof. Our proof follows very similar steps to those in the proof of [AP19, Proposition 2.5] and
Lemma . Let b,(f) be a multiplicative function on M defined for prime powers by

ky, k _ h+l an1y (1 —u")?
1+sz(P)u (T+u" 4™

k>1

1—zuh

Then Bo.(n) = >, b2(f). We see that b.(P*) = 0 for k < h. By Cauchy’s formula integrating

over |u| = (%)%,

for k > h 4+ 1, where
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is a constant dependent on A. Therefore,

> ey

0<a<n f€M<n

< 11

o deg

L+ Z Jdeng>

k>h+1

>3

(
[

= I (t+ MA(3/2> )

1
PP, ho deg(P crdeg (3/2) R )

IN

>3

>3

:\»—‘

1
Taking the logarithm, noticing that ¢7dee(®) — (%) ho> godea(P) (] — 3/

qh+
applying the Prime Polynomial Theorem [Ros02, Theorem 2.2], we have

MA(3/2) bl C] —(h+1)0)
Z IOg (1 + qhodeg(P <M 4 Z

L
PEP_n )<queg P) — (3/2)%)

) for deg(P) > 1, and

1<d<"

M,

< q(h+1)0'—1 -1

The statement follows by applying the exponential function. 0

As in the h-free case, one can deduce from Lemma [5.1] that Theorem [2.3] can be applied to By in
a neighborhood of z = 1 to find Ty. Differentiating and evaluating 7y at z = 1, we get

L= Y. Rreme)m)

m,ri,...,Th—1 €M

h41_ 2h—1
deg(m"r] + N )=n

O [qhin" !l &= & 11
:£< h FEL>BO<<M;:> Z))

where we have applied to compute the error term.
We remark that

255"30(6] éh -1 1) Zg H<1+ qh 5) deg(P)(h+1) . (q 5) deg(P 2h71))’
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h—1 %Bo ( - _
_ Z g}ljn z=1
z=1 k=0 F<1)2

(31) —Zf (580 (i)

Now the logarithmic derivative gives

25, ((qifﬂf)*l,2> - 1 1
) By ((q%g'g)—l, 1) :; (log (1 N W) " IPI——1> —hey

Combining all of the above, we obtain,

To(n) C]}: <]0g< )—1—32)25 H<1+ qr 5) deg(P)(h+1)+ (q 5) deg(P)(2h— 1))

(33) +0 (ni) .

5.1.2. The sums over w(r;). We proceed similarly to calculate the Tj(n) in (28). To this end, we
consider the function

7;(“, 2) —. Z MQ(rl L Th_l)Zw(r]-)udeg(mhr?-!—l_..Ti’i—ll)

M1, Th_1EM

_ H (1 _ udeg(P)h>*1 (1 4 oqdes(P)(ht1) Ly g des(P)(h4) 4L udeg(P)(Zh—l))
P

(34)

Z,(u")B;(u, 2),

and we remark that %ﬁ(u, 1) yields the generating series for 7. Also remark that B;(u, z) is

absolutely convergent for |z| < A (for any A > 0) and |u| < ¢
By applying Perron’s formula (Theorem [2.1]), we have

, 1 Bi(u,z) du
§ 2 . w(ry) - I\
» 2 (Tl Th—l)z 27 ﬁ”_é 1— quh un+1’
ML ey Th—1

ht1 . .2h—1
deg(mhrl7L Ll )=n
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where 6 > 0 small. We move the above integral to the circle |u| = ¢~

71 and we obtain the
residues at the poles u = (q%&)*l. Thus we get

Z M2(T1 . rhfl)Zw(Tj)

m77‘17"'77‘h71€M

deg(mhril+l---ri’izl):n
h—1
=— Z Res 1 M + 1 ]§ Md_u
— u=(@h &) un (L — qut) 27 Sy oo w1 — qui untt
h—1 .
1 1
=Y (et B, ((aheh) ) — — +0:(10 (475)
k=0 thflf Hm;ék (1 - k)
q}ﬂ h—1
' + - o ten
- ff]jnBj ((thf% 172> +0,(1)O <qh+1Jr ) )
k=0

