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1 Introduction

Let f(n) be an arithmetic function defined over the positive integers, and let S be a specific subset
of Z~. In this note, we are interested in sums of the form

> fn),

n<zx
nes

where the sum is taken over all the elements in .S that are smaller than x.



The sums where S is the set of positive integers have been largely studied for many arithmetic
functions such as the divisor function d(n), the sum of divisors o(n), Euler’s totient function
©(n), the prime divisor counting functions w(n) and {2(n), among several others. For example,
for the divisor function d(n) := 3_,, 1, Dirichlet proved that [1, Theorem 320]

Zd(n) =zlogz+ (2y—1)x+ O (x%),

n<x

where v = 0.57721 ... is the Euler-Mascheroni constant. The error term has been improved by

131
416°

For the sum of divisors function o(n) given by o(n) := >_,, d, we have that [1, Theorem
324]

various authors, and the best known result, due to Huxley [2], is O (z**¢), with o <

Z o(n) = @Iz + O(zlogx),

n<x

and this error term has been improved to O <x(log x)g) by Walfisz [5, Chapter II1.2].

The sum of the inverses of divisors function o_;(n) satisfies

> o_i(n) =((2)x + O (logx).

n<x

In this note, we propose the study of some analogous sums, where the n are restricted to
certain special sets of natural numbers S such as the h-free, h-full numbers, and h-powers. We
also consider going over the h-free and h-full parts of n. The main tool in this note is Perron’s
formula, that yields an estimate for such sums by the computation of a residue related to the
generating function. For example, we recall that the generating functions for the arithmetic
functions described above are given by

C(s)C(s+1),  Re(s) > 1.

NE

S|
=
[

We will work more broadly with the general divisor function defined by o;(n) = >_,,, @/, where
J is a real number. We can think of d(n) as the case j = 0.

Our results are typically given by asymptotics involving coefficients that are expressed as
Euler products. When we write Hp, we mean that the product is taken over all the natural
primes p.

Let i be an integer greater than 1. Recall that a positive integer n is said to be h-free if
all the primes in its factorization have exponent strictly less than h. In other words, the prime
factorization is given by n = ¢;* - - - ¢¢” with s; < h—1fori = 1,...,r. Let I}, denote the set of
h-free numbers. Then we have the following result.



Theorem 1.1. Let h > 1 be an integer and j > 0. Then for any € > 0, we have

Z o_jn)=C(i+1)F;,(1)z+ 0O <w5+ﬁ+€> , (1)
M=
where ( )
1 (I—-pH(A—ph
}'_j,h(l)—lgl(l—ﬁ— T )

Recall that the above product is taken over all the natural primes.

Similarly, for any € > 0, we have

> o) = %f_j,h(l)mj“ +0 (27 hira). @)
nER,
For any € > 0,
> d(n) = Fop(Dalogz + [(27 = )Fou(l) + Fp ()] o + 0 (a87) 3)
nEF,
where

h+1 h
-FO,h(l) = H (1 - ph +ph+1) ’

p

(l),h(l) — h(h+1) Z log p (p—h _ p—(h+1)>
Fon(1) 1= (h+ L)p "+ hp 05D

and vy is the Euler—Mascheroni constant.

Recall that w(n) denotes the number of distinct divisors of n. Then 2%(") denotes the number
of square-free divisors of n. For h > 2 a positive integer we consider h“(™. We have the
following.

Theorem 1.2. Let h > 1 be an integer. For any € > 0, we have

n(1 _ 1
Z he) — )) xlog Yo+ Ch—2,1hT 10gh 244 conx + O <x1_2h+5> ,
n<x
where cp_o 4, . . ., Cop, are certain constants depending on h and

=112 (%)

p
Let P}, denote the set of h-powers. The constants from Theorem 1.2 appear also when
considering the sum of the divisor function over elements of F},.

