EVALUATIONS OF THE AREAL MAHLER MEASURE OF MULTIVARIABLE
POLYNOMIALS

MATILDE N. LALIN AND SUBHAM ROY

ABSTRACT. We exhibit some nontrivial evaluations of the areal Mahler measure of multivariable
polynomials, defined by Pritsker [Pri08] by considering the integral over the product of unit disks
instead of the unit torus as in the standard case. As in the case of the classical Mahler measure, we
find examples yielding special values of L-functions.

1. INTRODUCTION

The (logarithmic) Mahler measure of a non-zero rational function P € C(z4,...,2,)* is a height
given by
1 dxq dx,
P)i=—— [ log|P(xy,. .. a,)| L. . En
w(P)i= i [ gl Plaon ) 2 2
where the integration is taken over the unit torus T" = {(z1,...,2,) € C": |x1| = -+ = |z,| = 1}

with respect to the Haar measure.
In the case where P is a single variable polynomial, m(P) can be expressed in terms of the roots
of P by means of Jensen’s formula. Namely, if P(z) = a H?:1(55 — o) € Clz], then

d
(1) m(P) = logla| + ) _log™ [ay],

Jj=1

where log™® |z| = logmax{|z|,1}. In the multivariable case, m(P) is more mysterious, and many
formulas are known where m(P) is related to special values of the Riemann zeta function, L-
functions, and other functions of arithmetic significance (for particular P’s). For example, Smyth
[Smy81, Boy81] proved the formulas

@) w(i+o+9) = 22000,00)
(3) m(l—i—x—i—y—i—z)zz—;(?)),

where L(x_3,s) is the Dirichlet L-function in the character of conductor 3 and ((s) is the Riemann
zeta function. The connection to these special values has been explained in terms of relations to
regulators by Deninger [Den97], as well as Boyd [Boy98| and Rodriguez-Villegas [RV99] (see also
the book of Brunault and Zudilin [BZ20] for more details). More specifically, the special values
L(x-3,2) and ((3) in equations (2) and (3) arise from evaluations of the dilogarithm in the sixth
roots of unity and the trilogarithm in +1, respectively.
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In this note we consider the (logarithmic) areal Mahler measure defined by Pritsker [Pri08] for
PeC(zy,...,x,)" as

1
mp(P) = F/]D) log |P(x1,...,x,)|dA(z1) ... dA(z,),

where
D" ={(x1,...,2,) €C" : |xy|,..., |y <1}
is the product of n unit disks, and the measure is the natural measure in the A° Bergman space.
In [Pri08, Theorem 1.1], Pritsker proves that for P(x) = a H?Zl(:c — ;) € Clz], then

@) mp(P)=m(P)+ 5 3 (ol 1) = loglal + > log oyl + 5 3 (g ~1),

loyj|<1 j=1 | <1

thus giving a counterpart to Jensen’s formula (1). Pritsker proves various inequalities comparing
mp(P) to m(P) and the coefficients of P, discusses Kronecker’s Lemma (that characterizes the
one-variable polynomials P € Z[z] such that mp(P) = 0), considers approximations, exhibits a
counterexample to Lehmer’s conjecture in this context, and proves some simple evaluations of
multivariable cases. Additional results about the areal Mahler measure can be found in the works
of Choi and Samuels [CS12] and Flammang [Flal5].

In this note, we evaluate the areal Mahler measure of some nontrivial multivariable polynomials
and rational functions. For example, we prove

3v3 1 11V3

1 = —PL(y_35.2 —— .
(5) mp(1 + 2+ y) i (X-3» )+6 67

Comparing this formula with (2), we see the same term involving the L-function/dilogarithm, and
some extra terms.
We also prove that

11—z 6 1 1
= 2L(x.4.2)—log2— = — =
(6) mm(y+(1+x)) = (X-4,2) — log 5

which can be compared to the evaluation due to Boyd [Boy92]

(7) m <y - G;—z)) = %L(X4,2).

In this case, the term L(x_4,2) involving the Dirichlet L-function in the character of conductor 4
comes from evaluating the dilogarithm at 4+:. However, unlike the situation of equations (2) and
(5), the dilogarithmic terms in (6) and (7) do not have the same coefficients.

We also study the areal Mahler measure of v/2 + x + y and find a formula involving evaluations
of generalized hypergeometric functions that is considerably more mysterious than its counterpart
in the classical Mahler measure.

Variations of Mahler measure such as generalized Mahler measure [GO04], multiple and higher
Mahler measure [KLOOS8], and zeta Mahler measures [BG69, Aka09] can be adapted to the areal
Mabhler measure setting. For example, we compute the areal Mahler measure of = + 1 and prove
that

®  Zlsati= o [ e iraae) - oo (Z = - 2 ¢0) - w) ,

Jj=2
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which can be compared to the classical case [AkaOQ, KLOO08§]

> (—1)]
2o +1) = 5 [ o1 (Z P 21—j><<j>sﬂ') .
= 7
We see that both formulas are very similar, and indeed,
s+1
(s/2+1)
The techniques for proving formulas for the areal Mahler measure and its variants are not unlike
the techniques employed in the classical Mahler measure case, and include inventive changes of
variables in integrals, as well as connections to polylogarithms and other special functions such as
generalized hypergeometric series, and their properties. For the moment we lack the connection to
regulators that could potentially allow us to perform these evaluations more systematically.

This article is organized as follows. In Section 2 we present the areal Mahler measure of x4y and
more generally xy - - - x,,+vy1 - - - yp as a prelude to more involved arguments that follow in subsequent
sections. Section 3 contains the definition and basic properties of polylogarithms, which are central
to most of our computations. We prove some areal Mahler measure formulas including (5) and
(6) in Section 4. Finally, in Section 5 we extend the definition of generalized, multiple, and higher
Mahler measure and the zeta Mahler measure to the areal context, and give examples of evaluations
in each of these cases, including formula (8).

Zp(s,x+1) = Z(s,x+1).

2. A BASIC RESULT

The simplest possibly non-trivial polynomial that we can consider in this context is a linear
polynomial in one variable. Equation (4) gives us

log™ [a] |a| > 1,
(9) Il’l]]])($ - Oé) = {|o¢|22—1 ’CY‘ < 1.

Given the above formula, it is natural to pose the question about the areal Mahler measure of x+y.
The following result is due to Pritsker, but we reprove it here for completeness.

Proposition 1. [Pri08, Example 5.2] We have

1
mp(z +y) = R
Proof. We first consider the integral over the variable y by exploiting formula (9). This gives

mo(a +9) = = [ logle +3ldAW)A@) = 5 [ (o = DdA).

Parametrizing x = pe? with 0 < p <1 and —7 < § < 7, the above integral becomes
1
p(r+y) = / / p—lpdpde—/(p—l)pdp—(z—g)

We remark that Proposition 1 exhibits a point of difference between the classical case m and the
areal case mp. Indeed, it is known that the classical Mahler measure of an homogeneous polynomial
is the same as the Mahler measure of any dehomogenization, and in particular, m(z 4+ y) = m(z —|—

1) = 0. However, equation (9) shows that mp(z+1) = 0, while Proposition 1 gives mp(z+y) = —1.

1

o_ 4
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This discrepancy is even more general. Indeed, while m(zy - -z, + 41+ y,) = 0, the areal

Mahler measure mp(xy -« Ty, + Y1 - - - Yn) 1S a rational number depending on m and n as shown in
the following result.