Now we have

Tj(n) = > iy rh)w(r;)

m,re,..,Th—1€EM

h+1  2h—1
deg(mhr + St )=n

n h—
¢ 9 " - N ten
Z%Zf’m =B (@) 2)|  +0(ar)
k=0 z=1
Computing the logarithmic derivative,
5:5; (<q%£k>_1 Z) * deg(P)(h+j)
0277 h ) o _ Z (qhg )
B; ((Cﬁﬁ’;—f)”,l) 5 L4 (qh€f)=des(PYhtD) o (g £f)— des(P)(2h-1)

In sum, we get

i —de e _
55nH<1+<qh£}l§) deg(P)(h+1) | . +(g* £k> deg(P)(2h 1))
P

k\— deg(P)(h+j) .
- (qh§ ) - _'_O(qm—f—an)
1+ (ngllj)—deg(P)(hH) 4o (qggﬁ)—deg(m(zh_n
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5.1.3. Conclusion of the first moment computation. Finally, by combining and with ,
we obtain

>

FENR My,
h—1
=g (1Og< > + Bz) ¢k nH ( (qF gk —deg(P)(htD) 4 Ly (g 5k> deg( )(2h—1)>
k=0 P
q% h—1 h—1 ) X
7 Z h+j) ghn H (1 + (qﬁgi‘:)—deg(P)(hH) N (qgé'}’f)—deg(P)(Zh—l)>
Jj=1 k=0

+ ¢k — deg(P)(h+7) S
h h
XZ k (q h> Lok _1_0((11_6).
> 1+ Qh§ —deg(P)(h+1) ... 4 (gu &)~ dea(P)(2h—1) n

5.2. The second moment. Recall that we have written

hh+1 2h—1
f=m Y

where the r; are square-free and coprime in pairs. As in the first moment case, we have

h—1 h—1 h—1
Q"2 =R2Q(m)? +2) Ch(h+ H)Qm)w(r;) + Y 0> (h+ ) (h+ Ow(rw(re).
Jj=1 =1 j=1

Using this, we obtain

dooau)r=n > P2(ry - re1)Q(m)?
feENL,NM,, M,T1 e, Th—1 EM

deg(mhr?"'1 rihll) n

h—1

+2) " h(h+j) > p2(ry =) Q(m)w(ry)

7=1 mM,T1,...,Th—1 €M
deg(mhr?+1~--rili_11):n

>

-1

+ > (h+3)° > (e )w(ry)?
1 M1, sTh— 16./\/1

h 1, .2h—1
deg(mhr +1. L

+ Z (h+j)(h+¢) Z p2(ry - rhen)w(rw(re)

1<j,<h—1 m,r1,...,rp—1 €M
j h+1  _2h—1
J#L deg(mhr + ~rt T )=n

<.
Il

)=n

h—1
= h*Tyo(n) +2)  h(h+ j)To;(n Zh—l—j

j=1 -1

(36) + Y (R4 )+ OTje(n).
1<j,0<h—1
J#L

In this section we show how to obtain the formula for the second moment. We will see that the
main term comes from T (n).
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5.2.1. The sum over Q*(m). For the sum over Q?(m), we apply Theorem to To and By and
obtain the following.

Too(n) = Z g2 (ry - rp1)Q(m)?
M,T1,...,Th—1EM
deg(mhrf"'l- ri,i_ll):n
. o (qin—1 4 ghn 1 k-1 g
(g e ))| o)
n h—1
S (g (") 10 (7)) S B, ((ghel)
= (e ()" 108 (5) ) St (tahety 1)
+ ﬁ (2 log (—) + 1> 5 9 i B <(q7§k)_1 Z)
h h 0z \I'(2) ‘ M _
n h—1 n
qh 82 kn 1 _ qnr
0 5 X (e (ot )>' ~ofa=)
k=0 z=1

where we have applied to compute the error term.
We now proceed to compute the second derivative of By.

