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We study fluctuations in the number of points of ¢-cyclic covers of the projective line over
the finite field F; when g =1 mod ¢ is fixed and the genus tends to infinity. The distribu-
tion is given as a sum of g + 1 i.i.d. random variables. This was settled for hyperelliptic
curves by Kurlberg and Rudnick [7], while statistics were obtained for certain compo-
nents of the moduli space of ¢-cyclic covers in [1]. In this paper, we obtain statistics for

the distribution of the number of points as the covers vary over the full moduli space of
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£-cyclic covers of genus g. This is achieved by relating ¢-covers to cyclic function field
extensions, and counting such extensions with prescribed ramification and splitting

conditions at a finite number of primes.

1 Introduction and Results

Let g be a prime power and let F; be the finite field with g elements. The goal of this
paper is to establish statistics for the distribution of the number of F;-points of ¢-cyclic
covers C of P! defined over Fg, as C varies over the moduli space Hg, of such covers of
genus g for large g (and fixed g). We always suppose that £ is a prime number such that
g=1 (mod¢). For £ =2 (the case of hyperelliptic curves), this was addressed by Kurlberg
and Rudnick [7] who showed that the probability that #C (F;) = m for some integer m
is the probability that the sum of g + 1 independent and identically distributed (i.i.d.)
random variables is equal to m. This was generalized to cyclic £-covers of degree d by the
first, second, third, and fifth authors in [1] who obtained statistics for each irreducible

component H (%% of the moduli space

Hg.e = U H (e, (1)

e har
as min{d,, &, ..., d,;} tends to infinity. These components will be defined in Section 5.1.
Similarly to the hyperelliptic case, the probability that #C (IF;) = m for some integer m,
as C varies over H(@% %1 and min{d, ..., d,_,} — oo, is the probability that the sum of
q + 1 ii.d. random variables is equal to m. The i.i.d. random variables X;, ..., X441 are

given by (for any prime ¢ > 2)

-1
0 with probability #
L(@+¢—-1)
. o -1
Xi =11 with probability ————, (2)
g+¢—1
¢ with probability — 23—
L(@q@+¢—-1)
As the statistics hold for min{d,, ..., d,—1} — oo, this result does not give statistics for the

distribution of the number of F4-points on covers as we vary over all of H ¢, since g — oo
does not mean that min{d,, ..., d,_;} — oo on all components H@ %1 for a given genus
in (1). Other statistics for cyclic ¢-covers were also obtained by counting the covers in

a different way (which does not preserve the genus) by Xiong [16] and Cheong et al. [2],
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and the distribution of the number of (affine) F;-points on those covers was also given
by a sum of i.i.d. random variables but with different probabilities from the random
variables of (2).

We show in this paper that the statistics for the distribution of the number of
F4-points for covers in Hy, are also given by the random variables (2). The strategy is
completely different from the work in [1]. There, the counting is done directly by consid-
ering affine models for the covers in each separate component H(@-~%-1) of the moduli
space. Here, we study the equivalent question of counting the number of extensions of
the function field K =F,(X) with Galois group Z/¢Z, conductor of degree n, and pre-
scribed splitting/ramification conditions at a finite set of fixed primes of F,(X). As a
result, we directly obtain the total count in 4 ,. We explain in Section 5 why these two
questions are equivalent, and give general formulas for the number of points on covers
in terms of the distribution of the function field extensions that they define.

In order to count the cyclic function field extensions associated to our statistics
for point counting on covers, we use a classical approach described by Wright [15] (and
first due to Cohn [4] for the case of cubic extensions of the rationals), which is to study

the generating series

> DE/K), (3)

Gal(L/K)=G

where D(L/K) is the absolute norm of the discriminant Disc(L/K). The approach uses
class field theory to give an explicit expression for the Dirichlet series (3). This is done
in generality by Wright in [15] for any global field K and any abelian group G. The count
is then obtained by an application of the Tauberian theorem, and the main term is given
by the rightmost pole of the Dirichlet series. The order of this pole varies according to
the group G and the ground field K, (more precisely with the number of roots of unity
in K). This is described in [15, Theorem 1.1].

In this paper, we apply those techniques to the case K =F4(X) and G =Z/¢Z, and
we further restrict to counting extensions with prescribed splitting conditions at the
F,-rational places of K. To find our desired statistics for point counts of curves, we need
to obtain explicit constants in our asymptotics, and in particular to understand how
those constants change as we change the splitting conditions. For this, we use the last
author’s further development of Wright's method in [13], which determines probabilities
of various splitting types in abelian extensions of number fields. We are also interested
in the secondary terms and the power saving that can be obtained after taking them

into consideration. Our results can then be used to get the distribution of the number of
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points on covers as we vary over all of Hy ¢, but also have other applications for statistics
on the moduli spaces of curves over finite fields, such as the power of traces and the
one-level density. We give more details about these applications in Section 1.1. We also
compute the values of the constants for the leading term of the asymptotic formulas,
so the counts obtained with those techniques can be compared with the counts of [1]
(see Section 5.1).

We now state the main results of our paper. We first define some notation. Let
Vk be the set of places of K. Let N(Z/{Z,n) be the number of extensions of K =F,(X)
with Galois group Z/¢Z such that the degree of the conductor is equal to n. Let Vg, Vs,
Vi denote three finite and disjoint sets of places of Fy(X), and let N(Z/{Z, w; Vg, Vs, V1)
be the number of extensions of F,(X) with Galois group Z/¢Z, which are ramified at the
places of Vg, split at the places of Vs, and inert at the places of V;, and such that the

degree of the conductor is equal to n.

Theorem 1.1. Let ¢ > 2 be a prime. Let Vg, Vs, Vi, and N(Z/¢Z, n; Vr, Vs, Vi) be as defined
above, and let V =Vz U Vs U V;. Then,

N (Z/tZ,n) = Cean M)+ 0 (q(%-&-a)n) ,

N(Z/ZZ, n; VR’ V.S'v VI) = CE (1_[ Cv) anVRJ)s,VI (n) + 0 (q(%+€)n> ,

veV

where P(X), Py, v, v, (X) € R[X] are monic polynomials of degree £ — 2. Furthermore, C; is

the non-zero constant given by

(- jg?desy
Co=——F7 o —2) 1—[ 1_[ +Q7degu) (1 _i_jqfdegv) ’ (4)

] 1 UGVK

and, for each place v € V, we have

(E_l)q—degv .
1+(£_1)q7degu lfUGVR,
1
= if veVs,
C=Ve@+@—1gdeery VST
-1
ifveV,.
€ (14 (€ —1) g desv)
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Furthermore, for £ = 2 we obtain the exact count

2(¢"—q"%) n>2neven,

N (Z/27,n) = | 2> n=2,
0 n odd.
N (Z/2Z, n, vy, ramified) = Mq“fdegvo + 04 (1) O
1 0 1 + g—dego 4 ’

We prove Theorem 1.1 by using class field theory to show that counting Z/¢Z
extensions of Fy(X) is equivalent to counting continuous homomorphisms of the idele
class group of F(X) to Z/¢Z. This is the method implemented by [15] for general abelian
extensions over function fields and number fields, and also in some recent work of the
last author [13] that finds probabilities of various splitting types in abelian extensions
of number fields. The idea of obtaining statistics for the families of curves over finite
fields by considering the family of function field extensions attached to those curves
was also used by Wood [14] and by Thorne and Xiong [12] for the family of trigonal
curves (corresponding to non-Galois cubic extensions of F,(X)).

We record below a special case of this result which will be needed in the appli-
cations described in Section 1.1. The following corollary has a necessary ingredient for
proving such results, namely, the explicit dependence of each of the coefficients of the
polynomial Py, vy, y,(X) with respect to the splitting/ramification conditions to ensure
enough cancellation in the relative densities for the split and inert primes. More corol-
laries of this type can be extracted from the proof of Theorem 1.1 if needed for other

applications.

Corollary 1.2. Let v € Vg be a place, let € € {ramified, split, inert}, and let N(Z/¢Z, n, v, €)
be the number of extensions of Fy(X) with Galois group Z/£Z such that the degree of the

conductor is equal to n and with prescribed behavior € at the place v. Then,

. (E - l)q—degv n lie)n
N (Z/(Z,n, v, ramified) = e Cea" Pr (W) + O (qt+m),
N (Z/€Z,n, v, split) = ! C¢q"Ps(n) + O (q(%“)") i
€(1+ (£ —1) g desv)
1

N (Z/€Z,n, v, inert) = Ciq"P; (n) + O (q(%JrS)") i

€(1+ (£ —1)g desv)

where C, is the non-zero constant defined by (4), Pr(X) and Ps(X) € R[X] are monic poly-
nomials of degree £ — 2 and P;(X) = (¢ — 1) Ps(X).

9T0Z ‘¥ Jequs1des Uo [241UO A 8P a1SRAIUN T /610°S euIno [pJo xo uiwiy/:dny wouy pepeoumod


http://imrn.oxfordjournals.org/

4302 A. Bucur et al.

When ¢ =2, we obtain a better error term for the ramified case

(1 _ q—2) q degv
1 _’_Q7degv

N (Z/2Z, n, v, ramified) = q" + 04 (1). O

Finally, we state our main result for the distribution of points on £¢-cyclic covers
of P! of fixed genus that can be obtained by a simple application of Theorem 1.1. This
distribution is given in terms of the same random variables obtained in [1] for each

irreducible component of the moduli space Hg .

