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1 A condition for linearity

We are going to prove the following:

Theorem 1 Let p be an odd prime. Then the map

φ : F
2
p −→ Fp

is linear if and only if it satisfies the following two conditions:

1. φ(α v) = α φ(v) for all v ∈ F
2
p and α ∈ Fp

2.
∑

v∈l φ(v) = 0 for all affine lines l ⊂ F
2
p

PROOF. The set of all functions φ : F
2
p −→ Fp is a Fp-vector space of dimension p2, while

the set of linear functions is a subspace of dimension 2. It is clear that linear functions
satisty conditions 1 and 2. Hence, the set of functions satisfying these conditions is a
subspace whose dimension is greater or equal than 2. We are going to prove that the
dimension is at most 2, and that will prove the statement.

Consider a point P ∈ F
2
p . There are exactly p+1 lines passing through P , one for each

possible direction:
D := {(0, 1), (1, 0), (1, 1), . . . (1, p − 1)} (1)

Suppose φ satisfies the conditions of the statement. Because of condition 1, φ is completely
determined by its values in the set D (think of the lines through the origin). Then the
subspace of functions satisfying condition 1 has dimension p + 1.

Now we add condition 2. If (0, 0) ∈ l, we get
∑

v∈l φ(v) = 0 from condition 1. Hence it
is enough to consider lines that do not pass through the origin.

Let l be any line through the origin, and P, Q ∈ F
2
p \ l. Claim:

∑

v∈l+P

φ(v) = 0 ⇔
∑

v∈l+Q

φ(v) = 0 (2)

If l + P = l + Q, the claim is trivial. Otherwise, there must be some α ∈ Fp, α 6= 1, such
that αP ∈ l + Q (otherwise we would have that l is the line through the origin and P ,
which contradicts the fact that P 6∈ l). Now α 6= 0 (because (0, 0) 6∈ l + Q). We have

∑

v∈l+Q

φ(v) =
∑

v∈l+αP

φ(v) =
∑

αw∈αl+αP

φ(αw) = α
∑

w∈l+P

φ(w)

and that proves the claim.
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Hence, we are able to reduce condition 2 to the following:

∑

v∈l+(1,0)

φ(v) = 0 for all l through (0, 0), l 6= {(t, 0)} (3)

∑

v∈{(t,0)}+(0,1)

φ(v) = 0 (4)

Using the fact that the directions are given by the elements of D,

p−1
∑

t=0

φ((at + 1, t)) = 0 for a = 0, 1, . . . , p − 1 (5)

When a = 0, the condition is
p−1
∑

t=0

φ((1, t)) = 0 (6)

When a 6= 0,

p−1
∑

t=0

φ((at + 1, t)) =

p−1
∑

t=0, t 6=−a−1

(at + 1) φ

((

1,
t

at + 1

))

−
1

a
φ((0, 1))

=

p−1
∑

s=0, s6=a−1

1

1 − as
φ ((1, s)) −

1

a
φ((0, 1))

Observe that
1

1 − as
=

a−1

a−1 − s

and write b = a−1. Then, because of

1

b − s
= (b − s)p−2

the family of equations (5) becomes

p−1
∑

s=0

(b − s)p−2 φ ((1, s)) − φ((0, 1)) = 0 for b = 1, . . . , p − 1 (7)

We also get the additional equation

p−1
∑

t=0

φ((t, 1)) = 0 (8)

which is equivalent to

φ((0, 1)) +

p−1
∑

s=1

1

s
φ((1, s)) (9)

So we have p + 1 equations on the p + 1 variables

φ((0, 1)), φ((1, 0)), φ((1, 1)), . . . , φ((1, p − 1)) (10)
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The corresponding matrix is

M =















1 0 s−1

0 1 . . . 1
−1
... (b − s)p−2

−1















(11)

This matrix has size (p + 1) × (p + 1). We will be done if we prove that its rank is greater
or equal than p − 1. In order to do that, we will prove that the minor

H =
{

(b − s)p−2
}

1≤ b, s≤ p−1
(12)

has determinant det(H) = 1 6= 0. We need the following:

Lemma 2

det

(

{

(ai − bj)
n−1

}

1≤ i, j ≤n

)

=

n−1
∏

k=1

(n − k)n−2k ·
∏

j>i

(aj − ai)(bj − bi) (13)

PROOF. Observe that

{

(ai − bj)
n−1

}

i, j
=

(

an−1
i −

(

n−1
1

)

an−2
i . . . (−1)n−2

(

n−1
n−2

)

ai (−1)n−1
)

i

































1

bj

...

bn−2
j

bn−1
j

































j

Now we compute determinants by using Vandermonde:

det

(

{

(ai − bj)
n−1

}

i, j

)

= (−1)[
n
2 ]

n−1
∏

k=0

(−1)k

(

n − 1

k

)

·
∏

j>i

(aj − ai) ·
∏

j>i

(bj − bi)

