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Higher Mahler measures and zeta functions
by

N. KurokawA (Tokyo), M. LALIN (Edmonton) and H. OcHiAl (Nagoya)

1. Introduction. The (logarithmic) Mahler measure of a non-zero Lau-

rent polynomial P € Clz, ..., 25" is defined by
11
m(P) = S . S log |P(€27rz'91, o 7827ri9n)‘ o, --- db,.
0 0

In this work, we consider the following generalization:

DEFINITION 1. The k-higher Mahler measure of P is defined by

1 1
mi(P) = -+ {logh | P(e*™, . 2™ )| df; - - - db,.
0 0

In particular,
mi(P)=m(P) and mo(P)=1.

These terms are the coefficients in the Taylor expansion of Akatsuka’s
zeta Mahler measure

1 1
Z(s, P)y=\---\[P(e>™, .. &) do; - db,,
0 0

that is,

Z(s, P) = iw

k!
k=0

Akatsuka [1] computed the zeta Mahler measure Z (s, z —c¢) for a constant c.
A natural generalization for the k-higher Mahler measure is the multiple
higher Mahler measure for more than one polynomial.
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DEerFINITION 2. Let Pi,..., P € C[az{d,...,xfl] be non-zero Laurent
polynomials. Their multiple higher Mahler measure is defined by
m(Py,...,P)
=\ (og|Py(e?™, ... ™)) - (log| P(e*™, ..., e*™)|) db; - - - db,.

0 0

This construction yields the higher Mahler measures of one polynomial
as a special case:

Moreover, the above definition implies that
m(P)---m(P) = m(P,....R)

when the variables of P;’s on the right-hand side are algebraically inde-
pendent. This identity leads us to speculate about a product structure for
the logarithmic Mahler measure. This would be a novel property, since the
logarithmic Mahler measure is known to be additive, but no multiplicative
structure is known.

This definition has a natural counterpart in the world of zeta Mahler
measures, namely, the higher zeta Mahler measure defined by

Z(81,.--y815P1,...,P)

11
_ S . S |P1(62m91, o ’e2m’9r)‘s1 . ’Pl<e2m'91’ o 7627ri9T)|sl doy - - - db,.
0 0
Its Taylor coeflicients are related to the multiple higher Mahler measure:
8l
—F7(0,...,0; P,...,P)=m(Pr, ..., P).
681"'881 (7 s Uy 471, ) l) m( 1, ) l)

In this work, we compute the simplest examples of these measures and
explore their basic properties. In Section 2 we consider the higher Mahler
measure for one-variable polynomials. More precisely, we consider linear
polynomials in one variable. In particular, we obtain

2
mo(z —1) = %,
3¢(3
ms(x —1) = —Cz(),
1974
ma(r = 1) = 555

) 2 1
m(l—x,l—eQmo‘x):7;<a2—a—|—>, 0<a<l.
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In Section 3, we consider two examples of two-variable Mahler measure
and we compute mo. Sections 4 and 5 deal with examples of zeta Mahler
measures of linear polynomials and their applications to the computation of
higher Mahler measure, recovering the results from Section 2 and giving an
insight into them. Finally, we explore harder examples of zeta and higher
Mahler measures in Section 6. For example,

2
moe+y+2) = 2,
9 15
m3($+y+2):§log2C(2)—ZC(3),
—s 1=s 1 14¢
Z(s,x+a t+y+y Tt +c) =R 2’121’2 z | >4

2. Higher Mahler measure of one-variable polynomials

2.1. The case of 1—x. Our first example is given by the simplest possible
polynomial, namely P =1 — z.

THEOREM 3.

Ok
m-n= > X ).

bi+-+bp=k,b;>2

where ((b1,...,by) denotes a multizeta value, i.e.,
1
C(blv“'vbh): Z W
<<y 1 h

The right-hand side of the formula in Theorem 3 can be rewritten in
terms of classical zeta values by using the following result.

PROPOSITION 4.

> oy b))

= ¥ (_1)h_lﬁ(es — 1)!Zg(z bk) ~--<(Z bk),

e1+-+e=h kemy kem
where the sum on the right is taken over all the possible unordered parti-
tions of the set {1,...,h} into | subsets my,...,m with eq,...,e; elements
respectively.

