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Abstract

We prove that sparse resultants having Mahler measure equal to zero are those whose Newton polytope has dimension one.
We then compute the Mahler measure of resultants in dimension two, and examples in dimension three and four. Finally, we show
that sparse resultants are tempered polynomials. This property suggests that their Mahler measure may lead to special values of
L-functions and polylogarithms.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Let Ag, ..., A, C Z" be finite sets of integral vectors, A; = {a;j};j=1,. 1. We denote with Res 4, 4, €
Z[Xop, ..., X,] the associated mixed sparse resultant, which is an irreducible polynomial in n + 1 groups X; =
{xij; 1 < j < k;} of k; variables each. It has the following geometric interpretation: consider the system

ki
F}(t1,...,tn):=injtaif=0 i=0,...,n (1)

j=1
of Laurent polynomials in the variables 71, ..., t,. Here t* stands for tf‘tzaz ...t where a = (ay,...,a,). The

resultant Res 4, 4, vanishes on a particular specialization of the x;; in an algebraically closed field K if the
specialized system (1) has a common solution in (K \ {0})". See [3,23] for a precise definition of Res 4, . 4, and
some basic facts.

Resultants are of fundamental importance for solving systems of polynomial equations and therefore have been
extensively studied [3.4,7,9,15,23]. Recent research has focused on arithmetic aspects of this polynomial such as its
height and its Mahler measure [5,10,22].

Recall that the absolute height of g := )", ca X* € C[Xo, ..., X, ] is defined as H(g) := max{|cq|, & € Nk},
where k := ko + - - - + kj,. Its (logarithmic) height is given by

h(g) :=1log H(g) = logmax{|cy|, o € Nk}.
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The Mahler measure of g is defined as

9 [ log l§(Xos ... Xp)| 2 ... 4Xn

m = (6] yee ey 5

8= ik Jp OBI1ENA0 %0 X,

where fori =0, ..., n, dTXi"is an abbreviation for I—[l;‘):] %,and
T = {(z1,....20) € CNllzt| = - = |zl = 1)

is the k-torus.

Some general relationships between the height and the Mahler measure are established in [8, Chapter 3] as well
as [10,21]. In [22] upper bounds for both the height and the Mahler measure of resultants are presented. However,
very little seems to be known about the problem of explicitly computing both the height and the Mahler measure of
resultants. In the case of heights, a first attempt was done in [5], where the heights of resultants in low degree and one
variable are calculated.

Jensen’s formula gives a simple expression for the Mahler measure of a univariate polynomial as a function on its
roots. However, it is in general a very hard problem to give an explicit closed formula for the Mahler measure of a
multivariate polynomial. The simplest examples are

Theorem 1.1. e ([19, Example 5])

3V3
m(l+x+y)= FL(X—S’ 2) =L'(x-3, —1), )
where
I ifh=1 mod3
x y_3(h
L3, ) =Y X*—() with x_3(h) == 1 =1 ifh=—1 mod?3
P 0 ifh=0 mod3

is the Dirichlet L-series in the odd character of conductor 3.
e Smyth also proved (see [2, Appendix 1]):

7
m(l+x+y+2=--5¢03), @)
2
where ¢ denotes the Riemann zeta function.

In this paper we focus on the explicit computation of the Mahler measure of Res 4,
dimension of N(Res 4, ... 4,) (the Newton polytope of Res 4, ... 4,) is small. We assume that the family of supports
Ag, ..., Ay is essential (see [23, Sec.1]), so Res 4, 4, is a polynomial of positive degree in the variables x;;. It is
well-known (see [8, Lemma 3.7]) that we always have m(Res 4,, . 4,) > 0. The reason we focus on the dimension of
the Newton polytope of the resultant and not on the number of variables and/or the size of the supports is due to some
properties of the Mahler measure with respect to homogeneousness and changes of variables. For instance, the Mahler
measure of a homogeneous polynomial is the same as the Mahler measure of the corresponding dehomogenized
polynomial. Moreover,

,,,,, A, in the case where the

Lemma 1.2 (/20, Lemma 7]). Let P(y) be a p-variable polynomial, and let V be a non-singular p x p integer matrix,
then

m(P(y)) = m(P")),
where y¥ denotes (]_[j y;”, A ]_[j y;"j)fory =1,...,yp)and V = {v;;}.

The whole situation may be summarized as follows: computing the Mahler measure of a polynomial whose Newton
polytope has dimension p is the same as computing the Mahler measure of a p-variable polynomial. This is important
because we may expect different kinds of formulas according to the number of variables (meaning the dimension of
the Newton polytope). For speculations concerning this matter, see [11].
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Evidence for this situation is Theorem 1 in Section 2 which states that Res 4,
zero if and only if its Newton polytope has dimension one, i.e. it is a segment.

This result shows that Mahler measures and heights behave differently in resultants. For instance, if we set
n=1, Ag=1{0,1}, Ay ={0, 1, ..., £}, then it turns out that

4
_ P
Resg, 4, = £ Z(_l)]xljxoo ]xél,
=0

A, has Mahler measure equal to

,,,,,

and from here it is easy to see that 4 (Res 4, 4,) = 0. On the other hand, setting y; = (—l)jxljxé(;jxél,

4
m(Res g, 4,) =m <Z y./) .