Theorem 2. We have for m > 1,

1 1
mp (21 Tm +Y) = 5oy —
Form,n > 2,
1 m+n—2 1
mD(Il...xm_l_yl...yn):Z—{— m_l 2m+n
n—1 m—1
1 m+n—3—r 1 m+n—3—r
— 2" — 2"
e (" e (M)
n—1 m—1
m m+n—1-r\_, n m+n—1-r\_,
~ omtntl Z( m )2 ~ omtn+l Z( n )2 )
r=0 r=0

Before proving Theorem 2, we need an auxiliary result.
Lemma 3. For a,b € Z>4,
b
Z(a—i—b ) Z(a+b ) 2a+b+1‘
r=0 =0

Proof. A version of Chu-Vandermonde identity states that, for m,n,r € Zs( such that m +n <,
we have

~ [T —k\ [k r+1
1 = .
(10) ;( m >(n) (m+n+1)
(See for example Equation (25) in [Knu97, 1.2.6].)
Since 2" =>"" _ ( ), we obtain

E:(a+z_T)

r=0

()20)

-3
EEOCT
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Therefore, we have

G S 8 B ey

r=0 q=
B “*bel (a +b+ 1)
m=0 m
:2a+b+1

where the penultimate inequality follows from rearranging the terms. U

Proof of Theorem 2. Without loss of generality we can assume that m > 2 and n > 1. By sym-
metry, this only excludes the case m = n = 1, which was already treated in Proposition 1. By

equation (9) applied to mp(z) = —3, we have mD(:cl  Tp1) = —2L By multiplicity, we get

U m—1
mn(iﬁl"'fﬂm-i‘yl"'yn):mn(iﬁm+ ny )— .
L1 Typ—1 2

Applying the definition of the areal Mahler measure and integrating respect to z,, by means of (9),
we obtain

m—1

(et g
_ ! / log |2, + 22V | GA(21) .. dA(n)dA() - . dA(y,)

qmtn Dm+n Tl Tm—1

2

1 / Y- Yn
R ———| —1)dA(xy)...dA(xpm_1)dA(y1) ... dA(y,
e D=t f|ys - yp | <|@1Tm—1]} < L1 lm—1 ) o ( DAy )
]_ / yl DY yn
— log dA(xy1) ... dA(xym_1)dA(y1) ... dA(y,)-
T oty gl emoal) 1T Tmel ) (ma )l )

We now consrder the change of variables to polar coordinates z; = p;e’% and y; = oxe™, for
j=1,. —land k=1,...,n, where 0 < 0;,7, < 27, and 0 < p;, 04, < 1. Since the functions
under consideration are independent of 0;, 7, we can directly integrate respect to those variables.
We have

-1
mp (1 Ty + Y1 Yn) + —

2m+n 1 coy, 2
/ / / (u> —1|p1- - pmor01---0pdpy...dp,_1doy...do,
o1 0n<p1-Pm—1 Pl Pm—1
+2m+n—1/ .../ / 10g (u) pl"'pm—lal"'Undpl~~-dpm—1d0'1~.-d0'n-
0 0 Joi-on>pipm—1 P1 " Pm—1
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We further consider the change of variables a; = p;---pj, and By =01---op for j=1,... ., m —1
and k = 1,...,n. This transformation leads to

m—1
mD($1"'$m+yl"'yn)+T

3 doy ...do,_1dBy ...dB,
:2m+n—2 ﬁ<am_1<---<a1<1( Bn _am—lﬂn) 1 1 51 B

Qg - A2 51"'5n—1

0<Bn<-+<pi<1 m—1
ﬁngam—l
_ dozl...da _1d61...d5
+ 2mrnt %gamlg--galgl(log B — 10g tpp—1) Q15 = =
0<Bn<--<P1<1 arQmey B Baa
anamfl
Integrating respect to aq, ..., a,,_2 as well as §y,..., 5,_1 leads to

3 _1)m—2 (_1)”‘1
2m+n—2/ ( ﬁn — QU n) (— lo m—2 17— lo n—1 ndOém_ d n
o<t <o 1<\ 18 (m — 2)! g 1 (n—1)! g p 1d

(~1)!

m—2
G — 1)

1Og 10gn—1 Bndam—ldﬁn

-1 m—2
+ 2m+n—1 / (]Og ﬂn — log am_1)&m—lﬁn( )
0<am-1<Bn<1

(m —2)!
(_ 1)m+n712m+n72

3
=l =)~ 1)1 /ﬁ . (% ~of ) log™ " arlog™™ fdadf

(—1)mtn—tgmin N
* (m —2)!(n —1)! / (log f — log @) log™ ~ alog™™ Bdaud.
— e\ ) Jogagp<l

The above integral can be decomposed into a sum of similar terms, which can be evaluated from
the following general formula

k

| | 1l (k
(11) /xj logk:cd:c—x]HZ&( ) log""x + C,

— (,] + 1)r+1 r

which can be proven directly by differentiating on both sides.
Formula (11) allows us to compute

_1)a+ba!b! b Cl+b—r
12 1 a 1 b :<— 2,,,'
(12) /0 penen afflog” alog’ B T }: ’

r=0

We also have

3 . .
/ B logM*QOlegn—l ﬁdadﬁ — _/ 53 logm+n72 ﬂdﬁ
0<B<a<1 & m—1J
(=)™t m 4 n - 2)!

(13) T (m = g




EVALUATIONS OF THE AREAL MAHLER MEASURE OF MULTIVARIABLE POLYNOMIALS 7

Combining (12), (13), as well as Lemma 3, we obtain

mD(xl...Im_'_yl...yn)
n—1
m—1 m+n—2 1 1 m+n—3—r
= - — —_ 27’
92 +( m — 1 >2m+n 2m+n—1TZ:0( m — 2 )

m—2 m—1

n m+n—2—r m—1 m+n—2—r
- 2"+ ——— 2"
s (T e (M)

r=0 r=
n—1
m4n—2 1 1 m4+n—3—r
— — 2
( m — 1 )2m+n 2m+n1rz;( m — 2 )
m—2 n—1
n m+n—2—r m—1 m4+n—2—r
14 — 2" — 2",
Specializing the above for n =1 and m > 1, we obtain
1 1
mp(21 - Ty +Y) = om+l 9

Moreover, by comparing with Proposition 1, this formula is also true for m = 1.

When n > 1, expression (14) can be made symmetric by exchanging m and n and taking the
average. Applying Lemma 3 again (12), this gives the final expression in the case where both
m,n > 1:

( n ) 1 n m+n—2\ 1
m :I/‘ DRI l‘m DY n e
(%1 Y-y 4 m—1 om+n
n—1 m—1
1 m+4+n—3—r 1 m4+n—3—r
_ 27" _ 2"’
e (" e (M)
n—1 m—1
m m+n—1-r\_, n m+n—1-r\_,
T 9omtn+l Z ( m )2 ~ omtntl Z < n )2 )
r=0 r=0
OJ
3. SOME PRELIMINARY RESULTS ON DILOGARITHMS AND POLYLOGARITHMS
We recall in this section some basic properties of polylogarithms. For n4, ..., n,, positive integers,
one can define the multiple polylogarithm as the complex function given by the series
k1 k
. L Z]_ DRI me
Llnl,._'7nm(21, Ce 7Zm) = Z W,
0<ki<-<km
which is absolutely convergent for |z;| < 1fori=1,...,m—1and |2,| <1 (respectively |z,| < 1)

if ny, > 1 (resp. n,, = 1). This series can also be extended to a multi-valued meromorphic function
on C™. The number m is called the length of the polylogarithm, and the number ny + - - - 4+ n,, is
called the weight.

The case m = 1 and n; = 1 leads to the Taylor series of the logarithm at 1,

<k
Liy(2) = % = —log(l — 2).

k=1
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When m =1 and n; > 1, the evaluation at z = 1 yields the Riemann zeta function

o0

Lin(1) = 3 5; = ).

Some combinations of length 2 polylogarithms can be written in terms of length 1 polylogarithms.
This will be useful for us in Theorem 11, which evaluates the areal higher Mahler measure of }_—2

To achieve this simplification we will use some results due to Nakamura [Nak12] and Panzer [Panl7].
Here we state the formulation of [LL18].

