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Abstract. The Mahler measure of a multivariable polynomial is given by an integral over the
unit torus, while the areal Mahler measure, defined by Pritsker [12], is given by an integral over
the product of unit disks. It is well-known that the classical Mahler measure is invariant under
the change of variables x 7→ xr, where r is an integer, but this is not the case for the areal Mahler
measure. In this note we investigate how the areal Mahler measure changes with this transformation
and provide some specific examples.

1. Introduction

The (logarithmic) Mahler measure of a multivariable non-zero rational function P ∈ C(x1, . . . , xn)
×

is given by

m(P ) :=
1

(2πi)n

∫
Tn

log |P (x1, . . . , xn)|
dx1

x1

· · · dxn

xn

,

where Tn = {(x1, . . . , xn) ∈ Cn : |x1| = · · · = |xn| = 1} is the n-dimensional unit torus and the
integration is taken with respect to the Haar measure.

When P is a single variable polynomial, m(P ) can be expressed in terms of the roots of P
by means of Jensen’s formula. In the multivariable case, we do not know a general formula for
m(P ) but many examples are known where m(P ) is related to particular values of special functions
including the Riemann zeta function, L-functions, etc. The first such formula was given by Smyth
[14, 2]:

(1) m(1 + x+ y) =
3
√
3

4π
L(χ−3, 2),

where L(χ−3, s) is the Dirichlet L-function associated to the primitive character χ−3 of conductor
3, given by χ−3(n) =

(−3
n

)
. The appearance of such special values has been explained in terms of

evaluations of regulators by Deninger [6], Boyd [3], and Rodriguez-Villegas [13] (see also the book
of Brunault and Zudilin [4] for a more detailed exposition).

In this article we consider the (logarithmic) areal Mahler measure defined by Pritsker [12] for
P ∈ C(x1, . . . , xn)

× as

mD(P ) =
1

πn

∫
Dn

log |P (x1, . . . , xn)|dA(x1) · · · dA(xn),

where
Dn = {(x1, . . . , xn) ∈ Cn : |x1|, . . . , |xn| ≤ 1}

is the product of n unit disks, and the measure is the natural measure in the A0 Bergman space.
The basic properties of this object (particularly for the one-variable polynomial case) have been
studied by Pritsker [12], Choi and Samuels [5], and Flammang [8]. In recent work [11] the authors
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of this note started a systematic study of examples of areal Mahler measure in the multivariable
case and they computed, among several cases,

(2) mD(1 + x+ y) =
3
√
3

4π
L(χ−3, 2) +

1

6
− 11

√
3

16π
,

which should be compared to (1).
A property of the standard Mahler measure is its invariance respect to the following transforma-

tion. Let us write
P (x) =

∑
m

cmxm ∈ C[x1, . . . , xn],

where xm = xm1
1 · · ·xmn

n . Let A be an n× n integer matrix with non-zero determinant, and define

P (A)(x) :=
∑
m

cmxAm.

Then

(3) m(P ) = m
(
P (A)

)
.

(See Exercise 3.1 in [7].) While the above transformation has been described for polynomials, it is
straightforward to generalize it to rational functions.

The goal of this project is to investigate the simplest possible case of the above transformation,
namely, when one of the variables, x, is replaced by a power of itself, xr, where r is a positive
integer, in the areal Mahler measure case. To illustrate this, we compute the areal Mahler measures
of 1+ xr + ys, where r and s are positive integers and we obtain results that are different from (2),
which corresponds to the case r = s = 1. More precisely, we prove the following statement.

Theorem 1. Let r, s be positive integers. We have

mD (1 + xr + ys)

=
3
√
3

4π
L(χ−3, 2)−

r

6
+

√
3r

12π

[
ζ

(
1,

r + 2

3r

)
− ζ

(
1,

2r + 2

3r

)
+ ζ

(
1,

r + 1

3r

)
− ζ

(
1,

2r + 1

3r

)]

− 2

π

∑
1≤k

⌊ k
2
⌋∑

h=0

(
k

2h

)
(−1)h−1

2F1

[
1
2
− h, k − h+ 1

r
+ 1

2
; k − h+ 1

r
+ 3

2
; 1
4

]
2k−2h+1k(kr + 2)

(
2k + 2

r
− 2h+ 1

) +
s

6

∑
1≤k

(
1
s

k

)2
1

kr + 1

− s
√
3

π

∑
0≤j<k

(
1
s

k

)(
1
s

j

)
χ−3(k − j)

((k + j)r + 2)(k − j)
+

s

4π

∑
1≤k

(
1
s

k

)2
2F1

[
1
2
, k + 1

r
+ 1

2
; k + 1

r
+ 3

2
; 1
4

]
(kr + 1)

(
2k + 1 + 2

r

)
+

s

π

∑
0≤j<k

⌊ k−j
2

⌋∑
h=0

(
1
s

k

)(
1
s

j

)(
k − j

2h

)
(−1)k−j+h

2F1

[
1
2
− h, k − h+ 1

r
+ 1

2
; k − h+ 1

r
+ 3

2
; 1
4

]
2k−j−2h ((k + j)r + 2)

(
2k + 2

r
− 2h+ 1

) ,

where ζ(s, x) =
∑∞

n=0
1

(n+x)s
is the Hurwitz zeta-function and 2F1[a, b; c; z] is the hypergeometric

function given in (7).

Remark 2. For the case r = 1, the formula from Theorem 1 should be interpreted as a regulariza-
tion, namely the divergent terms ζ(1, 1) with opposite signs cancel each other. More precisely, for
r = 1, the line

3
√
3

4π
L(χ−3, 2)−

r

6
+

√
3r

12π

[
ζ

(
1,

r + 2

3r

)
− ζ

(
1,

2r + 2

3r

)
+ ζ

(
1,

r + 1

3r

)
− ζ

(
1,

2r + 1

3r

)]
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should be replaced by
3
√
3

4π
L(χ−3, 2)−

1

4
+

√
3

4π
.