Jj=0

The change of variables is allowable, because the x; are algebraically independent, so we may apply Lemma 1.2.
Dehomogeneizing, one obtains

m(Res gy 4,) =m(l +s1+52+ - +50),

and this has been shown to be equal to % log(£ + 1) — % + 0(%) as £ — oo, where y is the Euler-Mascheroni
constant (see [19], and also [18] for more estimates and generalizations).
Moreover, it is still unknown how to characterize all supports Ay, ..., A, having h(Res 4, .. 4,) = 0.

In Section 2 we deal with sparse resultants having Mahler measure zero. Then we proceed to higher dimensions. In
Section 3 we focus on the case where the Newton polytope of the resultant has dimension two or three. In Theorem 2,
we compute the Mahler measure of resultants in dimension two, and in Theorem 4, we show that computing the
Mahler measure of resultants in dimension three is essentially equivalent to the computation of Mahler measures
of univariate trinomials. In Theorem 6 we compute the Mahler measure of trinomials having the same support. In
Section 4 we compute the Mahler measure of a non trivial example in dimension four.

All the computations can be expressed in terms of linear combinations of polylogarithms evaluated at algebraic
numbers. From the point of view of Mahler measure, it is natural to wonder why we would expect resultants to be a
source of interesting examples of multivariate polynomials.

In [6] Deninger established the relation between Mahler measure and regulators (see also [17,12]). More
specifically, the Mahler measure of an irreducible polynomial P € Qls1, ..., s,] is interpreted in terms of a special
value of the regulator 5(s1, ..., sp) in X, the projective variety determined by {P = 0}. The regulator on the symbol
{s1,...,8p} € Kg” (C(X)) ® Q is initially defined in the cohomology of X \ {poles and zeros of 5;}. A sufficient
condition for extending it to the cohomology of X is that the tame symbols of the facets are trivial. In that case the
polynomial is called tempered [17].

If the symbol {sy, ..., s} is trivial, then the tame symbols of the facets are trivial and n(s1, ..., sp) is exact, and
easily integrable by means of Stokes Theorem. This is the first step that may lead to a Mahler measure involving
special values of polylogarithms [12].

While the symbol is not necessarily trivial for a general polynomial, it is trivial for the case of sparse resultants.
This is the content of Section 5. In Theorem 8, we show that resultants have trivial symbol, and so they are tempered
polynomials. This fact suggests that the Mahler measure of resultants may be expressible in terms of combinations
of polylogarithms and that we might expect results in the style of the ones from Sections 3 and 4 to be held in more
generality.

2. Resultants with Mahler measure equal to zero

The main result of this section is the following:
Theorem 1.

A) =0 < dim(NResy, . 4,)) = 1.

.....
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Proof. Assume first that dim(N (Res 4, 4,)) = 1. We use Proposition 4.1 in [23], which characterizes all families
of essential supports Ay, ..., A, such that the dimension of the Newton polytope is one: they must satisfy k; :=
2,i=0,...,n. It turns out that ([23, Proposition 1.1]) in this case Res 4, . 4, must be of the form £(X*1 — X*?),
with A1, A2 € N¥. It is very easy to see that polynomials of this kind have Mahler measure zero because they are a
monomial times the evaluation of 7 — 1 in another Laurent monomial.

For the converse, assume that m(Res 4, . 4,) = 0. Recall that the resultant is a primitive polynomial in
Z[Xo, ..., X,]. By Kronecker’s Lemma (see for instance [8, Theorem 3.10]), Res 4, ... 4, must be a monomial times
a product of cyclotomic polynomials evaluated in monomials. But Res 4, . 4, is irreducible in C[Xy, ..., X,] as it
is the equation of an irreducible surface in the projective complex space (see [23, Lemma 1.1]). Having its Mahler
measure zero, the resultant must be of the form X% + X# with «, B e N*, i.e. a monomial times the polynomial 7' £ 1

evaluated at another Laurent monomial. Hence, dim(N(Res 4, 4,)) =1. O
3. The Mahler measure of resultants in dimensions two and three

Now we would like to compute the Mahler measure of the systems having dim N (Res 4,, .. 4,) > 1. In order to do
that, we first recall the following characterization of the dimension of the Newton polytope of the resultant:

Theorem 3.1 (/23, Theorem 6.1]).
dim(N (Res 4,,,....4,)) =k —2n —1,

where, as defined in the introduction, k = Z'-’ZO k;.

l

We will compute the Mahler measure of the resultants having dim(N (Res 4,,.... 4,)) = 2. By the previous theorem,
this property only holds in the case where there exists a unique ip such that k;, = 3 and all other k; = 2, because the
k; must be greater than 1 (see [23, Theorem 1.1]).