Computing

(−1)[
n
2 ]

n−1
∏

k=0

(−1)k

(

n − 1

k

)

=
n−1
∏

k=0

(n − 1)!

k! (n − k − 1)!
=

1n · 2n · · · (n − 1)n

12(n−1) · 22(n−2) · · · (n − 1)2·1

and we are done. ¤

Back to the Proof of Theorem 1, we apply the Lemma above,

det(H) = det
(

{

(b − s)p−2
}

b, s

)

=

p−2
∏

k=1

(p − 1 − k)p−1−2k
∏

j>i

(j − i)2
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=

p−2
∏

k=1

(k + 1)−2k

p−1
∏

j=1

((j − 1)!)2 =
12(p−1) · 22(p−2) · · · (p − 2)2·2

22·1 · 32·2 · · · (p − 1)2·(p−2)

=
12(p−1) · 22(p−2) · · · (p − 2)2·2

(p − 2)2·1 · (p − 3)2·2 · · · 12·(p−2)
= ((p − 2)!)2 = 1

by Wilson’s Theorem. ¤

A second Proof can be found in Lemma 7.7 of [3]. The advantage of this proof is that
it can be generalized to the following

Theorem 3 Let p be an odd prime. Then the space of functions φ : F
n
p −→ Fp such that

1. φ(α v) = α φ(v) for all v ∈ F
n
p and α ∈ Fp

2.
∑

v∈H φ(v) = 0 for all affine hyperplanes H ⊂ F
n
p

has dimension
pn − 1

p − 1
−

(

n + p − 3

n − 1

)

(14)

Remark 4 Observe that the space of linear functions has dimension n.
For n = 2, the dimension of the set of functions satistying the statement is

p2 − 1

p − 1
−

(

p − 1

1

)

= p + 1 − (p − 1) = 2

and we recover Theorem 1.
In fact, the only case where linear functions are exactly the ones that satisfy the state-

ment of Theorem 3 (for fixed n and every p) is when n = 2.

PROOF. (Sketch) φ can be written in a unique way as a polynomial in n variables, of
degree at most p − 1 in each of the variables:

φ(x) =
∑

0≤ I≤ p−1

aI x
I (15)

Consider condition 1,

φ(αx) =
∑

0≤ I≤ p−1

aI α|I| xI ?
=

∑

0≤ I≤ p−1

aI αxI = α φ(x)

We conclude that we must have α = α|I| for every α when aI 6= 0, hence, φ satisfies
condition 1 if and only if

aI = 0 for all I with |I| 6≡ 1 mod (p − 1) (16)

Now consider condition 2. We claim that

aI = 0 for all I with |I| ≥ (n − 1)(p − 1) (17)
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Take any plane H that does not pass throught the origin (if it passes through the origin,
condition 1 implies condition 2 is trivial for H). It can defined by a formula of the form

b1 x1 + . . . + bn xn = 1 for (b1, . . . , bn) ∈ F
n
p \ {0}

the map

φ −→ sφ(b) =







∑

v∈H φ(v) if b ∈ F
n
p \ {0}

0 if b = 0

is an endomorphism of the spaces of maps F
n
p −→ Fp.

We want to see the action of this endomorphism on the monomials. Assume bn 6= 0.
Then

sxI(b) =
∑

x∈H

xI =
∑

x(n−1)∈F
n−1
p

x(n−1)
I(n−1)(b−1

n (1 − b1x1 − . . . − bn−1xn−1))
in

= b−in
n

∑

J(n−1)∈F
n−1
p

(

in

J(n−1)

)

(−b(n−1))
J(n−1)

∑

x(n−1)∈F
n−1
p

x(n−1)
I(n−1)+J(n−1)

Now use that
∑

x∈Fp

xk =

{

−1 if p − 1 |m and m > 0
0 otherwise

Hence, every term is zero unless

p − 1 | il + jl for l = 1, . . . , n (18)

If il 6= p − 1, we take jl = p − 1 − il, but if il = p − 1 we may take jl = 0 or p − 1.
Suppose some il = p − 1, let us say i1, . . . , ik 6= p − 1 and ik+1 = . . . = in−1 = p − 1 (k

may be equal to n − 1). Choose a plane with bk+1, . . . , bn 6= 0. We get

sxI(b) = b−in
n

∑

αl

(

in

p − 1 − I(k), αk+1, . . . , αn−1

)

(−b(k))
p−1−I(k)(−1)n−1

Here each αl is either 0 or p − 1. Note that we have not asked any condition to in.
First suppose k = 0, so all il = p − 1 except, maybe in. Take the hyperplane defined

by the equation xn = 1, then

sxI(b) =
∑

x(n−1)∈F
n−1
p

x(n−1)
p−1 = (−1)n−1 6= 0

so aI = 0 in this case.
Now when k > 0 and some αl = p − 1 the multinomial is zero, so the only term that

survives is the one with every αl = 0, provided that

(p − 1 − i1) + . . . + (p − 1 − ik) ≤ in

In other words, k(p − 1) ≤ i1 + . . . + ik + in implies the term is nonzero, so aI = 0. Now
recall that ik+1 = . . . = in−1 = p − 1.
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So, whenever
(n − 1)(p − 1) ≤ |I| we must have aI = 0