Remark 3. The result of Theorem 1 should be symmetric respect to r and s, which is certainly not
obvious to guess from the formula itself ! This phenomenon is observed numerically, but we do not
have a direct proof of it.

We also compute the areal Mahler measure of a similar family, namely, (1 + x)r + ys and obtain
interesting results depending on s.

Theorem 4. Let r, s be positive integers. We have

mD((1 + x)r + ys)

= r

(
3
√
3

4π
L(χ−3, 2) +

1

6
−

√
3

2π

)
− s

6
+

s

6

Γ
(
2r
s
+ 2
)

Γ
(
r
s
+ 2
)2

− s
√
3

π

∑
0≤j<k

(
r
s

k

)(
r
s

j

)
χ−3(k − j)

(k + j + 2)(k − j)
+

s

4π

∑
1≤k

(
r
s

k

)2
2F1

[
1
2
, k + 3

2
; k + 5

2
; 1
4

]
(k + 1)(2k + 3)

+
s

π

∑
0≤j<k

⌊ k−j
2

⌋∑
h=0

(
r
s

k

)(
r
s

j

)(
k − j

2h

)
(−1)k−j+h

2F1

[
1
2
− h, k − h+ 3

2
; k − h+ 5

2
; 1
4

]
2k−j−2h(k + j + 2)(2k − 2h+ 3)

.

Remark 5. We remark that Theorem 1 and Theorem 4 should coincide in the case of r = 1. This
results in the identities

(4)
∑
1≤k

⌊ k
2
⌋∑

j=0

(
k

2j

)
(−1)j−1

2F1

[
1
2
− j, k − j + 3

2
; k − j + 5

2
; 1
4

]
2k−2jk(k + 2) (2k − 2j + 3)

=
3
√
3

4
− 5π

12

and

(5)
∑
1≤k

(
1
s

k

)2
1

k + 1
= −1 +

Γ
(
2
s
+ 2
)

Γ
(
1
s
+ 2
)2 .

While equation (5) is proven in Corollary 10, we do not know how to prove equation (4), which can
be seen to be numerically true.

If, in addition, we set s = 1, we recover formula (2) by employing the evaluation of 2F1

[
1
2
, 5
2
; 7
2
; 1
4

]
,

given in (10).

We also prove the following result, which explains the effect of the change x 7→ xr in general, as
r → ∞.

Theorem 6. Let P (x1, . . . , xn) ∈ C(x1, . . . , xn)
× and let P (0, x2, . . . , xn) ∈ C(x2, . . . , xn)

× be the
rational function resulting from P by setting x1 = 0. Let r be a positive integer. Then we have

lim
r→∞

mD(P (xr
1, x2, . . . , xn)) = mD(P (0, x2, . . . , xn)).

This article is organized as follows. We start with Section 2, where we compute the areal Mahler
measures of polynomials with two terms, namely mD(x

r − a) and mD(x
r + ys). We review some

necessary background on hypergeometric functions in Section 3. Theorem 4 is proven in Section 4,
while Theorem 1 is proven in Section 5. The order is reversed because the proof of Theorem 1 is
considerably more involved. Finally, we close the article with the proof of Theorem 6, which is a
result of a different flavour than the others, in Section 6.
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2. The case of two terms

In this section we consider the effect of the transformation x 7→ xr in the simplest possible
polynomials, namely those with only two monomials. Before proceeding with the discussion, we
recall the formula for the areal Mahler measure of a linear polynomial, which follows from [12,
Theorem 1.1] (see also equation (9) in [11]).

(6) mD(x− a) =

{
log+ |a| |a| ≥ 1,
1
2
(|a|2 − 1) |a| ≤ 1.

For the linear case of one variable we have the following result.

Proposition 7. Let r be a positive integer. We have

mD(x
r − a) =

{
log+ |a| |a| ≥ 1,
r
2

(
|a| 2r − 1

)
|a| ≤ 1.

Proof. Let ξr denote a primitive rth root of unity and let a
1
r denote any rth root of a. By multi-

plicativity we have

mD(x
r − a) = mD

(
r−1∏
j=0

(
x− a

1
r ξjr

))
=

r−1∑
j=0

mD

(
x− a

1
r ξjr

)
.

The conclusion follows immediately from equation (6). □

Now we consider the case of xr + ys.

Theorem 8. Let r, s be positive integers. We have

mD(x
r + ys) = − rs

2(r + s)
.

Proof. By definition and by Proposition 7,

mD(x
r + ys) =

1

π2

∫
D2

log |xr + ys|dA(x)dA(y)

=
r

2π

∫
D

(
|y|

2s
r − 1

)
dA(y)

=r

∫ 1

0

(
ρ

2s
r − 1

)
ρdρ

=− rs

2(r + s)
.

□
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3. Background on hypergeometric functions

In this section we recall some standard results of hypergeometric functions which will be needed
for the proofs of Theorems 1 and 4. Recall that hypergeometric series are given by

(7) 2F1[a, b; c; z] =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
,

where (a)n denotes the Pochhammer symbol given by (a)0 = 1, and for n ≥ 1,

(a)n = a(a+ 1)(a+ 2) · · · (a+ n− 1).

We will need the following result.

Theorem 9. [Gauss Hypergeometric Theorem, Eq. 15.1.20 in [1]] Let a, b, c ∈ C such that c ̸∈ Z≤0

and Re(c− a− b) > 0. Then

2F1[a, b; c; 1] =
Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
.

Corollary 10. Let t > 0. Then ∑
0≤k

(
t

k

)2
1

k + 1
=

Γ (2(t+ 1))

Γ (t+ 2)2
.

Proof. We apply Theorem 9 with a = b = −t and c = 2 together with the fact that Γ(2) = 1 to
obtain

Γ (2(t+ 1))

Γ (t+ 2)2
=2F1[−t,−t; 2; 1] =

∑
0≤k

(−t)2k
(2)kk!

=
∑
0≤k

[t(t− 1) · · · (t− k + 1)]2

(k + 1)!k!
=
∑
0≤k

(
t

k

)2
1

k + 1
.

