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Mahler Measure

For P € ClzT!, ... z;tl], the (logarithmic)
Mahler measure is:

m(P) :/ / log |P(e2™01 .. e2mi0nY|dg, ... db,

dx dx
/nlog|P(:c1,.. , Tn)|— 1=

CC]_ In

(27T|)n

Jensen’s formula — simple expression in
one-variable case.

Several-variable case?



Some of Smyth’s Examples with several
variables

The simplest example in two variables:

3V3
m(1+z+y) = 4—fL<x_3, 2) = L'(x-3,~1)

0
. x—3(n)
L(x—3,8) i= Z s
n=1 n
is the L-series in the character of conductor 3:
1 if n=1mod3
x_3(n) =<¢ —1 if n=-1mod3

O otherwise

Another example in three variables

m(L 24y +2) = 2 5(3)



Cassaigne and Maillot’s Example

mm(a + bx + cy) =
D (‘%‘ e”) + alog |a| 4 Blog |b| 4~ log|¢| A
<
| mlog max{|al, [b], ||} not A
B AR
|a| |l ' X -
Y a ’ \

where

D(z) :=Im(Lisx(2))+log|z]arg(l—z) =z € C\[1, o)



Results

™ ((1 +y) + a(l —y)z) 2L (x-4,2)
mm((1 +w)(1 +y) + (1l —w)(1 —y)z) 7¢(3)
om((1+ )1+ w)A+y) +ad-0)A-w)(1-yz) | 7B +4Y ., o=
mm((1 + z) + a(y + 2)) 5¢(3)
wm((1+ w)(1 +2) 4+ a(l — w)(y + 2)) 272 (x-4,2) + 83 ., Sy
wm((1+v)(1 +w)(1 +2) + (1 —v)(1 - w)(y + 2)) 93¢(5)
m?m((1+w)(1+y) + (1 —w)(z —y)) 2¢(3) + S log 2
1 if nmn=1mod4
x—a(n) = { ~1 if n=-1mod4
0 otherwise

In the first column, a € C. The values in the second column are the Mahler
measures for the o« = 1 case.



Polylogarithms

Multiple polylogarithms:

ni, no nm
RO . =
O<ni<no<...<nm N1 " No" ... Nim
(convergent for |z;| < 1)
Hyperlogarithmes:
oy k@1 i Gm Q1) =
/am+1 dt dit dt dit dt dt
O 0...0—0...0 @) O...0 —
0 t—a1 ¢ t t—am t t
k1 o

k; are integers, a; are complex numbers, and

/bz+1 dt dt

O O p—

0 t—by  t—b

/ dtq dtl
0<t1<.<t;<bp1t1 —b1  t =Y



The value of the integral above depends on
the homotopy class of the path connecting O

and Am+1 ON C \ {a,l, ceey am}.
Proposition 1

Ik17_“,km(a1 0 VA am_|_1) =

(_1)m|—ik1,...,k’m <Q7 E’ o am ’ Clm—l-l)

ai an Amp—1 QAm

Likl,...,km(x17 s 7$m) —

1 1
()" Tkq... ke ( e — 1)

(gives an analytic continuation to multiple
polylogarithms)



Method

1. Let Py, € Clxq,...,zn] whose coefficients
depend polynomially on « € C.

For example, Py(x) = 1 4 ax.

m(P) = log™ |a|.

2. Replace a by a%—_T_Z. We obtain a
polynomial P, € Clz1,...,xn,y].

In the example,
Po(z,y) =1+ y+ a(l —y)=.

3. The Mahler measure of P, is a certain
integral of the Mahler measure of FP,:



4. If the Mahler measure depends just on |«],
make u = ‘oz%—_T_?yJ .

First y = e'?, then set u = |o|tan (%)

2 [0 ol du
: m (Pa) |

| [0 1 1
- ;/O m (Fu) <u—|—i|a| Cu-— i|a|> du

m(f)a)




In the example,

m(1l+y+ a(l —y)x)

i oo 4 1 1
7 Jo u+ilal  u—ilaf

ol ol

—%(LiQ(HOéD — Liz(—ila]))

.)ds
o]

)



How does ((5) show up?

m*m((14+v)(1+w)(1+2)+(1—v)(1—w) (y+2))

= 77%¢(3) +8(Liz(1,1) — Lizo(—1,1))
+8(Liz2(1,—1) — Lizo(—1,-1))

Liz o(£1,+£1) are alternating Euler sums.



Use the formula (Borwein, Bradley and
Broadhurst)

Liso(a,) = —Lis(ry) + Lis() Lia(y) + 3Lis(z)

+2Lis(y) — Liz(zy)(Liz(z) + 2Li3(y))
for z,y = £1, together with

L) = ¢ and  Lig(-1) = (555 — 1) ¢(®)



We get

Liz>(1,1)—Liz2(—1,1)4Liz2(1,-1)—Liz2(—-1,—-1)
21 03
= —IC(Q)C(3) + QC(5)

2
We obtain the result by using that {((2) = %



