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Abstract

Let Q(n) denote the total number of primes in the factorization of the integer n.
We obtain asymptotic formulae for the sums ) . (n), where n runs over the square-
free numbers, the square-full numbers, the perfect powers, or generalizations of these
families of numbers.

1 Introduction
Let us consider the prime factorization of a positive integral number n, namely

n=gq'---q", (1)

where the ¢; (i = 1,...,7) are its distinct prime factors and the s; (i = 1,...,r) are their
respective multiplicities. Let ©(n) be the total number of prime factors in the factorization
of n, that is, Q(n) = s; + - -+ + s,. The following formula is well-known (see, for example,
[2, Thm. 430, p. 355] and [1, Sect. 1.4.4]):

ZQ(n) = zloglogz + Byx + O (

n<x

JRCEE )

log
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where .
Bs = By + _—
L Ep: p(p—1)

By is the Mertens constant given by

1 1
By =~+ (lo (1——>—|——>,
1=7 Zp: g D P
and

: 1
y = lim <Z -~ log n> ~ 0.57721566 . ..

is the Euler—-Mascheroni constant.

A positive integer n is square-free if and only if its prime factorization has no factors with
an exponent larger than one, that is, n = ¢ - - - ¢,, where the ¢; (i = 1,...,r) are distinct.
Let S, denote the set of square-free numbers, and let Q5(z) denote the cardinality of the set
of square-free numbers not exceeding z. It is well-known [2, Thm. 333, p. 269] that these

numbers have density ﬁ = ﬂ%, where ((s) denotes the Riemann zeta function, that is,
_ 7 O (21/2) = 6 O (/2 3
Qa(7) = _C(Z) + (Jc ) = Fm + (1: ) . (3)

More generally, given a positive integer n with prime factorization n = ¢;* ---¢¥" as in (1),
we shall say that n is h-free if s; < h —1 (i = 1,...,7). In particular, if h = 2 we obtain
the square-free numbers. Let S, denote the set of h-free numbers, and let Qy(z) be the
cardinality of the set of h-free numbers not exceeding x. It is well-known that these numbers
have density Tlhy that is,

x:i M .
Qn(z) g(h)+0( ), (h>2) (4)

In this note we show a proof for the following statement.

Theorem 1. Let h > 2 be an arbitrary fived integer, and let Sy, be the set of h-free numbers.
The following asymptotic formula holds

Z Qn) = ﬁxlog logz + O(z).

n<x

neSy

Let h > 2 be an arbitrary fixed integer. A positive integer is said to be h-full if all
the factors in its prime factorization have exponent greater than or equal to h. That is,
the number n = ¢* --- ¢’ is h-full if s, > h (¢ = 1,...,7). If h = 2 these numbers are
called square-full or powerful. Let N}, denote the set of h-full numbers and let Ay, (x) denote

2



the cardinality of the set of h-full numbers not exceeding x. The number Aj(z) has been
estimated by Ivi¢ and Shiu [3] with the following asymptotic formula:

Ap(@) = yopx ™ 4+ @O oy 2 CTD A (),

263

where Yo.n, Y1, - - -, Yh—1,» are certain computable constants and Ap(x) < x” with p < 5053

(In fact, p can be much smaller, depending on h.)
The constant for the main term in the above asymptotics can be precisely described by
the following [5]:

6 1 P —pl/h
=) — - 142
Toh =3 £ o (u(n))nt/h 1;[ ( + Ppih—1))"

where o(n) denotes the sum of divisors of n and u(n) is the greatest square-free integer that
divides n. Thus, if n = ¢;* -+ ¢, then o(u(n)) = (g1 + 1) -+ (¢ + 1).
In this note we prove the following result.