□

Lemma 11. Let β > −1 be a real number and n be a non negative integer (possibly 0). Then∫ 2π
3

π
2

(−2 cos θ)β cos(nθ)dθ =(−1)n
∫ 5π

3

3π
2

(2 cos τ)β cos(nτ)dτ

=

⌊n
2
⌋∑

h=0

(
n

2h

)
(−1)h+n

2F1

[
β+n+1

2
− h, 1

2
− h; β+n+3

2
− h; 1

4

]
2n−2h+1(β + n+ 1− 2h)

.

Proof. We first notice that the equality between the integrals follows from the change of variables
θ + π = τ . We remark that cos(nθ) = Tn(cos θ), where Tn(x) is the Chebyshev polynomial of the
first kind. By using this, together with the change of variables t = −2 cos θ, we have∫ 2π

3

π
2

(−2 cos θ)β cos(nθ)dθ =

∫ 1

0

tβTn

(
− t

2

)
dt√
4− t2

.(8)

The Chebyshev polynomials can be explicitly expressed as

Tn(x) =
1

2

[(
x−

√
x2 − 1

)n
+
(
x+

√
x2 − 1

)n]
=

⌊n
2
⌋∑

h=0

(
n

2h

)(
x2 − 1

)h
xn−2h.
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Then, using this, we can evaluate the integral in (8) as∫ 1

0

tβTn

(
− t

2

)
dt

(4− t2)
1
2

=

⌊n
2
⌋∑

h=0

(
n

2h

)∫ 1

0

tβ
(
t2

4
− 1

)h(
− t

2

)n−2h
dt

(4− t2)
1
2

=

⌊n
2
⌋∑

h=0

(
n

2h

)
(−1)n+h

2n−2h+1

∫ 1

0

tβ+n−2h

(
1− t2

4

)h− 1
2

dt

=

⌊n
2
⌋∑

h=0

(
n

2h

)
(−1)n+h

2F1

[
β+n+1

2
− h, 1

2
− h; β+n+3

2
− h; 1

4

]
2n−2h+1(β + n+ 1− 2h)

,

where the last identity follows from making the change u = t2 and then applying equation 15.3.1
in [1]. □

Applications of Lemma 11 will naturally lead to evaluations of the hypergeometric function at
z = 1

4
. Here we record two identities that will be useful for simplifying some formulas:

(9) 2F1

[
1

2
,
3

2
;
5

2
;
1

4

]
= 2π − 3

√
3

and

(10) 2F1

[
1

2
,
5

2
;
7

2
;
1

4

]
= 10π − 35

√
3

2
.

Equation (9) follows from the more general formula 07.23.03.2888.01 in [9] :

2F1

[
1

2
,
3

2
;
5

2
; z

]
=

3

2z3/2
(arcsin(

√
z)−

√
z(1− z)),

by setting z = 1
4
, while equation (10) follows from formula 07.23.03.2933.01 in [10]:

2F1

[
1

2
,
5

2
;
7

2
; z

]
=

5

8z5/2
(3 arcsin(

√
z)−

√
z(1− z)(3 + 2z)),

by setting z = 1
4
.

4. The areal Mahler measure of (1 + x)r + ys

In this section we prove Theorem 4, which is simpler than Theorem 1. To place the result in
perspective, we first consider the classical case.

Lemma 12. Let r, s be positive integers. We have

m((1 + x)r + ys) = r
3
√
3

4π
L(χ−3, 2).

Proof. First notice that the left-hand side is completely independent of s, since a particular case of
equation (3) implies

m((1 + x)r + ys) = m((1 + x)r + y).

Let ξr denote a primitive rth root of unity. We have

m((1+ x)r + y) = m((1+ x)r − yr) = m

(
r−1∏
j=0

(1 + x− ξjry)

)
=

r−1∑
j=0

m(1+ x− ξjry) = rm(1+ x+ y),
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since m(1 + x− ξjry) = m(1 + x+ y) for any j. The result follows from equation (1). □

Proof of Theorem 4. Let ξs be a primitive s root of unity and let α = r
s
. When x ∈ D, (1 + x)α is

well-defined, and we can consider the principal branch of the α-th power. By multiplicativity we
have

mD((1 + x)r + ys) = mD((1 + x)r − ys) =
s−1∑
j=0

mD
(
(1 + x)α − ξjsy

)
,

where we have extended the definition of mD to the algebraic functions (1+x)α−ξjsy in the natural
way using the integral.

By definition and by application of equation (6),

mD((1 + x)α − ξsy) =
1

π2

∫
D2

log |(1 + x)α − ξsy| dA(y)dA(x)

=
α

π

∫
D∩{|1+x|≥1}

log |1 + x|dA(x) + 1

2π

∫
D∩{|1+x|≤1}

(
|1 + x|2α − 1

)
dA(x).

(11)

The first integral was already computed in the proof of the case of 1 + x+ y (see the proof of [11,
Theorem 1.1]) and is given by

α

π

∫
D∩{|1+x|≥1}

log |1 + x|dA(x) = α

(
3
√
3

4π
L(χ−3, 2) +

1

6
−

√
3

2π

)
.

We now treat the second integral in (11). Writing x = ρeiθ, we have

1

2π

∫
D∩{|1+x|≤1}

(
|1 + x|2α − 1

)
dA(x)

=
1

π

∫ π

2π
3

∫ 1

0

((1 + ρeiθ)α(1 + ρe−iθ)α − 1)ρdρdθ +
1

π

∫ 2π
3

π
2

∫ −2 cos θ

0

((1 + ρeiθ)α(1 + ρe−iθ)α − 1)ρdρdθ

=
1

π

∑
0≤j,k

(
α

k

)(
α

j

)[∫ π

2π
3

∫ 1

0

ρk+j+1ei(k−j)θdρdθ +

∫ 2π
3

π
2

∫ −2 cos θ

0

ρk+j+1ei(k−j)θdρdθ

]

− 1

π

[∫ π

2π
3

∫ 1

0

ρdρdθ +

∫ 2π
3

π
2

∫ −2 cos θ

0

ρdρdθ

]

=
1

π

∑
0≤j,k

(
α

k

)(
α

j

)[∫ π

2π
3

∫ 1

0

ρk+j+1ei(k−j)θdρdθ +

∫ 2π
3

π
2

∫ −2 cos θ

0

ρk+j+1ei(k−j)θdρdθ

](12)

− 1

6
+

1

π

(√
3

4
− π

6

)
.