Theorem 1.3. Let Hy, be the moduli space of Z/¢Z Galois covers of P! of genus g. Then,

as g — oo,

(C € Hg . (Fy) : #C (Fy) = myl’

1
:Prob(X1+...Xq+1=m)+Oz <§>,

Ho.e (Fq) I
where the X;'s are independent identically distributed random variables such that
-1
0 with probability &
L(@+€—1)
-1
X;=1{1 with probability ——,
q+i-1
¢ with probability L.
Lq@+€—-1)

In the formula, as usual, the ' notation means that the covers C on the moduli space are
counted with the usual weights 1/|Aut(C)|. O

1.1 Relation to previous work and outline of the paper

As we mentioned above, using class field theory to count abelian extensions of global
fields was first used in the elegant note of Cohn [4] for the particular case K=Q and
G =17/3Z, and was vastly generalized by Wright in his influential paper on the sub-
ject [15]. The main idea is to write the generating series (3) as a finite linear combi-
nation of Euler products whose factors are relatively simple. In [15], Wright gets an
asymptotic for all abelian extensions of a global field. In the present paper, we are
interested in a special case of his work, namely K =F,(X) and G =Z/{Z, but we need
results that are completely explicit because of the applications to statistics of curves
over finite fields, which is our main goal. We then need the values of the constants c(k, G)
in [15, Theorem I.3], which are not determined by Wright. He manages by an ingenious
argument to show that they are non-zero, and that the density exists. In this paper, we

compute these constants explicitly and show that they fit the count of [1], ignoring the
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error terms (see Section 5). For the case of number field extensions, the explicit compu-
tation of the constants c(k, G) from [15, Theorem I1.3] was addressed by Cohen et al. [5],
again for the case of cyclic extensions of prime degree. Their techniques are completely
different from the class field theory approach of [4, 15], as they use Kummer theory.
The authors of [5] do not compute the relative densities for the splitting conditions with
their approach, and to our knowledge, this is not done in the current literature with the
Kummer theory approach.

The relative densities for general abelian extensions of number fields were com-
puted explicitly by the last author of the present paper in [13] using the class field theory
approach, with an emphasis on characterizing the extensions of Q where the indepen-
dence between the various primes in the relative densities is false. In some ways, the
present paper is a function field analog of [13], but of course the application for count-
ing points on curves is different. There are also many differences between function fields
and number fields, because of the special role of the place at infinity, and the fact that
all residue fields have the same characteristic. There are also different analytic issues
between number fields and function fields. Some related work on the density of cyclic
extensions of prime degree over function fields can also be found in [3].

Among other possible applications of counting function fields extensions and
curves over finite fields, one can think of statistics for the distribution of points over
finite fields Fy» as nvaries (but the family of covers is still defined over [Fy), and the one-
level density for the family, as studied by Rudnick [10] for hyperelliptic curves. Those
applications are also suitable for an approach using the relative densities of the function
field extensions corresponding to the family of curves. For this particular application,
one needs all secondary terms which can be obtained by computing the residues of all
the poles in the line Re(s) =1/(£ — 1) of the generating series (3), that is, the polynomi-
als P(n) appearing in Theorem 1.1 and Corollary 1.2, and not only the main term given
by the highest order pole. This would provide enough cancellation between the differ-
ent relative densities appearing in the explicit formulas relating the point counting to
the zeroes of the zeta functions of the curves. The quality of the results obtained for
statistics for the number of points over Fy» (namely how large n is with respect to the
genus of the family) and the one-level density (namely the support of the Fourier trans-
form) is influenced by the error term, which is obtained from the Tauberian theorem
after considering the poles as discussed. One important feature of the error term is
its dependence on the degree of the primes with splitting/ramification conditions. This
dependence raises delicate and nontrivial issues, as there are cyclic £-covers where the

zeroes of the zeta functions are related and their contribution to the error term is large,
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but they should not influence the average over the family as they are exceptional. These
questions are not addressed in this paper, but are being considered in work in progress.

Finally, we say a few words about our restriction to g =1 mod ¢. We are inter-
ested in counting points on the curves Y* = F(X) defined over F,. If g # 1 mod ¢, the point
counting on the curves is trivial as every element in Fy is an ¢th power (in a unique way).
Also, if g#1 mod ¢, then the extension corresponding to the curve Y’ = F(X) is not a
cyclic extension, and the cyclic extensions of F,(X) of degree £ do not come from those
curves in the case where g # 1 mod ¢.

We now outline the organization of the paper. In Section 2, we establish the
notation and use class field theory to translate the counting of extensions to the counting
of maps of the idéle class group. We also prove a general form of the Tauberian theorem
over function fields that we need to analyze the Dirichlet series for cyclic extensions of
Fq(X) that is a slight generalization of a result in [9]. In Section 3, we define Dirichlet
characters over F,(X), and we prove analytic properties of some Dirichlet series that
appear in future sections. In Section 4, we prove our main result, Theorem 1.1. In Section
4.1, we look at the particular case of £ = 2 where we can get the exact result for the total
number of quadratic extensions with fixed conductor, and the case with one prescribed
ramified place with a better error term without using the Tauberian theorem. Finally,
we explain in Section 5 how to obtain statistics for the point counting over the moduli

space of cyclic £-covers, and we compare our results with those of [1].

2 Background and Setup

In this section, we set up notation and recall basic facts from Galois theory and class
field theory that allow us to rephrase our problem in terms of counting continuous
homomorphisms from the idéle class group of a function field to a cyclic group of prime
order.

Fix a prime £. Throughout the paper I, denotes a finite field with g=1 (mod ¢)

elements and K =F,(X) is the rational function field over IF,.

2.1 Notation

We will denote by Ggx the absolute Galois group of K, that is the Galois group
Gal(K*®?/K) of the separable closure of K. Let D?; be the set of effective divisors of
K. For each place v of K we will use the standard notations K, for the completion at
v, O, for the local ring, «, for the residue field, and n, for a uniformizer at v which we

choose to be monic. Recall that the degree of a place v is given by degv = [k, : F,] and its
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norm is Nv = q%8", the number of elements in the residue field «,. Of course, for a place
vr associated to an irreducible polynomial f € F4[X], we have that degv =deg f. For the

place at infinity associated with the uniformizer 7., = 1/ X, we have that degv,, = 1.

2.2 From covers to field extensions

A Z/UZ cover is a pair (C,7) where C - P! is an ¢-degree cover map defined over K.
Each Z/¢Z cover (C, ) together with an isomorphism Z/¢Z — Aut(C /P') corresponds to a
Galois extension L of K =TF4(X) together with a distinguished isomorphism Gal(L/K) 5
Z/¢Z. We refer to such extensions as ¢-cyclic extensions. The genus of the curve C
is related to the discriminant Disc(L/K) via the Riemann-Hurwitz formula (see, for

instance [9, Theorem 7.16]),
2gc —2=1¢(2gpr — 2) + degDisc (L/K).

Since g=1 (mod¢), there is no wild ramification and each place v of K either

ramifies completely, splits completely, or is inert. Thus

Disc(L/K)= Y (-1 (5)

v ramified in L

and

2gc=<z—1>[—2+ 3 degv],

v ramified in L

where the sum is taken over the places v of K that ramify in L.

2.3 From field extensions to maps

Our translation from counting extensions to counting maps has two steps. First, by
Galois theory, £-cyclic extensions L/K with a distinguished isomorphism Gal(L/K) 5
7Z,/¢7Z are in one-to-one correspondence with the surjective continuous homomorphisms
Gx — Z/¢Z from the absolute Galois group of K to Z/¢Z. By class field theory, the maps
Gk — 7Z/¢Z are in one-to-one correspondence with the maps Jx/K* — Z/¢Z from the
idele class group of K to Z/¢Z.

Since K contains all ¢th roots of unity and (¢, q) =1, by Kummer theory, each
unramified ¢-cyclic Galois cover is of the form K(/B), ..., K({/,W) for any B € F; not
an ¢th power. These correspond to £ — 1 unramified surjective continuous homomor-
phisms Jg/K* — Z/¢Z, one for each generator of Z/¢Z. There is also the trivial map,

which is also unramified everywhere. In terms of extensions, this corresponds to the
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K-algebra K*. In terms of covers of P!, this corresponds to the split cover that consists
of ¢ disjoint copies of P*.

Thus an ¢-cyclic extension L/K of given discriminant corresponds to a nontrivial
continuous homomorphism ¢ : Jx/K* — Z/{Z.

Let ¢ be a map

o7l x [[OF —z/tz (6)

which is trivial on the embedding of F; in [], O;. Here 7’ is the free abelian group
generated by 7., and the product is taken over all the places v including the place at
infinity (unless otherwise specified, we will continue using the convention that the sums

and products over v denote all places including the place at infinity).
Remark 2.1. We remark that ¢ and ¢ are two different maps. O

The maps ¢ and ¢ are closely related via the following proposition whose proof
can be found in [6, Section 7, p. 90].