Theorem 1.3. Let h > 1 be an integer. For any € > 0, we have

1 _ 1_
g d(n) — Z?}(lh) Q;% logh T —|— Chh;’_hl—i_l x% logh_l €T _|_ “e + CO,h—i—lx% _|_ O (x}lz 2(h-}—1)h+€> ,
n<x
néPh

where the constants are defined as in Theorem 1.2.

We consider the sum of divisors o;(n) over the h-powers as well.
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Theorem 1.4. Let h > 1 be an integer and 0 < j < 1. Then for any € > 0 we have

1 1 1-j
Z O'—j =P_jn <h) xh + O ($2h+<2h3> +€> ) “)

n<x
nep,

P_in (%> - 1;[ (1 s p‘j)l(z;gfjp‘(h_l)j)) |

For j > 1, we get the same formula with the error term replaced by O (xﬁ“).

where

Similarly, for 0 < 7 < 1 and any € > 0, we have

Z o;(n) =P_jn (%) 2+ 0 (xj+2h+(12h]3) +5> . (5)

n<x
nePy

For j > 1, we get the same formula with the error term replaced by O (xj +ﬁ+€).

Recall that a positive integer n is said to be h-full if all the primes in its factorization have
exponent larger or equal than A. In other words, the prime factorization is given by n = ¢j* - - - ¢
with s; > hfori = 1,...,r. Let G}, denote the set of h-full numbers. Then we have the following
results.

Theorem 1.5. Let h > 1 be an integer and j > ;— + Then for any € > 0 we have

1°

1 1 R ERTIE S
Z o_j(n) =G_jn (E) zh 4+ O <$2h+2h<h+1>2+ ) ) (6)

n<x
TlEGh
where
< ) H _'7 —|—p h —p —Jj— }11 p_(h+1)j
Iy : i1
) —p ) (1=pF) pl—pI)(1-p )
1 —(h+1)j 1
+ = - ( ).
PA=p ) \1-p7% 1-pn
)
For( <j < h+1’ we get the same formula with the error term replaced by O <x21h+ B +6)
Similarly, for j > h+1 and for any € > 0 we have
(L ‘
S oyt = Sl pivi o 0 (o) 0
n<x J +1
’I’ZE_GV]—L
; (=)
For(0 < j < h+1’ we get the same formula with the error term replaced by O <xj+2h+ B +5>

Finally, for any € > 0,

_ Gon dp— 1 1 11
Z d(n) = h'h(h )xf log" z +%IE’L log" ' x+- - +do 17 +0 <a:h 2h<h+1>+£> , (8)
nn€<érh



where dy,_1 p41, - . ., do nt1 are certain constants depending on h and
1 1\ hp~ -1
an(3) I =3) |
P p 1=pn (1 — p*%>

We consider the h-free and h-full parts. Let n = ¢;* - - - g5 be the prime factorization of n as

= H q; and Un(n) = H q; .

1<j<r 1<j<r
8j<h hSSj

usual. Let

We say that Ly, (n) is the h-free part of n and that Uy (n) is the h-full part of n. By convention,
Ly(n) = 1, while naturally U;(n) = n. Similarly, when A > max; s;, we have L,(n) = n and
Un(n) = 1. Tt is natural to ask similar questions to the ones addressed in Theorems 1.1 and 1.5
replacing the conditions n € F}, or n € G}, by Ly (n) and Uy (n), respectively. This is what we do
next.