Proof of Theorem 3. First observe that = varies in the unit circle. There-
fore, we can choose the principal branch for the logarithm. We proceed to
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write the function in terms of integrals of rational functions. We have

k
logh [1—2z| = (Rlog(1 — z))* = (; (log(1 — ) +1log(1 — x_l))>

1/ dt ¢ odt \' 1 B\ (¢ dt \(p dt \*7I
(e - () () ()

Now observe that
1

) 1)

1 1
dt dt dt dt
= q3l(k — 7)!
=k j)'gt—a:_lo Ot—x_lst—a:o “toa
0 -~ 0
J k—j

We have just used the iterated integral notation for hyperlogarithms.
Combining the previous equalities gives

k 1 1
k! 1 dt dt dt dt  dz
N 272% S § t_a1 T § t—z  t—z z
J k—j
If we now set s = xt in the first j-fold integral and s = ¢/x in the second
(k — j)-fold integral, the above becomes

k x
k! 1 ds ds ds ds dzx
2ka;2wilgl§)s—1 %% (S) s—1° " °s-1 %
— o

We proceed to compute the integrals in terms of multiple polylogarithms:

k li— .
(—1)*k! 1 Xt Tk dx
l—-2)= ——— — —
Jj=0 |z|=1 0<ly < <lj<o0
0<my <-+-<my— j<oo

kk"k 1

Z .

ly-- ligmy - -mp_;_qju?’
7j=1 0<ly<-<lj_1<u<oo 1 J—11 k—j—1
0<my<--<myp_j_1<u<oo

Now we need to analyze each term of the form

1
1 .

0<l1<~~-<lj_1<u<oo
0<m1<---<mk,j,1<u<oo
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For an h-tuple ay,...,ap such that a; +--- + ap = k — 2h, we set

d — Z <a1> <ah> (a/l + e+ a/h> (k _ 2h>
al,...,ap — e — _ . .
e1+-+ep=j—h €1 €h e1+---+ep j— h

Then the term (1) is equal to
min{j—1,k—j—1}
Z dah---ﬂhC({l}al?Q?'”7{1}Gh72)'
h=1
Note that each term (({1}4,,2,...,{1}4,,2) comes from choosing h — 1
of the I’s and h — 1 of the m’s and making them equal in pairs. Once this
has been done, one can choose the way the other I’s and m’s are ordered.
All these choices give rise to the coeflicients dg, .

seey@h "
The total sum is given by
k-1
mk(l - I‘) = Z Cal;--~7ahC({1}a1a27 ceey {1}aha 2)7
h=1

where

k—1
. _ (—1)FE! Z k—2h\ _ (—1)kE! o2 _ (—1)’%!_
2k =\ j-h 2k 22h

On the other hand,

C({l}auQv {1}%’ ) (ah + 2 a1 + 2)'

To see this well-known fact, observe that the term on the left is

1
(—1)“& dt de _dt dt dt  dt

Qe+ Q —— — Qs+ QO ———Q+++ O —— O .
t—1 t—1 t t—1 t—1 t
a1+1 ap+1

Making the change t — 1 — ¢ gives

1
(_1)kh(_1)k§)titlo %o...o%o...otitlo ?o-"o%,
ap+1 a1+1

which corresponds to the term on the right. Thus, the total sum is

_1\k
me(l — ) = > (212)hk!g(b1, ., by). m

bi+-+bp=k,b;>2

We give a proof of Proposition 4 for completeness.
Proof of Proposition 4. We first show that we can write

> Clbarysabam) = Y, e e ZC(Z%) (Zbk>7

ocESH e1+--+e;=h kemy kem
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where the function r(eq, ..., ¢;) satisfies some recurrence relationships. Here,
as in the statement, the sum on the right is taken over all possible unordered
partitions of {1,...,h} into [ subsets 7y,...,m with ej,...,¢e; elements re-
spectively.

Notice that r is a function that is invariant under any permutation of its
arguments. We proceed by induction on h. It is clear that r(1) = 1. Also

¢(a,b) + ¢(b,a) = ¢(a)¢(b) — ((a +b),

which yields r(1,1) =1, r(2) = —1.
Assume that the case of h is settled. Now, we multiply everything by
C(bh-‘rl)a

> oy s b)) (Brsa)

= Z r(el,...,eZ)ZC<Z bk) (Z bk) (brs1)-

e1++e=h kemy kem

Observe that

D Clbor)s - bo))C b)) = D Clby bo(ht1))

oSy O'ES}hLl

+ZZC ])a"'vba(h))a
where bv. = b; + by41. Hence,

Z (b bo(h+1))
= > rle. ZC(Z bk) (Z bk) (bn+1)

e1t--+e=h kem kem

h
—Z Z r(er,...,ep)

j=1ei1++e=h

X C(Z bk) (bh+1 + Z bk> (Z bk) (bhy1)-

kem kemy kem
From the above equation, we deduce the following identities:

r(er,...,ep, leppr,...,e) =r(er,...,epepq1,...,€),

r(et,...,ef+1,...,e) = —epr(er,....,ef,...,e).
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Now it is very easy to conclude that