Theorem 2. Let h > 2 be an arbitrary fized integer, and let N}, be the set of h-full numbers.
The following asymptotic formula holds

Z Q(n) = hyopz/"loglog x
n<x

nGNh

(h + 1)p"* V" — hp — 2hp*" 4 (2h — 1)p'/" Un
h(By — log h /
! ( W losh) Ep: (p—1) (p'/h — 1) (p'*T1/h 4 pt/h —p) ot

v
+0 :
" (x/log x)
Setting h = 2 in the previous result, we immediately obtain the following corollary.

Corollary 3. The following asymptotic formula holds

Z Q(n) = Q%xlm loglog x

n<z

n GWQ

21/2
(om0 )

A perfect power is a number of the form n'™, where m and n are positive integers such
that m > 2. Therefore, all perfect powers are square-full numbers. Let P denote the set of
perfect powers and let N(x) be the cardinality of the set of perfect powers not exceeding x.
The following formula is well-known [4, Thm. 5]

N(z) = a'/? + f(a)a?,

where lim, ., f(z) = 1.
We prove the following result.



Theorem 4. Let P be the set of perfect powers. The following asymptotic formula holds

1/2
Z Q(n) = 22'%loglog = + 2(By — log 2)z*/? + O ( ‘ ) :
~ log z
n€P

and therefore,
Z Q(n) ~ 2N (z)loglog z.

n<x
nep

The proofs of Theorems 1, 2, and 4 are detailed in Sections 2, 3, and 4 respectively.

2 Proof of Theorem 1

We start by considering the following Euler product (converging at Re(s) > 1), which gives
the generating Dirichlet series for the h-free numbers:

() () (L Ly
S -N(E) M pin) - S

p neSy
We will incorporate the coefficient €(n) by introducing it as the exponent of an extra variable,
which we will later differentiate. This preserves the additive structure of Q(n).

Lh—1 Q(n)

H(1+§+~-+m)zzzns- (5)

p neSy

We follow the Selberg-Delange method (see, for example, [6, Sect. 7.4] and [1, Sect.
1.4.4]). We will work with the Euler product

=11 (1_]%>Z (11—_1?) = [[H#w.s2). (6)

We claim that the product defining F'(s, z) converges absolutely and uniformly over compact
subsets of Re(s) > 1/2, |z| < v/2. Indeed, taking the logarithm of a single factor of (6), we




have

i 2k 2, Mk =1

- sk shk sk

k=1 kp k=1 kp k=1 kp
> 1 > hzk

- Z<Zk o Z) sk Z sk (7)
k=2 k?p Iﬁkl k?p

The sums in (7) converge for Re(s) > 1/2 and |z| < v/2. More precisely, we have

1 |22
max(1, |z 2Re(s) 2 Re(5) 1
log H(p, s,2) <y, Z % = max 1 - T £ B <,z Zm,

T pRe(®) 11— PR

where we have used that the geometric series converges because |z|/p(*) < 1. Summing over
all the primes p, the above is bounded by ((2Re(s)) and is therefore ﬁmte for Re(s) > 1/2,
2| < v/2. Thus we deduce that log F (s, z) converges absolutely and uniformly over compact
subsets of Re(s) > 1/2, |z| < v/2, and the same is true for F(s, 2).

Back to equation (5), we have

hfl

ST (1 2+ ) =),

neSy p

and this converges for Re(s) > 1, |z| < v/2.
Now we apply Theorem 7.18 from [6] and obtain that

Z fn) — ))xlog z 4 O (z(log x)Re(z)_Q) . (8)
nes,

Differentiating both sides of (8) with respect to z, for z close to 1, we obtain

Z Q(n) MW=L = (Fr((lé)z)) rlog” 'z + Fét};)x(log logz)(log” ' 2) + O (z),  (9)
nes,

where we have bounded the error term by using the mean value theorem and the fact that

(loglog x)(1og™*®~2 ) < 1 when z is near 1. Evaluating (9) at z = 1 gives
F(1,1
Z Q(n) = (1, )x(logloga:) + 0 (x),
nesy,



where the first term in (9) has been absorbed into the O(x) error upon evaluation. Since

F(1,1):H(1—ih) :%,

» p

and I'(1) = 1, we obtain the desired result.