7 (e (e .2))

+5By <(q%€f’i)‘1, Z)

>

-1

I

z=1

r(1) -2 28 ((aheh) 7))
T(1)2

T
L

z=1

Il
s
>

S

b
Il
o

By ((aheh) 1) (2r'(1)? = T (1))
T(1)?

e (5—6 (b2

+ By ((aFeh) 1) (0 - ¢(2)),

_|_

>

+ 2y aQBo ((q%&’i)_l, 2)

z=1

>
Il
o

z=1

where we have used the fact that (1) = 72 + ((2). A computation via the logarithmic derivative

finally yields
oy (o (os(1- k) + 7)) + 5

S (1og (1 - %) )
_ B2 =+ 3p gy
By — '

3B, ((q%ﬂf)_17 Z)
5:Bo ((q%f}i)*%z)
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Finally, the result follows from applying the above as well as , , and to :

n

Tooln) =7 (log (%) + @Byt 1)tog () + B3 + By - <2>+;—(|P|1_1)2>
Xzéf H<1+ g 5) deg(P)(h+1) | . (q £y~ des(P)(2h- 1)>

+0<qf>.
n—€

5.2.2. The sums over Q}(m)w(r;). We proceed to compute these terms by considering the generating
function

76,]‘(“7 w, Z) _. Z M2(T1 . ,rh_l)ww(rj)ZQ(m)udeg(mhr{H—l 72’1—11)

We remark that %22760- (u,1,1) yields a generating series for the T ;(n).
Consider

BO,j(ua w, Z) ::Zq(uh)_z%,j(ua w, Z)

(1 _ udeg(P)h)Z |
— TP (1 + udeg(P)(h-i-l) 4+ -+ wudeg(P)(h-H) 4+ -4 udeg(P)(Qh—l)) ‘
1 — zudee

Fix w in a neighborhood of 1, Theorem applies to 7o ;(u, w, z). Indeed, we have the following
result, whose proof is almost identical to the proof of Lemma [5.1], and thus we will not repeat here.

Lemma 5.2. Set A< 3. For|[z| <A, |[w—1] <68, n>2, and0>h+1,

B
s Buwddl )

0<a<n qaa
where ca .5 15 a constant depending on A, o and 9.
By applying Theorem 2.3, we obtain

q%nz—l

h*T'(2)

Ma“

Toj.2(n,w) = 5;’:"80,3 ((aheh) ™ w.2) + 0u(1)0a (Fn™O72)

e
Il

0

where the error term is obtained by considering the factors involving w separated from the factors
involving z.
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By a similar calculation to the one presented in the Ty(n) term of the first moment yields

Toj(n) = > pP(ry - )w(r)Q(m)
m,r1,.. s, Th— IEM
deg(mhr?+1 . 2h !

51)=n
82

= Swoz (qm Zf}lf"BoJ ( qrEr)” ,w,z)>

w=z=1

- Lo ()Zs Boj(qu%w,l)w:l

w kwﬁMWWmmwmwgm—%mxmwﬂwmwym
Sh (1)

+o(£i).

Notice that

B k\— deg P)h)z
a BOJ <<q §£>_1,U),Z> - (1 (Qh§ )
@ w=1 1S 1— Z(qﬁfk)*deg(P)h
><< +(qh gk) deg(P)(h+1) (q%g}lj)—deg(P)@h—l))
1 .
y Z (qgfﬁ)*deg(P)(hﬂ)
= 1+(q%££)fdeg(P)(h+l)_|_ (qhgk) deg(P)(2h—1)

and, by a similar computation to ,

o8 S
e B (060 v.2)

:(32 -)

w=z=1
XH( 4 (g gk) deg(P)(ht1) 4 ., + (g gk) deg(P)(2h— 1))
P

1 .

y Z (nglﬁ)—deg(m(h-ﬁ-ﬂ)
T .
5 1_|_(qh£;:)—deg(P)(h+l)_|_ (thk) deg(P)(2h—1)

Finally we get
Toj(n) = 7 <10g <h> + Bz)
1 —de _
X Zg H (1 + (g7 gk) deg(P)(h+1) 4 .. 4 (qﬁf}/j) deg(P)(2h 1))