Theorem 1.6. Let h > 1 be an integer and let 0 < j < 1. For any € > 0, we have

= . 1, 0-9%

S o (Ln(n)) = €+ DLyp(1)z + O (x s ) | ©)

n<x
and

C( +1) 41 FEENEE L
O'J Lh ,C_]h<1) ITH 4 O 27727 2 , (10)
; J+1

where

—h—(h+1)j _ p=h—j _ p—(h+1)(G+1) 4 —h-1-2j
B p p p +p
L) =1]] (1 + = ) .
p
For j > 1, we get the same formulas with the error terms replaced by O (:v%“) and O (:Bj+%+€>
respectively.
For 0 < j < 1, we also have

. . 1,0- 0?2 e
> o j(Un(n) = G+ DU_ju(D)a + O (22t 2 : (11)
n<x
and .
Zo'j(Uh(n)) _ C(J + )U—J ( ) j+1 +0 ($j+%+(12hj2) +s) , (12)
n<x ‘] + 1
where
1 —p~h= (D)) 4 p=h=i = (hADGHD) 12
u_jh(1):H<1— — + — .
i, P 1 —p~

For j > 1, we get the same formulas with the error terms replaced by O <x%+5) and O (xj +%+5>

respectively.



Finally, we have

> d(Ly(n)) = Lop(V)zlogz + [(2y — 1)Los(1) + L ,(1)] 2+ O (ﬁw) R

where

Lon()=]] (1 by hh_ﬂl)

and

— (h? — 1)p~(h+D)
1 .
L‘Oh 1 Z ngl - hp + (b= 1)p=(+D)

Similarly, we have

S d(Un(n) = Upu(1)a +0( +) (14)
where )
Upn(1) =] (1 +(h—1)p "+ - __; ) .

p
The main tool for proving our results is Perron’s formula, which we review in Section 2. The
results involving the divisor functions for h-free, h-powers, and h-full numbers are proven in
Sections 3, 4 and 5, respectively. We treat the h-free and A-full parts in Section 6.

2 Some background on the zeta function and Perron’s formula

In this section we recall some bounds for the Riemann zeta function and prove some versions of
Perron’s formula that will be specially useful for the results of this article.
First we recall some bounds for the Riemann zeta function.

Theorem 2.1. ([3, Theorem 1.9]) Fort > ty > 0 uniformly in o,

;

1 for 2 <o,
logt for 1<o0<2,
t3” logt for 0<o <1,
2= logt for o <0.

((o+it) <

We will work with the following version of Perron’s formula.
Theorem 2.2. (Perron’s formula [4, 4.4.15]) Suppose that the Dirichlet series

Qp,
ns
n=1

is absolutely convergent for Re(s) > oq. Let x > 0 that is not an integer and let 0 > max{0, 0 }.
Then, we have

1ot s . |an| 1
3 = — Zas+0 (a7 Ll 1, ——— 1.
n = 5 ; G(s) Sds+ (1’ v mm{ TTlog 2 }

<z —iT



Corollary 2.1. ([4, 4.4.16]) Suppose that a,, = O(n®) with € > 0. Then if x is not an integer,

1 o+iT s rote

n<zx o—iT

Corollary 2.2. ([4, 4.4.17], modified version) Suppose that a,, = O(n®) with e > 0 and
G(s) = ¢(s)'Gi(s),

where k is a positive integer and G1(s) is a Dirichlet series absolutely convergent in Re(s) > 1—§
for some % < <1 Then

> = A (5= DG )

n<x

+ O (:171_2%5%) .

s=1

If0<d< % then the error term should be replaced by
9 (x176+¥+€) _

Proof. We start by fixing o, > 1. By Corollary 2.1, we have
o1+iT s

1 T xo1te

n<z o1—iT

Now fix 1 > o5 > 1 — ¢, and consider the integration along the rectangle with corners
— i1 01 + 1T, 09 + 11,09 — 11T. By Cauchy’s integral formula,

01

1 o1+iT oo+iT oo—1T o1 —iT .TS
— </ +/ +/ / > dS = Ress=1 ((8 - 1)€<<5)€g1(5>_> '
2m o1—iT o1+iT o2+iT o2 —iT °

By Theorem 2.1, the contribution from the other vertical integral is bounded by

oo—iT s
L / G(s)" ds

< :c”2T log T.
270 J oy it S

Again by Theorem 2.1, the contribution from the horizontal integrals is bounded by

1 ootiT s
—/ g(s)x—ds <

270 J o 1ir 5

Tt (1-09)t-2
T2 log'T.

log x

Now take 7' = 2?1772 to make the above error terms comparable. This gives an error term of

< $J2+(01*02)2(1*02)2+E.