3 Proof of Theorem 2

Let n be an h-full number. We proceed to separate the primes in the factorization of n
according to the congruence modulo h of their exponent. In other words, we write

_ htio htey,0 hti1+1 hte; 1+1 ht1 p—1+h—1 hte, ) h—1th—1
n=4qo "0 % e i1 e, b1
Vv - Vv - ~ vV -
exp=0( mod h) exp=1( mod h) exp=h—1( mod h)
By setting
_ tipo teg,0 t11—1 teg1—1 t1,p—1—1 tey,_q.n—1—1
m=dyo 901 90 Qa1 Dy, h-1 s

rj:Ch,j"'QEj,j: (]:Lvh_l)7

we can finally write

_ h,.h+1 2h—1
n—mrl "'rh_17

and we remark that the r; are square-free and coprime in pairs.
After the above observation, the sum under consideration becomes

Do = > )2, (10
n<x mhriwrl_“r}m:lgx

nENh

Since €2 is totally additive and the r; are square-free,

QM2 = RQ(m) 4 (b + D)) + -+ (2h — DQ(rp1)
= hQ(m) + (h+ Dw(r) + -+ + (2h — Dw(rp—1),

where w(n) denotes the number of distinct prime factors in the factorization of n (if n =
qi* -7, then w(n) =r).



Using this in (10), we obtain

Z Qn) =h Z (- rhe) Z £2(m)

nEN R e mh <2
2
+(h+1) g w(ry) g po(ry - rp_q)
< mhr§+2---ri}i711§x/r{b+l

+(2h — 1) Z w(rp-1) Z P2y ras)

2h—1 hoh+1 2h—2 2h—1
rp <z mhp T < [y

= hIy(z)+ (h+ 1T (z)+ -+ (2h — 1)1} (). (11)

Eventually we will see that Tp(z) gives the main term, while the Tj(x) give secondary terms.
In order to continue we need some auxiliary results.

Lemma 5. We have the following estimate

>, L et/ (12)

h+1 _2h—1
r et <z

Proof of Lemma 5. We expand the sum in (12) as a combination of iterated sums, and we
evaluate the successive terms starting from the innermost sum.

> o1

h+1  2h—1
ry eyt <

:Z Z Z Z 1

1 <al/(h+1) L1/(h+2) »1/(2h—2) »1/(2h—1)

T2 S 0,0/ (ht2) Th—2S I/ @h—2)  (2h=3)/(2h—=2) "h—1S I/ @h—1) (2h—2)/(h=1)
™1 1 " Th—3 "1 " Th—2
£1/2h=1)
<h Z Z Z (h+1)/(2h—1) (2h—2)/(2h—1)
m<al/ (D) g1/(ht2) < L1/(2h—2) ™ e Th_e
- 25D/ (ht2) Th—2="h11)/(2h—2) _(2h—3)/(2h—2)
1 1 " Th—3



In order to evaluate the innermost sum above, we approximate it with an integral

21/(2h—1)
Z (h+1)/(2h—1) (2h—2)/(2h—1)
< L1/ (2h—2) T T
Th—25"RF1)/(2h—2) _(2h—3)/(2h—2)
"1 " Th—3
z1/(2h—2) 2h—2

T§h+1)/(2h—2)mrgbzh—s)/(zh_z) xl/(Qh_l)t*m
-3
< / 7a(h+1)/(2h71) r(2h73)/(2h71) dt