(thk) deg(P)(h+j)
X
Z 1 + thk —deg(P)(h+1) + . (qh£k> deg(P)(2h—1)

%
+0<m€>

=3
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5.2.3. The sums over w(r;)w(re) for j # {. We proceed to calculate these terms by considering the
generating function

7;,l<u7 2 w)
: : h+1 2h—1
= ”2(7”1 o« e /r‘h_l)ww(rj)Zw(’rf)udeg(mhrl-'— “Th_o1 )

m,r1,--sTh— IEM

— H h deg(P) )

" (1 L BPXOD) L des(PIOD) | g eI | den(PYEh-D)]
= Zq(uh)ijg(u, w, z).

Remark that B;,(u,w, z) is absolutely convergent for |w|, |z| < A (for any A > 0) and |u| < ¢~ ey
By Perron’s formula (Theorem [2.1]), we have

Z 2 (e g w2200 = i ]{ Bjo(u,w,2) du
lu|=6

27 1—quh wurtt’
m,ri,...,rp—1€EM
deg(mhr{”Ll ih 11)—n

with 6 > 0 small. We move the above integral to the circle |u| = q_E_h%l and we obtain the residues
at the poles u = (q%fﬁ)fl
Thus we get

7}7£<n) = Z MQ(Tl LB T’hil)ww(rj)zw(rf)

M1, Th_1EM
deg(mhr?Jrl rihll)—n

h—1
:_ZRQS L M+L]{ Byelu,w,2) du
u:(qhﬁh) |u| a =T

Tyt — qut) o 2mi 1—quh untl

h—1
1 1 )
(g™ §k)n+18, (gn&f) " w,z) — ——+0,,.(1)0 grTen
k=0 5.t < h >qh§]i§Hm7ék (1_ K k) ( >
n h—1
:% EFB; . <((ﬁ§;’f)*1, w, z) + O,..(1)O (thHJren) '
k=0

Now we have

Tje(n) = > p(ry e )w(rw(re)

m,T1,..,Th—1E€EM

h+1.  2h—1
deg(mhr +rh1)n
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Using the usual techniques with the logarithmic derivative, we arrive at

1 g\ —de 1 g\ —de _
=11 (1+ (qrgy) sty (qrgy) e ”)
w=z=1 P

(q% gk)—deg(P)(hﬂ')
. (z : h
P

1+ (grgl)—desP)(ht1) 4. (th’f) deg(P)(2h—1)
((Zhé'k) deg(P)(h+¢)
X
Z 1+ ( thk —deg(P)(h+1) 4 .

(qhé%k) deg(P)(2h—1)

(qn &) desP) (i) (7 gk = des(P) (ht0)
P (1+(qh€k) deg P)(h+1)+

In sum, we get

2
(q%fﬁ)*deg(P)(Qh*1)>

ghn H<1+ g f) deg(P)(ht1) 4 .,
P

hz (q 5) deg(P 2h—1))
k=

( (g &k~ dea(P) ()
<D
P

thk) deg(P)(h+1) 1 ..

(qhgk) deg(P)(2h—1)
(qhék) deg(P)(h+¢)
thk —deg(P)(h+1) 4

(q%&/z)—deg(P)(Qh—l)

(thk) deg(P)(h+j) <q%£k>— deg(P)(h+¢)
( + (ghek)—dea(P)(h+1) .

5| +0 (qh+1+5”> :
+ (g gk)—dea(P)2h— 1))

5.2.4. The sums over w?(r;). We remark that the sum over w?(r;) is given by £ 2T(u 1), where
T;(u, z) was defined in . Indeed, we have

2.