Suppose w.l.o.g. that kg = 3 and k1 = k» = --- = k;,, = 2. Consider any linear transformation in SL(n, Z) which
maps the directions in 4; to multiples n;e; of the unit vectors for i = 1, ..., n. After applying this transformation
which does not change neither the Mahler measure nor the structure of Res 4, .. 4,, the original F;’s defined in (1)
look as follows:

,,,,,

Fo(ty, ..., ty) = x01t" + x02t“ + x3t"?,
Fi(ty, ..., ty) = xntt™ — x12,
( n) @
Fu(t, ... th) = X1, — Xpo.
Letn:==nm+m+--+nn.
Theorem 2. For systems having support as in (4),
m(Resg,,...4,) = nL'(x-3, —D.
Proof. It is straightforward to verify that the resultant of (4) is the following: for each j = 1, ..., n let &; run over
the nj-roots of unity. Then, it turns out that Res 4, 4, equals, up to a monomial in the variables x11, x21, ..., X1,

& X12 ﬁ X220 71172 Xn2 ’%n

Let V; := fﬁ By Lemma 1.2,

_ o\ () 52\
Mi=m Hf()(a(xu) ,Ez<x21) ’.”’Sn<xnl) )

n;
5=l
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—m| ] 5 (suvon'l,sz(\/z)nlz,...,én (Vn)nln)
£/ =1

Now, since m(P(t1, ..., t,)) = m(P (P, ..., t,P")) (by Lemma 1.2 once again), we have

Mi=m| [] fo&@Vi. &V, ... &V
£ =
J

Observe that coefficients of absolute value one can be absorbed by variables, so M; = n;m(fo(V1, V2, ..., V).
Hence

j=1
Now since xo1, x02, and xg3 are algebraically independent, we may replace xg; V4!, xg2 V42, and xo3 V03 by three
independent variables Wy, W1, and W5,
M = nm(Wy + W1 4+ Wa);
but this is just Smyth’s result (Theorem 1.1):

33
M =nm(+x+y) =17 —L(x-3.2 = nL'(x-3.—1). O

With the same proof as before, we can compute the Mahler measure of more general systems as follows. Consider
an essential system of the form
Fo = x01t%0" 4+ xpt2 + - . . 4+ xppt?0t,
Fy=xnn™ — x12,
&)

Fp = xp1ty™ — Xp2.

Theorem 3. With the notation established above, for systems as (5) we have
A)=nmd+si+s2+-+50-1).

As mentioned in the introduction, the Mahler measure of polynomials of the form 1+ 51 +s2 +-- -+, was estimated
in [19] and later in [18].

Now we would like to compute the Mahler measure of resultants having Newton polytope of dimension 3.
According to Theorem 3.1, we must consider essentially the following two scenarios:

,,,,,

m(Res 4,

(1) ko =4, ky =k = --- = k,, = 2. This is a system of the form (5), and hence we have that

,,,,,

by Smyth’s result (Theorem 1.1).

2) ko =k1 =3, kp = k3 =--- =k, = 2. This case is treated below.
Letko = ky =3 and kp = k3 = --- = k, = 2. Consider a linear transformation in SL(n, Z) which maps the
directions in A; to multiples n;e; of the unit vectors fori =2, ..., n.

Fo = x01t%" + x02t%? 4 x3t%3,
Fi = x1tY" 4 xpt412 4 x3t%13,

Fr = x210™ — x22, (6)

Fp = xp1ty™ — xp2.
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Let a;j € Z be the first coordinate of the vectora;;, i =0, 1, j =1, 2, 3, and set as before n := n2+n3+- - - +n,.
Consider the following system of supports:

Aj = {ao1, 202, @03}, Al = {1, a2, @13} (7N

Observe that the cardinalities of A6 and .A’1 must be at least two, otherwise the family Ag, Ay, ..., A, would not
be essential. We get the following.

Theorem 4. For systems like (6) we have
m(Res 4,....A4,) = ﬂm(ReSAgJ,A’] ).

Proof. As in the proof of Theorem 6.2 in [23], it turns out that Res 4, . 4, equals, up to a monomial factor, the
product of the Res 41 4 over all choices of roots of unity. We can then follow the same lines as in the proof of
Theorem 2 and conclude the claim. O

Therefore the computation of the Mahler measure of resultants in dimension three reduces to the computation of
the Mahler measure of univariate systems like (7). Unfortunately, this does not seem to be very easy. In order to state
our best result in that direction, we need to recall some facts about polylogarithms (see, for instance, [25]).

Definition 5. The gth polylogarithm is the function defined by the power series

X
. o Z
qu(Z) = E 1 ]_q Z € (C, |Z| < 1. (8)
j=

This function can be continued analytically to C\ (1, 0o). Observe that Li, (1) = {(g) and Li, (—1) = @l-1— )¢ (g).
In order to avoid discontinuities and to extend these functions to the whole complex plane, several modifications
have been proposed. We will only need the cases ¢ = 2, 3. For g = 2, we consider the Bloch—Wigner dilogarithm:

Py(2) = D(z) = Im(Liz(2)) + log |z| arg(l — 2). (©))

For g = 3, Zagier [25] proposes the following:

. . 1 .
P3(z) :=Re <L13(Z) — log |z|Liz (z) + 3 lc)g2 |z|L11(z)) . (10)
These functions are one-valued, real analytic in P! (©)\ {0, 1, oo}, and continuous in P! (C). Moreover, P, satisfies
several functional equations, the simplest ones being, for g = 2,
_ 1
D(z) = —D(2), D(z)=-D(1—-z)=-D (—) , (1m)

Z

D—lDle_%Dl_z 12
(Z)—E (E)_'_ 1_% + (l—z) . (12)

When z has absolute value one, D(z) has a particularly elegant expression:

0 00 - .
. 2j6
—2/ log |2sin|dr = DE") = Y sin2/0) (13)
0

i2
=t/

More about D(z) can be found in [24]. For ¢ = 3, we have, for instance,
_ 1
P3(2) = P3(2), P; <Z> = P3(2), (14)

P3(2) + P3(1 —2)+ P3 (1 - %) =¢0). 5)
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We are now ready to state our result:

Theorem 6. Suppose that Ay = A\, have both cardinality three. W.l.0.g. we can suppose that Ay = {0, p, q}, with
p <qandged(p, g) = 1.
Then,

2
m(Res 4 4) = — (=pP3(@?) — qP3(—¢”) + pP3 (¢7) + q P3 (¢7))

where @ is the real root of x4 + x97P — 1 = 0 such that 0 < ¢ < 1, and ¢ is the real root of x4 —x97P —1 =0
such that 1 < ¢.