0 1 h—3
1 =g 2hf12/(2h722h)73 2h—2
21/ (2h=1) 4357 (RFT/ (=) (2h=3)/(2h=7)
<n (h+1)/(2h—1) (2h—3)/(2h—1)
rl P rh73 =0
1/(2h=2)
<Ln (h+1)/(2h—2) (2n—3)/(2h—2)
81 o The3
Continuing in this way, we obtain
> 1
rp e <e
1/(2n—2)
x
<h Z Z o Z S D/ @h=2) " (2h=3)/(2h-2)
ri<at/ (D rzﬁ% Th—3< (h+1)/(2h£3/)(2h(_23;t)—4)/(2h—3) ' hs
1 1 T g
<, 2/ D).
as desired. O
Lemma 6. We have the following estimate
2 1/h
v (7’1 e '7"h—1) . p—0p —1/(h(h+1))
Z (htD)/h Gh-1)/h H (1 + P2 (pi/h — 1)) + O (x ) :
Pt p2ht o T TR P

Proof of Lemma 6. First notice that we can approximate the sum up to x with the full sum



as follows

Z HQ(TI .. Th*l)
LD/ 2h=1)]h

Pl p2hl oy Tl “Th—1
2
. Z /J/ (711 “ .. Thfl)
o (h+1)/h (2h—1)/h
T1yeesTh—1 1 T Thfl
+0 Z (h+1/hz h+2 Z 2h 2/hz (2h1
r1>w1/(h+1) Th—2 = h— Th—1 " h—
1 1
+ Z (h+1)/h Z (ht2)/h Z (2h 2)/h Z 2h 1)/h
ri<gl/(h+1) 71 o> xt/(A42) 2 Th—2 ' h— Th—1 ' h—

2*7«5’1“)/“‘*2)

1 1 1
+ D wmoE 2. oE > wo=

r r r
<zt/(hin) T1 L2 T2 ,1/(2h—1) h—2

= e (i (o)) Th—2S T /(2h—2)__(2h—3)/(3h—2)

51 1 " Th—3

1
~ 2. | (13)

#1/(2h—1) h—1

Th-1Z I/ @h-1)__(Zh—2)/(Zh-T)
"1 " Th—2

We proceed to express the main term in (13) as an Euler product. This gives

2
pr(rerho1) 1 1 1
Z PBAD/B L (Gh=T)/h - H (1 + p(h+1)/h + p(h+2)/h +oo Tt ph=1)/h

Ty Th—1 ' 1 h—1 p

H (1 + —%)
= H (1 + l/hl/hl)) : (14)

Now we treat the error term in (13). The inner sums with no condition over r or with a
less-or-equal-than condition can be bounded by a constant, since

> - < () (15)

r=1




Therefore, the error term from (13) is

Z Z hﬂ o e <Z /1/<h+g> t(h+i)/h ) = O (xil/(h(hﬂ))) :

j=1 r>x1/(h+a>

Combining the above with (14) in (13) yields the desired result. O

We can now return to the proof of Theorem 2. First we proceed to calculate Tp(x) in
(11). Using that Q(m) = Q(1) = 1 when /2 < 7/*!'...72" 1 < 2 and estimate (2) when
phtt. 2t < /2 we obtain

To(z) = Z pP(ry - ray)

ac/2<rh+1 - 2}1—11§$

) LA/h LA/h
+ Z pore ) | g —@gn 108108 | o @h—1)/h
/)"‘1 PR /r" 7”1 .. 7”

,,,il"rl“.,’,ifi—llgx/Q h—1 h—1

z1/h
:Cl/h T§h+1)/hmr(2h71)/h

h—1
+BQT(h+1)/h B ‘T(Qh—l)/h> + On Z : (16)
! ht ( 1) /R )