Mz(ﬁ"'rh—l)wz(%)
M,T1,..,Th—1EM
deg(mhrthl ri’i}l):
i YA
_4" kn Y ) Loky—1 T ten
Sl ()| ol
n h—1 2 n h—1
_ar kna_ L gy—1 qr knﬁ . Lk
3 Z;fh 952 ((thh) 7Z> Z_1+ 3 kzofh aZBJ ((
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By following a similar computation as in the other cases, we get

qr . 1o de ~
Ty5(n) =22 37 TT (1 + (ahgh) s . (gl =)

1+ (CZ%&}];?)fdeg(P)(th ) . (qhgk) deg(P)(2h—1)

(qh €8y~ desP) () 2
1+ (q%@’f)—deg(m(hﬂ) bt (q%é?}’:)—deg(P)@h—l)

+ (
P
Z < (q%&’f)—deg(P)(hH)
P

2
; +0 (qh+1+€”> .
1+ (qﬁgﬁ)—deg(P)(hH) + . (qhgkr) deg(P)(2h—1)

5.2.5. Conclusion of the second moment computation. By combining the results from the previous
subsections into (36]), we finally obtain

h—1

Z H( —deg(P)(h+1) | | (q gh)=deg (P)(2h— 1))
k P

=)
§| =iz

[e=]

2 A% 2 1

x [h log (h) + (2B, + 1) log (h) + B2+ By — ((2) +2P:—(‘P| = 1)2)

h—1
+ (h+j)<2h (log (h) +Bz> + (h+7)

j=1

h—1 (qﬁfk) deg(P)(h+¥)
+Z(h+£>z Loky—d }11 k)—d 2h—1

p— = 1+ (qn&f)- eg(P)(h+1) 4 .. (qhg )~ deg(P)(2h—1)

(q%&lf)fdeg(P)(hﬂ)

X

; 1+ (q%@lj)fdeg(P)(thl) +. (th’“) deg(P)(2h—1)

k —deg(P)(h+j) ( o+ ck\— deg(P)(h-+£) n
1<5,6<h—1 P (1 + (qﬁgf’f)—deg(P)(thl) et (q%é“’]i)—deg(P)@h—l)) n

We can compute the variance from Theorem[I.4] Before proceeding, we need the following auxiliary
result.

Lemma 5.3. We have

>3
:
H

Z 1 :% nH <1 n (qigz)—deg(P)(h—i—l) N (q%gflj)—deg(P)(Qh—l)> L0 <qh+1+6n> ‘
P

~
m
5
2
<
3
=
I
(e}
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Proof. We obtain the generating function for the h-full polynomials by evaluating z = 1 in ([29)

Z des(f) — Z NZ(TI e ra)u )

feEN, m,ry,...,rp_1EM

_ _, deg(P)h) 1 deg(P)(h+1) 4 . deg(P)(2h—1)
= (1 u ) (1 +u + +u )
P

:Zq(uh>80(u7 1)7

where we recall that By(u, 1) converges absolutely for |u| < g .
We apply Perron’s formula (Lemma, first integrating over 9 > 0 small, and then moving the
integral to the circle |u| = q*E*#l and collecting the residues at u = (q%&L 4)~t. This gives

Z 1:L% By(u, 1) du

FENRNM,, 210 Jyyy=s 1 — quh untl
- Bo(u, 1) 1 B(](U, 1) du
== Res, T o T o T
0 thh Tyn+ (1 —qu ) 271 lul q—e:—m 1— qu unt
h—1 .
1
(ah€h)" By ((aFeh) 1) — 0 (g
=0 G & T (1= 677)
% h—1

ghn H(1+ (qF gk — deg( )(h+1)_}__‘__{_(q%gZ)—deg(P)(Qh—l)) +O<qhi+1+€n>‘
P

b
I

0
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Proof of Theorem[1.5. By combining the results of Theorem [I.4] and Lemma [5.3] we have
Enn(Q?) = (Ena(22))®

B2 <1og(h>+32 (2)+Zm)
Zf H( (qF gk) deg(P)(ht1) 4 ., + (g gk) deg P)(2h1))>_

XZSZ H<1+ ¢ gk) deg( )(h+1)+”__I_(q%g}lj)—deg(zo)@h—n)

P
h—1 h—1
(qhé-k) deg(P)(h+¥£)
X (h+ (h+j)+ (h+10)
[; J) ( J) ; g 1+ (q%é‘}’i)*deg(P)(hH) + . (thk) deg(P)(2h—1)
<3 (gn &)~ eI )
7 1 + ( qhgk —deg(P)(h+1) 4 . (qhgk) deg(P)(2h—1)
kY — deg(P)(h+j) k\— deg(P)(h+¢)
_ Z (h-l-j)(h-i-f)z (th) (q §h) 1 _
1<5,6<h—1 P ( (qhgk) deg(P)(h+1) 1 ... (qﬁg}li)—deg(P)@h—l))