Our goal is to optimize this error term by appropriately choosing o5 and o;. Thinking of the
1+U 1

i1T01 Z'
We cantake 01 = 1+ ¢1,thenoy =1 —|— &L — ~. This gives an error term of

exponent as a quadratic equation on o, this is minimized when oy =

**Jrf*ésl +e
< x 20 .

If % < ¢, we can take ¢; arbitrarily small, and we get the result.
Otherwise, take 01y = 1 4+ 1, 09 = 1 — d + €9 and we get an error term of
< x1_5+62+(6+E1—Eg)(5—62)2+8'

Taking ¢; arbitrarily small, we get the result. [

We end this section by recalling the following useful result.
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Theorem 2.3 (Abel’s summation formula). Let a,, be a sequence of complex numbers and f(z)

be a continuously differentiable function on [1,z|. If A(x) =Y .. an, then

n<x

> anfln) = A)f(e) - [ A@f @)

n<x

3 h-free numbers

Recall that a natural number n with prime factorization ¢;* - - - ¢ is said to be h-free if s; < h—1
fori = 1,...,r. For example, if h = 2, we have the square-free numbers, if h = 3, we obtain
the cube-free numbers, etc. Let F}, denote the set of h-free numbers. In this section we prove
Theorem 1.1.

It is well-known that the number of h-free positive integers not exceeding x is given by

That is, these numbers have positive density ﬁ — 1if h is large.

Before proceeding to the proofs, we remark that for j > 0,
o_;j(n) <d(n) = O(n®).

It follows that the generating Dirichlet series of o_; is convergent for Re(s) > 1. We also have
that

70 _ o) = O,

nJ
which will be helfpul to relate sums of ¢;(n) to sums of o_;(n).

Proof of Theorem 1.1. Assume that ;7 > 0. We consider the generating Dirichlet series of o_;
over F},. Since o_; is multiplicative, and the structure of F}, is also defined multiplicatively, the
generating series can be directly computed by considering the case of n a prime power, and then
multiplying together all the factors corresponding to different primes.

W 1 - 1 —J —2j 1 —J4... —(h—=1)j
ZUJ—W:H(1+ tp + TP AP 4+ 4 TPt tp )

s s 25 (h—1)s
nEFh n P p p p
o . 1 —p2 1—phi
“T[(-p7)" (1—p‘3+—f+---+(+1)5)
p p 15)
P (
w1 1 =phs —J(1 — p—hG+s)
_ (1 _ p_]) 1 p P ( p ' )
1 — p_5 1 — p‘(]+3)
p
= ((8)C(G + 8)Fjnls),

where

p_hs — p_(h+1)5_j — p_h‘s_(h+1)j _|_ p_(h+1)(5+.7)>

Foin(s)=1] (1 - T

which converges for Re(s) > + when j > 0.



We apply Corollary 2.2, where we have that / = 1, and § = 1 — % This gives

Z o_j(n)=¢G+1)F 1)z + 0 <$%+ﬁ+5> )

neFy

This concludes the proof of (1).

To study o;(n) with j > 0, we first notice that a”ﬁ(f) = 0_j(n). Therefore we have

3 % = (G + DF (D +0 (o 327).

neky,
A simple application of Abel’s summation gives
> 03(n) = G+ DF 5a(1)a?* + 0 (73 5+

n<x

neFy

j /0 CG+ DF D +0 (P73527) | dt

_ C(?jll)f—jvh(l)xj—i_l +0 (Jij+%+ﬁ+6> '
J
This concludes the proof of (2).

