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1. Mahler measure

P € C[xfl,...,ac,,jfl], the (logarithmic) Mahler
measure is .

1 1 . )
m(P) =/O /O log |P(e2™01 . e2m0n)1dg, ... db,
1
(2mi)n

dx dx
/n|Og|P($1,...,wn)|—1...—n

1 In

d
m(P) = log |ag| + Y log™ |an|

n=1
for

d
P(z) =aq || (& — an) € C[z]

n=1

because of Jensen’s formula:

1 |
/o log |€?™? — a|do = log™T |a



2. Properties

e m(P-Q)=m(P)+ m(Q)
e m(P) > 0 if P has integral coefficients.

e Kronecker's Lemma, P € Z[z], P # 0O,

m(P) = 0 < P(z) = 2" [[ ®n, ()

e Boyd — Lawton : P € Clzq, ..., zn]

lim ... lim m(P(az,ku,...azk”))
ko— 00 kn— 00

= m(P(x1,...2n))



e Lehmer (1933)
m(az'lo—l—acg—a:*7—:U6—a:5—a:'4—a:3—|—ac—|—1)

— log(1.176280818...) = 0.162357612...

Ve > 0,3P(x) € Z[x] with 0 < m(P) < €??

Is the polynomial above the best possible?

Jensen’s formula — simple expression in
one-variable case.

Several-variable case?



3. Examples in several variables

Smyth (1981)

3V3
m(l+z+y) = 4—\7/T_L(X—3,2)=L’(X—3,—1)

mi+e+y+2) = 5 5003)

Vandervelde (2002)

| 2 1
m(1+z+y+izy) = %'—(X—& 2) = ZL/(X—& —1)

Condon (2003)

m(1 2+ (1 -2y +2) = 5(3)



4. Polylogarithms

The kth polylogarithm is

©.@) x’n,
Lip(z) := ) T reC, |z]<1
n=1
, dsq dso dsy.
uk(:p)z—/ 2 Sk
0<s1<...5p,<1 57 — p S Sk
An analytic continuation to C\ [1, c0).
Zagier:
k 2/ B, .
Py(z) = Rey | Y. T (loge|)Lij_j(2)
j=0 J°
B; is jth Bernoulli number, Lig(z) = —3,

Re, = Re or Im if k£ is odd or even.

One-valued, real analytic in P1(C) \ {0, 1,00},
continuous in P1(C).



P, satisfies lots of functional equations

1 _ _ _
P(o) =DM IR@ R@ = (D)
Bloch—Wigner dilogarithm (k = 2)

D(x) :=Im(Lix(x)) + arg(1l — z) log |z]

Five-term relation

D(z)+D(1—zy)+D(y)+D (11 —Y >+D ( L-o ) =0
— Y 1l —xy




5. More examples in several variables

Theorem 1 (2003)

o (i) 65

= combination of {(odd) / L(x_4, €ven)

n 1l —xq 1l —xn
r m<1+x+<1—|—a§1>.”<1—|—azn> (1—|—y)z>

= combination of {(odd) / L(x_4, even),
polylogarithms



Examples

3 1l —x 1l — a9 1l —x3
(i () ) (5539

= 241 (x_4,4) +6¢(2)L(x—-4,2)

7T4m<1—|—<1_x1>...<1_x4>z>
1+ 21 14+ x4

= 62¢(5) + 28¢(2)¢(3)

4 1l — 21 1l — x> .
0 m<1-|—:1:—|— (1—|—a:1> (1—|—:c2> (1—|—y)z>—93<(5)



Proof of Theorem (Idea).

o P, e Clxq,...,xn], coefficients depend
polynomially on a parameter a € C.

For example, Py(x) = 1 4 ax.

m(P,) = logt |al.

° oz—>oz%—_T_Z, get poz G(C[xla"'amnay]

In the example,
Po(z,y) =1+ y+ a(l —y)z.
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6. Examples from the world of resultants

(Joint with D'Andrea 2003).

° m(Res{O’mm})

= m(Resi(z 4+ yt"™ +t", z + wt™ +t")) =

2

p(—m%(s@n) —nP3(—=¢"")+mP3 (¢")+nP3(¢™))
0<p<1 rootof z"+4+2"""-1=0

1<¢ rootof z"—-2z""™-1=0

e m(Res((00),(1,0),(0,1)}) =™

S 88
n S

z
w
t

9¢(3)
272

=m((1—2)(1—y)—(1—-2)(1—-w)) =

11



7. An algebraic integration for Mahler
measure

Deninger (1997) : General framework.