-1
[(Zf H<1+ qhgk) deg( )(h+1)+, (q gk) deg( )(2h—1)>>

1oy _
xZg H(1+ (qhel)=desPhtD) 4y (g gh)— deg(P)(2h 1))

h—1 ' ?
. (qh gk) deg(P)(h+j) 1
X Z (h+7) Z 14 ( %Sk)fdeg(P)(h&l) o ( %g’f)*deg(P)(%*l) O ni=¢ )
j=1 P q"Sh a"Sp

O

5.3. A discussion on the proof strategy for Theorem [1.4} The starting point in our proof
of Theorem [1.4] was to consider the decomposition

(38) f mh h+1 7’}2th1.

Then we used crucially that €2 is completely multiplicative. Another possible strategy would have
been to start from the generating series

Clu,z):= H (1 4 phyhdes(P) 4 htly (ht1)deg(P) | Z Q(f), deg(f)
P fEN
and to apply an extension of Theorem [2.3] to

B(u, 2) ::Zq(uh)_zhC(u, z)

1 — zudes(P)
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In fact, the extension of Theorem [2.3| that we need is the following.

Theorem 5.1 (Generalized Theorem2.2). Let C(u,z) = > - C.(n)u"™ and B(u,z) = > -, B.(n)u"

be power series with coefficients depending on z satisfying C(u, z) = B(u, z) Z,(u")*". Suppose also
that, uniformly for |2"| < A,

B,
Z’ (Qn’ 2A+2<< 1

n>0
Then, uniformly for |2"| < A and n > 1, we have

2h—1 h—1

C.(n) = qhn 25 < . fh ’ > 4O, <q%nRe(zh)—2> ‘

This method leads to equivalent results. We have opted to follow the decomposition to
prove Theorem because the proof is more clear, it shows the origin of the main term, and it
leads to cleaner and more symmetric formulas for the first and second moment and the variance.

A crucial point that makes working with particularly cumbersome has to do with the mixture
of z and 2", and their different behavior under differentiation. This does not make the analysis of
the Erdés—Kac theorem more complicated, and therefore we will use Theorem in Section
for that.

It should be remarked however, that a proof that depends on the decomposition can not be
applied to w. Nevertheless, in the case of w, the direct generating series is simpler and does not
involve the mixture of z and z". We state the results obtained in this way for w in Section @

5.4. Higher moments of () and an Erdos—Kac result for h-full polynomials. The goal
of this section is to prove Theorem [I.6] which is the Erdés-Kac theorem for Q over the h-full
polynomials. To this end we will prove that

1 Q(f) — hlog (%)
|NhﬂMn| Z

v

— Oy,

FENNMy, hy/log (%)

where the C,’s are given by .
As before, we will consider

v

1 Q(f) —hlog (§) | 1 LY e (T vt
ST\ i) ) Gy )2 (s ()

By substituting z = €’ into B(u, z) given by (39)), we have
B(u,e') :==Z,(u")~¢"C(u, et)

_H des( P)h 14 ehty deslP)
1 — etudeg(P) '
Theorem applies to B(u,e') at t = 0, and therefore,

n oht_
Z qgnrn Z 7 Re(et)—
eﬂ(f)t = heht F hht ( q gh) ? t) + OA,§ (qhnR ( t) 2) *

fENLNM,

By the property of the moment generating function combined with , we have
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and

(S ers (@hen1)) @
hv log (2)* 4

h—1 csn Lesy—1 -, ' o 1 |t (e—3)
) S ()5 (o r () B (Vi)

hv log (%) 2 =0 j J s=0

(40)

<o (g (7)) w0 ().

