THE MAHLER MEASURE OF A THREE-VARIABLE FAMILY AND AN
APPLICATION TO THE BOYD-LAWTON FORMULA

JARRY GU AND MATILDE LALIN

ABSTRACT. We prove a formula relating the Mahler measure of an infinite family of three-
variable polynomials to a combination of the Riemann zeta function at s = 3 and special
values of the Bloch—Wigner dilogarithm by evaluating a regulator. The evaluation requires
two different applications of Jensen’s formula and analyzing the integral in two different
planes (as opposed to only one plane as usually). The degrees of the monomials involving
one of the variables is allowed to vary freely, leading to an interesting application of the
Boyd-Lawton formula.

1. INTRODUCTION

The (logarithmic) Mahler measure of a non-zero rational function P € C(zy,...,x,) is
defined by
dzq dz,
P) = log | P(21, . .., Zn)|—2 -+ - =2,
m(P) (2mi)™ /n og |P(@1,.., o) T Tn,

where the integration is taken over the unit torus T" = {(z1,...,2,) € C" : |z4| = -+ =
|z,| = 1} with respect to the Haar measure.

This construction originated for one-variable polynomials in the search for large prime
numbers (for example, see Lehmer’s work [Leh33]) and was later extended to multi-variable
polynomials by Mahler [Mah62] in applications to classical heights of polynomials. Even-
tually Mahler measure was found to yield special values of functions of number theoretic
significance, such as the Riemann zeta function and other L-functions. The first examples
of these relationships were given by Smyth [Smy81, Boy81b]

V3

3
Hl(iL' + Yy + 1) = ?L(ng, 2),

m($+y+z+1):ﬁ (3),

where L(x_s,s) is the Dirichlet L-function in the character of conductor 3 and ((s) is the
Riemann zeta function.

Deninger explained the appearance of L-functions in some Mahler measure formulas in
terms of Beilinson’s conjectures via relationships with regulators in [Den97]. (Additional
insight into this direction can be found in the works of Boyd [Boy98] and Rodriguez-Villegas
[RV99].) We see from this point of view that the Riemann zeta function and the L-functions
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which appear in Mahler measure formulas come from special values of polylogarithms arising
from regulators. The cases involving the Riemann zeta function and Dirichlet L-functions
have been linked to particular applications of the Borel regulator and evaluations of poly-
logarithms in algebraic numbers [BRV02, BRVDO03, Lal07, Lal08§].

Our goal is to employ the regulator to prove the following result.

Theorem 1. Let a,b be coprime positive integers. Then, if b is odd,

m (2 + 1+ (2% + 1y + (2" — 1)z)

<4 B ab(a1+ b)) SES) B Zz;f 2. D (exp ((2]2_—+1b)m)> (% B ”)

S
a (2k — 1)mi (2k — 1)m
= D e T e )R
e 2 e () (B
1§k§a;1
b 2k — D)mi\\ [ (2k — D)x
v D RN (DT )
taarne 2o (ex"< b ))( b "
1<k<bil
If b is even,
m (2" + 1+ (2 + )y + (2" — 1)z)

N a D(e b (ka')) (ka >

— X -

b(a + b)m? i a a

. b e 2kmi 2km -
_ X — =7 .
a(a + b)n? P\ b

b
1<k<?

In the above formulas, D(z) denotes the Bloch-Wigner dilogarithm defined by equation
(5).

The idea to study this formula arose from some conversations with David Boyd and
Mathew Rogers. Boyd [Boy06] made a systematic study of numerical examples of the form
po(2) + p1(x)y + pa(x)z with po(x), p1(x), and pa(x) given by products of cyclotomic polyno-
mials, and Rogers discovered the particular case of the above formula when b = 1.

We remark that Theorem 1 gives the Mahler measure of a whole polynomial family with a
fixed number of three variables and unbounded degree. To our knowledge, the only previous
result of such nature is the following formula due to D’Andrea and Lalin (Theorem 6 in
[DLO7], see also Theorem 9 in [Lal07]).

(1—=2)*(1—y)" 2b a a 2a b b
W (- EUZIE) B o) - Ao + (A0 - L),
where ¢; is the root of 22 + x* — 1 = 0 which lies in the interval [0, 1], ¢, is the root of
2% — 2% — 1 = 0 which lies in [1,00), and .3(z) is the trilogarithm given by equation (8).

However, equation (1) differs from Theorem 1 in two fundamental ways. Firstly, the

variation of exponents in (1) affects linear terms (of the form 1 — w) and ultimately the
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coefficients of the rational function vary as a,b vary, while the variation of exponents in
Theorem 1 only affects the powers of x but not the coefficients. This leads to an interesting
application of Boyd-Lawton limit formula. More precisely,

%h_{(r)lo m(z"? + 1+ (2°+ Dy + (2" — 1)z) =m(zw + 1 + (w + L)y + (z — 1)2)
—00

2 @),

T o2

as proven in ([DL07], Theorem 7). Moreover, as Boyd-Lawton formula predicts, the same
limit is valid if we fix a and let b go to infinity, or vice versa.