Theorem 4. [LL18, Theorem 3| Let r, s be positive integers, k = r + s, and let u,v be complex
numbers such that |u| = |v| = 1. In addition, we assume that v # 1 if s = 1. Let

Re {Re k odd,

1Im k even.
Then,
2Rek(Lir,s(u7 U)) :(_1)kL1k(m) + (_l)k—HLiT(E)LiS(E) + (_l)r_lLir(ﬂﬂ-‘is(v)

1)t ((/: - i) Li, () + (lz - i) Lik(fu))
+ 3 <(T__11> Li,, (@) + (”;__11) (—1)k+mLim(v)>

m=1

% ((=1)"Lij_pm(uv) + (—1)+™Lij_ (@0)).

+

—~

We close this section by considering a modification of the length one dilogarithm. The Bloch—
Wigner dilogarithm is given by

D(z) = Im(Liy(2) — log |2|Li1(2)) = Im(Liy(2)) + log |z| arg(1 — 2).
It is a continuous function in P!(C), which is real analytic in C\ {0,1}. It also satisfies

(%
(15) —2/ log |2sint|dt = D(e*?).
0

The following special values will be useful for us

3V3

(16) D(e™/?) = TL(X—:’»Q),
and
(17) D(i) = L(x-4,2),

where L(x_3,s) and L(x_4,s) denote the Dirichlet L-functions on the characters xy_3 = (_—3) and
X4 = (_—4) of conductor 3 and 4 respectively.

4. EVALUATIONS OF THE AREAL MAHLER MEASURE

In this section we consider evaluations of the areal Mahler measures of some particular polyno-
mials and rational functions.
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4.1. The areal Mahler measure of 1 4+ x + y. We now consider Smyth’s polynomial 1+ = + y.

Theorem 5. We have

3V3 1 113
mp(l+2z+y) = ?L(X_3,2)+6— o
Proof. By definition and application of (9),
1
mp(1 + 2+ y) == / log |1 + = + y|dA(y)dA(z)
]D)Q
(18) 1 1
=— (|1 + 2> = 1)dA(x) + —/ log |1 + z|dA(x).
2T Jpn{i4el<1} DA{|14a|>1}

We treat the first integral above. Write © = pew with 0 < p < 1 and —7m < 0 < 7. We have
that |1 + 2> = |1 + pe®|? = p? + 2pcosb —|— 1, and |1+ 2| < 1if and only if 0 < p < —2cos?
(provided that cos@ < 0). Therefore, when 27 < |0] < 7, we need to integrate in 0 < p < 1, while
for § < 0] < %”, we need to integrate in 0 § p < —2cosf. Separating these two cases, we obtain,

1

2m DN{|1+z|<1}

—2cos
(|1 +2|* — 1)dA(x / / p? 4 2pcos 0) pdpdd + — / / (p* 4 2p cos ) pdpdf

27

1 [~/1 2 1 [ 4
1 =— —+ —cosf | df + — ——cos* @ | db.
(19) 7r/2;<4+3(308) +7r/72r ( 5 €08 )

Notice that
i 2w V3
/%cosedé _Sm(3>__7’

3 (1 3 (3 20 46
:/3 1. 5 (3 cos(26)  cos(46) 40
x 4 2 8 8 2 8
™ 1 . (4« 1 . (8« T TV3
“16 10" (?) Ty (?) 16 64
Thus, equation (19) equals
1 1 1 7 3vV3
(20) —_—— = — - \/_
12 3 1&/‘ 3 167

We now consider the second integral in (18). We make the change of variables y = 1 + = and
set y = pe? with 1 < p and —7 < 6 < w. We have that |y — 1% = |pe?? — 1|2 = p? — 2pcos + 1,
and |y — 1| < 1if and only if 0 < p < 2cosf (provided that 2cosf > 0). Putting these conditions
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together, we integrate when 0 < |0] < % and 1 < p < 2cosf. This leads to

(21)

1 2 2cosf 1 ) p2
— log |1 + z|dA(z) =— (log p) pd,od@— p logp — —
T JDn{|142|>1} ™ 2 2
1
™

/ (4005 01og(2cos ) — 2cos? O + — )d@
0

2cosf

do

1

Note that

5 571 2 1 2
(22) /300529d9:/3 14 cos(26) == + sin [ :E—l—é.
) ; 2 6 4 3) 6 8

It remains to compute the integral of cos? § log(2 cos ). We start by making the change of variables
7= % — 0 and use (15) to obtain

/3 cos® 01og(2 cos 0)df :/2 sin® 7 log(2sin 7)dr
O us

s

= —l sin? D (GQiT) ’
2

jus
2

2sinTcostD (6%7—) dr

+
N | =
@\3\

ol

1 e 1 (2 1 sin(2n7)
:§D<€ / ) -+ § /gr 8111(27') ; TdT

1 , 1 (" . sin(nt)
2 ——D(e™3) 4 = 1)y —dt,
(23) LD(e >+4/gsm<>n§; i
where we have set ¢t = 27.
Note that
T V3
24 in2(t)dt = — + ~°
(21) | sena=5
and, for n # 1,
T 1
/ sin(t) sin(nt)dt =3 / (cos((n — 1)t) — cos((n + 1)t)) dt
z
_ 1 (sin((n—1)t)  sin((n+1#)\|"
T2 n—1 n+1

3
1 ez’(n—l)ﬁ/?; _ e—i(n—l)ﬂ/?) ei(n+1)7r/3 _ e—i(n+1)7r/3
_§< 2(n — 1)i a 2(n +1)i )
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Incorporating the sum for n > 2 gives

i(n—1)w/3 __ efi(nfl)w/?) ei(n+1)7r/3 _ 6i(n+1)7r/3> 1

1 o= /el
2 ; ( 2(n — 1)i a 2(n + 1)

0 ei(n—l)ﬂ/?) _ e—i(n—l)w/S 1 1 1 ei(n+1)7r/3 _ e—i(n+1)7r/3 1 1 N 1
2i n—1 n n? 2i n? n n+l

n=2

Im(Lil(eiﬂ/B)) + %Im (e—in/B (Lil(eirr/3) _ ez‘7r/3) + 6—i7r/3 (Lig(e”/g) _ 6i7r/3))

n2

N~ N

—_

[\]

. . . . . . 1 ) ] 27 /3
4= Im (ez7r/3 (Li2(ez7r/3) o 6171'/3) . 61#/3 (Lil(elﬂ/?)) . e’Lﬂ‘/3)) + 5 Im (Lil(e”/?’) - e’Lﬂ‘/3 i € )

2
1 . .
=5 Im (—\/§¢Lil(e”/3) + Lig(e”/?’)) - %

1 . 3V3
—-D /3N °ve
D) — =3

By combining this with (24), and incorporating it in (23), we obtain

i 1, T V3
20log(2cos0)df = ~D(e"™?) + — — ——.
/0 cos” 0 log(2 cos 6) 1 (™) + 5 16

Applying this, as well as (22) and (16), we obtain that (21) equals

3v3 1 V3
—L(vy_3,2 - — —
47 (X=3,2) + 6 27

Combining the above with (20) yields the desired result.
0

4.2. The areal Mahler measure of /2+z+y. We proceed to consider the polynomial v/2+z+.
A motivation to study this polynomial lies in the fact that it is relatively easy to understand the
boundaries of integration upon application of Jensen’s formula, due to the particular properties of
the constant v/2. We will see nevertheless that the formula for mm(ﬂ + x + y) is quite involved.
Before stating the result, we remark that

L(x-4,2) | log2
4
This formula can be obtained by specializing the more general expression for m(a+ bx + cy) (where
a, b, c are arbitrary coefficients) due to Cassaigne and Maillot [Mai03].
In order to state the result for the areal Mahler measure, recall that the generalized hypergeo-
metric function is given by

m(vV2+az+y) =

(ar)n - (ap)n 2"

qu(al’.”’ap;bl’.”’bq;z):ZWJ’
n q)n .

n=0

where (a), denotes the Pochhammer symbol given by (a)o = 1, and for n > 1,
(@), =ala+1)(a+2) - (a+n—1).