Consider the change of variables u = v — ¢, k = v — ¢ + j. Then the main term in becomes

hv log (%) prd

-1 (v—k)
S anB ((grg)~t 1 v nt o (B((ghgg) e
el ) g ()

L0 Lo s )

— hv log (%)% e (k‘) ;fh )

3 (8 e () - s ()




k = v, which leads to
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Similarly to the h-free case we get, for v even, that the main term should come from setting

1

—EZ <U E
helog (1) =5 \¢

! 1
22 (4)! logn
while for v odd we get

(o)

6. THE DISTRIBUTION OF w OVER h-FULL POLYNOMIALS

In this short section we state, without proof, analogous results for w. The proofs are quite direct
from the corresponding generating function

degree n 1s given by

Theorem 6.1. For any ¢ > 0 and as n — oo, the first moment of w over the h-full polynomials of

n h—1
> -5 T (1 i) (4 e
feNLNM,, k=0 | | ’ ’

|P’1i£hdeg(P)k>
(log + By + E ( !
1 e
7 \IP| = | Pl e

while the second moment is given by

1 q%
_ ng, e +1_m>>+o<nl‘€>
£ = gr 2 1 1
11 (1- )<H e )
.m%;@l E: II P |[P| — |P|'—g, ‘st
0z () + 105 (7)

1 1
2B, + 1+ QZ <|P| Tl )
+ B + B; — ((2) -

+1 1Pl
1

1 e 2

P(IPI = | PpEg O )

1

X

<p (uﬂ—

2
_ 1
|Pl-rg, s 1 [P
+(2Bl+1)z<
P

1

1
|P| — [P, 5Pk g )

1P|
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Finally, the variance is given by

o 1 1 -
Vary, g (w) = log (h) + B —((2) + (kzg ﬁ}lf H ( - m) <1 + 1P| — lpylillé.hdeg(P)k>>
xZé”H(l—i) 1+ ! - 1
= N A N R T

2
(1P| = P, ek 4 1)
2
1 1 1 1
+ — = + T -5
;<\P\—|P|lhfh RS |P|>) §<|P\—|P|1h5hdg“”’“+1 |P|>
h—1 -1
1 1
o 5fljnl_[<1__) <1+ 1, —de Pk))
<ko P\ P |P| — | PJI~ kg, “O)

h—1
1 1 1 1
X g}ki’n (1——)<1+ P ) < P ——)
Z 1]:[ |P| |P|—|P|1_E§hdg(P)k ; |P|—|P|1_ﬁfhdg(P)k+1 | P|

To prove the above results, one works with the Euler product

HZ (1+ 2 (uhdes®) 4 oy (e Ddea(P) 1Y)

_ H o des(P 1+ zu" 48
1 — udeg(P) )
Moreover, working with B(u, e'), we also obtain

Theorem 6.2. Asn — oo, w(f) with f € N, M, approaches a normal distribution, namely, for
a<p,

1 w(f) —log (@)
_ N; M, a< h <pB
INL M, feNn “ log (%) \/27r/

7. CONCLUSION

In sum, we have studied Erdos—Kac type of theorems for h-free and h-full polynomials. These
families differ in the following sense. As seen in Lemma[3.3] for certain constant C, there are Cp,q"
h-free polynomials in the set of monic polynomials of degree n, which has size ¢". In contrast, for

certain constant Dy, Lemma shows that there are Dh% h-full polynomials. Thus, while the
h-free polynomials correspond to a considerable proportion of the polynomials in F,[T7], the h-full
polynomials are a sparse set. These differences are reflected at the level of the moments, as the
results for h-free polynomials are closer to the results for the full family than the results for h-full
polynomials. However, in both cases we obtain Erdés-Kac type of theorems, as in the full family
case. One could then argue that an Erdos—Kac result over the h-full polynomials is less predictable
than in the case of the h-free polynomials.
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In [EL21], the authors consider the function wy(n), which counts the number of prime factors of
n with multiplicity k. An interesting feature of this function lies in the fact that w; satisfies an
Erdés—Kac type of theorem, but wy for £ > 2 does not. This work has been recently extended to
functions fields by the same authors and their collaborators [DEKL23]. It would be interesting to
investigate wy in the context of h-free and h-full polynomials.
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