Secondly, the proof of Theorem 1 presents an innovative technical aspect regarding the
integration of the regulator. Usually the first step in the integration consists of an application
of Jensen’s formula that eliminates one variable. The rest of the work is done with the
remaining two variables, in a variety defined by a construction proposed by Maillot [Mai03]
based on a idea of Darboux [Dar75]. Concretely, we normally complete the computation by
integrating in a curve defined in the xy-plane. However, in this case, due to the complexity
of the singularities involved, it does not suffice with eliminating one variable, and we have
to consider another point of view and eliminate a different variable. More precisely, we have
to both integrate in a curve defined in the xy-plane and in another curve defined in the
zx-plane. This introduces interesting new considerations on orientation and repetition of
terms.

This paper is organized as follows. In Section 2 we define and present some results on
polylogarithms and explain the regulator integration. The integral over the plane xy is
treated in Section 3, while the one over the plane zz is treated in Section 4. We combine the
relevant terms coming from both integrals in Section 5 to obtain the main result. In Section
6 we discuss the Boyd-Lawton limit for this formula, while we explore avenues for future
research in Section 7.

2. PRELIMINARIES ON POLYLOGARITHMS AND THE REGULATOR INTEGRATION

Here we proceed to present the necessary background on polylogarithms and the algebraic
integration of the regulator that leads to the Mahler measure. This section follows the theory
presented in [Lal07], and was built from previous works such as [Den97, RV99, BRV02].

2.1. Polylogarithms. The classical nth polylogarithm function is defined by the power
series

e k
Liy(2) =Y % eC, | <L
k=1

This function can be continued analytically to C\ (1, co) by means of the following integral
. ) . dx

Lii(2) = —log(1 — 2), Lipt1(2) = [ Liy(x)—.

0 x

Li,, satisfies some functional equations such as

(2) Liy(z) ="' > Lig(w), |2 <1

wr=z
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In this paper we will work with Zagier’s modification of the polylogarithm [Zag91].

n—1 i '
3) Z,(2) = Re, (2 Loy |z|Lin_j<z>) ,
j=0 7

where B; is the jth Bernoulli number and Rej; denotes Re or Im, depending on whether
n is odd or even. This function is one-valued, continuous in P!(C), and real analytic in
PY(C) \ {0, 1,00}. Notice that in particular, if |z| = 1, then .%,(2) = Re,(Li,(2)).

%, satisfies cleaner functional equations than Li,, such as

(@) 7. (1) = C0ae, A= A,

where z denotes the complex conjugate of z.
For n = 2, equation (3) becomes the Bloch—-Wigner dilogarithm,

(5) D(z) = Im(Liy(2) — log|2|Li;(2)) = Im(Liy(2)) + log |z| arg(1 — 2),
which satisfies the five-term relation
11—z 1—y
D D D(1 — D D =
©) @)+ D)+ D =)+ D (=2 )+ ({21 ) =0

A particularly useful case of the above equation (setting z = z and y = 1) is
(7) D(1 —2z2)=—D(z).

Similarly, the first equation in (4) can be deduced for D = % by setting = = z = i in (6).
Analogously, by setting n = 3 in (3), we obtain the trilogarithm

(8) Z3(z) =Re (Lig(Z) — log |z|Lia(2) + é log? |z|Li1(z)) :

We close this subsection by defining the Borel group, a structure where we can naturally
evaluate the dilogarithm. For F' a field, let

Ay(F) = {an{zj} € Z[F] an(zj N1 —=2z))= 0} ,

where the corresponding term in the sum is omitted if z; = 0,1. Let

Ca(F) :={{w}+{y}+{1—xy}+{ 1_””}+{ 1—y}

1—2ay 1—2xy

:B,yEF*,:vy%l}-

Then Cy(F') C As(F) and we can define the Borel group by
By (F) = As(F)/Co(F).

Thus, if we extend the Bloch—Wigner dilogarithm to Z[C] by linearity, D is naturally defined
in B,(C). We denote by {z}s the element of By(F') coming from {z} € Z[F|. The subindex
2 indicates that we work with the dilogarithm. It is possible to extend the definition of the
Borel groups to .%,. For more details, see [Zag91, Gon05].
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2.2. The regulator integral. Let P € C[z,y, z]. Then we may write
P(z,y,2) =aq(z,y)2" + - - + ao(z,y)

d
=aq(z,y) H z—aj(z,y))
J=1
where we view the roots o;(x,y) as algebraic functions.
Let P*(z,y) = aq(x,y). By applying Jensen’s formula (with respect to the variable z) to
the definition, we obtain

d

1 dxdy
— E lo + o\ T
(2mi)* 35 /|x|=|y Lol

where log™ s = log s if s > 1 and 0 otherwise.
Recall that, while the argument arg z is a multivalued function, d arg z is well defined as

d
dargz—lm—z
z

(9) m(P) = m(P*) +

Let
['={P(r,y,2) =0y N{|z[ = |y| = 1, |2 > 1},
and

n(x,y, z) :=log |z| ( dlog|y| A dlog|z| — dargy A darg z)
+ log |y| (—dlog |z| Adlog |z| — dargz A dargx)

+ log | 2| ( dlog |z| A dlog |y| — dargx/\dargy) .

When d = 1, formula (9) may be rewritten as

(10) w(P) = m(P") = 15 [ alw2)

The differential form n(z,y, z) is defined on the surface S = {P(z,y,z) = 0} minus the
set Z of poles and zeros of x, y, and z.