Proposition 2.2. Let
¢ =V @ ¢yl x [[OF > Z/e2.
v

Then the following conditions are satisfied:

(1) If ¢ is trivial on the embedding of F in [], O it has a unique extension to a
map
¢:Jx/K* — T/,

(2) A place v of K ramifies in an ¢-cyclic extension L corresponding to ¢ if and

only if the map ¢, is non-trivial on O}. O
Thus the conductor of the map ¢ is

Cond(¢)= Y v

v ramified in L

which is also the conductor of the extension L/K. As there is no wild ramification, the

discriminant-conductor formula (see, for instance [11, Section 12.6]) yields
Disc(L/K)=( —1)Cond (L/K)= (£ — 1) Cond (¢) . (7)

In Section 4, we prove our main results by working with ¢. For the remainder

of this section, we explicate the relationship between ¢ and the corresponding L/K.
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First, we address the global compatibility condition needed for ¢ to extend to a function
¢ defined over Jx/K* and hence correspond to an extension L. Namely, that ¢ must
be trivial on the embedding of Fy in [, O). Fix n € Fy, a generator of the multiplica-
tive group Fp. Clearly, ¢ is trivial on Fg if and only if ¢ (1, i, i, ...) =0 where the first
component in the infinite vector corresponds to the identity element in the free abelian
group nZ.

For each place v of K, we note that the map ¢,: 0, — Z/{Z factors through
O/ +m,0,) = (0O,/ (1)) *. Recall that degv =[0,/(m,) : Fql and thus

Ou/ (1) ZF gaego.

For each v, fix a choice of g, € O, whose image generates O /(1 + 7,0,) = (Fgasr)* and
such that

qdegv_l
M =gy o
Then
o, u )= (1,1, 1,00, 1, u, 1,00 0)
=¢Q,pn,1,1,..0+¢1, 1L,n, 1,0+
gqdegv 1 degv _
=Z¢u (M)=Z¢u (gv o ) =Z <qu) ®v (gv) -
We note that % =qdeev-1 y gdegv-2 4 ... L g+ 1=degv (mod¥) since g=1 (mod¥).

We have now proved the following proposition.

Proposition 2.3. For each v let g, € O, as defined above. Amap ¢ : 7% x [[, OX — Z/{Z is
trivial on the embedding of F; in [, O if and only if

> ¢v(9) degv=0 (mod ). (®)

veCond(¢)
O
Thus, in order to count the extensions L/K with prescribed splitting/
ramification conditions at places v of K =F,(X), it is necessary and sufficient to count
the maps ¢ as in (6) satisfying the global compatibility condition (8) with corresponding
conditions at places v of K, which we describe below. By Proposition 2.2, a place v is
ramified if and only if ¢, is nontrivial on O). Now, we deal with the remaining two cases,

inert and completely split.
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Proposition 2.4. Let
(pZWW@v(pv:noZo X HO; —>Z/£Z

be trivial on the embedding of Fy in [], O;. Let
¢:Jx/K* > Z/E7

be the unique extension of ¢ to the idele class group of K and let L be the ¢-cyclic
extension of K corresponding to ¢. Let vy be a place of K different from v,,. Then we

have the following:

(1) v=vg or vy ramifies in L if and only if the map ¢, is nontrivial on O,

(2) wvo splits completely in L if and only if ¢,,(O; ) =0 and

Vo (n;odeg%)+ 3 ¢u () =0, (9)

V0, Voo

(3) wp isinert in L if and only if ¢,,(0; ) =0 and

Ve (n;odegvo> + D ¢y (m) #0,
VFVQ, Voo
(4) v splits completely in L if and only if ¢, (O} ) =0 and ¥ () =0,
(5) v isinertin L if and only if ¢, (O} ) =0 and ¥ (7) # 0. O

Proof. Let ¢, be the composition of ¢ with the canonical map K — Jx — Jx/K*. In the
case where v is unramified, the map ¢, is trivial on O and therefore its image is dictated
by ¢, (%) € Z/¢Z. Thus, the image is a subgroup of a simple abelian group and we have
only two possibilities: either ¢, is surjective or ¢, is trivial. Since Frob, corresponds to
the vector with n, in the v place and 1 elsewhere under the correspondence from class
field theory, v splits if and only if ¢, (,) = 0.

Now, let vy # v be unramified. For the purpose of this particular discussion we
denote elements in the ideles by vectors with the infinite component first and the v
component second. Under this notation vg splits if and only if ¢(1, 7,,, 1, 1,...) = 0. Since

@ is trivial on K*, we know that
0=0 (Tu. Tugs--) =0 (Toe. L)+ (Lmy 1)+ (1,1, myp, 1, ) + -
=9 (no‘odeg“O, 1,...) +o (nvonfoeg”ﬂ, 1, ) +o(1,my, 1,...)

+o(11,my 1, )+ (1,1, L,my, 1,..) +- -
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. . d
Since we chose m, to be monic and vals (7,7t ") =0,

<p(nv0n§§g"”, 1,...)=0. Denoting by ¢,,(7,,) the term ¢(1, 7y, 1,...,1)

the convention that the second place corresponds to vy, we obtain
Voo (no—odegvo> + @, (j‘[vo) + Z by (JTUO) =0.
V#V0, Voo

Since vg splits if and only if ¢, (7,,) =0, we see that

e o splits if and only if ¢,,(Oy ) =0 and
1//00 (no—odegvo) + Z ¢U (T[UO) =0.
VFV0, Voo
e 1 is inert if and only if ¢,,(0; ) =0 and
Vo (n;odeguo) + Z oy (nvo) #0.
VFV0, Voo

If v=vy, we can read the splitting behavior from ¢ (7., 1, 1,
have that vy, ¢ Cond(¢) if and only if ¢, (O ) = 0. Therefore,

e Uy splits completely in L when ¢, (O} ) =0 and ¥ (15) =0,
® Uy is inert when ¢, (O ) =0 and ¥ (7s) # 0.

2.4 Generating series and the Tauberian Theorem

we have that

where we recall

(10)

...). Namely, we

As in previous work, our strategy is to make use of the Tauberian theorem to deduce an

asymptotic formula for the number of field extensions L/K with discriminant of degree

n from the analytic properties of the generating series

>, DA/,

Gal(L/K)=Z/¢Z

where ©(L/K) is the norm of the discriminant Disc(L/K). As mentioned above, since we

are dealing with cyclic extension of prime degree ¢, the conductor-discriminant relation

gives

Disc (L/K) = (£ — 1) Cond (L/K) <= ® (L/K)= N (Cond (L/K))" ",

and it is more natural to write the generating series as

s a (f)
' w/R) =Y m

Gal(L/K)=Z/tZ feDk
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where a,( f) is the number of cyclic extensions of degree £ of K =F,(X) with conductor f.
We will then extend this analysis to study the extensions L that are counted by

N(Z/CZ, n; Vg, Vs, Vi) as defined in Section 1 by understanding the generating series

Y. DL/K)T,

Gal(L/K)=Z/tZ
VR Vs. V1

where the sum now runs over the cyclic extensions of degree ¢ that satisfy all of pre-
scribed splitting/ramification conditions at the places of Vg U VsUV;. Again, we will

write this Dirichlet series as

e a; (f, Vr, Vs, V1)
2. DW= T
febi

where a;(f, Vg, Vs, Vi) is the number of cyclic extensions of degree ¢ of K =F,(X) with
conductor f that satisfy all of the prescribed splitting/ramification conditions.

We now state and prove the version of the Tauberian theorem needed to analyze
the Dirichlet series above. More generally, let k be a positive integer, let a: Dt — C, and
F(s) be the Dirichlet series

We need a Tauberian theorem that will allow us to evaluate } 4, r_, a(f) in the
situation when the half-plane of absolute convergence is Re(s) > 1/k for some positive
integer k, and the function F(s) has a finite number of poles (of arbitrary multiplicities)
on the line Re(s) = 1/k. This is a slight generalization of [9, Theorem 17.1].

Since the function g=*°, and therefore F(s), are periodic with period 27i/(klog q),
nothing is lost by confining our attention to the region

Bkz{sec ——1<Im(s)< (11)

i
klog klogq) "’

We will always suppose that s is confined to the region By.

Theorem 2.5. Let k be a positive integer and let 0 <8 < 1/k. Let a: D} — C, and suppose
that the Dirichlet series

F(s)= Z a(f)

feD+

converges absolutely for Re(s) > 1/k, and is holomorphic on {s e By :Re(s) >3} except

for a finite number of poles on the line Re(s)=1/k Let u=q* and define
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F(u) = F(s). Then .
Yo ap=- > Resu%—l-O(q‘gk"M),

deg f=n lul=q"!

where

M= max |F (w)|= max |F(s)]. O
|u\:q*k5 Re(s)=$6

Proof. With the change of variable u= g%, we have that

Fw=) [ Y apn|uw,
n=0 \deg f=n

and by hypothesis, F(u) is a meromorphic function on the disk {ue C: |ul < g~¥}, except

for finitely many poles with |u| =1/q. Let Cs = {ue C: |u| = qg~*}, oriented counterclock-

F(u)
untl

wise. Choose any 1 > 1 and let C, ={ue C:|ul =g "}, oriented clockwise. Note that
is a meromorphic function between the two circles C, and C; with finitely many poles at
|yl =1/q. Thus, by the Cauchy's integral formula,

1 F F
—El; () du= Z Res )

. u .
27ri CoCy untl untl

lu=q~"
Since g~" < q~!, using the power series expansion of F(u) around u=0, we have that
1 ﬂg F (w
L FWa 3y ap.
i +1
21 c, ur deg fen

Therefore, we obtain

Z a(fH=- Z ResuF(u)—i- ! F(u)du.