1/h

h+1 2h—1 €T

PRt 2l < /2 log L @h=D/h
h—1

Notice that the first term in the sum above is <, /"1 by Lemma 5. To bound the big-O

error term, we fix 0 < ¢ < Since the function é is strictly increasing for ¢ > e we

h+1 t
have, for ¢ > W and 1 <7,
Pt oyt vy oy oy ] (17)
log (£) log (%) ri== = Tlog(y®) ri=c logy rive
On the one hand, we limit the sum so that W < h+r2 and therefore we can take h_+2 <
€< h+1 Taking y = /" and r = T%hﬂ)/h x }(12111 Wh, we have
21/h
(hfD)/h__(2h—1)/k
Z 1 Th—1
/h
Pt e e (42 log (r<h+1>/f.r(2h1>/h)
1 h—1
1/h
SO :
= log (/7 (1-o)(ht1)/h____(1-e)(h-1)/h
h+1_ , 2h—1 h(h+2) ' 1 Th—1
] rpt t<a/eh(ht2)
1/h
x
, 18
h log x (18)

10



where the final sum was bounded using a similar idea to the one we used in (15), since
(-o)(wtd) < 4
o .

On the other hand,

Z1/h
Ah+m/hmrff;1Vh h6h+2
<p
h(h+2) ~ b1, 2h—1 1 zl/h h(h+2) ~ph+1  2h—1 log 2
z/e < )T <z /2 10g D/ GR-T/R z/e <ry T heery L <a /2
1 h—1
1 1
<, ot/ (19)

by Lemma 5.
Now we study the main term in (16). By writing

1
log log (%) = loglogy + log (1 — 12§;> ,

L1/h

and applying this to loglog ( CERVI (Qh_l)/h) we are led to consider
™ " Tho1

M:= Z (h+D/h - (2h=1)/h log | 1— log (xz1/h)
r?+y~ﬁﬁ31§x/2 1 h—1

We use that for 0 <t < 1, we have

t

—log(1 —t) <
og(l—t) < —=—

Y

which can be proven by considering the derivative of log(1 —t) + \/fft This gives

n

x
M< Z (h+1)/h r(2h—1)/h' 1 (
log (x1/h) \/1 —

(h+1)/h___(2h—1)/h
)

7.?+1,..7-i}i—11Sz/2 1 ' h—1 T
log(xl/h)

o ()

L1/h
e ey G/ enenyn [y s (Gn)

Taking advantage of the fact that




and applying considerations similar to (15), we can simplify the bound to

21/

Jog e

By applying Lemma 6 in (16) and by incorporating the error terms (18) and (20) we
obtain

M <, (20)

To(x) = [ (1 + ?—f/)) 2" log log

—log h) H( —1/1)) zVh O, (f;()%) . (21)

We proceed similarly to calculate the Tj(x) in (11).

Ti(z) = Y w(r)) > prima) Y 1

T;‘lﬂﬁfﬂ rf+1~~~r?+] rih11<x/7“hﬂ thW
L1/h
= Z LU(T]-) Z NQ(H . .- T'h—l) \‘r(h—i_l)/h - T(Zh_l)/hJ )
P i<a Tit-‘-lm,rj/f_lrj.”T,ZL}i—llgx/r]thj 1 h—1

where the hat symbol indicates that the corresponding factor has been excluded.

We write
Y 21/
{ (h+1)/h 2h-1)/h | — _(h+1)/h e T o(1)
5] T 51 Tt
and use the trivial bound 1
ogn
< —=— > 9 22
wn) < 125 (n22) (22)
to obtain
_ . 1/h /~L2(7’1"'Th71>
r) =x Z w(r;) Z (ht1)/h 2h—1)/h
htj T TR
r <z rh+1mri_z+g p2h— 1<x/rh+]
J 1 j Th—1 j
+ O | logx Z 1]. (23)

h+1,_h+2  2h—1
Ty Ty Ceer T <

For the main term in (23), we complete the sum and proceed similarly as in the proof of
Lemma 6. The difference here is that we have to work with sums of the form

S w(r)
Z h+y)/h Z rhti)/h°
r=1 r>al/(hd)

12



We can bound these sums using the fact that given any arbitrarily small ¢ > 0, it follows
from inequality (22) that w(r) < ¢ provided r is sufficiently large. This results in