Since dn(x,y,z) = Re (%"’3 A % A df), we conclude that 7 in closed in S\ Z. For the rest

of this paper, we will focus on the case in which 7 is also exact, which will imply that we can
proceed with the integration by means of Stokes’ theorem. The exactness of n may happen,
for example, due to the following identity

T](ZL’, 1— l‘,y) - d(ﬂ(l’,y),

where
1
w(z,y) := —D(x)dargy + 3 log ly|(log |1 — z|dlog |z| — log |z|dlog |1 — z|).
Thus, in order to apply Stokes’ theorem, we could require that

(11) x/\y/\z:erxj/\(l—xj)/\yj
J
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in A*(C(S)*) ® Q for n to be exact.
In this case,

/n($7yvz):er/n(xjvl_xjvyj)zzrj/ w(xjvyj)a
I j I j or

where
Ol = {P(v,y,2) =0} N {|z] = [y| = |z = 1}.

At first sight the set OI" seems to have trivial boundary. However, OI" as described above may
contain singularities which may give rise to a boundary when desingularized. We proceed to
change our point of view. Assume that P € R[z,y, z] and is nonreciprocal (this condition is
true for the polynomials we consider in this work); then,

P(z,y,z) = P(z,y, 2).
This property, together with the condition |z| = |y| = |z| = 1, allows us to write
Or = {P(x,y,2z) = Pla™",y~",z7") = 0} N {|z| = |y| = |2 = 1}.

This argument was proposed by Maillot [Mai03], after an idea of Darboux [Dar75]. Observe
that we are integrating now on a path {|z| = |y| = |z| = 1} inside the curve

C = {Res.(P(x,y,2),P(z ',y z71)) =0}

/arw(w,y),

we could also focus on the case when w, defined in this new curve C, is exact. In fact, we
have

In order to easily compute

w(z,z) = d%Ls(x).

The condition for w to be exact is not as easily established as in the preceding cases
because w is not multiplicative in the first variable. In fact, the first variable behaves as the
argument for the dilogarithm; in other words, the transformations are ruled by the five-term
relation, with the first variable belonging to the Borel group. We may express the condition
we need as

(12) {zhoy=> r{zhe

J

in (B2(C(C)) ® C(C)*)qg. Finally, we have

/w(w,y) = er Z5(5)| 5,

v J

where v = C' N T2.
In conclusion, our strategy for evaluating the Mahler measure of %" + 1 + (2% + 1)y +

(2% — 1)z will consist of solving equation (11) first, and then equation (12) when appropriate.
6



3. THE TREATMENT OVER THE xy-PLANE

In this section we perform the integral by eliminating the variable z. As explained in the
previous section, we proceed to solve equation (11) first. Then we work on determining the
integration path OI'. The final integration will be done by solving equation (12) in some
cases that will lead to terms involving the Riemann zeta function, and by direct evaluation
in other cases that will lead to terms involving the dilogarithm.

3.1. The initial integrand. Our first goal is to solve the corresponding equation (11).
Since we are working on S = {P(z,y, z) = 0}, we assume that

xa—i—b_{_ 1 + (.Z,a_|_ 1)y

13 - —

and proceed.

Remark 2. In all our computations involving the wedge product we can ignore terms of the
form (£1) A A B since they lead to n = 0.

We obtain
x/\y/\zzx/\y/\xa+b+l+(xa+1)y
xb—1
wa—f—b (LUa—l-l)y
(14) :x/\y/\ﬁ—l—x/\y/\(l—i—x(i%—“)

The first term in (14) equals

xa+b+1_ 1
-1 a+b

xa+b/\(1+ma+b)/\y_i_lxb/\(l_xb)/\%

TAYN b

while the second term gives

(x*+ 1)y (x*+ 1)y (x* + 1)y ¢ +1 (x* + 1)y
ANyAN |1 = ANMl+—— | ANe—2N\N—AN |1+ —7=
€ Yy ( + xa—i—b + 1 :L‘a-‘rb + 1 + ZL‘“'H’ + 1 x x xa-i—b + 1 + xa—i—b + 1
(z*+ 1)y (z*+ 1)y 1 (z*+ 1)y
= A1+ —F L Ax——-2°N (1 IAN1+ ———=
xa+b+1 + xa+b+1 X ax ( +x ) + xa+b+1
1 (z*+ 1)y
a+b a+b
 — A (1 AT+ ——=.
ot (1+2°77) <—|—xa+b+1)

Combining everything, we obtain

1 1
:z;/\y/\zZB:cb/\(l—xb)/\y——x“/\(l—i—x“)/\(1+
a

(x*+ 1)y
|
1 1 x*+1
a+b a+b

_ A (1 ANl —+———-—
+a—|—bx (1+277) (y+m“+b+1>

(5 + 1y (2 + 1)y

- A1+ —= A

ot 41 +a:a+b+1 ’
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Therefore, the goal is to integrate w(A) in OI', where

1 1 *+1 1 1 “+1
A ZE{xb}g QY — g{—xa}g X (1 + (I )y) + {—l'aer}z X <§ + .’E—)

o+l 41 a+b o+t 41
(=" + 1)y
+{ xotb 41 2®x

3.2. The integration path. Our goal in this subsection is to describe the integration path
OI'. By applying Maillot’s trick, the integration path is given by

(15)

=1,

xa+b+ 1 + (xa + 1)y a:—a—b_'_ 1 T (33_& + 1)y—1
xb—1 rb—1

which reduces to
(16) (@ + D+ D)y + Dy +2") = 0.