We have proved the claim, let us summarize, the only aI that can be choosen freely are the
ones such that

n
∑

l=1

il ≡ 1 mod (p − 1) (19)

n
∑

l=1

il < (n − 1)(p − 1) (20)

(21)

The possible solutions for 0 ≤ I < p are all the solutions to the equation (19) except
for the ones with

n
∑

l=1

il = (n − 1)(p − 1) + 1 (22)

This equation has
(

p − 2 + n − 1

n − 1

)

solutions (set all the n places to be equal to p− 1 and the distribute p− 2 numbers ”−1”).
Equation (19) has

pn − 1

p − 1

solutions (by induction).
So, the dimension of the kernel of sφ is

pn − 1

p − 1
−

(

n + p − 3

n − 1

)

(23)

¤

Considering the problem without asking the homogenity condition,

Theorem 5 Let p be an odd prime. Then the space of functions φ : F
n
p −→ Fp such that

∑

v∈H

φ(v) = 0

for all affine hyperplanes H ⊂ F
n
p has dimension

pn −

(

n + p − 1

n

)

(24)

PROOF. The problem here is that we need to considerate also the hyperplanes that contain
the origin (we did not consider them before because the were ruled out by condition 1).

Let H be such a hyperplane, which we can suppose it is given by xn = b1x1 + . . . +
bn−1xn−1. Then sφ acts also on the functions F

n−1
p −→ Fp.
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sxI(b(n−1)) =
∑

x(n−1)∈F
n−1
p

x(n−1)
I(n−1)(b1x1 + . . . + bn−1xn−1))

in

=
∑

J(n−2)∈F
n−2
p

(

in

J(n−2)

)

b(n−2)
J(n−2)b

in−|J(n−2)|

n−1

∑

x(n−1)∈F
n−1
p

x(n−2)
I(n−2)+J(n−2)x

in−1+in−|J(n−2)|

n−1

As before we want to see for what cases sxI(b(n−1)) 6= 0. We need that each component
of the vector I(n−2) + J(n−2) is a positive multiple of p − 1, but on the other hand, in−1 +
in − |J(n−2)| is also a positive multiple of p − 1. Adding both terms,

|In| ≥ (n − 1)(p − 1)

Hence, the hyperplanes through the origin do not add any restrictions to the functions.
Therefore, we can restrict ourselves to the condition given by equation (20).

The total dimension is pn and the number of solutions to |I| ≥ (n − 1)(p − 1) is

(

n − 1

n − 1

)

+

(

n − 1 + 1

n − 1

)

+ . . . +

(

n − 1 + p − 1

n − 1

)

=

(

n + p − 1

n

)

(set p− 1 in each place and distribute: 0, 1, . . . , p− 1 numbers ”−1”). The equality comes
from the identity

(

k

k

)

+

(

k + 1

k

)

+ . . . +

(

k + j

k

)

=

(

k + j + 1

k + 1

)

Hence, the dimension of the kernel of sφ is

pn −

(

n + p − 1

n

)

(25)

¤

2 Radon Transform

Let us make some comments about the above statements. The first condition is a quite
natural one. What does the second condition mean?

Definition 6 Let X be a finite set and S a class of subsets of X. Let K be a field and
φ : X −→ K a function. The (finite) Radon transform of φ is the function φ̂ : S −→ K

such that
φ̂(S) :=

∑

x∈S

φ(x)

In Theorem 1, we are taking F
2
p as the finite set X and S is the class of lines. Condition 2

means that φ is in the kernel of the Radon transform.
Discrete Radon trasforms are used in applied statistics. They are defined in analogy

with the ordinary Radon transform:
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Definition 7 Let f : R
n −→ R a function satisfying certain integrality properties. The

Radon transform f̂ is a real-valued function defined on the affine hyperplanes of R
n:

f̂(H) =

∫

H
f (26)

The central problem of this theory is the reconstruction problem: Is the Radon transform
invertible? Can we reconstruct f from f̂?

Following Bolker in [1], we write

Gx := {S ∈ S|x ∈ S}

Bolker proves the following:

Theorem 8 Suppose that the cardinality of Gx is independent of x,

#(Gx) = α for all x ∈ X

and that
#(Gx ∩ Gx′) = β 6= α

independent of x and x′. Then the Radon transform is injective and its inverse is

φ(x) =
1

α − β

∑

S∈Gx

φ̂(S) −
β

α(α − β)

∑

S∈S

φ̂(S)

In our case, Gx is the set of lines through a fixed point, then α = p + 1 = 1. Given two
points there is exactly one line that passes through both of them, so β = 1, then Theorem
8 can not be applied, which is consistent with the fact that we have a nontrivial kernel.
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