2
pi(re - rpea) _ M —1)w(ry) 1/(h(h+1))+e
> ()i (h- 1)/h = Z h+l '_T(Zh 7+ On (27 )

Pt e hoL Mo i

For the error term in (23) we can use Lemma 5. Combining the above with (12) in (23), we
obtain

12 —1)w(ry) 1/(h+1
Z h+1 r(2h Y On ( /(D log z). (24)

T1sesTh—1 -1
We aim at simplifying the main term in the above expression as much as possible. In order
to do this, consider the following expression for a generating series with its corresponding
Euler product:

/’L2(T1 e Th_l)Zw(Tj)
i)k @h—1)/h
Ty Th—1 ' 1 o Th

1 Z 1
ZH(1+W+"’+W+"'+W)-
p

Gj(2) =

The function G(z) is holomorphic, since the product converges independently of z. For us,
it suffices that G(z) be holomorphic in a neighborhood of z = 1. Notice that

Z M _1w (Tj)
h+1 r(2h71)/h :

T1,--Th—1 h—1

In order to compute G'(1) from the Euler product, we consider the logarithmic derivative of
G,(z) and obtain

5 p(+)/h
Gi(1) 1+ o + o+

__1
pCR—D)/R

plt=i/h _ pl=i/h
o Z (p— 1) (p\+i/h 4 pl/h — p)’

p

Multiplying by G;(1) and using (14), we obtain

! /~L ) (r)
G5(1) = Z h+1)/h __T(th);h

71y Th—1 h—1

1+(1—j5)/h pl—j/h

B p—p'/h p —
-1l (1 T (pt/h — 1)) ; (p—1) (pHi/h 4 pt/h —p)

p

13



Replacing the above in the main term of (24), and replacing this result, as well as (21), in

(11), we get

ZQ(H)ZhH(lJFf_l/—i?l/hl) #!/"loglog
. p* (p/h —1)

n<x
h+ H+(1=5)/h _ y1-j/h
+ (h(Bg—logh +§ =R )

n€7\fh
(p—1) (p!*+i/h + pl/h —p)
/ vl
X 1 Vh 40 ( )
H( " 2 (pY/ 1)) o Viogx
pt/h
—hH(1+ zz )) /" oglog x

1/h h—1 N g
—|—<h(Bz—logh +Z ( / 1)Zj:1<h+3)p /h)

— 1) (p*V/* +pt/h = p)
_ pl/h 21/h
X 14+ | 2/h O( )
1;[( +p2(p1/h—1)>$ "o\ Vioge

(2h — )2t — 2ha" — ha® + (h + 1)x
(z —1)?

We use that

(h+ )2’ =

ZQ(n):hH(lJFQp:/—];U}Ll) z!/"loglog
. p* (pt/h —1)

B | h h+1) 1+1/h_hp_thQ/h+(2h_1)pl/h
(By — logh) + Z — 1) (pl /= 1) (pi+1/h + pl/h — p)

.Y 21/h
1+ ——— )2+ 0 .
Xl?( +p2(p1/h—1)>$ ' h(\/logl’)

This concludes the proof of Theorem 2.

14



4 Proof of Theorem 4

We first split the sum into a term involving squares and another term involving higher
powers, as we expect that the squares are the only contributors to the main term.

doam) =Y am)+ > Qnh)

n<x n2<zx nkF<z
nep k>3
=2 ) Qn)+ ) Q@)
n<gl/2 nk<z
k>3

We can estimate the contribution from the squares by using (2),

1/2
Sy (x) = 222 loglog 2'/% 4 2Byx'/? + O < a )
log x

1/2
= 222 loglog z + 2(By — log 2)zY? + O (Ing> . (26)

Using (22), we obtain the following bound for the contribution of the higher powers:
logn* 1
52(1,) _ Z Q(nk) < Z ogn < EZL’I/?’,

“— “— log2 — log2
k>3 k>3

Combining this estimate with equation (26) in (25) gives the desired result.
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