The above set does not take into account singularities resulting from having zero divided
by zero in the rational fraction (13) expressing z. This essentially amounts to considering
the extra condition z* = 1. As we will see later in Section 4, the integration of this path
contributes to the final calculation.

We can write the integration path (16) as

O,y UTw
j=1
where
a+b 1 a 1
Tl: (I,y,z)ECS |5E|:17y:—1,2’:_x + +(£If + )y 9
b —1
a+b 1 a 1
TF{W’z)ec3x“+b:—1,|y|:1,z:—x - f(f . )y},
:E —
a+b 1 a 1
T3:{(x’y’z>€<c3w“=—1,|y|=1,z=—x —rhs )y},
v —1
a+b 1 a 1
T4:{(:C’y’z)6(c3 o] =yl =Ly =—a* s = — T b+(gi . )y}.
x J—

Representing the paths in the plane of argx and argy, we have the following arguments

to consider.
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Set arg x arg y

Tl (_’N? 7T] m

e (21212)7r7 _atbol o f < atbil (—m, 7]

T3 (2]47;1)#’ _a%l < k S %1 (_ﬂ'? 7]']

T, (—m, 7] (bargx 4+ m) mod 27

Table 1: Arguments of x and y according to the corre-
sponding path in 0I';,,.

Remark 3. The notation a mod 27 denotes a number —m < 3 < 7 such that f = o mod 2.

We have illustrated the integration paths for a = 3 and b = 4 in Figure 1. Notice that the
paths are all contained in the square [—7, 7| x [, 7. It is useful to understand the picture
with periodic boundary conditions.

It is not immediately obvious how to properly describe the exact paths of integration in
Ty and in T}, since this requires to write the fractions Gu=Um and (2231)” in an increasing
order. More precisely, the set of end points of the paths in T 118

E = FE UEs,
where
2km | b b
E = =—|—=<k< -
1 {argw b 5 =5 }
corresponds to the first coordinates of the points where T7 and T} intersect, and
2k —1 -1 1
Ey, = arga:':( ) _4 <k§a+
a 2 2

corresponds to the first coordinates of the points where 77 and T3 intersect. Also, the origin
points of the paths on 7} form the set

(2k — 1)

k<
a+b <

2 - 2

F= {arg:c =

a+b—1 a+b+1}

which corresponds to the first coordinates of the points where T} intersects T5.

When considering the paths in 77 U Ty with respect to their first coordinate argz, the
paths in T have the opposite orientation to the ones in T7.

The following result tells us that we can not have two consecutive points of F', as they
are always separated by points of E; or F,. It also tells us that these sets are essentially
disjoint, with the possibly exception at the boundary corresponding to +7.

Proposition 4. Let a,b,u,v € Z, a,b > 0.



arg y/\
— o7 L §
- 0 1 arg x>
g 2N — — —l

FIGURE 1. An illustration of the integration path when @ = 3 and b = 4 in
the plance zy. The vectors in red are multiples of 7 and the ones in blue are
multiples of .

(i) If
2u—1 2v—1 20v4+1 2u+1
< < < ,
a a+b a-+b a
then
20—-1 2w—u) 20v+1
< < .
a+b b a+b
(ii) If
2u<21)—1 <2v+1<2u+2
b a+b a+b b
then

20—-1 2v—u)—1 2v+1
< <

a+b a a+b’
10



b

(#3) If, in addition, a,b are coprime, —“T_l <u< “TH and —g <wv <3,

. [2u—1 2v 2u+wv)—1 2u—1 2v
min ,— ¢ < —————— < max ,—
a b a+b a b

2u—1 2v—1

Proof. From == < <'=%, we see that

(2u—1)(a+b) < (2v — 1)a.

Therefore
(2u —1)b < 2(v — u)a.
By adding 2(v — u)b on both sides, we obtain

(2v —1)b < 2(v — u)(a + ),

we have

and the left-hand side inequality in (i) follows. The other inequality in (z) and those of (i)

can be proven in a similar way.

Finally, (iii) is a consequence of the fact that 2.=1 # 2¢ which is true since (a,b) = 1. O

Proposition 4 implies that there is a precise shuffle between the elements of F; U Ey and
those of F, in the sense that they alternate. Each element of F' is placed between two

elements of Fy U Ey and vice versa.
Accordingly, for —#2=1 < | < 940 we define

2u
ky = max {max {?