Finally, to prove (3), we consider as before the Dirichlet series of d(n) over F},

d(n) 2 3 h
ZF—H(l—FEﬁ-?—F'”—FW)

neFy p p
T (1 ~(h+1)phe 4 hp<h+1>s) (16)
. (1—p*)°
= ((s)*Fon(s),

where Fj () is absolutely convergent in Re(s) > +. Also we have

(/),h(s) _ Z h(h + 1) (p*hs — p(h+1)3)
Fon(s) PT " (hr D)p s + hp=(Ds”

We apply Corollary 2.2. In this case we have / =2, =1 — % Thus, we are in the first case

for the error term and we get

d s 3.
Z: d(n) = — ((5 . 1)2g(5)2f0,h(5);> _+0 (:m ) . 17)
nel,
We proceed to compute
d 8 d
o <(s — 1)2C(5>2f07h(5)%) 821: 7 ((3 — 1)2C(3)2) _ Fon(l)x
+1lim(s — 1)*¢(s)* (Fo n(D)z + Fou(1)(zlogz — )
=2vFon(l)x + .Févh(l)x + Fon(l)(zlogr — )
= For(D)zlogz + [(2y — 1) Fou(l) + F,(1)] . (18)
Combining (18) with (17), we finally obtain (3). [l



Theorem 1.1 takes a particularly elegant form when j = 1.
Corollary 3.1. Let h > 1 be an integer. For any € > (

> 70 %“% ).

n<x
nEF;L

—_ C(2) 2+5

4 h-powers

In this section we consider various versions of h-powers and prove Theorems 1.2, 1.3, and 1.4.
We are firstly interested in the function 2™, where w(n) denotes the number of distinct prime
divisors. Since 2¢(™) denotes the number of square -free divisors of n, we have 2¢(" < d(n) < n®

for all e > 0. This gives h*(") = (22(")) 123« also for all ¢ > 0. Therefore the generating
Dirichlet series for h*(™) converges for Re(s) > 1. Indeed, it is well-known that

i 2w(n) B C(S)z

= C(2s)

We will generalize this result in the proof of Theorem 1.2.

Proof of Theorem 1.2. We start by considering the generating Dirichlet series of h“.

S =T e ) =IO

n=1 p

o-1(-5) (55)

p
h h
1+_5+E+'“
p p

H( (05
1;[( 1>+...),

p
Therefore, H,(s) converges for Re(s) > 1.

hw(n

) = e )

where

We apply Corollary 2.2, where we find that / = h, § = % We are in the first case and this
gives

S = o (-1 D)

~ Hu(1)
~ (h—1)!

where ¢j,_2, . . ., ¢ are certain constants depending on /. ]

+0 (xl’ﬁﬁ)

s=1

:z:logh—l T+ Ch2pT logh—Z T4+ copx + 10 <‘T17ﬁ+5> 7
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Corollary 4.1. For any € > 0, we have

" 1 1 log p
ZQ ():@xlog:c+@ (2’7—1)"‘22])2_1

n<x P

x4+ 0 (:U%“) .

Let P, denote the set of h-powers. We now consider the sum of the divisor function over
elements of F,. Before proceeding to the proof of Theorem 1.3, we shed some light into why we
have very similar asymptotics to Theorem 1.2.

Lemma 4.1. The following formulas hold
d(n") =Y he@ (19)
d|

and

Sdm) = 3 pe@ {fglJ . 20)

n<x

neh, 1<d<at
Proof. Since both sides of equation (19) are multiplicative, it suffices to prove this identity for
prime powers p®. The left-hand side gives d(p**) = ah + 1. The right-hand side gives

iny”:1+§ih:1+am
k=0 k=1

and this proves equation (19).
From this, we have

1

Sue  (si)- 5 w2
nh<g 1 dln <d< 1

and we obtain equation (20). L]

The combination of Theorem 1.2, Abel’s summation, and equation (20) gives us the following

estimate
3 3 Ha(l) 1 Ha(l) 1
d(n) = d(nh) ~ mxh loghx = W Th lOgh xX.
TLSI;‘ nh<z
nery

We give a more precise formula in Theorem 1.3.