Theorem 6. We have

L(x_4,2 3 3
%4_0\/54____,

mp (V2 + 1z +y) = <o
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where

¢, TG p(1133155 N TGN (3355377,

V2 — \/ﬁll 3 A4 44244 72@4 3 A4 44924 4 .
Remark 7. While other formulas in this article are given in terms of polylogarithms, it is unclear
that the term C s can be expressed in this form.

Proof. By definition, we have
1
mp (V2 + 2 +y) == / log | V2 + z + y|dA(y)dA(x)
D2

! (V2 + x> - 1)0[A(x)+l log |V2 + 2|dA(z).

T JDN{|v2+az|<1} T JDn{|v2+a|>1}

We treat the first integral above. Write x = pew with 0 < p <1 and 0 < 0 < 27. We have that
V2 + z|? = |V2 + pe?|* = p* + 2v/2pcosf + 2, and [v2 + 2| < 1 if and only if sin?¢@ < % and

max{0, —v/2cosf — /1 —2sin’} < p < min{l, —v/2cosf + /1 — 2sin?#}. Since
‘\/5(3089‘ > ‘\/1 — 2sin? 0

1
, and cosf € {—1,——) when |7 — 6| < %,

V2

we need to integrate the first integral in |7 — 6] < T and —v2cosf — /1 —2sin?6 < p < 1. Thus,
we have

1

27 DN{|v2+z|<1}

5w
I
= — / / (p* 4+ 2v/2pcos O + 1) pdpdf
2 %’ —v2cos—+/1—2sin? 0

(V2 + z)* — 1)dA(z)

L[ (8 2v/2 2v2
(26) — o —costh —2cos? 0 + == cosh + 14+ —=cosf(1 — 2sin?)>? | d6.
2T :%r 3 3 3
We remark that
£ 5r
B 1
/ " cos (1 — 2sin?0)*/2d = 16 <3\/§ arcsin(v/2sin 0) 4 2(2sin 6 + sin(36)) cos(ZQ)) ‘
3w
N T
_ 3v2r
16

By proceeding as in the evaluation of (19), we have that (26) becomes

11 \/§<_3\/§w):1 1

16 8 or

4 27 3

8 om

For the second integral in (25), we write y = v/2 4+ 2 and y = pe? with 1 < p. We have
ly — V2|2 = |pe?? — V2> = p? — 2/2pcosf +2 and |y — V2| < 1 iff -2 <0< ZTand1l<p<
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V2cos0 4+ /1 —2sin% 0. Therefore,

1 2 T rV2cosf+4/1-2sin?0
—/ log |vV/2 + z|dx :—/ / (log p) pdpdf
T JDN{|v2+z|>1} T™Jo J1

2 s 1 pg \/§c080+\/1725in29
2
= — 1 -
7r/0 5 (p 0g p 2) 1

de
:l /4 ((\/§COSQ+ V1 —2sin29>2log (\/§c089+ V1 —281n26?>

™ Jo

<\/§c0s9+ V1-— 2sin20)2
- -

2

|

do

:é+%/ ( 2¢cos6 + V1 — 2sin? > log( 2cosf + V1 — 2sin? )
0
(27) L 4(\/§COSH+\/1—QSin20>2d9

2m J,
Substituting x = V2cosh + /1 — 2sin? 0, we have 27! = V2cosh — /1 — 2sin? 0, and

df = dx.

x\/4 (x —a~

This gives
(28)

/4 <\/§COSQ—|— V1 —2sin29>210g (\/§COSG+ V1 —281n29> do =
0 1

V2L gz — 27V log x

VIsa—a

and

VarL g (SL’ — x_l)

1 \/4 (x — = 1)2

dx.

(29) /4 (\/§COSQ+\/1—QSin29>2d9:
0

Applying integration by parts to (28) gives

V2 p(z — 2 ) log

1 \/4 (x — 2~ 21:

1 1 VEH
(30) [logfx/\/ “;ﬁu) du—/ (/ v “;ﬁu) du)dm] .
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We now apply the change of variables z = v — u~! and find that

u—ul 1 z(z—l—\/z2+4)2
/\/4 d =— dz

u =
(u—wu~ 4] VA — 224+ 22

1 (2/ 23dz L4 2dz 4o 22dz >
V16 — 24 V16 — 24 Vi — 22
(31) ( V16 — 24 +2arcsm( ) — 2V4 — 22 + 4 arcsin (;)) :

where the domain under consideration for z is 0 < z < 2. Therefore, the first integral in (30)
evaluates to

2
1 N
— log (Z+ i ) ( \/16—z4+2arcsm(4> —z\/4—z2+4arcsm<2>>

3T
= —1 24-1).
1 5 0 og(V2+1)

4

Equation (31) also allows us to evaluate the integral in (29) as

/4 (\/§COSQ+\/1—28in26’> d@—l—i—i%7T

0

Using the same changes of variables (namely v — u —u™!' and z — x — ™! = 2), the second
integral in (30) can be written as

/ﬂll(/ ¢4u;i;) d“)dx

1 d
/ ( \/16—z4+2arcsm(4) —z\/4—z2+4arcsm(2>> i
0

4

.22
1 /2 1 24 =22 2 1 [2arcsin <_) 2 arcsin (2
:——/ V4 — 22dz — - g : + —4dz—|—/ sz
4 0 4 0 \/4+22 0 V4+22 0

11 2
==2 bzvél— 22 4+ 2 arcsin (g)] —

g [ﬁ ()]

0 2/ 1o
(22
1 [2%arcsin (_> 2 arcsin (2
LLpEem\G) L facin() )
2 0 V4 + z2 o V4+ 22
(2
T 1 1 [f2arcsin <I> 2 arcsin (%)

o | gy [ A2
22 2)y V4422 0o V4+ 22

Thus, to evaluate (27), it only remains to evaluate the last two integrals above. The change of
variable v = z/2 yields

. ] 22
2 arcsin (%) / L arcsinv 2 arcsin < 1 ) L arcsin v?
0

32 — 7 v, — = 2z = - dv
(32) 0 V4+ 22 V1+ 0?2 0o V4422 0o V1+v?
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The first integral in (32) equals

! arcsm U

Uog (v -+ v1+0?)
:'1<\/12>—/ dv.
arcsinv log (v + +v . ; T2 v

We will use

Ylog (v + V1402
/ og (v Y )dv = Catalan’s constant = D(i),

which is equation (26) in [Bra01], after a suitable change of variables. We have that the first integral
in (32) is

1 1
arcsin v (Ul
dv = arcsinv lo (U 1 'U2> —D(i)==1o \/5 1) — D(2).
/OTUQ glv+VI+o?)| = D)= log(v2+1)—D()

In order to compute the second integral in (32), we make the change of variables v = v* and
notice that

! arcsin(v?) 1 ! _arcsin(u) 1 ! arcsinh(y/u)
—Fdv = du = arcsin(u) arcsinh(v/u) | — —F——du
o V1+1v? Vu(l+u) (u) (\/_)|0 V1—u?

T ! arcsinh(y/u)

g (va 1) [ B,
2 " 0o V1—u? !

We recall that
. O (—1YdtE (25
arcsinh(y/u) = ]E_O T\ )

(See formula 4.6.31 in [AS64].) Thus, we have to compute

! arcsinh(y/u) du — i '(—.1)3' (23) /1 wts "
o V1—u? = Y25+1)\75/) )0 VI—u?

The change of variables v = u? allows us to express the previous integral in terms of the beta
function. (See formulas 6.2.1 and 6.2.2 in [AS64].) This gives

1

j+i 1 1 i T 25+3 T 1 2j,%F 2j+3 2
= _/ v (1_0)_%61”: ( 2)+5(2) - 2('+3f1 ) ’
s Vise T3, or (2%) I (22
where the last equality follows from the Lagrange’s duplication formula for the Gamma function
(Equation 6.1.18 in [AS64])

1
(33) L(z)T (z + 5) = 21725/7T(22),
and the identity I' (1) = /7.