2u 2k —1 20—1
— < , max
b a-+b a

and similarly

20—1 2k—1}}
< )
a ~ a+bd

k, = min < min 2_u _—
v b|b = a+b a

By Stokes’s theorem, we orient the paths in the following way.
11

2u 2k—1} , {21}—1
—_— > , min

20 —1 2k—1}}
> .
a — a+b



Set arg x arg y
(2k—1)7
— kgﬂ'
T a+b P _atbol o oatbl .
1 % s k. 2 S
(2k—1)br
T (2k—D)m _athol _ p < atbil (—a+b + 7T> mod 27 — 7
? ath 2 =2 (2k—1)br
oo +7) mod 2 — —7
(2k—1)7 a—1 a+1 T <@ + 7T> mod 27
b a T <ksS (2k—1)brr
-7 — (~——— +7) mod 27
k N (2k—1)7
T4 kZ:- . (Q%ili)ﬂ.7 _a-‘rg—l < k S %b'i'l (b arg x + 7'(') mod 27
ks a+b

Table 2: Orientation of the integral over the path OI';,

Remark 5. In the case where b is even, then a is necessarily odd, and both Ty and Tj
contribute with a path at x = w. In Ty, this path is 7 — —m while in the case of T3, it is

-7 — .

3.3. Restricting the integrand to JI';,. Our goal here is to restrict A to each component

T; of OI';,. We will use the notation

We will consider each A; and express as many terms as possible as the terms in equation

(12).

Remark 6. In all our computations we can ignore terms of the form {£1}s ®@ a and {a}s ®
(£1) since they lead to w = 0. We proceed similarly for {0}, ® a and {a}s ® 0 as long
as |a| = 1. In addition, we apply identities (4) and (7) often, namely {a}, = — {1}, =

—{1 — a}s.

Aj = A'Tj .

Recall that in 77 we have y = —1. Therefore equation (15) becomes

x(xb — 1)

1

1
Ay =— a{—$a}2 ®

zotb 1 +a+b

{_l,a+b}2 ®

12

2%(1 — %)
zott 41

%+ 1
+{$a+b+1}2®x'



In T, we have x%t? = —1. Thus we have

1 1 1
Ay :g{l’b}z Ry — 5{—$a}2 ®y+ 5{—1"1}2 ® (2" +1)

1, 1(1 1 .
i @hor- {5} ey i-ehew )
0y - et 1)@ (a4 1)
= x S T .
ab 2Y a 2
In 75 we have x* = —1 and this leads to
a
A3 = b )
Over T, we have y = —2° and
1—ab 1 xb—1

{_$a+b}2 ®

1 1
Ay :E{xb}g Rz’ — —{-1°}, ®
a
N (2% + 1) @
—_— .
xatb +1 5

3.4. Integrating w(A). Here we proceed to integrate w(A) over T;. We consider three
cases. We take T and T} together, since they can be parametrized with the same path over
the first coordinate arg x.

xa+b+1+a+b

3.4.1. Integration over Ty UTy. We have

Jrup 180 [ o [ et
/ (A — Ay).

A — Ay =— —{ %}y @zt — —{{Eb}g Qb + s b{ —zTY, @ ot

" 0 T U .l Cal )
rett+ 1], zetb 41 f,

Notice that the five-term relation for the dilogarithm (6) implies

We find

a b

a b a+b zt +1 -z
_ + + {1+ + + =0
(R CR R CRCRA CRE {a:““’—i—l}Q {a:““’—i—l ) ’

1—a2b | . 1—2b 1 [’ +1)
xa—&—b_'_l 2_ xa—&—b_’_l 2_ $a+b+1 2'

13
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Combining this with equation (17), we obtain
1
Ay — A4:——{ %}y ® x¢ ——{xb}2®x + " { Y, @ 2ot
— {_xa}Q QT — g{xb}2 ® $b _ {1 + $a+b}2 ® T
=— 2{—xa} ® z* — 2{xb} ® z° + 2 {—29)y @ 207?
a ? pl T a+b 2 ‘

Evaluating on w, this leads to

[ e = (e - ) + Sy

a+b

T

<Z Z) <__.,% >—§D%<xb>+a%b$3<—xa+b>),

reE1UFE> zeF

where the factor of 2 appears because each origin and final point is counted exactly twice in
the segments.

We will use identity (2) repeatedly. For example, the term ) ., #3(—x?) corresponds
to the sum of Liz over all the b-roots of (—1)°. Indeed, (—2%)* = (—1)° for # € Fy, and since
(a,b) = 1, summing Z(—x®) over E; is the same as summing £3(—x) over E;. Finally
Z3(z) = ReLis(z) for |z] = 1. A similar reasoning for each term leads to

/Tlunw(A) =2 (—%ng(( 1)%) — 2Lig(1) + ﬁmg((—w))

o (—mg(l) - L1 + ﬁmg«—m)

2 . 2 . .
—2 (— o i 1) — L1 + 2L

=—12¢(3) — Lis((—1)").

ab(a + b)

3.4.2. Integration over T,. Evaluating on w, the integration over 75 leads to

a+b
[edo=-"22 S D) [dugy,
1> a o (2k—1)7i
x—exp(7a+b )
_a+§71<kS a+3+1

since the term coming from {z* + 1}, ® (2* 4 1) is independent of y and constant in each
component of T3 and therefore its integral equals 0. Thus

/T2 W(Ay) :2(‘;2 ) D2 (eXp (W)) K% + 7r) mod 2@ .