Rodriguez-Villegas (1997) : P(x,y) € Clx,y]

n(x,y) = log |z|dargy — log |y|d arg =

d
dargxz =Im (—x)
xXr

d d
dn(z,y) = Im (—” A —y)
r oy

and

m(P) =m(P") = o= [ n(a.v)

v = {P(z,9) =0} n {jz| = 1,|y| > 1)
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Smyth’s case:

P(r,y) =y+z—1

1 dxdy
P =—/ o —1|———
m(P) (2mi)2 JT2 Iy + = lx Y
1 d
= —/ log™ |1 —ar;|—m
2mi JT!
1
- 1 —
o RICREE)

write ¢ = 270

y(v(0) =1—-e°"% 9 c[1/6;5/6]

z(07) = €] — [&6]

13



—_3
-k

aany
N,

x|l =1 y=1-x
Y

n(x,y) is exact:

T heorem 2

n(z,1 —x) =dD(x)

2rm(z +vy+ 1) = D(&) — D(&p)

— 2D(¢) = %ﬁL(X—&Q)

14



In general,
e n(z,y) = —ny,z)
o n(z1z2,y) = n(z1,y) +n(z2,y)
e n(z,1—2z)=0in H(C,R)

= n is a symbol, can be factored through
K>(C(C)) (by Matsumoto)

Need {z,y} =0 in K7(C(C)) ® Q.

:c/\y=2rj zj N (1 — z5)
J

in A2(C(C)*) ® Q, then

[Y n(z,y) = 3 r;D(2)]o,

15



Big picture

... — (K3(Q) D)K3(97) — Ka(C,8y) — K2(C) — ...

8’y=CﬁT2

e n(x,y) is exact, then {x,y} € K3(9v). We
have 0v # () and we use Stokes' Theorem.

~ dilogarithms, zeta function

e Oy =0, then {x,y} € K5(C). We have
n(x,y) is not exact.

~ L-series of a curve

We may get combinations of both situations.

16



9. The three-variable case

1
n(x,y,z) = log |z ( dlog|y|dlog|z| — dargydarg z)
+ log |y ( dlog|z|dlog|z| —dargzdarg m)

1
+ log |z ( dlog|x|dlog|y| —dargxdarg y)

d d d
dn(m,y,z)=R6< AN Z)
x Y z
and
m(P) = m(P*) ~ 3 [ (e, 2)

' ={P(z,y,2) =0} n{|z| = |y| =1, 2| > 1}
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Smyth’'s case:

P(z,y,2) = (1 —z)+ (1 —y)z

B 1 4 1l — x| dxdy
1
— —(Qﬁ)Q/I_n(:v,y,Z)

77(:67 Y, Z) — —77(337 1— xay) T 77(.% 1— Y, x)
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In general,

77(:57 1— xay) — dw($7y)
where

w(z,y) = —D(x)dargy

1
+§ log |y|(log |1 —z|d log |z| —log |z|d log |1 — z|)

Need

cAyANz=>Y r; ; AN(1—xz) Ay

in A3(C(S)*) ® Q, then

/I_’O(x,yyz) = Z?%‘/I_U(% 1 —x,y;)
[ o

in Smyth's case:
cANyANz=—zANQ—-2)ANy— yAN(1l—-y)Ax
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Maillot: if P € Q[x,v, 2],

Of =~v={P(z,y,2) = P(z7 1,y 1, 271) =
O} N {lz| = ly| = 1}

w defined in

C={P(z,y,2) = P(z 1,y t,271) =0}
Want to apply Stokes’ Theorem again.
w(x,z) = dP3(x)

Need
[zlo @y =) rilzle ®

in (B2(C(C)) ® C(C)*)q, then

[y w(z,y) = 3 r; Ps(x))]o,
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in Smyth's case

C={z=y}tU{zy =1}
—[zo®y —lyo @z =2zl ®=
m((1=2)+ (1 =9)2) = ;5 [ wlew) +w.2)

= 58(P3(1) ~ P3(-1) = 5 5(3)
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10. A little bit of K-theory

F field, define subgroups R;(F) C Z[P}] as

R1(F) = [z] + [y] — [zy]

Ro(F) = [a] + [y] + [1 — zy] + Ll__ fy] T [11—_ wyy]

R3(F') := functional equation of the trilogarithm

B;(F) := Z[P}]/Ri(F)

53 63
Br(3) : Bs(F) —% Bo(F) @ F* =2 A3F*
52
Br(2) : Bo(F) -5 A°F*

Bp(1l) : F*

(B;(F) is placed in degree 1).
53([z]3) = [zlo®z  83([2]2®y) = zA(1—2)Ay
67([z]2) =z A (1 —2)
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Goncharov conjectures:

?

H'(Bp(3) @ Q) & KégiZi](F )Q

Our first condition isx Ay Az is O in

H>(By(5)(3) ® Q) = K3'(Q(S)) ® Q

Our second condition is [xi]g ®y; is 0 in

H2(Bye(3) ® Q) = K@)
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Big picture II

. — Ka(0IN) — K3(S,0IN) — K3(S) — ...

or = SNT3

... = (Ks5(Q) D)K5(07) — K4(C,07) — K4(C) — . ..

Oy = C NT?

In each step, we have the same two options
as before.
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