Therefore, we have
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Using (33) again, we obtain

. <2j—|—3) _2YAlQR2j+2) 2 ARj+ D)

2 I'(j+1) B 4!
Since
r (2j+3) _JER)ER) (DT (F) deven,
4 () (372) 10 (1) j odd,

this finally gives

1 ; o0 20+1 © 20+3 2
/ arcsinh(y/u) du _ L Z 2 r a+3\" 1 Z 2 r 4045
o V1I—u? VT = (40 +1)2(20)! 4 VT = (404 3)2(20 + 1)! 4

o0 2 o0 Y
(Tl Z [liodk— 1% T (5 3 o4k + 1)
2243 (40 + 1)2(20)! VT = 225 (40 + 3)2(2€ + 1))
_QP(g)QF 1133155, r(1)? 3355377\
T Var TP\ ) 36vn P\4aa 42404
The last equality follows from comparing the sums with the corresponding expressions for 4F3 as
follows
) (11 23,133,) A WL
Y ) 7 ) Y Y ) 2
V2T 4°4°4°4°2° 474 K:O%e%)e
F 1

—1\2 oo
F(%) Hk o(4k — 1)
VT 925 (40 4 1)2(20)!)

and similarly,

r)’ <§ 35537 z.l)_F(ifi [To(4k + 1)
v\ T Ty VT 9205 (40 4+ 3)2(20 + 1))
Therefore we have
V2+1 — 1] 1 r(3)° 11 1
<x - )ngd :z__+D<Z)+ (4) 4F (_7_7§7§;_7§7§a1)
1 V4 — (x—a1)2 2 2 V2T 47474742744

F(i)QF 3355377\

Ve P\ 42w
This concludes the evaluation of (28), and therefore of (27). Combining with (17), this concludes
the proof. U

4.3. The areal Mahler measure of y + ( ) In this section we consider the rational function
Y+ (1 +x) More precisely, we prove the followmg result.

Theorem 8. We have

11—z 6 1 1
Y = 2 (v a2) —log2 — = — —
D <y+ (1+x)) T (X-4,2) — log 2 7
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Proof. As in previous cases, we have, by definition,

wo (54 (152)) =2 [ o+ (152) | aataae)

1 1—z|? 1
(34 —1|dA(x) + — lo
) (‘ ) @ W/ﬂ»m{le} °

2 Jonfjizzlay \ 1+
We consider the first integral above. Note that, for § € [—m,7) and x = pe®,

1—=x
1+

dA(z).

1 —2pcosf + p?

35
(35) 1+ 2pcosf + p?

l1—=x
14+x|—

<l&cosl>00c¢ [—g,g}

Therefore, we have

1 1— x| 1 [t 3 9
(36) — ‘ il mm@:__/ﬁg/ peost Sddp.
2 pn{|izz|<1} Il+z T Jo —x 1+ 2pcosf +p

The integral with respect to # in (36) is evaluated to be
5 2pcosf : 2pcosf
/ p COS 40 :2/ p COS o
x 14 2pcosf + p? o 1+2pcosf + p?
2 g'de 1+ p? : ! dé
B /0 —( +p)/0 14 2pcos + p?

Ry (—

o (L+p)2+ (1—p)2tan? (§)

do.

By applying the change of variables u = tan (g) , we find that

B 2pcosf o 1 du
df =m — 4(1
/; rapeona =100 |
4(1 2 11—
(37) =T — (1_;;) arctan <FZ> .

Incorporating (37) in (36), we obtain

L' % 2pcosd ! 41 + p? 1-
/ p/2 peos 2d(9dp:/ p {7?— A+ +,02 ) arctan (_p)} dp
0 _g1+2,ocost9—|—,o 0 1—0p 1+p

™ 1—p\ [P4r(1+72) | /‘1 1 /W4m1+r%
38 =— — t — ——=d drdp]| .
(38) 5 [arcan<1+p>/ 1.2 ro—l— L1+ 1 _ 2 rap
Applying the change of variables v = 1 — p?, we have
4p(1 + p? 2 —
/%dp = —2/ Ydv = —4logv 4 2v + C = —4log(1 — p*) +2(1 — p*) + C.
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Then, from (38), we derive that

! 2 2pcosf T T |
dfdp == — |—= — | —— (4log(1 = p*) = 2(1 — p?)) d
/op/_w1+2p0089+p2 P=3 [ 2 /01+p2( og(l —p7) ( P)) P
2

1 2 1 2
log(1 — 1—
:7r—i—4/ sz)dp—Q/ p2dp
o 1+p o 1+p

110g(%>
=mlo 2+2+4/ ———=d
g L 142 P

(39) =2+ mlog2 —4D(i),

where the last equality from the integral representation of the Catalan’s constant D(i) (equation
(19) in [Bra01]).
By incorporating the result of (39) into (36), we obtain

2 :
(40) 1 - — 1] dA(x) I%—logﬂ——
2m 1
po{lizfsip \IH+

T
It remains to evaluate the second integral in (34). Recall from (35) that we have

> 1< cosf<0&0€e [—W,—E)U<z 7r>,

2 2’

1—2z
1+2x

where z = pe?? and —7 < 0 < 7.
Therefore, (34) can be written as

1l—2z

/ log‘
pf|zfz) L

1! —3 1 —2pcosf + p?
dA(q;):§/ p[/ 2log<1 peos +'02>d0
0 o +2pcosf+p

T 1-2 0 2
+/ log( pos +p2>d9 dp
x 14 2pcos@+p
1 ™ 2
1—-2 0
(41) :/ p / log( pCos +p2>d0 dp.
0 x 14 2pcost + p
. 1—2p cos 0+ p?
We develop the power series of log (W;%) to get

1-2 0 2 2 0 2 0
log pcost +p —log (1- p Ccos “log 1+ p Cos
1+ 2pcosf + p? 1+ p? 1+ p?

- ()F- (2pcos€)k

2
pet k 1+p

B Qi 1 2pcosf 7t
B 25 +1\ 1+ p? '

J=0

Now, for n > 2, a repetitive use of the fact

1 —1
/ cos™ 0df = — cos" 1 fsinf + n / cos" 2 0dp
n n
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yields
15]-1 /&
1 1 —20+1
/Cos” 0do :ﬁ cos" ' Osinf + - kEZI (g %) cos" 21 0ging

-1n-=-3)---(n—=25|+1 n
+ (n )(n ) (n L2J ) /COSTL2|_2J ede’
nn—2)---(n—2|2| +2)
where |x| denotes the largest integer less than or equal to .
Therefore, when n = 25 4+ 1, we have, for j =0 and j > 1,

n T N (97— 9)... m J(in2
/ cosfdf = —1, / cos? T df = (,2‘7)(2‘] , 2)--2 / cos #df = —M,
T T 27+ 1)(2j—1)---3 J= (27 + 1)!

2 2

respectively. This implies that

m 1—2pcosf + p? 2 X001 4i(N? 20 \ 7t
(42) / log PEOSIEP Vap =2 | L+ — 'Y P .
x 1+ 2pcosf + p? 1+ p2 “2j+1(2j+ 1) \1+ p?

Therefore, in order to compute the integral over p in (41), we need to first consider the individual
integrals

179y \¥H
43 / ( ) pdp, for all 7 > 0.
(43) 172

When j = 0, we have

1 2 1
2p / 1 1 s
dp =2 1— dp = 2|p — arctan =2 —.