_atb-1 a+b+1
2 <k< 2

Since (b,a + b) = 1, we observe that the sum above is taking place over exactly all the

a + b—th roots of (—1)°.
14



When b is odd, the formula becomes

LQW(A2>:2<aa:b> ) D(Xp(@)){(ww) modZW}

a+b—1 a+b+1
— kLT

~2(a+0) (2k — 1)mi (2k — 1)m
ST DD D(ﬂp< a+b )) Tatb _”)

1<k< oathtl

2 (e () ()

1<k<adbtl
SRS

24(01; 2 > D(exp ((%a_—+1z;>m>) (% - 7T)'

1<k< atbtl
SESTH

When b is even, we have

2 b 2kmi 2k
/w(Ag): (a+) E D exp ik " 4 7) mod2r
ab a+b a+b
1> _LH)<k§a2b
(a+0b) 2kmi 2km
D _
ab P a+b a+b T
1<k<otb

N 2(a+0b e  2km 2k N
X
ab . T\ VAN ET R

where we have used that D(£1) = 0.

3.4.3. Integration over T5. Evaluating on w, this integral leads to

/T?,W(A?’):_ (@i %_1W)D(xb)/dargy

a—1 a+1
—tg<ks=T

S iab)b S (exp ((Qk —al)bm‘)) [ ((% - Dbr W) . %}

a—1 a+1
—t <k

As in the case of Ty, we observe that since (b,a) = 1, the sum above is taking place over
exactly all the a—th roots of (—1)°.
When b is odd,

w e i%b 2 Pl (B (F2 o) o]

_a—1<k< a+1

_ - (exp ( (2k —a1)m)) ((Qk - Dr W).

1<k< a+1

15



When b is even,

fooo=—gim 2 2w () [ o) moa

a a
—§<k‘§§

4a 2kmi 2km
o 2 e () (5 )
1<k<g

where we have used that D(£1) = 0.

4. THE TREATMENT OVER THE zZ-PLANE

2P L 14 (2%41)y
xb—1 :

. In sum, we need to consider

The analysis from the previous section does not consider the singularities of —

. o, . a+b
Indeed, we have singularities when 2° —1 =0 and y = — e ;{1

the set

{(x,y,z) cClab =1,y =17 :1}.

In order to study what happens when integrating in this path, we need to analyze it in
the plane zx. In this section we will proceed to make a full study analogous to the previous
section. Most of the terms that we will recover here were already present when we did the
analysis over the plane zy, and therefore we will not count these terms again.

Before starting with this analysis, we must reflect on the orientation. In this section we
eliminate the variable y as oppose to eliminating the variable z as we did in the previous
section. Looking at the formula for  and very particularly at equation (10), we see that the
term contributing to the Mahler measure corresponds to zx and not xz.

4.1. The initial integrand. We start by expressing A in terms of  and z. Proceeding
similarly as in the zy plane case, we obtain

x“+b+1+(:17b—1)z
TAYNz=x A Nz
z®+1

T+ 1 (2= 1)z
=2 N——Nz+ax A |14+ ———) Az
e+ 1 2 41

:.21:/\(.7:“+b+1)/\z—x/\(:c“+1)/\z+x/\<1+M)A<M)

xa+b + 1 anrb + 1

(2% — 1)z ) (2% — 1)z atb
—l’/\<1+xa+b—+1 /\<$—1)+$/\ 1+xa+b—_|_1 /\(x +1).

In sum, this results in

(18)

1 1 (2° — 1)z 1 1 2b-1
A/:___a - b 1 . __ .a+b - e
a{ x}2®z+b{x}2®( Jrx““’—l—l) a+b{ e z+x“+b+1

16



4.2. The integration path. The integration boundaries are to be found in the same way
as the plane xy. The condition

(xa+b+1+ (xb_l)z) <x—a—b+1+ (33—b_1)z_1> -1

¢ +1 re+1

reduces to

(z— D) (2" + 2) (2T + 1) (2 — 1) = 0.
We remark that all the above conditions were considered in the zy-plane in equation (16),
except for the condition 2° = 1. Indeed, z = 1 corresponds to (z?+1)(y+°) =0, 2°+2 =0
corresponds to (2% 4+ 1)(y + 1) = 0, and 2™ + 1 = 0 is already a factor in (16). As before,
we write

4
j=1

where

xa+b+1+(a:b—l)z
sy Y €C3 :]-7 :17 - - 3
(2.0, €Cllef = 1.2 = Ly -

ot 4+ 14+ (mb— 1)2
¢+ 1 '

(x,y, 2) eC? mb:1,|z| =1ly=—

x* 4+ 1

Té:{(x,y,z) e C3lgott = —1, ]zl =1,y =—

L S (xb— l)z}

241+ (2 - 1)z

T, =< (z,y,2) € C}llz| = 2| = 1,2 = 2%,y = — ,
4 {( y,2) € CYja] = |2 y -
We have illustrated the integration paths for a = 3 and b = 4 in Figure 2. In this case, it

is more natural to represent 0 < arg z < 27 and —7 < argx < 7 with the understanding, as

before, that we are working with periodic boundary conditions.

By doing an analysis similar to the one we used to produce Table 2, we conclude that the
paths can be described as follows.