Proof. All along this proof, we will write Res as short of Res{o, p,4}.(0, p,q)- First, we will show that
Res(A + Bt? +19,C + Et? +19) = (C — A)? — (EA — BC)?(B— E)I7P.
Letusset f == A+ Bt + 9 and g := C + EtP 4 t9. By using [3, Ex 7 Chapter 3] we see that
Res(f, g) =Res(f, g — f) =Res(A+ Bt? +11,C — A+ (E — B)tP). (16)

. 1
Let & be a primitive pth root of the unity, then all the roots of C — A 4+ (E — B)t? are Ef(gjg)ﬁ, j=1,...,p.By
using the Poisson product formula for the computation of Res (see display (1.4) in Chapter 3 of [3]), we conclude that

(16) equals

P L (C— A7 - c-4 (C=AY
(—1)qP(E—B)qgf<5]<B—E> ):(_1)qp(E_B)qH<A+BB—E+§W<B—E> )

J=1

A7)

The last product in (17) is of the form

p
[[e-ps/ =ar —p

j=1
with o = BE=AE and B = —(S=4A)¥ (this is due to the fact that ged(p, ¢) = 1). So we get that (17) 1
— B-E - B—E ged(p,q) = 1). get tha equals

BC — AE)P C — AY

(1w — gy (LEZABT A7

(B — E)P (B—E)

= (=D ((=DY(BC — AE)?(B — E)?™F — (=1)T(C — A)?)
= (=1)Ptrratl ((C — AY? — (AE — BC)P(B — E)177).

The claim holds straightforwardly by noting thatgp +q¢ + p+ 1= (¢ + 1)(p + 1) iseven if gcd(p, q) = 1.
Now we have to compute the Mahler measure of

(C—AY —(EA—-BC)Y(B—E)I™7.

After setting C = C1A, E = E;B and dividing by A”, we see that it is enough to consider the polynomial
ATP(Cy = DT = BI(E, — C)P(1 — EDI7P.
Now set Z = A97P B4 and divide by B4. We need to compute
m(Z(Cy — DT —(E; — CHP(1 — ENTP). (18)

By using Jensen’s equality with respect to the variable Z and the fact that m((C; — 1)?) = 0, we deduce that (18)
equals

]
1 +
(27i)? []Tz %

where log™ |x| = log |x| for |x| > 1 and zero otherwise.

(Ey— 1)I7P(E; — C)P | dCy dE;
(Cr— 14 Ci E’
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Now write C1 = E1Y. The expression above simplifies as follows:

1 / ot — DI7P(Y = )P | dY dE;
Qri)? Jr

(YE; — 1)4 Y E;°
Setting ¥ = e2ie p = 2P e have that this expression can be computed as follows:

/ / sin? o sin?~ p,B ddf = = / f
/) 1 smq(ot—i—ﬂ) .1

For —% < B <0, set y = —p. We can then simplify (19):

2 3 %1 . tod
Pfo/o ¢ | il 1 B) ‘“_//

Now we perform a change of variables. For the first term, write

sin? o sin?~? ,3

T do dB. (19)

sin” a sin?~? B sin? o sin? =P sin” o sin?” Py

do dy.

Csind(a —y)

sin & sin 8
~ sin(@ + B) ~ sin(@ + B)’
then
dadp = d_a%
a b
For the second term, set
sin o sin y
= sin(a — v)’ = sin(a — v)’
then
dady = d_a%
b

This change of variables has a geometric interpretation: we can think of a and b as the sides of a triangle whose
third side has length one. The side of length a is opposite to the angle « and the side of length b is opposite to 8. This
construction is possible because of the Sine Theorem.

Fig. 1 describes how the sides vary according to the angles. The integral becomes the sum of four terms, each of
them corresponding to each case in Fig. 1.

) 1 1+b2 da db 1+b2 da db
_2/ [ log+(apbq P)_a_ 2/ / 10g+(apbq P)_a_
< Jo Ji-b 4 b

/b2 —
2 oo VP da db I+b da db
_2/ / 10g+(apbq P)_a_ 2/ / 10g+(apbq p)_a_
b—1 T 1452 b

1+b da db 1+b da db
/ / log* (a?b?~ ”)—a——i-—/ / log™ (a?b?™ [’)—a7

Now write ¢4~ = a and d” = b. Then the previous expression reduces to

2 ( )2 <1+d”>” dedd 2 2( )2 (1+an T de dd
R // og ey 50+ LN [T gt )

|—ar)TF dP—1)TF

2192(61 —p)2(1 D).