8 MATILDE N. LALIN AND SUBHAM ROY

We treat the integrals in (12) separately for the cases k = j and k ̸= j. When k = j, we have

1

π

∑
0≤k

(
α

k

)2
[∫ π

2π
3

∫ 1

0

ρ2k+1dρdθ +

∫ 2π
3

π
2

∫ −2 cos θ

0

ρ2k+1dρdθ

]

=
1

π

∑
0≤k

(
α

k

)2
1

2(k + 1)

[
π

3
+

∫ 2π
3

π
2

(−2 cos θ)2(k+1)dθ

]

=
Γ(2α + 2)

6Γ(α + 2)2
+

1

4π

∑
0≤k

(
α

k

)2
2F1

[
1
2
, k + 3

2
; k + 5

2
; 1
4

]
(k + 1)(2k + 3)

=
Γ(2α + 2)

6Γ(α + 2)2
+

1

6
−

√
3

4π
+

1

4π

∑
1≤k

(
α

k

)2
2F1

[
1
2
, k + 3

2
; k + 5

2
; 1
4

]
(k + 1)(2k + 3)

(13)

where we have applied Corollary 10, Lemma 11, and equation (9).
Note that the expression in (12) is conjugated under the change (k, j) → (j, k), when k ̸= j.

Therefore, when k ̸= j, we derive that

1

π

∑
0≤j,k
k ̸=j

(
α

k

)(
α

j

)∫ π

2π
3

∫ 1

0

ρk+j+1ei(k−j)θdρdθ

=
1

π

∑
0≤j,k
k ̸=j

(
α

k

)(
α

j

)
1

k + j + 2

∫ π

2π
3

ei(k−j)θdθ

=
2

π

∑
0≤j<k

(
α

k

)(
α

j

)
1

k + j + 2

∫ π

2π
3

cos((k − j)θ)dθ

=− 2

π

∑
0≤j<k

(
α

k

)(
α

j

)
1

(k + j + 2)(k − j)
sin

(
2(k − j)π

3

)

=−
√
3

π

∑
0≤j<k

(
α

k

)(
α

j

)
χ−3(k − j)

(k + j + 2)(k − j)
,(14)

and

1

π

∑
0≤j,k
k ̸=j

(
α

k

)(
α

j

)∫ 2π
3

π
2

∫ −2 cos θ

0

ρk+j+1ei(k−j)θdρdθ

=
2

π

∑
0≤j<k

(
α

k

)(
α

j

)
1

k + j + 2

∫ 2π
3

π
2

(−2 cos θ)k+j+2 cos((k − j)θ)dθ

=
2

π

∑
0≤j<k

⌊ k−j
2

⌋∑
h=0

(
α

k

)(
α

j

)(
k − j

2h

)
(−1)k−j+h

2F1

[
1
2
− h, k − h+ 3

2
; k − h+ 5

2
; 1
4

]
2k−j−2h+1(k + j + 2)(2k − 2h+ 3)

,(15)

by Lemma 11.
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Combining (12), (13), (14), and (15), we obtain

1

2π

∫
D∩{|1+x|≤1}

(|1 + x|2α − 1)dA(x)

=
Γ(2α + 2)

6Γ(α + 2)2
− 1

6
+

1

4π

∑
1≤k

(
α

k

)2
2F1

[
1
2
, k + 3

2
; k + 5

2
; 1
4

]
(k + 1)(2k + 3)

−
√
3

π

∑
0≤j<k

(
α

k

)(
α

j

)
χ−3(k − j)

(k + j + 2)(k − j)

+
1

π

∑
0≤j<k

⌊ k−j
2

⌋∑
h=0

(
α

k

)(
α

j

)(
k − j

2h

)
(−1)k−j+h

2F1

[
1
2
− h, k − h+ 3

2
; k − h+ 5

2
; 1
4

]
2k−j−2h(k + j + 2)(2k − 2h+ 3)

.

By recalling that α = r
s
, we obtain the result.

□

5. The areal Mahler measure of 1 + xr + ys

In this section we prove Theorem 1, our main result. Before proceeding to its proof, we show
the following auxiliary statement.

Lemma 13. For r > 1, we have∑
1≤k

(−1)k−1χ−3(k)

k2(kr + 2)
=
3

4
L(χ−3, 2)−

πr

6
√
3

+
r

12

[
ζ

(
1,

r + 2

3r

)
− ζ

(
1,

2r + 2

3r

)
+ ζ

(
1,

r + 1

3r

)
− ζ

(
1,

2r + 1

3r

)]
,

and for r = 1, ∑
1≤k

(−1)k−1χ−3(k)

k2(k + 2)
=
3

4
L(χ−3, 2)−

π

4
√
3
+

1

4
.

Proof. From the identity

1

k2(kr + 2)
=

1

2k2
− r

4k
+

r2

4(kr + 2)
,

we have that∑
1≤k

(−1)k−1χ−3(k)

k2(kr + 2)
=
1

2

∑
1≤k

(−1)k−1χ−3(k)

k2
− r

4

∑
1≤k

(−1)k−1χ−3(k)

k
+

r2

4

∑
1≤k

(−1)k−1χ−3(k)

kr + 2
.(16)

We consider the different terms on the right-hand side of (16). They are

(17)
∑
1≤k

(−1)k−1χ−3(k)

k2
=
∑
1≤k

χ−3(k)

k2
− 2

∑
1≤k

χ−3(2k)

(2k)2
=

3

2

∑
1≤k

χ−3(k)

k2
=

3

2
L(χ−3, 2),

(18)
∑
1≤k

(−1)k−1χ−3(k)

k
=
∑
1≤k

χ−3(k)

k
− 2

∑
1≤k

χ−3(2k)