Proof of Theorem 1.3. As usual we consider the generating Dirichlet series
d(n h+1 2h+1 3h+1
Z (s)_H(1+ hs + 2hs + 3hs +)
" p p p
n h p

::Il(pifjl+(ﬂgflﬂ)
(

1\* h
1— 1
zﬁs) ( *_p“-1>

and we recall that 7, (s) converges for Re(s) > 1.

11



We apply Corollary 2.2. First we make the change of variables hs = s;. In this case we have
{=h+1landd = % We are in the first case and we get

+ O (x%72(hi1)h+5> .

s1=1

> din) = 5y G (<31 - 1>h+1<<sl>h“m<sl>ﬂ>

n<x
nePy

The statement of Theorem 1.3 follows by developping the above residue and comparing it with
the statement of Theorem 1.2. []

We now consider the results regarding the sums of powers of divisors.

Proof of Theorem 1.4. Assume that ;7 > 0. We consider the generating Dirichlet series of o_;
over P,

P Ldpd oo dphi 1 i enr g p=2hi
Z“a_(”):H(H tp e 1At +)

ns phs p2hs

nePy p
1— p—(h+1)j 1 — p—(2h+1)j
phs p2hs T ))

where

—5,h\S) = LR i e a— ) )7
I\ o= —pam

which is convergent for Re(s) > 1L,

Now we apply Corollary 2.2. First we make the change of variables hs = s;. Here we have
{=1,0=1-— 1% for0 < j < 1landd = 1, otherwise. If 0 < j < 1, we are in the second case

for the error term

1 1 1 1-5)2
Z o_j(n) ="P_jn <E) xh + O (x%+(2h3) +€) :

n<x
nEPh

If j > 1, we are in the first case and we get an error term of O (:Uﬁ“).
This concludes the proof of (4).
Now we consider o; and (5). We use once again that %

i 1 1 1 —i)?

n<x
nePy

= 0_;(n). Therefore we have

By applying Abel’s summation to the above equation, we obtain

12



1 ; - a-?
Z oj(n) =P_jn (E) AN <x]+2‘lh+ B +5>

n<x

nePy
—J [P—]h ( )tj—”i + O ( = +)} dt

Pfjh( ) Fio <$j+21h+<12h33’ +e ) ‘

jh+1

For j > 1, the error term is O (aﬂ*ﬁ*a) instead.
This concludes the proof of Theorem 1.4. ]

5 h-full numbers

Recall that a natural number n with prime factorization ¢;* - - - ¢°” is said to be h-full if s; > h
fori = 1,...,r. For example, if h = 2, we have the square-full numbers, if h = 3, we obtain
the cube-full numbers, etc. Let GG}, denote the set of h-full numbers. In this section we prove
Theorem 1.5.

Proof of Theorem 1.5. Assume that 7 > 0. We consider the corresponding generating Dirichlet

series.

o_j(n) _ l+pd+4-dph 14pT4...4p (il
IR [ (FRESASSEES AR ARSES man e
neGy D p P

11 <1 h(1-p) ((1 (+1)5) 1 —p (2 )>

- +p " (1—p —p N
P r’ (21)

o 1 p(h D

= 14phs(1_p)t _ '
1;[< i =p) (1—19‘5 L—p-s

= ((hs)G-jn(s),

where

) v hs (1—p~ )(1—10‘5) p(L=p=7) (1 =p7=)

N 1 pf(thl)j 1
2h5 (1 _ ) 1— p—j—s 1 — ps )

. 1—j
which converges for Re(s) > h_+1’ =2

We apply Corollary 2.2. We make the change of variables hs = s;. Here we have { = 1,

5—1——whenj > —andé—l——wheng < h+ We are in the second case and we

h+1 h+1
get, for 7 >

1°

h+1 ’

2 00 =G (7 b+ (o2,

When j <

1-j)?
+ +
) +1, the error term is replaced by O (:L‘ 2R 2R3 E)

This proves equation (6).