Let us compute /1. Since the argument has the term log™ (cd), we need to restrict the domain to the case cd > 1.
Now observe that since 0 < d < 1, then d‘l;—!' > 1 — dP”. On the other hand, 1 + d? > dq%p if and only if

d14+d7P —1>0.
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LY o,
(d)

Fig. 1. (a) Case when 0 < b < 1 in the first integral. (b) Case when 1 < b in the first integral. (c) Case when y > « in the second integral. (d)

Case when y < « in the second integral.
For future reference, let ¢ be the unique root of x4 + x4 — 1 = 01in [0, 1].
1
(1+dP)a=r
d

/=

1
bopaxdnay dedd ! log?(cd)
I :f ﬁ log(cd)—7:/ gT
o Jy ¢ @

Vlog(d(1 + dP)T7) dd
20)

_/(p 2 d
lo 1+d’l
g( ))1l

B fl log?d N logdlog(l + dP) N
S Jo \ 2 (g — p)d 2(qg — p)*d
The first term in the integral (20) is easy to integrate:
1 1002 3
log“d 1
/ ogrd ., _ _logey
P 3
For the second term, we use the series expansion of log(1 + x):
1 1 o -1
logd log(1 + d? dr
logdlog +d7) ,, _ _/ 31 log ddd
¢ =1 !
dpl—l
! dd

[
1 1 oo

+ 1
/w;( s

—Z(—nl—z logd
=1 pl @

. | .
Liz(—¢”) + ?(LB(—U — Liz(—¢")).

_loge

We apply definition (10) to conclude that this expression equals

1 (g —p)logde 3
—— Py(—¢? — 3.
P+ 3 it

Finally, we compute the third term of (20)

Uog?(1 +dP 1 97" log?
og~(1 + )ddz—/ ogcdc
1 c(l—c¢)

/¢ d p
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: _ 1
(setting ¢ = W)

1 [’ 1 1
:—/ 10g2c<—+ )dC
pJi c l—-c

2

(/;‘I_P
1 2
— —log“clog(1 —c¢)
p i 3
5 [elP 2 -l
+ —/ £ de

(g —p)Ylogy log2
= +
3p 3p

1 9" 2logclog(l —¢)
e«

pi=P

Qg+ p)(g —p)logde 2log’2 2. &

5 — )2 loe? 210832  2(g —
- atpla—prlogy 2l0e2 26Dy ) 0r)

2log2 . (1 2. 2. (1
— Li| = ) + —Lis ((pq Py — —Liz [ =
p 2 p P 2

21403
_ 2 pypirry @ loge 2, (1)
p 3 p 2
Then
1 B 1 1 1 3¢(3)
h=— Pyt P) - — Py(—pP)— —— Py =) - 2
"7 b - p)? 3T p*(q—p) 3(=¢") p(q — p)? 3<2> 4p%(q — p)

Let us compute /. As before, we need to restrict our domain to the case cd > 1. Since 1 < d, we have
<14 dP always.

1
d7-p
d1 —d17? —1>0.

For future reference, let ¢ be the unique root of x4 — x977 — 1 = 0in [1, 00).

Then
1
(1+d1’)‘1 P (14dPya=r de dd
L = / / log(cd)—— / / 1 logled)—— = I + 1.
(dP—1)7-P c d
We proceed to compute 151,
1

/ /'f’ log>(d(1 4+ dP)7—7) dd 1 /1 (log(1 4 ¢P) — g logc)? de
21 = — = —
1 2 d (g — p)? ¢! 2 c

(setting ¢ = dl)

1 /1 g*log’c  glogclog(l + cP) n log(1 + cP) d
= — c
(g — p)? 2c c 2c

Using similar computations to those from /;, we obtain

_ qPlog'y g log? ¢log(l+¢ ) +10g¢10g (1+¢ ) . P3( | )
6(q — p)? 3(q — p)? 6(q — p)? p*(q — p)? ol

1 o7 ) 1 <1> 34¢3)
- Py(=)+ -2
Rk <1+¢p va—p2 2 \2) T g = pp

For the case of I, we have:

dd
d

% log2(d(1 + d?)T7) — log2(d(d” — 1)77) d
I» =/¢ 5
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1 /¢1 logz(l + cP) 10g2(1 —cP) glogclog(l —c?) glogclog(l+ cP)
- — + - de

qg—p>2JL 2c 2c c ¢
(21

(setting ¢ = %).
Now we compute each of the terms in Eq. (21):

_ 2 4
97" log?(1 + ¢P) log (lf’i¢p>log¢> 2 K
—= = dc=-— - P + ;(3)
0 C 3 P 1+¢p
¢~ 1og2(1 — cP 1 ! log?
/ og( C)dc=—/ g fyr
0 c pPJo-a1—f

(setting f =1 —cP)

l/l 2log flog(l = /) ;.
¢’1

I 5 1
=~ log flog(l—f)\ L+
‘¢ p f

1 2 1
—q log ¢ — — 10g¢L12 <¢q) 4+ —-¢@3) — ;ng (qbq)

__qk’_g¢_% !
= LR

¢~ Jogc log(l — P 1 1 1
/ ogeloa = el _ Og¢Li2(—>+—2Li3 (-)
0 c P pr P3 oP
1 1 |
_ A p (L) _akgle
p? T\ oP 3

¢~ logc log(1 + P 1 1 1 1
0 ¢ p ¢r p g

1 1 log ¢10g<1+¢ )
= Ssh(-—— |+

3
Putting all the terms together,

log2 (1+¢p> log ¢ q210g3 ¢ 4 log2¢log (1_(;?1;)
B 6 6 3

D 3 + (Z)p p 3 qZ)q p 3 ¢)p D 3 qZ)p
and heIlCC,

2, 1 1 3g¢(3) 1 q 1
=== (5)+ 3o () e (55).