2k
= 2

∑
1≤k

χ−3(k)

k
=

2π

3
√
3
,
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and finally∑
1≤k

(−1)k−1χ−3(k)

kr + 2
=
∑
1≤k

χ−3(k)

kr + 2
− 2

∑
1≤k

χ−3(2k)

2kr + 2
=
∑
1≤k

χ−3(k)

kr + 2
+
∑
1≤k

χ−3(k)

kr + 1

=
∑
0≤j

1

3jr + r + 2
−
∑
0≤j

1

3jr + 2r + 2
+
∑
0≤j

1

3jr + r + 1
−
∑
0≤j

1

3jr + 2r + 1

=
1

3r

[
ζ

(
1,

r + 2

3r

)
− ζ

(
1,

2r + 2

3r

)
+ ζ

(
1,

r + 1

3r

)
− ζ

(
1,

2r + 1

3r

)]
.(19)

By combining (17), (18), and (19) with (16), we get the result for r > 1.
When r = 1, (19) becomes

1

3

[
ζ

(
1,

2

3

)
− ζ

(
1,

4

3

)]
= 1− π

3
√
3
.

□

Proof of Theorem 1. Our goal is to calculate mD (1 + xr + ys). Since 1+xr+ys =
∏s−1

j=0

(
s
√
1 + xr + ξjsy

)
and for any k ̸= ℓ we have mD

(
s
√
1 + xr + ξks y

)
= mD

(
s
√
1 + xr + ξℓsy

)
, we can write

mD (1 + xr + ys) =
s−1∑
j=0

mD

(
s
√
1 + xr + ξjsy

)
= smD

(
s
√
1 + xr + y

)
.

Here we note that the function s
√
1 + xr is well-defined when x ∈ D, and, from now on, we consider

the principal branch of the s-th root.
By definition and by application of equation (6), we obtain

mD

(
s
√
1 + xr + y

)
=

1

π2

∫
D2

log
∣∣∣ s
√
1 + xr + y

∣∣∣ dA(x)dA(y)
=

1

sπ

∫
D∩{|1+xr|≥1}

log |1 + xr| dA(x) + 1

2π

∫
D∩{|1+xr|≤1}

(
|1 + xr|

2
s − 1

)
dA(x).(20)

For x = ρeiθ with 0 ≤ ρ ≤ 1 and θ defined modulo 2π, the condition |1 + xr| ≥ 1 is equivalent to

1 + ρ2r + 2ρr cos(rθ) ≥ 1 ⇐⇒ ρr + 2 cos(rθ) ≥ 0.

Therefore, for ℓ ∈ Z∩ [0, r−1], the condition |1 + xr| ≥ 1 holds when (4ℓ−1)π
2r

≤ θ ≤ (4ℓ+1)π
2r

and 0 ≤
ρ ≤ 1, and, when (4ℓ+1)π

2r
≤ θ ≤ (6ℓ+2)π

3r
as well as (6ℓ−2)π

3r
≤ θ ≤ (4ℓ−1)π

2r
and r

√
−2 cos(rθ) ≤ ρ ≤ 1.

Similarly, for ℓ ∈ Z ∩ [0, r − 1], the condition |1 + xr| ≤ 1 implies that that the second integral

needs to be evaluated when (4ℓ+1)π
2r

≤ θ ≤ (6ℓ+2)π
3r

as well as (6ℓ+4)π
3r

≤ θ ≤ (4ℓ+3)π
2r

and 0 ≤ ρ ≤
r
√

−2 cos(rθ), and when (6ℓ+2)π
3r

≤ θ ≤ (6ℓ+4)π
3r

and 0 ≤ ρ ≤ 1.
We start by evaluating the first integral in (20). Following the above discussion, we have∫

D∩{|1+xr|≥1}
log |1 + xr| dA(x) =

r−1∑
ℓ=0

Re

[∫ (4ℓ+1)π
2r

(4ℓ−1)π
2r

∫ 1

0

log
(
1 + ρreirθ

)
ρdρdθ

+

∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

∫ 1

r
√

−2 cos(rθ)

log
(
1 + ρreirθ

)
ρdρdθ +

∫ (4ℓ−1)π
2r

(6ℓ−2)π
3r

∫ 1

r
√

−2 cos(rθ)

log
(
1 + ρreirθ

)
ρdρdθ

]
.
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Since log
(
1 + ρreirθ

)
=
∑

1≤k(−1)k−1 ρkreikrθ

k
, we have

Re

[∫ (4ℓ+1)π
2r

(4ℓ−1)π
2r

∫ 1

0

log
(
1 + ρreirθ

)
ρdρdθ

]
=Re

[∑
1≤k

(−1)k−1

k

∫ (4ℓ+1)π
2r

(4ℓ−1)π
2r

∫ 1

0

ρkr+1eikrθdρdθ

]

=Re

[∑
1≤k

(−1)k−1

k(kr + 2)

∫ (4ℓ+1)π
2r

(4ℓ−1)π
2r

eikrθdθ

]

=Re

[∑
1≤k

(−1)ki

k2r(kr + 2)

(
e

ik(4ℓ+1)π
2 − e

ik(4ℓ−1)π
2

)]

=
2

r

∑
1≤k

1

k2(kr + 2)
sin

(
kπ

2

)
.