For j > 1, using integration by parts (where

W is integrated and the rest is differentiated),
the integrals in (43) give

/1 < 2p >2j+1 ; v _p2j+1 1 . 2j + 1 /1 p2j p
pdp = : : : -dp
o \1+p 2j (1+p)71y 2 Jo (1+p2)7

:4]' |i _p2j+1 . 2] 41 (_ p2j—1 | +/ p2j—2 | dp>:| 1
2 (1+p2)%  2(27) \ (2 —1)(1+p)¥" 1+ ),

2 49(25+1) (1 2j—2
2j—1 47 o (1+p2)”

The change of variables u = p? yields

1 2p 2j+1 ) 43—1(27 + 1) 1 u]*%
5 pdp = —— + : 2j_ldu.
o \1+p 2y —1 2] o (14w

Making the change of variables v =

u
T we have

Lowits iy ‘
/ u—;_ldu:/ v]_%(l—v)J_%dv
o (1+wu) 0
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By the change of variables w = 1 — v, we have that

1 1
/2 vj_g(l—v)j_gdv:/ wj_%(l—w)j_%dw.
0 1

2

Therefore, we obtain the beta function

/1 L 1/1 31—y id F(j—3)° 4% (2j—2)°
— —du =— VT2 — v 2dyv = =
o a2, (25 1) G2 1)

T (27 —2
45 .
) T2y (J —1 )
Incorporating (45) into (44), we obtain
L7o2p \ 7 2 2 + D (2 —2
(46) / ( 2) pdp = —— +( .,) ( )
o \1+p 27 —1 477 Jj—1

Next, combining (41) and (42) along with (46), we derive that

2 N 1 4G 2p NPT
A(r) =2
dA() /0 <1+p2+;2j+1(2j+1)!(1+p2) plp
_y 2—f+fj L4y (2 +(2j—|—1)7r 2§ — 2
N 2 o 27 4+1(25+1)\ 25 —1 494 j—1

- P - S (G (2) -2
=4 -7 -2 .
" 224#—123+D +”§;ﬁ@j+w(%—wﬂ(j—1)

1—=x
1+

/ log
prf|i5s[=1}

Simplifying the above sums individually, we obtain

[e.9]

(G (27-2\ _ TN 1L \_«
WZ 23+ 2 —DI\j—1 _WZJ—1_2; ]—1 Toir1)




EVALUATIONS OF THE AREAL MAHLER MEASURE OF MULTIVARIABLE POLYNOMIALS 21

and
I Ea R M R DL (i
j:14j2—1(2j—|—1)! 27 —1 2]+1 ]:123—1—1 2j+)
_1 Z 1 1 47 (52 i 1 49(5)?
-2 —~\2j -1 C2i+1) (2 = 25 +1 (25 +1)!
Iem 2 47! D2 1 1 (G —1))?
:1+_Z .] g ((J — )|) __Z . ((.7 )'>
252 -102 QU-)) 2552 -1 (20 -1)
_ i L Gy
‘= 27 +1(25 —|—1)
L) 1 i)
=1
T3 ZQk—i—l 2k+1) 212j+1(2j+1)!
1
=1- 5(2D(z) —1)
3
where the evaluation of the sum follows from [Bra99, Theorem 2]. (See also equation (61) in
[Bra01].) Therefore, the integral over the domain D N {| ‘ > 1} yields
1 11—z 1 3 T 1 1 2
— 1 dA(x) =—|4—1m—=2| - —D( —| =——=-4+-=-D().
W/Dm{\};gg]zl} %8| 15| 44 W[ " (2 (2)>+21 s 2t P

By combining this with (40) and (17), the result follows.

5. THE AREAL VERSIONS OF GENERALIZED, HIGHER, AND ZETA MAHLER MEASURES

In this section we consider areal versions of some variants of the Mahler measure, namely gener-
alized Mahler measure, higher Mahler measure, and zeta Mahler measures.

5.1. Generalized areal Mahler measure. Generalized Mahler measures were introduced by Gon
and Oyanagi [GO04] who studied their basic properties, computed some examples, and related them
to multiple sine functions and special values of Dirichlet L-functions. They were also studied in
[IL13, Lal08].

Given nonzero rational functions Py,..., P, € C(xy,...,z,)", the generalized (logarithmic)
Mahler measure of Py, ..., P, is defined by

dx dz,
Hlmax(Pla...,Pr 27'('7, / max{log\Pl\ log’P’}_lx_n
It is natural to consider the generalized areal Mahler measure of Py, ..., P, to be defined by

1
mp max(Pr, .., Pr) = F/ max{log |P|,...,log|P.|}dA(z1) ... dA(x,).
Dn

We have the following result.
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Proposition 9. We have
mD,maX<ZIf1, . 7$n) = —%

We remark that in the classical case, we have mpax(z1,...,2,) = 0.

Proof. As usual, we proceed to apply the definition together with the change of variables z; = p;e®i
This gives

1
Mp max (15 - - - Tn) :ﬁ / max{log |z1|,...,log |x,|}dA(z1) ... dA(z,)
Dn

1 1
:2"/ e / max{log p1,...,1og pp}p1- - pndp1 ... dpy.
0 0

Notice that the above integral can be written as a sum of n! integrals, where each term corresponds
to a certain order of the variables p;. The advantage of considering the ordered variables lies in
the fact that the maximum is then easy to describe. Thus, the above becomes

2"n! / log pnp1 -+« pudps ... dpy,
0<p1 <-<pp <1
o
=2"n! / log pn=2 -+ - pudps . .. dpy,
0<pa<-<pn<l 2
P
=2"n! / log pnz— -+ padps ... dpy
- <pn<l 2 4
p2n 1
—Q”n'/ log pp——————dp,
0<pn<1 p2"'(2”_2) P
P2 1
=2 2nlog pn — 1
n (2n>2( nlogp )O
B 1
T

O

5.2. Multiple and higher areal Mahler measures. The multiple Mahler measure was defined
in [KLOO8] for nonzero rational functions Py, ..., P, € C(xy,...,x,)" by

dxq dz,
P,...,P) = log|Pi(z1,...,2,)| - - log |P(x1,...,x,)|— -+ —.
WP P i e [ oglPiCon )] og P ) 5 5
For the particular case in which P, = --- = P, = P, the multiple Mahler measure is called higher

Mahler measure and is given by

1 . dxq dx,,
(47) m(P) = e [ o' 1P,z .

T Tn

The multiple Mahler measure and the higher Mahler measure were considered by various authors
who computed specific formulas and proved various limiting properties [KLOO0S8, Sasl0, Sas12,
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BS12, BBSW12, IL13, Bis14, BM14, LL16]. It is natural to consider the areal versions of these
constructions, given by

1
hr(Pla s 7P7“) = F/ loghl |P1(ZE17 s al‘n)l o 'loghr |P7"(:L‘17 s ,xn)|dA(l‘1) . dA(,In)

-----

Proposition 10. We have

(_1)h1+"'+hnh1! ce hn'
Mp hy,....hn (xla s axn) = Qhi++hn+n :

We remark that in the classical case, we have my, 5. (21,...,2,) = 0.

Proof. First we recall equation (11), which in particular gives

! —1)Fk!
/$10gkxdx:( ) .
0

ok+1

Proceeding as usual by setting z; = p;e’, we have

1
mp py b (T1, -, Tn) :—n/ log™ |zq] - - -log"" |zp|dA(xq) ... dA(z)

/ / log" py -+ +10g"" pupy -+ pudps ... dpy,

1)Prtthnp e py
Qh1+-+hn+n
O

We consider a more elaborate case. The following formula is proven in [Sas15, LL16]:

| En|_»

(1 B x) 2—h7r h even,
my, =
I+
0 h odd,

where E,, denotes the nth Euler number.
We have the following areal version of the above result.

Theorem 11. For h € Z~q even, we have,
En(mi)" Ep_o(mi)"2h(h — 1)

AN Nh—1
h (1 +$> =—2(h — 1)By(mi)" ™ + o 2 log 2
4R 4 m Ej_ iy (mi)h—m=t
— o 2.1 =277)¢(m) (h—m—1)
m=2
"/
— 2(7m')h—1 Z_O (m) (1 o 21—m)(1 o 21_h+m)BmBh—m7

where B, and E, denote the nth Bernoulli number and the nth Euler number respectively, and the
first sum for h = 2 should be interpreted as equal to zero.