1 3 1
dog Fen it urt 2ni Je, urt

Let M be the maximum of |F(u)| over Cs. Then

1 jL F (v
C

271 Je, ut!

du

< Mq(skn ,

which proves the result. n

3 Dirichlet Characters and L-Functions

In this section, we define ¢{th-power residue symbols over Fy[X]. We refer the reader
to [8, 9] for details. We then study the convergence properties of some auxiliary functions
built out of the ¢£th-power residue symbols that will be used in the proofs of our main

results.
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Recall that ¢ is a prime such that g=1 (mod ¢). Thus F; contains the £th roots
of unity. In particular, b, = 1T is one of these roots where x is a fixed generator of
Fg. For a place v # v, of K, we also let v = v(X) € Fy[X] represent the monic irreducible
polynomial in K* corresponding to v. We define the ¢th power residue symbol as follows.
Let

(;) (FglX1/v (X)) — F}

v/e’

be defined by

(f) = 7 (modv).
¢

v

In other words, the £th power residue symbol is given by an ¢th root of unity.
Recall that the choice of 4 made in Section 2.3 determined for each place v a

generator g, of
(Ov/ (nu))x = (Fq[X]/ (U (X)))X = (quegv)x

qdeg v_y

such that u =g, ' . We have

By the definition of the £th power symbol,

(%>z =b, (modv).

We let o be an £-order character from Fy — C*. Then,

Xv,t =0 © (_)
v/e

is a Dirichlet character x : Fy[X] — C* of modulus v, where we define x, (( f(x)) =0 if v(x)
divides f(x).

For the infinite place vy, we further define

1 degv=0 (mod¥),
Xvt (Voo) = (12)
0 degv=#0 (mod¥).

For x a nontrivial Dirichlet character, we denote by L(s, x) the Dirichlet
L-function

x (F)
L= P
FeF4[X]F monic
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where F varies over the monic polynomials of F,[X], and by L*(s, x) the completed
L-function that includes the place at infinity. For a Dirichlet character modulo a monic

polynomial v, we have that

L', 0=(1—q %) "L x),

where A, is 1 if degv =0 (mod ¢), and 0 otherwise.
Then, for x nontrivial, we remark that both L(s, x) and L*(s, x) are analytic and
non-zero for Re(s) > 1/2.

By ¢-power reciprocity, we can write this character as

Vo

Xv.e (Vo) =0 © <%>z =0 (((—1)(q1)/£)degvo degv <1> ) W (0) e ) (13)
¢

where x,,.¢(v) is the Dirichlet character modulo vy defined above, and ¥,, ((v) depends
only on the degree of v.

If v = vy, let a, be the principal coefficient of f. Then we define

o (a,) deg f=0 (mod?¥),

X””‘[(ﬁ:{ 0 deg f#0 (mod).

We note that the above definition together with (12) agree with £-power reciprocity in

the following way:

. 1 degv=0 (mod¥),
Yot (vao) = (=)@ DY EY ) = 8 (14
0 degvz0 (mod¥).

We have used that v is a monic polynomial, which implies that x,_¢(v) =1 when ¢ | degv,
that deg vy, = 1, and that ((—1)@~D/¢)d8v — 1 when ¢ | deg v and q is odd, and is trivially 1
when g is even since then we have characteristic 2 and 1 = —1 in this case.

Finally, we remark that by the above, the Kronecker symbol codifies ramification

in extensions in the usual way. Let f € F4[X] (not necessarily monic). Then,

1 v splits in K (),
Xt (f)={&F, for some 1 <k<¢—1 wvisinertinK (Vf),
0 v ramifies in K (v/7),

where &, € C is a primitive ¢th root of 1.
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We now proceed to prove convergence results for Dirichlet series and similar

functions.

Lemma 3.1. Let x be a nontrivial Dirichlet character and let ¥ be a function on Fy[X]
such that ¥ (F) =¥ (G) when deg F = deg G. Then

Y (F) x (F)
L(s,¥x)= Z —F
FelFy[X]
F monic
is an analytic function on C. O

Proof. Let

AW, )= Y W(F)x(F).
FelFqlX],

F monic,
deg F=n

Then L(s, ¥ x) equals
o0

Z A(n Y, X)'

(15)
qTIS

n=0
We note that

A v, )=¥(G) Y x(F)

FeF,[X],
F monic,
deg F=n

for any polynomial G of degree n, and thus A(n, ¥, x) =0 if nis greater than or equal to
the degree of the modulus of x by the orthogonality relations of characters. This implies
that the sum in (15) is finite and therefore L(s, ¥ x) is analytic. |

Lemma 3.2. Let & be a primitive ¢th root of 1. Let Vg, Vs, and Vy be finite subsets of
places of Vk such that Vs={v;,...,v,} CVy,and Vy N Vg=9. Foreach0<j<¢—1, and
each tuple (ky, ..., k) #(0,...,0) withO<k; <¢-—1,let

Mk, ...k (S; Vr, Vs, Vi)

n n
d t-1)jd _ o
=] <1+ (‘] S ) PICO LR bl I PARCOL ”kh) Ny ”s>.
h=1

vgVRUVy h=1

Then, each My, .(s; Vr, Vs, V) converges absolutely for Re(s) > [%1 and has analytic
1

continuation to the region Re(s) > PTEE O

.....
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In the case where we have only one place vg € Vx with prescribed ramification

€0 € {ramified, split, inert}, we will denote the above function by

Mk (S; vo, €0) := Mk, (S; VR, Vs, V) . (16)

Proof. For the absolute convergence, we have that the convergence of [, (1 + (£ —
1)| Nv=*(=V}) is equivalent to that of }°, ——— and this convergence follows in the same
way as the absolute convergence for the zeta function {x(s) in Re(s) > 1.

For the analytic continuation, we write

Mj,kl kn(sv VR) VSa VU)

.....

-1 .
a ' N
=Crk [ 1 (1 +&F T xoe om)™ N 1)S>

i=1 vgVrUVy h=1

-1 n -1
ij deg ; ; e
=Cu . w®[] TI <1 — 679 T Wt @™ gy ()% N~ 1)s> 7

i=1 vZVRUVy h=1

where we have used ¢-power reciprocity (13), and where C},  (s) and Cjz-‘klw.’kn(s) are
analytic functions for Re(s) > 1/2(¢ — 1) as the Euler products converge absolutely in
that region. For each 1 <i<¢—1,each 0< j<¢—1 and each tuple (k, ..., k,) as above,

we have that the functions

-1
n
ij d 1 1 —(f—
Ll’,j.kl,.“kn (S) = l—[ (1 _ sz,] egv l—[ Wuh,l (v)lkh th,e (v)lkh Nv « 1)S)

v€VrUVy h=1
=L (1, Y jka.ks Xisjorks)

are twisted Dirichlet functions as in Lemma 3.1, where s; = (£ — 1)s,

n
4 .
i ikdy (0) =&, B H W, 0 (v)Fn
h=1

n
Xija,nky (V) = H Xone (V)5
h=1
Then, ¥; j ...k (v) depends only on the degree of v, and x; j ...k, (v) is a nontrivial Dirich-
let character since 1 <i<¢—1, (ky,...,k;) #0 and the product is taken over different
places so that there is no possibility of cancellation. Applying Lemma 3.1, this com-

pletes the proof of the analytic continuation. |
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Let & be a primitive ¢th root of 1. We now prove a result bounding the meromor-

phic continuation of the functions

Als) =[]+ —1) N ) (17)

v

B(s):= 1—[ (1 n (sdegv 4+ %_(Z l)degv) Nv_(g_l)s) (18)

v

on the line Re(s) = + ¢ for any ¢ > 0. We remark that the Euler products converge

2(6 1)

(absolutely and uniformly) for Re(s) > e I

Unless otherwise specified, we continue to use the convention that all the sums

and products over v include all places, including the place at infinity.

Lemma 3.3. Let0<¢ < 55 (/z 1) The functions A(s) and B(s) have meromorphic continua-

tion to the region Re(s) > + ¢, and their only singularities in this region are poles on

2(€ 1)

the line Re(s) = e— Furthermore, both functions are absolutely bounded on the region

<Re(s) <5 L g, O

2(8 1) -1

Proof. For Re(s) > we have

1
-1’

A) =[]+ -1 M=)

v

=t (-1 []A+ -1 N %) (1 Ny~ sy
— e (€= D) [T+ (€ = DN @) (1= (€ — 1) N~ s

+ Ny 2EDs 4 Ny =3EDs g, (1))

— {K ((g _ 1) s)[—l 1_[ (1 _ NU—Z(E—l)S 4 NU_S(E_I)SOe (1))

-1

=C(s)¢x (L —1)s)"? H (1 — Ny=2¢-1s) 2

{x (€ —1)s)!
Cr (2(

=C(s)

where C(s) is analytic for Re(s) > + ¢. Thus, for s = + ¢, as ¢ goes to zero, the

S(K 1) Z(K 1)
function A(s) converges to zero, and the result follows. The poles are given by those of

Cx((€ — 1)s), namely s=1/(¢ — 1), with multiplicity ¢ — 1.
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Similarly, for Re(s) > we have

él’

B (s) :H< i ( degv | g(z 1)degv> Nv’“*m)

v

-1 -1
= l—[ Zx (EZU) l_[ (1 T ( éiegv . E(z l)degv) Nvf(efns) ( EJdegv *(@*1)S> ’
j=1 v =1
where u=q ‘Y% and Zx(u) := ~——~—— is the zeta function of K.