Now we can conclude:

(@ —p)hy =

hth= — Py ") — L Py(—g?)
plg — p)? p*(q — p)

2 1 3¢(3) 1 q
-~ p= Py (¢7) + —1 _ps(67).
plq — p)? 3(2>+4p(q—p)2+p(q—p)2 2 (¢ )Jriﬂ(q—p)2 3 (¢7)

Let us note that 2 P3 ( ) + P3(—1) = ¢(3) because of Eq. (15), hence,

1 7
P; <5) = §§(3).
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Then
hth=— Pt - pyyn)
plg — p)? p*(q — p)
¢(3) 1 q
— P q [ — ) P .
pq—p?  plg-p?° (#) + prq—p2 > (#")

Now, we use Eq. (15) again in order to obtain P3(¢?) 4+ P3(1 — ¢?) + P3(1 — ¢=9) = ¢(3) from where
P3(p?) + P3(¢?7") + P3(—¢™ ") = £(3),
o)
P3(¢?77) = ¢(3) — P3(—¢”) — P3(p?).

Hence, we have

Py (¢9) + —1— 3 (¢7),

Fs(e) - Pg—p2 >

1
L+ =- -
p( (q — p)?

; LP3(_¢I’) +
p(q —p)? q — p)? p

which proves our claim. O
4. An example in dimension 4

We would like to study one more example, which is a particular case of a 4-dimensional resultant. Let us setn = 2
and

Ag=A1 = A = A:={(0,0), (1,0), (0, 1)}.

We will use a formula due to Cassaigne and Maillot.

Theorem 4.1 ([13, Proposition 7.3.1]).

| Jiv ;
nm(a+bx+cy):{p(‘b ¢ )+alog|a|+ﬂlog|b|+ylog|c| if A o)

m log max{|al, |b], |c|} if not A
where A stands for the statement that |a|, |b|, and |c| are the lengths of the sides of a triangle; and o, B, and y are
the angles that are opposite to the sides of lengths |a|, |b| and |c| respectively.

Theorem 7.

9¢(3)
272’

Proof. In order to simplify the notation, we will use the variables a, b, c, . .. instead of the x;;’s.

m(Resq,4,4) =

a b c
Resgy a4 =det|d e f
g h i

Now, let us proceed to eliminate homogeneous variables:

1
!
i

—_
=0 =

a b c
mll|ld e f|]=m
g h i

e—1 f-1=me-DGE—-D—(f—-D-D).
h—1 i-1
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lz—x1=2lsin (f-o)]| m\‘\\f.—l\zllsin(ﬁ)]
\

n-B B—(x\\\

Ix=11=2Isin(a)|

Fig. 2. We always obtain a triangle for this case.

Let us observe that
m((x—Dy—-D—c—Dw-1))=m({(x—-1Dy+0—-2)w+ (z—x)). (23)

Hence we can think of the polynomial (x — 1)y 4+ (1 — z)w + (z — x) as a linear polynomial in the variables y, w,
whose coefficients are in Z[x, z]. Because of the iterative nature of the definition of Mahler measure, we can choose to
integrate first with respect to the variables y and w, regarding x and z as parameters. If we do that, we obtain formula
(22) with the sides of the triangle equal to |x — 1|, |z — 1|, and |z — x]|.

Now in order to compute the Mahler measure, we still need to integrate this formula with respect to x and z. Set
x = e”® and 7z = ¢?#. This notation is consistent with the names for the angles of the triangle because of the Sine
Theorem (see Fig. 2).

We obtain that (23) is equal to

2 (7 (P (sinB s a , : ,
= D ——c¢ + alog|2sina| + (B — «) log|2sin(B — «)| + (r — B) log |2 sin B|da dB.
0 0

S o

First, we integrate the terms involving logarithms:
T T T
/ / alog|2sina|dBda = / a(r —a)log|2sino|do
0 o 0

bg . 8] 2]10(
=/ a(n—a)log|1—e2'“|da=—/ a(rr—oe)ReZ
0 0 J

Because of
cos(2/oz) s1n(21a) sm(2]oe)
(JT = (ma —oP)——5— (
= (n—za)w —/ﬂ( 2)°°S(2”) =,
47 o Jo 2j3
we conclude that
T
3
/ a(r —a)log|2sina|da = ﬂ§2( ).
0

Then
7T C (3)

/ / (r — B)log|2sin BldadB = / B(mw — B)log|2sin B|dB =

by analogy with the case of .
By setting y = B — « in the third logarithmic term,

T B T -y
/ / (B — o) log|2sin(f — o)|dadB = / / y log |2 sin y |dady
0o Jo o Jo

m{@)

T
=f y(@ —y)log|2siny|dy = >
0
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On the other hand, we need to evaluate

b4 B :
/ / D (sfﬂe“ﬁ—“)) dadp. 24)
0 0 sSmo

Using Eq. (12),

sinf i)\ _ p (Ll L(p(Z 1
D(sinote >_D(l—x>_2 D(x)+D(x)+D z

= % (D@ =) + DE) + D))