For h odd, we have
11—z 0
m =
D,k 14+
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Proof. By definition, we have

m =— [ lo
P\T Y2 ) T ), 8

We remark that the change of variables z = ;—; takes the unit disk to the right half plane H
defined by Re(z) > 0. The areal measure of the unit disk is dA(z) = dz1dzy, and under the map
frz— ;—i = z, by definition, the areal measure of H, is

11—z
1+

dA(z).

0z;
dA(2) = |21 T2y — T1.29T24, | dz1dze,  where —L =z, forj=12and k=1,2.
Ty

Since the map f is conformal on D, it satisfies the Cauchy—Riemann relations, and therefore

dz |2 d (1-2\] 4dzdzs
|x17Z1x2,z2 - $17z2$2,z1| dz1dz = ’E dadzy = dz (1 + Z) derdz = |Z + 1|4'
In sum, we have that
— X ledZQ
48 log" dAx:él/ log" |2 .
(48) [0t [+ da@) [ o 1A

We further consider the change to polar coordinates z = pe? with p > 0, —5 <6 < 3. The
integral in (48) can be written as

no o dzidze no o dzdze
log! [z 102 — [ pogh g 022
H, |z + 1 Re(2)>0 |z + 1
Y R
= [ plog"p / ————dp
/0 ~z lpe? + 1"

! 2 dh ! db
= loh/,—d—i——lh/ loh/,—d,
/0 prery ., |pei® +1)* P+ (=) 0 preep _z |peit +1)* g

2

[ME]

where the last equality is obtained by separating the integral over p into 0 < p <1 and 1 < p, and
then applying the change of variables p — p~! in the 1 < p term. The above derivation implies

that
! : o dl
2/ ploghp/ —————dp his even,
0 —z |pet? +1

2

dzd
/ log" || “l 224 =
H, |z + 1

0 h is odd.

For what follows we will assume that & is even. First we will also assume that h # 2, as this will
guarantee that certain series converge. The case h = 2 will be treated later.
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Evaluating the individual terms in the above formula leads to

! 2 e L 2 do
log" / —d :/ log" / : : d
/o PO T T T T et ) (e + 1)

= [ o | <Z<k+1><—p>ke“f9) <Z<£+1><—p>fe—“9> dhdp

DE oy

s
2

k>0 >0
1
(49) oY [ 1 g
k>0 70
2 PE+D(C+1) kel (k0 N0\ k0417 h
(50) += > 7 D (" = (=) p log™ pdp.
k>£>070

From (11) we have

b —1)*k!
Hogh ady — DKL
/0 N VR

Since h is even, we can calculate the integral in (49) and obtain, for h > 2,

! hl(k + 1) h! 1 h!
9 o+l h g _ _ _
Z/o (k+1)°p"* log" pdp = ) (2k + 2)h+1 2t D (k+ )h1 2h+1C(h —1).

k>0 k>0 k>0

For the integral in (50), first notice that, since k + ¢ and k — ¢ have the same parity, it suffices
to consider

Yk+1)(0+1 o
/ %Ikmk*”l log" pdp, where I = (—i) — 7.
) _

k>¢>0
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Setting k* = k+ 1, £* = £+ 1 first, and then a = k* — ¢*, b = k* + ¢*, we find that

k—i—l f—l— kE+1)(l+1
S [ T e e it 5 (k—(f)(kzr<€+2))h“ -

k>>0 k>0>0
k*0*
=h! Z * * )\ h ljk —L*
k*>e*>1 6 k +4 ) i
[ Lo e (k* — e*)zk*_é*]
Ry Z * __ [)x * \h—1 Z * *\h+1
h! I, al,
vy Z abh—1 Z it
b>a>1 b>a>1
La=bmod 2 a=bmod 2
h! (14 (=1)**)1, a(l+ (—1)*)1,
:g Z abh—1 - Z pht1
Lb>a>1 b>a>1
W[ (i) =i () — (=) (1)
) Z abh—1
Lb>a>1
—i)* =i +4(=1)" = (=9)*(=1)")
- Z pht1 :
b>a>1

In order to proceed, we need the following result, which will be proven later.

Lemma 12. Let h € Z-» |al,|5] < 1. We have

ﬁb b-1 a® )
(51) Z Pt Z e =Liy p-1(a, B),
b>1 a=1
and for a # 1,

p b—1
(52) Z % Z aa/a —_ (a _1 1)2 (Oleh(O_/ﬁ) — aLihH(aﬂ) — Llh(&ﬁ) + CMLih_H(ﬁ)).
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Applying Lemma 12 gives

Y+ 1D(E+1)
ASMEEEVASSLELYY A k+€+11 h d
b%zo /0 T e log pdp

h [Z (0 =i+ D (D g ol = D - (1)

abh—1 ph+1
b>a>1 b>a>1

:%![Lh,h—l(_'i, 1) — LiLh—l(i, 1) + Lil,h—l(i; —1) — Lil,h—l(_i, _1)
_t

(—i—1)2

G _1 AL (iLip(4) — iLipt1 (i) — Lip(é) 4 iLipyq (1))
1

(i —1)
1

o1

—iLip(—4) + iLips1 (—i) — Lip(—i) — iLips1 (1))

_|_

(¢Lip(—7) — iLips1 (=) — Lin(—4) 4 iLip41(=1))

+ —iLip(é) + tLipt1(¢) — Lip() — iLipa (—1))).

The length 2 polylogarithms above can be written in terms of length 1 polylogarithms by means
of Theorem 4 as follows (recall that h > 2 is even),
Liy p—1(—4,1) — Liy p—1(3, 1) + Liy p—1 (3, —1) — Liy p—1(—17, —1)
:2Reh(LiLh_1(—z’, 1)) + 2Reh(LiLh_1(i, —1))
— (Lip-1(1) 4 Lip—1(=1))(=Lis(—4) + Liy (¢))

3 i)+ L (=) (=Lin (=) & (=1 Lip (i)
m=1
For the length 1 polylogarithms in the expression of », fol %Ik_gpk”“ log" pdp, we
have
- ﬁ (—iLin(—4) + iLin 1 () — Lin(~i) — iLip 1 (1))
5 _11)2 (iLin(é) — iLins1(1) — Lin(i) + iLipsa(1))
-7 _11)2 (iLip(—4) — iLips1(—i) — Lip(—i) + iLips1(—1))
+ ﬁ (—iLin(i) + iLijss (i) — Lin(i) — iLipar (1))
1

= 2 (~iLin(—) 1L (1) — iLia(1)) + & (Ln(0) — iLinea (i) + iLina (1))
- % (iLip(—4) — iLip 1 (—i) + iLins1 (—1)) — %
= — (Lip(é) — Lin(—1)) 4 (Ling1 () — Lips1(—1)).