13



We now consider (7). The previous result gives, for j > —— +1 ,

e

n<x

TLEGh,

By Abel’s summation,

> oi(n) =G (1) 2R+ 0 ( ”%*Wﬂ
n<x h
- / {g—m (%> P40 (tj—lvlhnh(hﬂf”ﬂ dt
0

neGy

1

_ g—]}k (E) xj.;.% +0 (IjJrﬁwLere) '
hj+ 1

I

When j < the error term is replaced by O <m

h+1’
We now consider the generating Dirichlet series for the divisor function.

d(n) h+1 h+2 h+3
Z ns _H(1+ phs +p(h+1)s+p(h+2)s+“.)

TLEGh p
h —hs —hs
:H(1+ E —s+ £ —s 2) (22)
. l—p=— (1-p)

where

= hS)hHgo,h(S),
Gon(s) =] (1~

hp—hs p—hs )
1+ +
. ( ) ( L—p~ (1-p~)?
h“ h+1 (=)™ (, h+tl h+2  h+3
H pmhs + phs + p(h+1)s + p(h+2)s +o

P
h+2
p(h+1

n(

is convergent for Re(s) > h—+1

We apply Corollary 2.2. We start by making the change of variables hs = s;. Here we have
£:h+L5—h

We are in the first case and this yields

1
d - 1 dh 1 hil ht1 S1 J}% O %7m+6
z (n>_ﬁd_s’f (51 =1)"7¢(s1) g0h<h> . + (x )
nne_Cj‘Eh s1=1
1
h dp—
= goi,jh(hh) ot log" = + hhhl,_hl—&-l B log" x4+ d thh +0 (xh 2h<h+1)+€> 0
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6 h-free and h-full parts

Letn = ¢;' - - - ¢ be the prime factorization of n. Recall that

Lp(n) = | | q; and Un(n) = | | q;
1<j<r 1<5<r
Sj<h hSS]’

are the h-free and h-full parts of n respectively. For a fixed h > 1 integer, we can write
n = Ly(n)Uy(n) uniquely. For an arithmetic function f(n), we can investigate the sums of
f(Lp(n)) and f(Un(n)), which correspond to summing over the h-free and h-full parts of the
numbers n not exceeding x.

Proof of Theorem 1.6. Suppose that j > 0. We start by considering the generating series. Following
a similar calculation to the one in (15),

iM:H(1+1+—])_j+...+1+p_j+“'+p_(h_1)j_|_ 1 +)

s h—1)s hs
—~ n . p ph=h p
H ( 1 — p—hs p_j(l . p—h(j+s)) p—hs )
= . - : I
S\ =p )1 =p) (A—p/)A—-p )  1—p=

= ((5)S(7 +5)Ljin(s),

where

—hs—(h+1)j _ pfhsfj _ pf(h+1)(j+s) +p(h+1)s2j)

p
Lins)=]] (1 + T
p

. 1—4
which converges for Re(s) > 2.

We apply Corollary 2.2. We have that / = 1, and 0 = 1 — 1% for0 < j<landd =1
otherwise. If 0 < j < 1, we are in the second case. This gives

Y o i(Ln(n) =G+ DL ju(D)z+0 (I§+(121J§)2+€> :

n<x

If j > 1, we are in the first case and we simply get an error term of O (:v%“).

Using that UJ”—(J") = o0_;(n), we have, for 0 < j < 1,

) Uj(Ln’;‘(n)) =G+ DLz +0 <x%+(;§ +E) :
n<x

By applying Abel’s summation to the above equation, we have

o0

> 0i(La(n) = (i + DL (1)’ +0 (;,;j+§+“2;2 +a)
n<x
_j/ [C(j + 1)L, + O <tj5+(lz?2) *5)] dt
0

= —C(‘.jjll)ﬁ_j,h(l)xjﬂ +0 ($j+é+(12hj2)2 +6) .
J

For j > 1, the error term is O (x”%*s) instead.