(1- qu)(l u
Thus, we have

B(s) = jj Zx (Egju) l—[ (1 n ( degv | s(e l)degv) Nv’“*”s)

v

% 1—[ (1 _ ( Zdegv +€__(Z l)degv) Nyp—(E-Ds
v

i d i d —2(0— —3(t—
+ Z Z egv ej egv Nv 2(¢ 1)S+Nv 3¢ I)SOZ (1)

1<i<j<t-1
-1 ]

=C(s) 1_[ Zx (§zju) l_[ (1 +c) Nv—Z(K—l)s) 7
J=1 v

where

cl)=— ( degv +%_(IZ 1)degv> + Z Zidegv Z’degv

1<i<j<t-1

idegv ]degv
—- ¥

I<i<j<t-1
-1
—% ¢|degv, > 2,
=10 ttdegv, £ > 2,
—1 =2,

and C(s) is analytic for Re(s) > + ¢. Thus, for s= + ¢, as ¢ — 0, the function

3<e D
B(s) converges to 0, and the result follows.

2([ 1)

The poles are those of ZK(éeju), namely, poles of order one at S=Z_L1+
2jmi
(t-1)tlogq" [ |
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4 (-Cyclic Extensions

In this section, we give the proofs of the main results of this paper. We will continue
with the notation introduced in the earlier sections. Recall that, for a fixed prime ¢,
N(Z/¢Z, n) denotes the number of extensions of K with Galois group Z/¢Z such that the
degree of the conductor is n. As before, &, € C stands for a primitive ¢th root of 1.

We start by proving the first part of Theorem 1.1.
Theorem 4.1. Let £ € Z be a prime. We have
N (Z/¢Z,0) = Cq"P, (W) + O (q(+)") (19)

where P,(X) € R[X] is a monic polynomial of degree £ — 2, and where C, is the non-zero

constant given by

(1 — ’2 -1 t2 jq—Zdegu
C,= .
L (e — 2)| ]1_[ l_[ 1+ q—degv) (1 + jq—degv) O

Proof. To compute N(Z/¢Z,n), we consider the Dirichlet series F(s), which is the gen-
erating function with an added constant, namely,

F@)=t+ Y = DL/K).

Gal(L/K)=Z/¢Z

We claim that

F(s)= Zl—[( ( jdegv L sé(l—l)jdegv) Nv,(g,m)

Jj=0 v

_1_[ 1 - 1)NU—(Z l)s + - 1)1_[ (1 + ( degv +%.(E l)degv) Nv_(g_l)s)
=AGB)+U—-1)B(s).

Indeed, by Propositions 2.2 and 2.3 the extensions L /K are in one-to-one correspondence
with the maps ¢:7Z x [[, OX — Z/¢Z satisfying (8). Let Cond(¢) be the conductor of
such a map ¢, and v be a place of the conductor. In the first line above, the ith term
£/79°8" Ny=(=Ds in each Euler product corresponds to the map where ¢,(g,) =i for 1 <i <

¢ — 1. Therefore, considering all the places v of Cond(¢), the term in the jth Dirichlet
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series above corresponding to the global map ¢ equals
( EZ j¢v<gv)degv> x N (Cond (d)))—(é—l)s

for 0 < j < ¢ — 1. Thus, the sum of those terms over the index j yields ¢N(Cond(¢))~¢~Vs

if )", ¢v(g,) degv=0 (mod¢) and O otherwise, and we recover (8). Note that the ¢ fac-

tor multiplying N(Cond(¢))~“~Y$ is accounting for the different extensions with the

same conductor K(f), KW/BF)..... KG/B1f) for B e Fy not an ¢th power. Similarly,

the constant £ in the definition of F(s) accounts for the extensions K(/B), ..., K(W)

for g € F; not an ¢th power, as well as the K-algebra given by the completely split cover.
Using the identity

1+¢¢—-1Du z2< Jju? )
1

Atw L 1+u 1+ ju

we write

A =[]+ ¢—1) Np=15)

_<M)“ﬁn . javy-2e-vs
T\ 2 -1)s) i (1 + Nv-CDs) (1 + jNu-EDs) |

where the absolute convergence of the infinite products for Re(s) >

that of Zu m
We also write

1
D follows from

B(s)= l—[ ( <§degu _ E(z l)degu) Nv_(£_1)5>

-1 . (1 + ( efiegv +§-‘“ l)degv> Ny l)s)
=TTIT (1 + & w2 I

v =1 . I3 (1 + &/ Wu=e-s)

’

where the absolute convergence of the infinite products follows in the same way as the
products appearing in .A(s).

Recall from Lemma 3.3 that 4(s) is a meromorphic function on Re(s) > 2(13 5 with

a pole of order £ — 1 at s= L in the region B,_; as defined in (11). The function B(s) is

with simple poles at s; = 27 + —2L'-— for [2j] < £ in

also meromorphic in Re(s) > T Dilogq

2((5 1)/
the region B,y_;.
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~=Ds and write A(w) :=A(s) and B(u) := B(s). Thus,
-1

(1 - quz) 1+w (2 ju 2degv

A(w) = 1 _ |
(w ( (1-quw Jljll l:[ (1 + udegv) ( + J'udegv)
(-1  \degv 1+ degv CF %.(Z 1)degv udegu

1 ) e

v j=1 v Mo <1 + (ggu) >

1;[ ( ) (1+b(v)uesY) ’
i1 (Szjuz) T <1+(§,{u)degv>

and b(v) _ degu +E(Z l)degu

<8< E' Then A(u) and B(u) are meromorphic functions on

We set u=gq

where Zx(u) = —(1 05

Fix any § with —— 2([ 5

the disk {u:|ul < g~’}. We see that A(w) has a pole of order £ — 1 at u=1/q and B(u) has
(¢ — 1) simple poles at u= (q.;v,j)‘1 for j=1,...,¢— 1. Then, applying Theorem 2.5 and

Lemma 3.3 to F(s) = A(s) + (£ — 1)B(s) with § = s+ for ¢ > 0, we have that

2(£ 1

AW B (u)
N (Z/Z, n) = —ReS g1 T ZResﬁ(%j)f B, 10 (q2omy. (20)
j=1

We compute

-1
AW _ 1 d? 1 1 ((1-gq@®)A+uw
ReSusg o = 0, iz (W 4 ) ( 1 - qu

jupdeg
X]l_[lljl( +udegv)( +judegv))
dt-2 <(_ (1 _ quz) 1+ u))z_1>

_ 1
= il g ut

J'uzdegv
Xl_[l_[( +udegv) (1+judegv))-

j=1 v

Let

1 (_ (1 _ quz) 1+ u))lil -2 ju 2 degv
Hy (W)= (z—z)r( q"! [T~ (o) (14 e )2
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Then, using the product rule for derivatives, we get

=2 4 0—2—i
ReSy—q-1 % lim Z & <L) d — H, (v

u—>q-1 dui \ vl ) dut—2-i

g (—Di(41)---(n+1i) d2

= ulinIL wtitl dut-2-1 H (w
i=0
=2 ) d57271
=) (i@ + 1) (n+i)g™H H W
dut—2-1 o
i=0 u=q

which proves that this residue is given by a polynomial in n.
We take a closer look at the main term of this polynomial, which is the dominat-

ing term when n — co. We obtain

Resy—g-1—— =
U=q e+l usg-! (£ — 2)! -1 qul

AW _ 1 (—1)‘—2<n+1>---(n+z—2)((—(l—qu2)<1+u>)“)

]u 2 degv
x ]‘[]’[ ey (15 i) (1+ 0 (1/n)

j=1 v

né-2 nf 2 jqu degv
__(g_z)! (1_ q H 1+q—degv) (1+jq—degv)

Jj=1

x (1+ 0 (1/n).

For the other residues, coming from simple poles,

Bw_ o (umas?) (1o ) (14 5y)

Res

faet) W e @ T (1 g
(14 b (v) uiee?)
X  degv
S (1 (0™
C tm ( qézl" 2) (1—|—$Z°u) ﬁ (1 — q&? u2> <1+€Zu)
ug g " utlgE) J=1.j%s (1 - q&/ u)

(1 + b (v) utesv)

4]m30+@gmﬁ
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o1 (1-q g ) (14 g i)
=it (1-&")
(1 +b (a7 f°)deg”)
S (1 (e )™)

We note that the line above is O(g") and it contributes to the constant coefficient of P,(n).

~(es?) (1-a?)

X

Replacing the residues in (20) with the equations above completes the proof. B

In spite of the fact that Corollary 1.2 can be deduced from the statement of
Theorem 1.1, we will prove it first and independently of Theorem 1.1 as a way of intro-
ducing the key ideas in the proof of Theorem 1.1. The case of v ramified and ¢ = 2 will be
discussed later, in Section 4.1.

Recall that

c ( —2 =1 ¢-2 jqudegv 22)
C= " o1 (£_2)| 1_[ l_[ +q—degv) (1+jq—degv) .

j=lveVg

Proof of Corollary 1.2. Since vy is ramified at a cover L/K if and only if vy divides
Disc(L/K), the generating function for the number of extensions counted by N(Z/¢Z, n)

that are ramified at vg is

Fr®= Y = DEL/K)F

Gal(L/K)=Z /(7
vo ramified

= -1 N T[T (1+ €= 1) N D)
v#Ug

+ (€ —1)b(vo) Nvg “° TT (1 +b(v) Nu=1%)
v#vo
(=1 Ny,
- —(-1)
1+ —1)Ny," "

b (vo) Nug“™*
+ b (vo) Nug 1

A(S)+(5—1) B (s)
where we have excluded the case ¢,,(g,,) =0 to account for v, ramified as stated in
Proposition 2.4.