Then integral (24) is the sum of three terms. We proceed to compute each of them:

fﬂ fﬂ D(e**)dBda = fﬂ(n — a)D(e”¥)da
0 o 0

= /n(rr —a)zwda
0 j=I1 J

/‘ - s1n(2]a) - )Cos(2ja) ”_/” cos(2ja)d _ T
doe = —(m —« —2j3 . A —2j3 o= e
Then
/ (7 — a)D(*)da = 75O
0 2

The other terms can be computed in a similar fashion:

[ [ peniaaas = [ poetias =52,

/ / D P~y dp = f f D(*7)dady
0 0 On 0

- / (r - )DE7)dy = T2
0 2
Thus, we conclude that
2 (31¢B) | L mt@®) _ 9%0G)
m((x—l)(y—l)—(z—l)(w—1))—F(E 5 +3 5 >—2n2. a

5. Resultants are tempered polynomials

In this section we will leave the elementary approach given above and turn instead to study algebraic properties of
resultants and Mahler measures in the context of Milnor K -theory. We will sketch the relation here and we refer to
[6], [17], and [12] for precise details.

For P € C[s1, ..., sp] irreducible, we write
P(st,....8p) = Zai(sl, o sp_l)s;.
i>0
Let
P*(s1, ..., Sp—1) = aig (51, ..., Sp—1),

the main non-zero coefficient with respect to s,,. Let X" be the zero set {P(s1, ..., sp) = 0}.
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By applying Jensen’s formula to the Mahler measure of P with respect to the variable s, it is possible to write

1 d ds,_
m(P) =m(P*) = ———— / log |sp| = -+ ==
Qimyr=t Jr 51 Sp—1
where I' = (P(s1,...,85p) =0} N {|s1|=--- = [sp_1| =1, [|sp| = 1}.
From this formula, Deninger [6] establishes
(P) (P¥) ! f ( ) (25)
m =m - Sly v’ S
@imp=1 Jp T
where 7(sy, ..., sp) is a certain R(p — 1)-valued smooth p — 1-form in X'(C) \ S. Here, S denotes the set of poles
and zeros of the functions s1, ..., s).

For example, in two variables, 1 has the following shape:
n(x,y) =log|ylidargx — log|x|idargy.

n is a closed form that is multiplicative and antisymmetric in the variables si, ..., s,. Therefore, it is natural to
think of 1 as a function on A\” C(X) ® Q (we tensorize by Q because 7 is trivial in torsion elements). Even more,
n(l —s,s,s3,...,8p) is an exact form. We may also see n(sy, ..., sp) as a class in the (DeRham) cohomology of
X\ S. This situation allows us to think of the cohomological class of 1 as a function in the Milnor K -theory group
K ,1}’[ (C(X)) ® Q. Recall that for a field F the Milnor K -theory group is given by

P
K)(F) = /\F*/((l — S ASIA - ASp,si € FF).

If we can extend this class to the cohomology of X, n becomes a regulator. In certain cases, seeing the Mahler
measure as a regulator allows us to explain its relation to special values of L-functions via Beilinson’s conjectures and
similar results.

The condition that the class of n(si, ..., s,) be extended to X is given by the triviality of the tame symbols in
the Milnor K-theory. A stronger condition is that n(si, ..., s,) is exact. Since 7 is defined in K fy‘” (Cx) ® Q,

n(s1, ..., sp) is exact if the symbol {s1, ..., sp} is trivial in KI’,V’(C(X)) ® Q.
This is a very special condition that is not true for a general polynomial. However, it is true for resultants:

Theorem 8. The symbol
(01 -+ X0kgs -+ X, -y Xk, ) € KT(C(X) @ Q (26)
is trivial.
In order to prove Theorem 8, we will need the following

Lemma 9. Consider a p-variable polynomial
Puy,...,up) = inui.

Here i is a multiindex, ut = ull1 . u;f.
Let E be a field containing the x{s and let a1, . ..oy be in E. Then /\ x; is of the form

Plar,....ap) A Nai+ D rinci A \ein+ Y siabj A(L=bj) A \ B,
i.h Bl

/

where a,-,bj,bj’l,

ci,p are elements of E and v;y, s}, are integers.

Proof. First we prove the case for which p = 1. Let us write

X1 X2 Xq
Pl@)=xp|{14+ —a|ll+ —a...(1+ o .
X0 X1 Xg—1
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After setting yp = x9 and y; = % fori > 0, we obtain
P(a) = yo(I + yra(l + y2r ... (1 + yge0))),
and
XoAN--AXg=Yo A Ay
We may introduce « in the last place of the wedge product of y;:
YON = AYg=Y0N " AYg—1 A (Yg&) — Yo A+ A yg—1 A
Now we introduce « in the second to the last place

=yo A Ay 1+ y0) A(yga) —yo A AL+ y,0) A(ygar) — Yo A -~ Ayg_1 AN

= VoA AVg—2 AYg—10(1 + y,0) A (¥ga) = Yo A+ AYyg—2 AAA Yy
= Yo AL+ yg0) A(yg@) — Yo A Ayg—1 A

Then we introduce « in the third to the last place. We continue in this fashion
=YyoAN:- A )’q72(1 + yqfla(l + )’qa)) 74N )’qfla(l + yqa) A (an)
=Yoo A A Fyg—1a( + yg@) A yg—ra(l 4 y40) A (y40)
—YON - AYg 2 AN Yy = Yo A AL Fyg00) A (yg0)