Set arg = arg
k)g’/T . (2k—1)w
- o atb ° __atb—1 <k< atb+1l
1 k,m — —(21233“- i -
(2k—1)am
T, e < a+h ) mod 2m + « (2h—1)m —atbol o f < adbil
0— (@k;gmr) mod 27 + 7 o i -

17



2kam
, ( )m0d27r+7r—>27r 2k b <b
13 (ﬁ%)monW—i—ﬂ—)O b 2 <k <3
(2k—1)7
=T >k
T, (aargx) mod 27 + 7 @D k:ﬂj —athol o < athil
b —> Ry T.

Table 3: Orientation of the integral over the path oI,

4.3. Restricting the integrand to OI',, and integrating w(A’). As before, we aim at
restricting A’ to each component of JI',, in order to proceed with the integration over each
component. We write
A; == A,|TJ{.
We expect that the integral over 7] UT} yield the same coefficient over ((3) as the integral
over 17 U Ty did before. Note that

1 a+b b 1 a+b b b—l
Aizg{xb}2®<x + ) {_$a+b}2®(u)_{_*x—}®x7

2t +1 ) a+b zoth 1

and

1 1 14 2° 1 14+27¢
A/ — _ _f_ 0 . - b . __ ,.a+b I
= (b (e + ks () - e
CL,a+b_xa
_{x“+b+1 }@x.
Combining the above terms,

1 1 1
A — Al :5{_$a}2 ® x® + E{l'b}g ® x’ — > b{—$a+b}2 ® zt?

l’b -1 - xa+b — ¢ .
- —— x —_— x
ratb +1 ratb +1

2 2 9
:a{_ﬂﬁa}z ® % + E{xbb ® b — a——iJ){_anrb}Q ® £+,

where we have used, as before, the five-term relation (6).
In addition, we also obtain,

+b 1
A _¢ {xb}2®z— —{1 —:L'b}2® (1—95”),
ab b
b
/__— _ e
Ba = a(a—l—b){ The

4.3.1. Integration over T{UT,. Given the relative reversal in the direction of the integration
path in 7] U T, compared to 17 U Ty, we recover

I L

18



AN
arg

—p

0 g 2T arg z

5

o

FIGURE 2. An illustration of the integration path when @ = 3 and b = 4 in
the plane zz. The vectors in red are multiples of 7 and the ones in yellow are
multiples of 7.

4.3.2. Integration over Tj. Evaluating on w, this integral leads to

/wa@/z) T a;l_)b > D(xb)/dargz

2 _ (2k—1)i
:E—exp( a+b )
a+b—1 a+b+1
— <kt

SRR GG ) [[ G R

_atb—-1 a+b+1
2 <k< 2

_ 2(aa4br b) Z D(exp ((21{@—_ﬁ?)b7r@)) :((a +0b —abj_(ik - 1)7r> mod 27r]

_a+b-1 a+b+1
2 <k< 2

. 2(“6; ) 3 D(exp ((2’{3&_—;2{”’)) (7r - %) mod 27‘(}

_a+b—1 a+b+1
5 <k<TH

—/T2 w(Ag). 19




4.3.3. Integration over Ty. This is the only term that we can not compare to the integration
of A in the plane zy. Indeed, evaluating on w, this integral leads to

/7“§W(Ag>:a(ali{—b) > D(—x“)/dargz

T=exp (%)

—b<k<?t
2b 2kami a2k
g X p(cew (557)) [(57) meazn
—a<RFZ3
2b 2kari . a2km
__a(cH—b) bzk<bD<eXp( 2 —m)) {(( 2 —7r>+7r) m0d27r1.
T2<Fs3

As in the case of Ty, we observe that since (b,a) = 1, the sum above is taking place over
exactly all the b—th roots of (—1)°. Then this sum depends again on the parity of b.
For b odd we have

feo=—grm 2, Pl (B (B o) moa

3 b—1 b41
T2 <k< 2

- a(ﬁ ; 3 D(eXp <<2k_b1)m>) ((%;m _W)_

1<h< gt

For b even we have

[es= iy D(GXP(QZMD K%TW”) med 2”}

3

5. CONCLUSION OF THE PROOF

In this section we combine the results of Sections 3 and 4. Notice that the integral over
T, UT} corresponds to the integral over 7] UT), and similarly for the integrals over 75 and T5.
However, the integrals over T3 and T3 correspond to different contributions. More precisely,

we can write that
4
/ w:Z/ w—i—/ w.
or j=17Ti 3
20



Putting everything together, we obtain, for b odd,

Jeo== gm0

4(Cla-;)— b) S b (eXp ((?Jﬂajr 16)7”')) ((272 - 2)” _ W)

- j-&b)b 1<;;D (exp ((% —amz) ) ((2k - D W)
B a<a4i 52, D<exp ((2k - 1)m>) ((Qk: - Dr T).

For b even

1
/arw:_4 3+ab(a+b))€(3)
4(a +
_l’_

ab : Z D<eXp (jkfé)) <a21fb N ”)
s E e () )
< P> D(GXP<2‘Z”))(%T”—W)-

Once we know [,.w, we can obtain the Mahler measure by using formula (10). In our
case, P* = 2® —1 or P* = %+ 1, and therefore m(P*) has no contribution to the final result.

6. AN APPLICATION OF BOYD-LAWTON THEOREM

In this section we discuss the result of Theorem 1 in the light of Boyd-Lawton formula.
More specifically, the following statement is true.