With the change of variable u= g~ “~$, we obtain

(¢ — 1) udegro b (vo) ueg

PR = T e AW+ €~ Tt

B (u).
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Then, applying Theorem 2.5 and Lemma 3.3 with § = ﬁ + ¢ for any ¢ >0,

we get

(¢ —1yuteen  Au)

N (Z/tZ,n, vo, ramified) = —Res;—g-1 T (= 1) ew wh

-1
b (vo) ul®e™ B (w
— -1 Res N
( )jX; u=(a/)" 1+ b (vo) useE™ y]

+0 (q(%+s)n> _
For the residue involving the function A(u), we have

(¢—Dudeo  A@w . d7 (-1Dus™  H (w

Resy—q- = lim ,
ST (@D ueE Tl usg dul 2 1+ (€ — 1) udesve gt

where H,(w) is given by (21). This yields

(£ —1)udesr A (u)
1+ (£ — 1) udegvo yn+1

Resy—_g-1

dlf27i £=1) udeg vo
du=271 14 (£ — 1) udeswo

Hy (w) ,

u=q-!

(-2
= Z (=) (m+1)-- (n+i)g"+iH!
i=0

and we obtain the polynomial in n as in the case of the proof of Theorem 4.1. As before,

we record the main coefficient as the dominating term when n — oo to be

(£ —1)udes A (u)

Resu:ll’l 1+@¢—1) udegvo yn+l
-2 _ -1 —degvo
__ n (1_q,2)5 lqn ( )q
(¢ —2)! 1+ (£ —1)qdegwo
=2 r—2degv
Jq
X 1-— - 14+ 0@1/n)
EH< (14q-e) (1 +Jcrdeg”))

(£—1)q 8

"2 14+0@1 .
“1+(£-1)q*dequqn (I+0@1/n)

For the residues involving the function B(u), we note that, since the poles are of
order one,
j —degvg
by B Do (a) B (u)

Res -1 = . .
u;(q%}’) 1 4 b (vg) udegvo gl 1+ b (o) (quj)—degvo Lp(qéj) s
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The number above is equal to O(g") and it will contribute to the constant coefficient of
the polynomial Pr(n). This proves the result for the number of extensions ramifying at vg.
We now consider the case of extensions splitting at vo. First, we write the generating

function for the number of extensions of K unramified at vg as

Fy@)=t+ Y  DEL/K)

Gal(L/K)=Z/¢Z
vo unramified

-1
= Z l_[ (1 + <§é’deg” o g degv) NU—(e—ns)

J=0 v£vg
=[] +@E-D N %)+ —1) [T (1 +bw No~¢1%)
v#Vg v

1 -1
= —(e—l)s'A(s) + —(t—D)s
1+ (£ —1)Nvy, 1 + b (vo) N,

B(s).

Using the notation of Section 3, recall that b, = /Lqi;l where p is a generator of
IF; (hence b, is an ¢th root of unity in ]F;), and o :IF; — C is a character of order ¢. Let
pe =0 (by), which is then a primitive £th root of unity in C. For each v # vy, v, denote by
n, a positive integer such that the image of vg in (O, /(7,))* is gi*. Then ¢, (vo) = 1y P, (gy).
Hence, by Proposition 2.4, v is unramified and split if and only if ¢,,(O;) =0 and

— (degvo) Yoo (o) + D, Tuehy (9y) =0 (mod ),
VFV0, Voo
which is equivalent to
p;(degvo)‘//:x:(noo) 1_[ p?u‘ﬁv(gv) =1.

VF£V0, Voo

By the definition of p, and n, above and the construction of yx,.(vg) from
Section 3, we see that x, ¢(vo) = a(%)g =o0(b)™ = p,” and, hence, the above equality can

be written as

—(di 00 (oo )
D (vo) :=p, " [T e wo)? @) = 1.

VFV0, Voo

Thus, vg # v is unramified and split if and only if ¢,,(O;) =0 and

D (vg)=1. (23)
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Since D(vp) is a £th root of unity, we can rewrite (23) as

& - |1 if vy is unramified and split,

1
7 2(; (vo)! = (24)

— 0 otherwise,

and this is the criterion that we will use in the generating series.
Analogously, we also have that v, is unramified and split if and only if
0, (OF )=0 and
p[_(deg Voo) Yoo (Teo) — 1’

since deg v, = 1.

We claim that the Dirichlet series for cyclic extensions splitting at a fixed place

Vo # Voo 18
] Clelen
—rkd
Fs® =1 py e
Jj=0 k=0 r=0
d ¢—1)jd - (-

x T (14 (89 s o) 4o+ 674 g () 1F) W=7

VFV0, Voo

(1 + (EJdegvm .. +é€(€fl)jdegvx) NU;Q(E—I)S)'

Recall by Propositions 2.2-2.4 the cyclic extensions splitting at a fixed place vy # v
are in one-to-one correspondence with the maps ¢: 7% x [, O — Z/¢Z satisfying (8),
together with the splitting conditions (23) and ¢,,(O;;) = 0. Let Cond(¢) be the conductor
of such a map ¢, and v be a place of the conductor. For each fixed j, k, r in the first line
above, the ith term p, 8" g7 48"y (vg)*Nv=¢-Ds in the Euler product corresponds to
the map where ¢,(g,) =i and Yo (7o) =7 for 1 <i < ¢ — 1. Considering all the places v of
Cond(¢) (including v, which is accounted for in the last line of the equation), the term

in the j, k, rth Dirichlet series above corresponding to the global map ¢ equals

) j v v d - kd p— —
(&ZL Jbu(gv) egv) % pzr egvo l—[ Xo.t (v0)®9) x N (Cond (¢))" 5.

VFV0, Voo

Summing over j, we obtain zero unless condition (8) is satisfied. Summing over r covers
all the possible values of ¥ (7). Finally, summing over k yields zero unless condi-
tion (23) is satisfied. Thus the sum of those terms over k, j, together with the correcting
factor 3 will yield N(Cond(¢))~“~Vs if both conditions (8) and (23) are satisfied, and zero

0therw1se.

9T0Z ‘¥ Jequs1des Uo [241UO A 8P a1SRAIUN T /610°S euIno [pJo xo uiwiy/:dny wouy pepeoumod


http://imrn.oxfordjournals.org/

4326 A. Bucur et al.

We also remark that the constant term of Fs(s) is ¢ if £ | degvg, and 1 otherwise.

When vy = v, Wwe have

-1 -1 ¢-1
1 _
Fs©O=n PO T (14 (87908 o DT80
Jj=0 k=0 r=0 VF Vs
1 -1
Z (1 +( ]degv +E(Z 1)]degu>N —(— 1)5) ]:_U s).
J=0 v#us

By considering the definitions of yx, (v) and x,(v~), the previous two formulas
can both be written as

N
._.
~
|

1 10—
]:S (S) - p;rkdeg vo

2
J 0 r=0

d t-1)jd _ o
X (1 + ( zJ BV o)k + -+ +Ee( )J BYy b (vo) 1)k> Ny 1)s> ’
v#vg

—

~
I
o
P
Il

which is valid for any place vy.

Separating the term with k=0 from the terms with k# 0, we obtain

-1 £-1

1 1
Fs@=3F0 )+ 5

-1
( 7rkdeg vo) Mj,k (s, vo, split) s (25)
j=0 k=1

where M (s, vo, split) is given by (16).
Applying Theorem 2.5 and Lemmas 3.2 and 3.3 to the generating function Fs(s),

we get
. 1 1 Aw (-1
N (Z/¢Z, n, vg, split) = —ZResﬁqﬂ T T D) wesw ool -3 ZResy; é{q)fl
1 B
(w +0 (q(1/2+s)n) ) (26)

Y (1 + b (vp) udegvo) 1

The residue computation is similar to the residue computation leading to the
count of N(Z/¢Z, n, vy, ramified) above, but we repeat it for completeness. For the residue

involving the function A(w), we have

1 AW Lo de 1 H; (v

Resu—g1 F (€ —1)uesn il :ulirq‘h dul=2 1+ (£ — 1) udegwo yrtl’
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where H,(w) is given by (21). This yields

1 A(w)
1+ (£ — 1) udegvo yntl

Resy—g-

—
=) (~Din+1)---(n+D)g"HH

i

N

—2—1

dul=2-1 1 + (¢ — 1) udegw

Hy (w) ,

u=q~!

Il
=}

which gives g¢"P(n), where P is a polynomial of degree ¢ — 2 as before. Using the

definition of H,(u), the leading term of the polynomial P(n) is

nt2 Al-1 o 1 £-2 jq-2desy
— 1—ag 1—
£ —2)! ( q ) q 1+(£_1)q—degvo 11:[11:[ (1+q7degv) (1+J'qfdegu)
— —C 1 qnnffz

“1+ (€ —1)q degw

For the residues involving the function B(u), we note as before that since the poles are of
order one, their contribution is of order O(g"), and they will contribute to the constant
coefficient of the polynomial Ps(n).

Then, replacing in (26), we obtain that

1

N (Z)eZ, n, v, split) =
( / n Vo Spl) €(1+(£_1)q*d€gvo)

CK anS (n) + 0 (q(1/2+8)n)

as claimed.
Finally, we now consider the Dirichlet series for cyclic extensions for which a

fixed place v is inert. It is given by
Fr(9)=Fu () = Fs(s).