15



For the sums over U,,(n), we have, for j > 0,

f:a_j(Uh(n)):H 1+l+...+ 1 +1+p—j+---+p—hﬂ
nS

S h—1)s hs
ot . p ph= p
14pd ... p(htl)j
+ = (h+1)s s T
p
_ H < p—hs B p—(h+1)j—hs )
» T a-p) A—p)i-p)

C(5)C(F + $)U—jn(s),

where we have employed the computation from (21), and

_pfhsf(thl)j +p7hsfj +p7(h+1)(j+8) o p(h+1)s2j)

1
u_j’h(s) - H (1 - pj+8 + 1 _p_J

p

. 1—4
which converges for Re(s) > 2.

We apply Corollary 2.2. We have that / = 1, and 0 = 1 — 1% for0 <j<landé =1
otherwise. If 0 < 7 < 1, we are in the second case. This gives
(1—j>2

S oL, (Un(n)) = (G + DU_(L) + 0 ( ik ) .

n<x

If j > 1, we are in the first case and we get an error term of O (x%“).

By using that an(j) o_;(n), we have, for 0 < j < 1,

nJ

Z Uj(Uh'(n» — G+ WU a(1)z+ O ($§+<12h]2) +E) '

n<x
By applying Abel’s summation to the above equation, we have

(1 0?2

ZO'] Uh ( +1)L{_]h( )$j+1+0< itat h2 +8)
n<x
—j/ lé(j + DU (1) + O (H—z“éhjz) +€>} dt
0

1 , . 1-
- C(jj—tl )u_J (D)7 + 0 (x3+1+(2,; +e>'

For j > 1, the error term is O ( 27 +%+5> instead.
Now we treat the divisor function. We find the corresponding generating function by following

a computation similar to that in (16).
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= d(Lp(n)) 2 h 1
ZT:H 1+_+...+m+ﬁ+...

p— ; p* p
p—hs 1— (h + 1)p—hs 4 hp—(h+1)s
- H — + -
SA\Ll-p (1—p)

= ()P [T @ —=np ™ + (= 1)p~ D7)

p

= ((5)*Lon(s),

where Lo ,(s) is convergent for Re(s) > +. We remark that

£, R — (12 — 1)
7 = ZIng h htl)s”
Lon(s) . 1—hp=hs + (h — 1)p=(h+D)s

We now apply Corollary 2.2. Wehave { =2, =1 — % Since h > 2, we are in the first case
and we get

N d(Ly(n) = % <(5 . 1)2g<5)2co,h<s)§) +0 (x%+e> .

n<x

By following similar steps to the computation in (18), we obtain

d%“ ((s — 1)2<(5)2£0’h(3)%§) = Lon(1)zlogz + [(27 —1)Lon(1) + Eg}h(l)] T.

s=1

This finishes the proof of equation (13).
For equation (14), we follow a computation similar to (22) and obtain

i%:r{(l—ké—’“”—i_ 1 +h+1+h+2+...)

% p(h—l)s phs p(h+1)s

n=1 p
_ 1 — p—hs hp—hs p—hs )
N 1;[ < T—p~ 1—p  A—pp
—hs
= ((s) H (1 +(h—1)p" + 1p_ps>
= ((s)Uon(s),

where U 5 () is convergent for Re(s) > 1.
Now apply Corollary 2.2, we have { = 1,0 = 1 — % We are in the second case. Thus, we
conclude

Z d(Un(n)) = Uop(l)z + O ($%+ﬁ+€) . O

n<x
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7 Conclusion

We have obtained asymptotics for the sums of general divisor functions over certain sequences
with restricted factorization structure. The techniques exhibited here can be easily adapted to
obtain similar results for other multiplicative functions, and to other contexts, such as function
fields.
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