Now, using the fact that −2 cos(rθ) = 2 cos(rθ + π), we have

Re

[∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

∫ 1

r
√

2 cos(rθ+π)

log
(
1 + ρreirθ

)
ρdρdθ

]
= Re

[∑
1≤k

(−1)k−1

k

∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

∫ 1

r
√

2 cos(rθ+π)

ρkr+1eikrθdρdθ

]

=Re

[∑
1≤k

(−1)k−1

k(kr + 2)

∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

(
1− (2 cos(rθ + π))k+

2
r

)
eikrθdθ

]

=
1

r
Re

[∑
1≤k

(−1)k−1

k(kr + 2)

∫ (6ℓ+5)π
3

(4ℓ+3)π
2

(
1− (2 cos(τ))k+

2
r

)
eik(τ−π)dτ

]

=
1

r

∑
1≤k

(−1)k−1

k(kr + 2)

∫ 5π
3

3π
2

(
1− (2 cos(τ))k+

2
r

)
cos(kτ − kπ)dτ

=
1

r

∑
1≤k

(−1)k−1 cos(kπ)

k(kr + 2)

∫ 5π
3

3π
2

(
1− (2 cos(τ))k+

2
r

)
cos(kτ)dτ

=
1

r

∑
1≤k

(−1)k−1 cos(kπ)

k2(kr + 2)

(
sin

(
5kπ

3

)
− sin

(
3kπ

2

))
− 1

r

∑
1≤k

(−1)k−1 cos(kπ)

k(kr + 2)

∫ 5π
3

3π
2

(2 cos(τ))k+
2
r cos(kτ)dτ,

where we have set τ = rθ + π. By Lemma 11, we have

Re

[∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

∫ 1

r
√

2 cos(rθ+π)

log
(
1 + ρreirθ

)
ρdρdθ

]

=
1

r

∑
1≤k

1

k2(kr + 2)

(
sin

(
kπ

3

)
− sin

(
kπ

2

))

− 1

r

∑
1≤k

⌊ k
2
⌋∑

h=0

(
k

2h

)
(−1)h−1

2F1

[
1
2
− h, k − h+ 1

r
+ 1

2
; k − h+ 1

r
+ 3

2
; 1
4

]
2k−2h+1k(kr + 2)

(
2k + 2

r
− 2h+ 1

) .
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Similarly, we have

Re

[∫ (4ℓ−1)π
2r

(6ℓ−2)π
3r

∫ 1

r
√

−2 cos(rθ)

log
(
1 + ρreirθ

)
ρdρdθ

]

=
1

r

∑
1≤k

1

k2(kr + 2)

(
sin

(
kπ

3

)
− sin

(
kπ

2

))

− 1

r

∑
1≤k

⌊ k
2
⌋∑

h=0

(
k

2h

)
(−1)h−1

2F1

[
1
2
− h, k − h+ 1

r
+ 1

2
; k − h+ 1

r
+ 3

2
; 1
4

]
2k−2h+1k(kr + 2)

(
2k + 2

r
− 2h+ 1

) .

Therefore, combining the above results we obtain∫
D∩{|1+xr|≥1}

log |1 + xr| dA(x)

=2
∑
1≤k

sin
(
kπ
3

)
k2(kr + 2)

− 2
∑
1≤k

⌊ k
2
⌋∑

h=0

(
k

2h

)
(−1)h−1

2F1

[
1
2
− h, k − h+ 1

r
+ 1

2
; k − h+ 1

r
+ 3

2
; 1
4

]
2k−2h+1k(kr + 2)

(
2k + 2

r
− 2h+ 1

)

=
√
3
∑
1≤k

(−1)k−1χ−3(k)

k2(kr + 2)
− 2

∑
1≤k

⌊ k
2
⌋∑

h=0

(
k

2h

)
(−1)h−1

2F1

[
1
2
− h, k − h+ 1

r
+ 1

2
; k − h+ 1

r
+ 3

2
; 1
4

]
2k−2h+1k(kr + 2)

(
2k + 2

r
− 2h+ 1

) .

(21)

The second integral in (20) yields

1

2

∫
D∩{|1+xr|≤1}

(
|1 + xr|

2
s − 1

)
dA(x) =

1

2

r−1∑
ℓ=0

[∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

∫ r
√

−2 cos(rθ)

0

((
1 + ρreirθ

) 1
s
(
1 + ρre−irθ

) 1
s − 1

)
ρdρdθ

+

∫ (4ℓ+3)π
2r

(6ℓ+4)π
3r

∫ r
√

−2 cos(rθ)

0

((
1 + ρreirθ

) 1
s
(
1 + ρre−irθ

) 1
s − 1

)
ρdρdθ

+

∫ (6ℓ+4)π
3r

(6ℓ+2)π
3r

∫ 1

0

((
1 + ρreirθ

) 1
s
(
1 + ρre−irθ

) 1
s − 1

)
ρdρdθ

]

=
1

2

r−1∑
ℓ=0

∑
0≤k,j

(k,j)̸=(0,0)

(
1
s

k

)(
1
s

j

)[∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

∫ r
√

−2 cos(rθ)

0

ρ(k+j)r+1eir(k−j)θdρdθ(22)

+

∫ (4ℓ+3)π
2r

(6ℓ+4)π
3r

∫ r
√

−2 cos(rθ)

0

ρ(k+j)r+1eir(k−j)θdρdθ(23)

+

∫ (6ℓ+4)π
3r

(6ℓ+2)π
3r

∫ 1

0

ρ(k+j)r+1eir(k−j)θdρdθ

]
.(24)

For k = j, the inner sum for integral (24) gives∑
1≤k

(
1
s

k

)2 ∫ (6ℓ+4)π
3r

(6ℓ+2)π
3r

∫ 1

0

ρ2kr+1dρdθ =
π

3r

∑
1≤k

(
1
s

k

)2
1

kr + 1
.(25)
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The combination of the inner sums of integrals (22) and (23) yields, when k = j,

∑
1≤k

(
1
s

k

)2
[∫ (6ℓ+2)π

3r

(4ℓ+1)π
2r

∫ r
√

2 cos(rθ+π)

0

ρ2kr+1dρdθ +

∫ (4ℓ+3)π
2r

(6ℓ+4)π
3r

∫ r
√

2 cos(rθ−π)

0

ρ2kr+1dρdθ

]

=
∑
1≤k

(
1
s

k

)2
1

2(kr + 1)

[∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

(2 cos(rθ + π))2k+
2
r dθ +

∫ (4ℓ+3)π
2r

(6ℓ+4)π
3r

(2 cos(rθ − π))2k+
2
r dθ

]

=
1

r

∑
1≤k

(
1
s

k

)2
1

2(kr + 1)

[∫ (6ℓ+5)π
3

(4ℓ+3)π
2

(2 cos(τ))2k+
2
r dτ +

∫ (4ℓ+1)π
2

(6ℓ+1)π
3

(2 cos(τ))2k+
2
r dτ

]

=
1

r

∑
1≤k

(
1
s

k

)2
1

2(kr + 1)

[∫ 5π
3

3π
2

(2 cos(τ))2k+
2
r dτ +

∫ π
2

π
3

(2 cos(τ))2k+
2
r dτ

]

=
1

r

∑
1≤k

(
1
s

k

)2
1

kr + 1

∫ 5π
3

3π
2

(2 cos(τ))2k+
2
r dτ.