Using (25), and applying Theorem 2.5 and Lemmas 3.2 and 3.3 to the generating

function F;(s), we get

N (Z/¢Z inert) — (¢ — 1 1. 1 A(w)
(B/EEm vo mert) = (€= D TPty + (€ — 1) udesvo g+l
r—1 &L ) Bw
R — ReS s\ —1 + O (1/2+€)n 7
¢ T e(da) e (14 b (vg) uteE ) W (g"m)
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which proves that
N (Z/€Z,n, vo, inert) = (€ — 1) N (Z/€Z, n, vo, split) + O (g/*™").

This concludes the proof of Corollary 1.2. |

We are now ready to prove the main result.
Theorem 4.2. Let Vg, Vs, V; be three finite and disjoint sets of places of K. Let
N (Z/LZ,n; Vg, Vs, V1)

be the number of extensions of Fy(X) with Galois group Z/£Z such that the degree of the
conductor is n, and that are ramified at the places of Vg (completely) split at the places
of Vs, and inert at the places of V;. Let V=Vg U Vs U V;. Then,

N (Z/€Z, v; Va, Vs. Vi) = C, (]‘[ cv> 4" Provors 0+ 0 (q(3+)
veV

and

N(Z/@Z n; VR, Vs, V[) 1
N (Z/(Z, n) (H C”) <1 0 (H)) ’

veV

where Py, v v, (X) € R[X] is a monic polynomial of degree £ — 2 and C, is given by

(1 _ —2 =1 ¢-2 jq72degv
Co=-——7"— (5_2)| H l_[ +q—degv) (1+jq—degv) .

j=1veVyg
In addition,
-d
1 _(f(; i)lq) qegdzgu if ve Vg,
“T) e+ —11)q—degu) ifveVs,
(14 (EZ—_ll) g desv) ifveVr. 0

Proof. Let Vy=VsU V.
We first construct the Dirichlet generating series with prescribed conditions for
Vr, Vy, and Vs={vy, ..., vy} C Vy. In other words, for the elements v € V; we will only

prescribe that they are in Vy and we will ignore the inert condition for the moment.
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We claim that the generating series is then

Fyrvscvy (S)

-1 ¢—-1 -1 (-1
—r> r_ kndegup
gn+1 Py
j=0 k=0 k,=0 r=0
n n
d {—1)jd _ —(f—
x l_[ (1+ (51 egvl_[Xv((Uh) +- f( )J egvl_[Xv,é (vh)(e 1)kh) Nv—¢ 1)s>
v¢VrUVy h=1
% 1—[ (Zjdegv +$(Z I)Jdegv> Ny——Ds
veVR

Let us prove that the above formula is correct. Recall by Propositions 2.2-2.4 that the
cyclic extensions that are ramified at the primes of Vg, unramified at the primes of Vy,
and split at the primes of Vs are in one-to-one correspondence with the maps ¢ : 72 x
[1, Of — Z/¢Z satistying (8), together with the ramification conditions: ¢, is nontrivial
on O for v e Vg, ¢,(0)) =0 for v € Vy, and the splitting conditions (23) for v € V5. Thus
consider all the possible choices of parameters ({r,}, 7) where ¢ is determined by setting
¢v(gy) =T, and Y (o) =r in such a way that ¢ is ramified at the primes of Vg, unramified
at the primes of Vy, and split at the primes of Vs. Therefore we have 0 <r, <¢ — 1 for
all ve Vg, and r, =0 for all primes of Vy. For each fixed j, ki, ..., k,, the map ¢ with

parameters ({r,}, r) corresponds to the component

n
—r> r_ kndegun . jr, degv ! vJjdegv —(—
[T o0 =gl 48 T g o™ | x | [T 67797 | x N (Cond (¢) "

v€VRrUVy h=1 veVR

of the Euler product. Summing over all j, ki, ..., k;, we obtain that the coefficient of
N(Cond(¢))~“~Vs is given by

-1

-1
( —rk1 deg v, l_[ Xo.e (V1) I/kl) .. _rk”degvn 1_[ Xt (Un)

k= kn=0

-1
Z é_J 2 vicond(g) Tv d€gV
4

j=0

el if > uicond(g) T degv =0 (mod ¢) and ¢ is split at vy, ..., vp,

0 otherwise.
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We now write the generating series as Fy, yycy, (S) = ]—"\IJR,VScVU (s) + F@R’Vscv(] (s),
where the first series contributes to the main term and the second to the error term.
Taking (ki, ..., k,) = (0, ..., 0) in Fy, yscyy, (S), we have

1 (£ —1) Ny~ (=bs
Fonvecvy (6) = o [1 1+ (£ — 1) Nv~(t=Ds 1+ (- 1)Nv*(‘*1)SA(s)

UEVR UEVU

b (v) Ny—¢=Ds 1
ey l_vl I+ b(o) No- D5 1_\,[ 145 No @b & |

where as usual j =0 gives the function .A(s) defined by (17) and the other values of j give
¢ — 1 copies of the function B(s) defined by (18).
Taking (ki, ..., k) # (0, ..., 0) in Fy, vscvy, (S), we have

T vecvy (8) = WZ Z G (8) Mjj,...k, (; VR, Vs, V)

<kn=0
(ky kn);é(o .,0)

where

-1
57" ko d i (-
G(S):Zplrzhzl »deg vn l—[ (Zjdegv —i—E(Z I)Jdegv> Ny~ (Ds

r=0 veVR

is analytic for all s € C, and where for each fixed vector (k, ..., k,) #(0,...,0), and for

each 0 < j<¢—1, we have that

Mk,...k, (S; Vg, Vs, V)

n
d -1)jd - —(t—
— 1_[ ( ( J egvl_[sz(Uh)kh ’+§e(e Dj egvHXv,z (vh)(lz l)kh> No—¢ 1)s>

v€VrUVy h=1

as defined in Lemma 3.2.
Let N'(Z/¢Z, n; Vg, Vs, Vi) be the number of extensions where the degree of the
conductor is n and with the prescribed ramification conditions at the primes of Vg and

Vs, and unramified at the primes of V;, that is, the extensions counted by the generating
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series Fy, vy, () above. By Theorem 2.5, and Lemmas 3.2 and 3.3,

N'(Z/€Z,w; Vg, Vs, Vi)

1 (£ — 1) udesv 1 A(u)
T Resu:‘rl 1_[ deg v l_[ deg v +1
o U€VR1+(€—1)ueg v6VU1+(£—1)ueg u®
-1
b (v) udes? 1 B (u)
-1 Res -
+( )Z u=(g[{q) ! 1_[ 1+ b (v) udesv 1_[ 1+ b (v) udesr yntl
j=1 vEVR veVy

+0 (q(1/2+s)n) )

As before, the residue involving the function A(w) yields g" times a polynomial
in n of degree ¢ — 2, and the residues of B(u) are O(q"), so they contribute to the constant
coefficient of the polynomial, and not to the main term. The main term when n tends to

infinity is then given by the leading term of the polynomial which is

1 Res 1_[ (£ — 1) udesy 1 A(w)
~ u=q~! _ v " 1) 1degy il
L v 1+ (£ —1)udes vevh 1+ (£ — 1) udesv yn
1 ¢—1)q deev 1
(t-1g I1 Cog™nt 2. (27)

= _ —degv _ —degv
EnveVRl-i_(z 1)q * veV 1+ (¢ l)q ®

U
We now proceed to add the conditions at the primes of V;=Vy \ Vs. Using

inclusion—-exclusion, it is easy to see that

N (Z/0Z,n; Vr Vs, V) = Y (~DVIN (Z/ez, 1 Vi, Vs UVr, Vi \ f/l) . (28)
D[CV[

We can rewrite the above equation in terms of the generating series. Let Fy, v, 1,(S) be
the generating series for the extensions counted by N(Z/¢Z, n; Vg, Vs, Vr). Then, it follows
from (28) that

Foavers ©= 3 DVIF, 5o ()
Y)ICVI

_ RNz = 2
- Z (=D (va,vsuf;,ch (s) + va,vSuv,ch (s)) ’
VicVr
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and the main term will be given by the sum of the poles of the generating series

1

P VeUPr Ve (s). Using (27), this is given by

Vi _ —degv
Coq™n'~? Z (= 1—[ (¢ —1)q % l—[ 1

¥ _ —degv _ —degv
Sov LIVsluVr | eV 14+ —1)g des veVy 1+ —1)g dee
1 Vsl ¢ —1 %3 ¢ — 1) g desv 1
—Cugnt2 (L I ( )q I
1 ¢ 1+ (£ —1)gdesv 1+ (£ —1)qdegv
veVg veVy
— C[ 1_[ Cv qnnffz’
vEVRUVSUV,
where the ¢, are as in Theorem 4.2.
Dividing the last line by (19) completes the proof of the statement. [ |

4.1 Quadratic extensions

We now look specifically at the case £ =2 as we obtain the number of quadratic exten-
sions of K with conductor n with no error term, and the ramified case with a better error

term without using the Tauberian theorem. The generating function F is

FoO=2+ Y 2@ =[[0+N)+]](1+ D% n).