—YoON- - ANYys—-1 A0

After g — 1 more steps, we get
q q
P(a)A/\ai+Zi(bh/\(l —bh)A/\b}”) —Zyo/\---/\yh_l AAAYEL A A Vg,
h=1 h=1

which proves the claim in this case.
Let us now consider p > 1. We use induction on p. Suppose that the claim is true for p — 1. Then we may write

P(ar,....ap) =Y _ Pilay.....ap 1)a.
By the inductive hypothesis we obtain

/\xi = PO(a]a~~-,Olp71)/\"'/\Ph(al,-uyapfl)/\/\ai

+ Zri,h“i A /\ci,h + Zsj,lbj AN =bj) A /\b},r
ih il
Now apply the case p = 1 to the first term in order to obtain the desired result. O

In the notation of this proof we used that the coefficients were all different from zero. The proof is easily adapted
to the case when some coefficients are zero. We are going to use this lemma in full generality.

Proof (Theorem 8). By definition of Milnor’s K -theory, it is sufficient to work in /\k C(X)*®Q. Consider the variety
Y ={z—Resy,.. 4, =0} cC

Let H := C())) and E be a finite extension of H containing all the roots that are common to the last n polynomials
F1, ..., F, in an algebraically closed field containing H.
We will prove that the symbol determined by

ZA/\XQJ’A/\XUA-”A/\X”/'

k1 px ®Q. This fact implies that the corresponding symbol in K,f” {(E)®Qis trivial. Now j : H < E

is trivial in A 1
induces j : KM(H) — KM (E) whose kernel is finite (see [1]). Then KM (H) ® Q < KM (E) ® Q is injective and

we conclude that the symbol must be trivial in /\k+1 H*® Q.
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The triviality of this symbol implies that

PNxwoi s Nxijneon Nosag

is trivial in A\® C(X)* ® Q, because it is the image by the tame symbol morphism with respect to the valuation
determined by z = 0, [14] (in the language of Newton polytopes, Res 4, . 4, corresponds to a facet of z —
Resg,....4,)-

We will use the Poisson product formula for sparse resultants (Theorem 1.1 in [16] and its refinement in [15,
Theorem 8]):

Res 4.4, = | [Res,™ [ | Fo@), 7)
n a

yeney

where 7 runs over all the maximal facets of the Newton polytope associated to the Minkowski sum A + - -- + A,,
Res,, stands for the facet resultant associated to (1) and the facet 1, d; is a non negative integer, and & runs over all
the common solutions of the system F} = --- = F, = 0in (E \ {0})".

Let us proceed by induction on n. For n = 1 we have, Fp = xo11;"" +--- + kaotlaOkO and Fi = xpiff" + - +
X1k, tlalk1 , where we assume w.l.o.g. that ag; < apy < -+ < apk, and a1 < ajp < -+ < ajg,. Also, we can suppose
w.l.0.g. that ag; = aj; = 0. This is due to the fact that the resultant is invariant under translations of the 4;’s. Then,

Res(Fo, F1) = xfy, [ | Fo(@),

. . e ~ a
where « runs over the roots of Fy in E \ {0}, and d is a positive integer. Let F| = xlztlalz + X1 "I' Then

ko k1 ko ky
z/\/\xoj/\/\xlj ZZF()(Oé)/\ /\)C()j/\F](Ot)/\/\xlj—i-d)qk1 /\/\xoj/\F](O{)/\ /\X1j.
j=1 j=2 j=1 j=2

The second term is zero because it contains two copies of xix,. By applying Lemma 9, the first term yields a
combination of terms of the form b; A (1 —b;) A /\ D', ;, which is trivial in K -theory.

Now let n > 1, and assume again w.l.o.g. that all the supports A; are contained in N”, so the F;’s are Taylor
polynomials and we can use Lemma 9. Fix a solution @ = (o ..., ®y,) in (E \ {0})" for the last n equations. As in
the case n = 1, it is easy to see that we may write equations of the kind

xn =a 'F(@)

where a is equal to a product (possibly empty) of «;.
We need to consider

Z/\/\xoj/\/\xlj/\---/\/\xnj,

which, due to (27), equals

ko k1 kn
Y Fo@ A N\ xoj AFI@ A\ xij A AF@ A )\ x
j=1 j=2 j=2
ko . ki . ky
+ Y dyResy A\ xoj A Fr@ A N\ xij A A Fa@ A )\ xa
n j=1 j=2 j=2

The sum is over all the solutions & of F; =0for1 <i < n.

For the first term, we apply Lemma 9 to each of the n + 1 sets of coefficients and obtain a combination of terms of
the formb; A (1 —b;) AN b;., ;» which is trivial in K -theory.

The terms that correspond to combinations of ¢; A /\ ¢; j, are zero because we have n different «;’s but n + 1 terms,
which means that some «; appears twice in the wedge product and then it must be equal to zero.

Consider the second term. For each n andi = 1, ..., n, we define G? = Fi", the restriction of F; to the facet n
(see [16] for a precise definition of these polynomials). As the coefficients of the G? ’s are included in the coefficients
of the F;, we can apply induction and obtain the triviality of this term. This can be done due to the fact that Res,, is
always a resultant associated to a system of dimension n — 1 or less. Hence, the symbol is trivial in K %‘1 (E)® Q and
that proves the claim. [
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