Applying Lemma 11, we get

∑
1≤k

(
1
s

k

)2
[∫ (6ℓ+2)π

3r

(4ℓ+1)π
2r

∫ r
√

2 cos(rθ+π)

0

ρ2kr+1dρdθ +

∫ (4ℓ+3)π
2r

(6ℓ+4)π
3r

∫ r
√

2 cos(rθ+π)

0

ρ2kr+1dρdθ

]

=
1

r

∑
1≤k

(
1
s

k

)2
2F1

[
1
2
, k + 1

r
+ 1

2
; k + 1

r
+ 3

2
; 1
4

]
2(kr + 1)

(
2k + 1 + 2

r

) .(26)

We now treat the case when k ̸= j. For the inner sum of integral (24), the k ̸= j case yields

∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)∫ (6ℓ+4)π
3r

(6ℓ+2)π
3r

∫ 1

0

ρ(k+j)r+1eir(k−j)θdρdθ

=
∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)
1

(k + j)r + 2

∫ (6ℓ+4)π
3r

(6ℓ+2)π
3r

eir(k−j)θdθ

=
∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)
2(−1)k−j

r((k + j)r + 2)(k − j)
sin

(
(k − j)π

3

)

= −
√
3

r

∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)
χ−3(k − j)

((k + j)r + 2)(k − j)
.(27)
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Now, the inner sum for integral (22) in the k ̸= j case gives∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

∫ r
√

2 cos(rθ+π)

0

ρr(k+j)+1eir(k−j)θdρdθ

=
∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)
1

(k + j)r + 2

∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

(2 cos(rθ + π))k+j+ 2
r eir(k−j)θdθ

=
1

r

∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)
1

(k + j)r + 2

∫ 5π
3

3π
2

(2 cos(τ))k+j+ 2
r ei(k−j)(τ−π)dτ

=
1

r

∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)
(−1)k−j

(k + j)r + 2

∫ 5π
3

3π
2

(2 cos(τ))k+j+ 2
r ei(k−j)τdτ.

The above expression gets conjugated under the change (k, j) → (j, k). That means that it suffices
to take the real part, and therefore it suffices to find

2

r

∑
0≤j<k

(
1
s

k

)(
1
s

j

)
(−1)k−j

(k + j)r + 2

∫ 5π
3

3π
2

(2 cos(τ))k+j+ 2
r cos((k − j)τ)dτ.

By Lemma 11,∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

∫ r
√

2 cos(rθ+π)

0

ρr(k+j)+1eir(k−j)θdρdθ

=
1

r

∑
0≤j<k

⌊ k−j
2

⌋∑
h=0

(
1
s

k

)(
1
s

j

)(
k − j

2h

)
(−1)k−j+h

2F1

[
1
2
− h, k − h+ 1

r
+ 1

2
; k − h+ 1

r
+ 3

2
; 1
4

]
2k−j−2h ((k + j)r + 2)

(
2k + 2

r
− 2h+ 1

) .(28)

Similarly, we have∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)∫ (4ℓ+3)π
2r

(6ℓ+4)π
3r

∫ r
√

2 cos(rθ+π)

0

ρr(k+j)+1eir(k−j)θdρdθ

=
1

r

∑
0≤j<k

⌊ k−j
2

⌋∑
h=0

(
1
s

k

)(
1
s

j

)(
k − j

2h

)
(−1)k−j+h

2F1

[
1
2
− h, k − h+ 1

r
+ 1

2
; k − h+ 1

r
+ 3

2
; 1
4

]
2k−j−2h ((k + j)r + 2)

(
2k + 2

r
− 2h+ 1

) .(29)

Collecting (25) and (27), we have that the integral in (24) yields

1

2

r−1∑
ℓ=0

∑
0≤k,j

(k,j)̸=(0,0)

(
1
s

k

)(
1
s

j

)∫ (6ℓ+4)π
3r

(6ℓ+2)π
3r

∫ 1

0

ρ(k+j)r+1eir(k−j)θdρdθ

=
π

6

∑
1≤k

(
1
s

k

)2
1

kr + 1
−

√
3

2

∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)
χ−3(k − j)

((k + j)r + 2)(k − j)
.
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Combining (26), (28) and (29), we derive that the integrals in (22) and (23) yield

1

2

r−1∑
ℓ=0

∑
0≤k,j

(k,j)̸=(0,0)

(
1
s

k

)(
1
s

j

)[∫ (6ℓ+2)π
3r

(4ℓ+1)π
2r

∫ r
√

−2 cos(rθ)

0

ρ(k+j)r+1eir(k−j)θdρdθ

+

∫ (4ℓ+3)π
2r

(6ℓ+4)π
3r

∫ r
√

−2 cos(rθ)

0

ρ(k+j)r+1eir(k−j)θdρdθ

]

=
∑
1≤k

(
1
s

k

)2
2F1

[
1
2
, k + 1

r
+ 1

2
; k + 1

r
+ 3

2
; 1
4

]
4(kr + 1)

(
2k + 1 + 2

r

)
+
∑

0≤j<k

⌊ k−j
2

⌋∑
h=0

(
1
s

k

)(
1
s

j

)(
k − j

2h

)
(−1)k−j+h

2F1

[
1
2
− h, k − h+ 1

r
+ 1

2
; k − h+ 1

r
+ 3

2
; 1
4

]
2k−j−2h ((k + j)r + 2)

(
2k + 2

r
− 2h+ 1

) .