Gal(L/K)=7/27 v
In this case,

1— Ny 2

v

_ k() _(1-¢*)(1+g7)
¢k (28) 1—q'

After making the change of variables u=q~%, we obtain

(1-qu¥)(1+uw

A(u) = 1~ qu

Analogously,

(1 _ qlfzs) (1 _ qfs)
1+q17s

B =[] (1 4 (—1)desv NU—S> _

v
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which equals A(—u) after the change of variables u=g~°. Then,

Fw=Aw+ A(—uw

=(1—qu2)(1+u + 1—u>'

l-qu 1+qu

By identifying the coefficients in the power series expansion in u of the above

rational function for n > 0 with the coefficients of

o0
2+ Z N (Z/2Z,n) u",

n=1

we finally obtain that
(1+ED")(g" —g"?) n=3,
N (Z/2Z,n) = { 2¢° n=2,

0 n=1

2(q"—g"%) n>2neven,
=12q* n=2, (29)
0 n odd.

Remark 4.3. Recall that the number of square-free monic polynomials of degree d>1
is g — q%1. In this case, we are counting twice the number of square-free monic poly-
nomials. The counting happens twice since every monic square-free polynomial f gives
two quadratic extensions corresponding to K(v/f) and K(i/Bf) where 8 is a non-square
in IF;. (I

We now proceed to the ramified case.

udegvo (—w) deg o
Fr(w= T4 e A + PR T A(-w
C(oq) At (—wE (1 - u)
(L) A =qw (14 cw*ee) (1 + qu
We have
1+u
Aw=(1-qud) T—qu

=1+@+Dut+gv?+)> ("—q %) u"

n=3
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Thus,

deg vo & o0
A= (Z (D! ukdeg”°) (1 +@+Dut g+ (" q*?) u")

deg vy
1+u k=1 n=3

— Z (_1)’(71 ukdegvo + (q + 1) Z (_1)]671 ukdegqurl + q2 Z (_1)’(71 ukdegvo+2

k=1 k=1 k=1

+ i i (_l)k—l (qn _ qn—2) ukdegvo+n

k=1 n=3

[o.¢] oo [e.¢]

— Z (_1)k71 ukdegvg + (q + 1) Z (_l)kfl u!(d&gvo+l + q2 Z (_1)k71 ulcdegv0+2
k=1 k=1 k=1

Ld?gfoJ

Z (_l)k—l (qm—kdegvo _ qm—kdegvo—2> um
k=1

>

m=3-+deg vy =
) 1 q 00
— B m—degvg,,m 1 Z m
Z —1+q_degvoq u”™ + 04 (1) u™.
m=3+degvo m=deg vo

By identifying the coefficients of Fr(w) with the power series

o0
Y N (Z/2Z.n, vo. ramified) u",

n=1

we obtain,

(1-g7)

N (Z/2Z,n, vo, ramified) = 1+q desw

qnfdegvg + Oq (1) .

5 Distribution of the Number of Points on Covers

We explain in this section how the results of this paper apply to the distribution for the
number of F,-points on covers C on the moduli space Hg4,. We prove Theorem 1.3 and
make a comparison with the results of [1].

Consider an ¢-cyclic cover C — P! defined over F, and let L be the function field
of C. As mentioned in Section 2.2, the genus g¢ of the cover C is related to the discrimi-
nant Disc(L/K) via

2gc = (¢ — 1)[-2 + deg Cond (L/K)],
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which implies

n=—-+42, (30)

where n is the degree of Cond(L/K).

Recall that the zeta function of a curve C is given by

Zc (W) = exp (Z #C (Fqn) ’%) . (31)

n=1
Moreover,

Zp (W =Zc (W

with the usual identification u=q~*
We recall that Vk is the set of places of K. Suppose that L/K is a Galois exten-

sion. We can write

zy =[] (1-wwwe)", (32)

UEVK

where, for each place v, we denote by e(v), f(v), and r(v) the ramification degree, the
inertia degree and the number of places of L above v, respectively.

Taking the logarithm on both sides of the equality Z;(w) = Z1(w) using (31) and
(32), we obtain
ymf ) degv

PCICHLASY 3 SITU LA

veVg m=1

Equating the coefficients of u” on both sides gives

C(Fgp)= > r@) f(v)degv. (33)
f(vged\;gv\n

The above discussion implies that the fiber above an F,-point of P! that corre-

sponds to the place v of degree 1 of K contains

¢ distinct F;-points  if v splits completely,
1 Fy-point if v ramifies,

¢-points if v is inert.
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More generally, a place v of K corresponds to a Galois orbit of rational points of

the same degree of P!. The fiber above each point in the orbit contains

¢ distinct points of degree degv if v splits completely,
1 point of degree degv if v ramifies,

1 point of degree ¢ degv if v is inert.
To get the distribution of #C (F;) over Hy ¢, we use the relative densities

N (Z/ZZ 29 4 0y Vg, v,)

’ -1

N (Z/ZZ 29 4 2)

’ -1

where we take the sets Vg, Vs, Vi to be mutually disjoint, and such that VR UVsU V; is a
subset of the set of places of degree 1 in V.

Then, using (33) with n=1 and Theorem 1.1, we get

[{C e Mg (Fq) : #C (Fq) =m}|
Hg.e (Fq)|

N (Z/EZ, 2% +2: VR, Vs, Vz)

Ve e N (Z/EZ, 29 4 2)

Z < ¢ —1 )VRI( q >Vs|( — l)q >q+1—VR
LVs|+|Vr|=m q+t—1 L@+£€—-1) L(@+e—-1)

g+1
= Prob (Z X; = m) ,

i=1

where the X; are the random variables of Theorem 1.3.

5.1 Affine models

We compare the results of this paper with the results of [1] concerning the irreducible
cretely in terms of affine models. Each such cover has an affine model of the form

C:Y=fX)=BffF - fi} (34)
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where the f; € Fy[X] are monic, square-free, pairwise coprime, of degrees d,, ..., d,—;. The
degree of the conductor depends on the degrees dj, ..., d,_; and whether there is ramifi-
cation at the place at infinity. The ramification at the place at infinity is determined by
whether the total degree of the polynomial is divisible by £. When d; + --- + (£ — 1)d,_1
is a multiple of ¢, then the cover does not ramify at infinity, otherwise there is ramifica-
tion at infinity. In the first case, the degree of the conductor is d; + --- + d,—; and in the
second caseitisd; +---+d_1 + 1.

By the Riemann-Hurwitz formula the genus of this cover is given by
go=CL-D(h+- -+d1—-2)/2

in the first case, and by

ge=U-D (@ + - +d-1—-1)/2,

in the second. Both equations are compatible with the relation (30) between the genus
gc and the degree of the conductor n.

For a given conductor, each geFy/ (IF;)‘Z yields a different cover given by for-
mula (34). That is, there is one such extension for each element of IF;/(IE‘;)‘. Using the

notation from [1], we define

Fa....d ={(fi, ..., fic1): fi monic, square-free, pairwise coprime,
deg fi=d, i=1,....0—1}.

We consider, ford; +---+ (¢ — 1)d,—; =0 (mod ¢),

-1

Fid,diit = Fedideny Y| Fldhdo1.mdi): (35)

The elements in the first term correspond to affine models from Equation (34) in the
case in which there is no ramification at infinity. The elements in the other terms cor-
respond to affine models where there is ramification at infinity (of index j in the term
..... di—1..ndr))

Now suppose that we want to count the number of covers of genus g. For a con-
ductor fi fZ--- f{7!, there are ¢ different covers according to the class of the leading
coefficient as an element of Fg /(g )¢. In addition, we need to consider that isomorphic
covers are obtained by taking automorphisms of P!(F,), namely the g(g? — 1) elements
of PGL,(Fy) (see [1, Section 7] for details).
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We denote by H@% the corresponding component of Hg, indexed by tuples
(d, ..., d,) with the properties that ({ —1)(dy +---+d,-1 —2)=2g and d; +2d, +--- +

(¢ — 1)d,—; =0 (mod ¢). The discussion in the previous paragraphs implies

£
|H @) = — | Fg,..ql
q (q2 _ 1) 1 1
where, as usual, the ' notation means that the covers C on the moduli space are counted
with the usual weights 1/|Aut(C)|.

Thus, we can write

, £

[Hg.e (Fq) I'= alaz—1) Z a4l (36)
q(qg* - 1) i+ +di 1 =2(g+2)/(€~1)
di++(~1)di—1=0 (mod )

Formula (3.1) of [1] says that

L, _ogh+td e
| Fidsd| = ‘quﬁ (1 +0 (Z gt trdon=dh 4 g=di/2 ) ) (37)
é‘q (2) h=2

where

=2 jq—z degv
L(Z*Z = 1_[ 1- (1 + q- degv) (1 + jq—degv) .

J=1v#ve

The formula above may be rewritten as

AV -1
(E )! qul+"'+d¢ 1
[o/ T - 1 + (0] E &(dh Gy—1)— 0y —di/2 .
|‘: (dy,..., 1)| (1 ( ) ]) q + q

By combining Equations (35) and (36) with the line above, we obtain

q(q” = 1) Mg (Fq) ' = (¢ = 2)1Cq" > t+ET
A+t =n
dy++(—1)d;_1=0 (mod¢)

=Cm'2q" + ET,

where ET denotes an error term and, in the last line, we used that the number of solu-
-2

(;—2)1'

Thus the result of Theorem 4.1 is compatible with the result of Theorem 3.1

tions of d; + - - -+ d,—1 =n is given by ~

from [1], in the sense that summing the main terms of (37) gives the same number of
elements of Hg (F,) computed in this paper, even if the error terms coming from (37) are

only valid when min{d,, ..., d,_1} — oc.
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