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|
Mahler measure of several variable polynomials

P € C[xt, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /O log |P(eZ™101 . e2™0)|dg; ... d6,

1 dxq dx,
= [ log|P(x1,.. ., x0)| 2 ... 0,
G L oB PG ) S
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|
Mahler measure of several variable polynomials

P € C[xt, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 log |P(eZ™101 . e2™0)|dg; ... d6,

1 dxq dx,
= [ log|P(x1,.. ., x0)| 2 ... 0,
G L oB PG ) S

By Jensen's formula,

m (a H(X - a,')) = log |a| + Z log max{1, |a;|}.
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-
Examples in several variables

Smyth (1981)
°
3v3

m(l+x+y)= ?L(X_37 2) =L'(x_3,—1)

m(1+x+y+z):%g(3)
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|
The measures of a family of genus-one curves

1 1
m(k) ::m(x+—+y+—+k)
X y
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|
The measures of a family of genus-one curves

1 1
m(k) ::m(x—l—;—f-y—i-)—/—i-k)
Boyd (1998) e
l ks

m(k) £

ke N#0,4
Ey elliptic curve, projective closure of

1 1
x+=+y+=-+k=0.
x y
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|
The measures of a family of genus-one curves

1 1
m(k) ::m(x—l—;—ky—i-)—/—i-k)
Boyd (1998) e
l ks

m(k) £

ke N#0,4
Ey elliptic curve, projective closure of

1 1
x+=+y+=-+k=0.
x y

Deninger (1997)
L-functions < Bloch-Beilinson’s conjectures
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Rodriguez-Villegas (1997)
k = 4+/2 (CM case)

< \/_) (X X y _y \/_> ( 4\[2’ )
(By BlOCh)

k = 3v/2 (modular curve Xo(24))
m(3v2) = m by 3V = ql(Ey 5,0)
. y 3v2

?

geQ*, gq-=

N| o1

(By Beilinson)
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L. & Rogers (2007)
For |h| <1, h#0,

oo D) eoe ) (3)

Kurokawa & Ochiai (2005)

For h € R*,
m(4h*) + m (hi) =2m (2 (h+ %)) .

WY EL I« S0 R T [ =T@ o TV SR VI S| VR VRTVAE  uations for Mahler measures of genus-one ¢ July 5th, 2007 6 /19



h= % in both equations, and using K-theory,
Corollary

m(8) = 4m(2) — gm(3\/§) — 4U/(E, 15.0)
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-
Regulators and Mahler measures

By Jensen's formula,

1 1 1 dx dy
K= ——— [ | - Y e 4
m(k) (271'i)2/11-2 og x+X+y+y+ Xy
dx
= — I R
o loglylx o= n(x,y),

n(x,y) := log|x|diargy — log |y|diarg x
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Regulator map (Beilinson, Bloch):

r: Kx(E)®Q — HY(E,R)

{x, v} — {7 — An(x,y)}
for v € Hi(E,Z).

Need integrality conditions, trivial tame symbols...
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|
Computing the regulator

E(C)=C/Z+1Z
ZIE(C)” =ZIE(C))/ ~ [-P]~—[P].

R, : ZIE(C)]” — C.

R, is a Kronecker-Eisenstein series.

R =D; —iJ;
D is the elliptic dilogarithm.
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Proposition

E /R elliptic curve, x,y are non-constant functions in C(E) with trivial
tame symbols, w € Q!

where Qq is the real period and Q = [ w.

Use results of Beilinson, Bloch, Deninger
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Proposition

E /R elliptic curve, x,y are non-constant functions in C(E) with trivial
tame symbols, w € Q!

_Ln(x,y)=1m( LR, ((X)‘*(y)))

,VTQO

where Qq is the real period and Q = [ w.

Use results of Beilinson, Bloch, Deninger
() =D mi@), ()= nlby).

C(E)* ® C(E)" — ZIE(C)]~
()" (y) =Y _ minj(a; — by).
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]
|dea of Proof

Modular elliptic surface associated to g(4)

1 1
X+-+y+-—+k=0
X y

(x)” *(v) = 8(P),

P torsion point of order 4.

PE—% mod Z + 77 ke R

T =1y, k € R,|k| > 4,

1
T:§+iy7. keR, |kl<4
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Understand cycle [|x| = 1] € Hi(E,Z)

Q=70 keR

_/7,7(“,) = Tm (yT%O Ry ((x)™ (y)))

m(k) = %Im (leRT(—i)) . keR
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Theorem

(Rodriguez-Villegas )

m(k) = (16)/“ Z x4 (m) )

(m+ ndp)?(m + ndp)

=Re | -mip+2> Y X_4(d)d2q—:

n=1 d|n

- 16 oF1 (3,311 - 38)

and y,, is the imaginary part of ji.
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|
Functional equations

Functional equations of the regulator

Jay (€37H) = 2Jpy (€™') + 2J(41) (ezﬂ(g“))

1 - 1 ; 1 ,
iy 2mip iy Y T A Tip
o e () =y () 4 o (=€)
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_ 16 2F1(2v2' 11(2)
q—q(k2)—exp< " 2F1 (3,3 7%)

Second degree modular equation, |h| <1, h € R,

() e

h —ih
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Then the equation with J becomes

(20 (o (25

o) nor ) -n(2).

WY EL I« S0 R T [ =T@ o TV SR VI S| VR VRTVAE  uations for Mahler measures of genus-one ¢ July 5th, 2007

17 / 19



-
Direct approach

Also some equations can be proved directly using isogenies:

¢1:E2(h+%)_>E4h27 ¢2:E2(h+%)—>Ei%.

_ XX +1)  BY (X2 +2mX +1)
(bl'(X?Y)H( X+ ' (XY
1
2) = = —
m(4h%) = n ({x1, 11}) = o /|x1:1 n(x1, y1)
- % X|=1 n(x1 0 ¢1,y10 1) = %’({Xl °¢1,y10¢1})
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]
Other families

@ Hesse family

h(a3):m<x3+y3+1—3¥>

(studied by Rodriguez-Villegas 1997)

-\ 3
h(u®) = Z hl1l- (1——§éu> |u| small

2
= 1+28u

@ More complicated equations for examples studied by Stienstra 2005:

Xy
m((x+ 1)y +D)x+y) = )
and Bertin 2004, Zagier < 2005, and Stienstra 2005:

m((x—i—y—i—l)(x—i—l)(yﬂLl)—%)

Y EL 1< S0 R T [ =T@ o TV SRV S| VR VRRTVAE  uations for Mahler measures of genus-one ¢ July 5th, 2007 19 / 19