Therefore,

1

2

∫
D∩{|1+xr|≤1}

(
|1 + xr|

2
s − 1

)
dA(x)

=
π

6

∑
1≤k

(
1
s

k

)2
1

kr + 1
−

√
3

2

∑
0≤k,j
k ̸=j

(
1
s

k

)(
1
s

j

)
χ−3(k − j)

((k + j)r + 2)(k − j)
+
∑
1≤k

(
1
s

k

)2
2F1

[
1
2
, k + 1

r
+ 1

2
; k + 1

r
+ 3

2
; 1
4

]
4(kr + 1)

(
2k + 1 + 2

r

)

+
∑

0≤j<k

⌊ k−j
2

⌋∑
h=0

(
1
s

k

)(
1
s

j

)(
k − j

2h

)
(−1)k−j+h

2F1

[
1
2
− h, 1

2
− h+ k + 1

r
; 3
2
− h+ k + 1

r
; 1
4

]
2k−j−2h ((k + j)r + 2)

(
2k + 2

r
− 2h+ 1

) .

By combining the above with the result of (21) and Lemma 13 in equation (20) we conclude the
proof of the statement. □

6. A limiting property for the areal Mahler measure

In this section we prove Theorem 6, which sheds light on how the change of variables x 7→ xr

interacts with the areal Mahler measure as r → ∞ in generality.

Proof of Theorem 6. Without loss of generality, we can consider the polynomial case. Let

P (x1, . . . , xn) =
∑

m1,...,mn≥0

cm1,...,mnx
m1
1 · · ·xmn

n ∈ C[x1, . . . , xn]
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r s mD r s mD r s mD r s mD

1 1 0.111 2 1 0.074 5 1 0.037 10 1 0.020
1 2 0.074 2 2 0.049 5 2 0.024 10 2 0.013
1 3 0.056 2 3 0.036 5 3 0.018 10 3 0.010
1 4 0.045 2 4 0.029 5 4 0.014 10 4 0.008
1 5 0.037 2 5 0.024 5 5 0.011 10 5 0.006
1 10 0.020 2 10 0.013 5 10 0.006 10 10 0.003
1 20 0.011 2 20 0.006 5 20 0.003 10 20 0.002
Table 1. Values of mD(1 + xr + ys) given by Theorem 1.

be a non-zero polynomial and recall that P (0, x2, . . . , xn) denotes the polynomial resulting from P
by setting x1 = 0. Given 0 ≤ R < 1, let DR denote the disk at the origin of radius R. We have

lim
r→∞

∫
Dn−1

∫
DR

log |P (xr
1, x2, . . . , xn)| dA(x1) · · · dA(xn)

= lim
r→∞

∫
Dn−1

∫
DR

log

∣∣∣∣∣ ∑
m1,...,mn≥0

cm1,...,mnx
rm1
1 · · ·xmn

n

∣∣∣∣∣ dA(x1) · · · dA(xn)

=

∫
Dn−1

∫ 2π

0

∫ R

0

lim
r→∞

log

∣∣∣∣∣ ∑
m1,...,mn≥0

cm1,...,mnρ
rm1eirm1θxm2

2 · · ·xmn
n

∣∣∣∣∣ ρdρdθdA(x2) · · · dA(xn)

=πR2

∫
Dn−1

log

∣∣∣∣∣ ∑
m1=0,m2,...,mn≥0

c0,m2,...,mnx
m2
2 · · ·xmn

n

∣∣∣∣∣ dA(x2) · · · dA(xn)

=πR2

∫
Dn−1

log |P (0, x2, . . . , xn)| dA(x2) · · · dA(xn) = πnR2mD (P (0, x2, . . . , xn)) ,

where the exchanges between integrals and limits follow from the fact that the integrand is bounded

above by log
(∑

m1,...,mn≥0 |cm1,...,mn|
)
. Then

lim
r→∞

mD (P (xr
1, x2, . . . , xn)) = lim

R→1−
R2mD (P (0, x2, . . . , xn)) = mD (P (0, x2, . . . , xn)) .

This concludes the proof of Theorem 6. □

7. Conclusion

In this article we have explored how the areal Mahler measure varies under the change of variables
x 7→ xr, where r is a positive integer. This change of variables does not affect the standard Mahler
measure and it therefore represents a clear distinction between the standard definition and the
areal version.

While it would be difficult to explore the result of these limits directly from the formulas given
in Theorems 1 and 4, one can see Theorem 6 in action by doing some numerical experiments. This
is illustrated in Table 1, where the values mD(1 + xr + yr) are listed for some choices of r and
s. We see, first of all, the symmetry resulting from exchanging r and s, and we also see that the
value of mD(1 + xr + yr) approaches zero when r or s grow, as they approach mD(1 + ys) = 0 or
mD(1 + xr) = 0 respectively.

Similarly Table 2 illustrates the values of mD((1 + x)r + ys) for some choices of r and s. We see
again that as s grows, the value of mD((1 + x)r + ys) approaches zero, the value of mD((1 + x)r).
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r s mD r s mD r s mD

1 1 0.11069 2 1 0.29242 10 1 1.96069
1 2 0.07440 2 2 0.22139 10 2 1.80754
1 3 0.05600 2 3 0.17800 10 3 1.67597
1 4 0.04490 2 4 0.14880 10 4 1.56188
1 5 0.03746 2 5 0.12781 10 5 1.46209
1 10 0.02050 2 10 0.07493 10 10 1.10694
1 102 0.00224 2 102 0.00886 10 102 0.20495
1 103 0.00023 2 103 0.00090 10 103 0.02239

Table 2. Values of mD((1 + x)r + ys) given by Theorem 4.

The table also shows that the value of mD((1 + x)r + ys) grows when r grows. Presumably, the
areal Mahler measure is multiplied by r.

It would be interesting to understand these phenomena in full generality, including to describe the
difference between mD(P ) and mD(P

(A)) for A an n× n integer matrix with non-zero discriminant
as in (3).
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