Theorem 7. [Boy81b, Boy81la, Law83] Let P(x1,...,x,) € Clxy,...,z,| andr = (ry, ..., 1),
r; € Zso. Define Pe(x) as

Pe(x) = P(x™, ... ,2™),
and let

q(r):min{H(t):t:(tl,..., n) €EZ",t # (0 ZtrJ—O}

where H(t) = max{|t;| : 1 <j <n}. Then
lim m(P;) = m(P).

q(r)—o0
More precisely, the above theorem says that if we replace 1, ..., z, by powers of a fixed
variable x and let the exponents go to infinity independently from each other, then the

Mahler measure of the one-variable polynomials obtained in this way approaches the Mahler
21



measure of the original polynomial. In fact, more is true. We may choose to leave one of the
exponents fixed. For example, we may choose to fix 1, and only let ry, ..., r, go to infinity
independently. This formula has been used in applications to polynomials of small Mahler
measure, see for example [BMO05].

Theorem 1 provides an example of a variation of this result. More precisely, we will prove
the following.

Proposition 8. We have that

. a+b a b
%hjrgom(x +1+ (2" + Ly + (2" — 1))

= lim m(2"" + 1+ (2* + 1)y + (2* — 1

a—00

)
= lim m(z"" + 1+ (2* + 1)y + (2" — 1)2)

b—o0
=m(zw+ 1+ (w+1y+(zr—1)z) =
where the first limit is taken with a and b independent of each other.

Here we remark that

m(zw + 1+ (w+ 1y + (z = 1)2) =m((1 + w)(1 +y) — (1 - 2)(w + 2))
=m((1 —w)(l —y) = (1 - 2)(1 - 2)),

and the Mahler measure of this last polynomial was computed in Theorem 7 of [DL07].
It is clear that the term involving ((3) in the formulas of Theorem 1 approaches %C (3) as
either a or b go to infinity. Thus the proposition will be proven if we can prove the following.

Lemma 9. We have that

[ S ofen (B507)) (520
(19) i b(ai ) lsggl ? <6Xp (M)) (@ N 7T)
. a(ab+ . lngleDGXp ((Qk—bl)m')) ((% ; Dr W)]
=23,
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and

(20) 1<k<3 )
)

b D 2kt 2km
Tl 2, (ex"< b )(T‘”>
3

:§C(3)'

Remark that the above formulas are independent of b. Thus, we may choose to take the
limit when b goes to infinity in addition to the limit when a goes to infinity, and it does
not change the result. Due to symmetry, the same formulas apply if we take the limit when
b goes to infinity instead of the limit when a goes to infinity. Thus, Lemma 9 suffices to
conclude the three limits in the statement of Proposition 8.

Proof of Lemma 9. We prove the first limit (19), the second limit (20) is proven similarly.

First notice that
2k — 1)mi 2k —1

L<kstt

(21) D)

since the sum is independent of a and therefore constant.
Recall that D(exp (6i)) = Im Liy(exp (#7)) and we also have

d%Lin(exp (07)) = iLin_1(exp (67)).

By applying Riemann’s summation,

- a;;b S D<exp ((2ka—+1b)m)) ((2i12)ﬂ - W)

1<f< atbt+l
SRS

g £ 2o (B0 (B )

1<k< et

lim
a—r o0

1 a’ (a+b)?2\ [T
=—1li — Im Li '
i (g~ e ) | oo o0

(zb(s 2+ b) (a;;: )2) /0 Im Liy (exp (61))d6.
23

— lim
a—r o0



We apply integration by parts and the above equals

- % (elm (—iLis(exp (87)))]7 — /0 " Im (—iLig(exp (9@)))d9> + ;Im (—iLis(exp (67)))[g
=2Liy(~1) + o= Im(Lia(1) — Lia(=1)) + o (Lig(1) ~ Lig(~1)
:gg(g).

Combining this with equation (21), we obtain the result.

7. CONCLUSION

As we have seen, the result of Theorem 1, in addition to being interesting on its own,
provides a nontrivial example of Boyd-Lawton formula. We remark that in this case, we
obtain the Mahler measure of a four-variable polynomial as limit of Mahler measures of three-
variable polynomials. However, (1 —w)(1 —y) — (1 —x)(1 — z) has zero constant coefficient,
and therefore it behaves like a three-variable polynomial from the Mahler measure point of
view. In fact, its Mahler measure formula has a single term with a trilogarithm, namely, a
polylogarithm of weight 3, which is typical of a three-variable polynomial. It would be more
interesting to find an example where the limiting polynomial behaves like a four-variable
polynomial from the Mahler measure point of view.

The Mahler measures of two-variable polynomials of the form (1 — z%)y + (1 — 2°) were
extensively studied in [BRV02]. (In fact, the authors considered more generally products of
terms of the form (1 —z%).) Their formulas are very similar to the dilogarithm terms in our
main result, as they are also given as linear combinations of dilogarithms evaluated in roots
of unity. Our results can be interpreted as a three-variable version of some of the results from
[BRV02]. It would be interesting to see if this parallel extends to other examples without
imposing that one exponent is the sum of the other two, or examples with more variables.
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