(—iLin (i) + iLips1 (i) — iLipyq (—1))
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Putting everything together, we have

(k+1)(0+1
Z / + + FADEED b1 10g

k>£>0
=2(Lin(4) + Lin(—7)) + (b — 1)(Lin(1) + Lip(—1))
- (Llh L (1) 4 Lip 1 (—1))(—Liy (—7) + Liy (i)
+ Z (L () + Lipn (—1)) (= Lip_m(—1) + (=)™ Liy_pn (1))

(L1h+1() Lipy1(—1))

=22"Miy (=1) + (b — 1)2 "¢ (h) — 227 "¢ (h — 1)% +2iL(h+1,x-4)

h—1

+ Z 21 MLy (—1)2iL(h —m, x—4) — Y 2" Lip(—1)2" "L (—1)
m=1
modd meven

=22~ h(zl " 1)¢(R) + (h—1)27"¢(h) — 2" C(h — 1) + 2iL(h + 1,x_4) — 2ilog(2)L(h — 1, x_4)

+ Z 227m(2m — 1)¢(m)L(h — m, x_4) — i 2% h(l=m — 1) (21 — 1) ¢(m)¢(h — m).

modd meven
We can further simplify by applying the facts that

(—1)n+132n<2ﬂ')2n (_1)nE2n7T2n+1

2n) = d L(2 1,x_4) =
((2n) 2(2n)! and  L(2n 41, x-4) 92n1+2(27)]
The previous identity then equals
h h 1 h+1 ‘ht1 h—1
L Byl "By 1—h T BT (AR RV
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Finally we get, for h > 2 even,

1—=x

1
—/logh dA(z)
T Jp 14+
F(—)Jrﬁ( )h! _(_)h!_ ((h—1)
i B, pht! B, o rhl h—1 g, o ghem
log(2 2(21=m — 1 “
g Ples@ g T —~ ( M) St —m =11
modd
h_h h—1

|
=
v
T

)(21—m . 1)(21—h+m . 1)BmBh—m

Eh(ﬂi)h

= —2(h = 1)By(mi)" " + o log(Z)Eh_2<m)h_2h(h -1

2h—2

Ehfmfl<7m-)h_m_1
(h—m —1)!

Apt 224
-

m=2

(1—2")¢(m)

h

h
53 — 2(mi)t 1—2"™) (1 = 2™ B, By,
(53) w3 () =2 BB,
where we have used that B,, = E,, = 0 when n is odd (with the exception of By).

Note that above computation fails to converge when h = 2. Therefore, we need to evaluate the
h = 2 case in a different way. Since log H;—z =log®|1 — x| — 2log |1 — z|log |1 + x| +log® |1 + x|,
and mpo (1 —x) =mps (1 + ), we have

1-— 2
mum( x) ZQmD,g(l—l—m)——/log|1—x|log|1+x|dx.
1+x 7 Jp

It only remains to compute the second integral. Following the method in the proof of [KLOOS,
Theorem 7], we derive

1 27
/log|1—x|log|1—|—x|da::/ p {/ Re (log (1 — pe?)) Re (log (1+p€i9))d9:| dp
D 0 0

_ /0 ) [ /0 ' <_Z%kcos(k9)) (—Z (—1£)pr cos(ze)) d&] dp

k>1 >1
1 1) ke 2
:/ Z % {/ cos(k0) cos(ﬁ@)d@] dp.
0 ke>1 0
On the other hand, we have
2m 0 ifk=1¢
/ cos(k@) cos(£9)dh = , ’
0 0 if k£ 4.
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This implies that

(—1)fphett 27
/ log |1 — z|log |1 + x| dx —/ 0 [/ cos(k@) cos(£0)db | dp
0

Therefore,

11—z
mp,.2 (1 T :[;) :21’11]]])72 (1 + ZE) - ng(—l) + 2L11(—1) +1

71_2 2

m
=L 14+ — —2log2+1
o1+ 2lg2+
2

s
=— — 2log 2.
g %
Finally we remark that this value is also obtained by replacing A = 2 in (53). O
It remains to prove Lemma 12.

Proof of Lemma 12. Identity (51) follows directly from the definition of multiple polylogarithms.
For identity (52) we have

(b—1)ab —ba’ "t +1)
thﬂ Zaa _thﬂ 2_1)04

b>1 b>1
(L) ~ aLina(aB) ~ Lin(ad) + aLina (9)
O
5.3. Areal zeta Mahler measure. The zeta Mahler measure was defined by Akatsuka [Aka09]
for a nonzero rational function P € C(zy,...,x,)* by

where s is a complex variable in a neighborhood of 0.
The zeta Mahler measure was considered in [KLOO08, Bis14, BM18, Sas15, Rin22]. Its Taylor
expansion is the generating series of the higher Mahler measure given in (47).

> my Sk
Z(s,P) = Zﬂ.

k!
k=0



EVALUATIONS OF THE AREAL MAHLER MEASURE OF MULTIVARIABLE POLYNOMIALS 31

Akatsuka computed the zeta Mahler measure Z(s,z — ¢) for a constant ¢. His result in [Aka09,
Theorem 2] implies the following formula for p < 1:

r M, . s s
4 - 0 41 :F<—— 2.1 2).
(54) 5w |l 1do =B (<5 -5 1is
We may consider the areal zeta Mahler measure defined by
(s, P) / |P(x1,...,2,)  dA(xq) ... dA(x,).
7Tn

We follow some arguments from [KLOO08, Theorem 14] to prove the next result.

Theorem 13. We have

Zp(s,z+1) =exp (Z _.1)j(1 — 2170 (¢(5) — 1)sj> )

J

Proof. By definition and the usual change of variables, we have

1
ZD(S,:I:+1):7T/\I—|—1\ dA(x / / |pe’ + 1|° pdOdp.

By applying Akatsuka’s result (54), we then have to compute

Zo(s, 2+ 1) —2/01217’1 (—; SiLip pdp—z/ Z Ji oot
- Z ($/2> (n i 1) 5/21+ 1 Z (822) (Z;f D a s/2l+ 1 (S;/F;)

B s+1 I'(s+1)

C(s/24+1)2T(s/2+1)2
We now apply the Weierstrass product of the Gamma function

[(s+1)"'=¢e" H <1 + %) e /",

to obtain
Zp(s,x +1) :,EIQ(llJFTQ_;)Z
oo (§ (4 5) -+e(0+7)
= exp (g (_jl)] (1—2'7) g Z;Z)
—exp (2 (—jl)] (1—2"9)(¢(j) — 1)33>
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O

As the areal zeta Mahler measure is the generating function of the areal higher Mahler measure,
it can be used to compute this last one by taking successive derivatives and evaluating at s = 0.
For example, the first few values are given by

i (2 4+ 1) =0,
mpo(z + 1) :%7

mps(z+ 1) = — w

o+ 1y ST G2 22600 =) _ 300960) ~c(2)=12)
mpafa 1) = - DO BB 2 (D =)

6. CONCLUSION

We have obtained formulas for the areal Mahler and its generalizations for various rational
functions. In most cases the results are connected to evaluations of polylogarithms leading to
special values of functions with arithmetic significance such as the Riemann zeta function, and
Dirichlet L-functions. In this sense, the results are analogous to what is obtained in the case of the
standard Mahler measure.

However, there is a crucial difference between the areal case and the standard case. In the
standard case, there is a way to assign a weight to the terms in the formula, that typically results
in formulas of homogeneous weight 1. For this, we recall that the length one n-th polyogarithm
has weight n. The logarithm is associated to Lij(z) and it has therefore weight 1. The constant 7
arises as an evaluation of the logarithm and therefore has weight 1. Finally, we assign weight one
to the Mahler measure itself. Taking the weight multiplicatively, we have, for example, in Smyth’s
formula (2) that m(1 + x + y) has weight 1, while L(x_3,2) has weight 2 (as it is the evaluation of
a dilogarithm), while 7 has weight 1, giving a total weight of 1 on the right-hand side. In contrast,
the terms on the right-hand side of the areal Mahler measure (5) do not have a homogeneous

weight. While the term %EL(X_:J,, 2) has weight 1, the term % has weight 0 and the term —%ﬁ
has weight —1. This suggests that if there is a connection between mp and the regulator, it will be
more difficult to describe than in the standard case. It would be nevertheless interesting to explore
the possibility of such connection.

None of the formulas considered in this article correspond to rational functions whose Mahler
measure is related to special values of other L-functions, such as L-functions attached to elliptic
curves. For example, the following formula was conjectured by Deninger [Den97] and Boyd [Boy98§]
and proven by Rogers and Zudilin [RZ14]:

1 1
m (:c+ STyt 1> = L'(E1sas,0),

where L(E}s5qs,$) denotes the L-function associated to the elliptic curve 15a8. A natural question
and direction of future research would be to evaluate the areal version of the above formula.
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