(2) r(er,...oe) = (=) J(es — 1)L m

EXAMPLES 5. Theorem 3 enables us to compute my(1—z). Here are the
first few examples for £ =2,3,...,6:

ma(1 —x) = &),
(1— ) _6<<(43)> _ _342(3)7
(1—2) = 24<C(44) N C(féf))
— 6C(4) + 3(C(2)24— ¢(4)) _ 3¢(2) Z2l<( ).
ms(l — z) = _12()(4(45) L );%C( ))
_ 300(5) - 15(((2)C(§) —<¢0) _ _15g(2)g(32) + 45¢(5).
me(1 — ) _720<C(46) N C(féi%) N 4(274);;«4,2) N 4(261,2))
~ 180¢(6) + 2 —COD | i5cpe) - c(6))
45(2¢(6) — 3¢(2)¢(4) +¢(2)%)
_930¢(6) + 180((;26+ 315¢(2)¢(4) + 15g(2)3_
8

REMARK 6. Ohno and Zagier [3] prove a result that generalizes Propo-
sition 4. Following their notation from [3, Theorem 1], and setting y = 0,
z = x2/4 (so that s = n), we have

> 1 S 1
k=2b1+---+bp=k,b;>2 t=2

This identity also explains the relationship between the result of Theo-
rem 3 and the result that is recovered in Section 4.2.

2.2. Higher Mahler measure for several linear polynomials. As before,
the simplest case to consider involves linear polynomials in one variable.
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THEOREM 7. For0 < a <1,

. 2 1
m(l—x,l—e%w‘aj):g<a2—a+6>.

In particular, one obtains the following examples:

EXAMPLES 8.

71.2

ﬁ7
2

m(1—$,1+x):—g—4,

m(l—z,1—2x)=

2

m(l — 2,1+ iz) = —%6,

3++3

m(l—xz,1—e*™)=0 & a= 5

Proof of Theorem 7. By definition,

m(l —z,1 — ™) = {Rlog(1 — ™) . Rlog(1 — 2™ (0+)) dp

(-3 Leosartn) (=35 Lesarto

=1

1
1!

= — S cos(2mk0) cos(2wl(6 + «)) db.
0

On the other hand,

L Lcos2rka ifl =k,
S cos(2mk0) cos(27l(0 + o)) dO =
0 0 otherwise.

By putting everything together we conclude that

, 1 & ok 2 1
m(l —x,1 — ™) = 526081{77;(1 = 7;<a2—a+6>. .
k=1
REMARK 9. The same calculation shows that
SR Lis(af) if |af, 8] < 1,
m(l—ax,1-0z) = ¢ 3R Lis(aB/|al?) if o] > 1, 8] <1,

LR Liz(a3/[af]?) + loglallog ] if |al, || > 1.
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From this, one sees that for P € C[zT!], ma(P) is a combination of diloga-
rithms and products of logarithms. In fact, for P(z) = c2®[[_; (1 — a;),
we have

mQ(P) = m(P, P)

T

= (log |c|)? + 2(log |c|) Z:logJr laj| + Z m(l — ajz, 1 — ogx).
j=1 k=1

The formula above plays an analogous role to Jensen’s formula.

REMARK 10. The previous computations may be extended to multiple
higher Mahler measures involving more than two linear polynomials. For
example,

- - 1 2 ((k+1)8 — 1
m(l - 2,1 - Mg, 1 — 2mip) = = 3 &2 m((k+ DB ~la)

4 kl(k +1)

k,>1

1 Z cos 27 ((k +m)a — mf3)
kEm(k +m)

k;m>1

1 Z c0527r (lao+mp)
m(l+m)

lm>1

3. Higher Mahler measure of two-variable polynomials. In this
section we are going to consider examples of higher Mahler measures of poly-
nomials in two variables. In particular, we will focus on the computation of
mg using the formula from Remark 9, analogously to the way Jensen’s for-
mula is applied for computing the classical Mahler measure of multivariable
polynomials.

The two polynomials that we consider were among the first examples of
multivariable polynomials to be computed in terms of Mahler measure (by
Smyth [6]).

3.1. me(z+y+1)

THEOREM 11.
52
me(x+y+1)= T

Proof. We have, by definition,

dz d
mo(z+y+1) = ) log’lety 1= Sy

ly|=1[x|=1

1
(27i)2
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By the result from Remark 9 with respect to the variable g,

1 1_. dx
mtyt)=g5 ) glb(ltal)
|z|=1, |z+1|<1
1 1 1
—_— —Li 1 1 —
Yom ) ( <|1+ |>+ o8’ ”')
=1, [z+1[>1

Recalling the functional identity for the dilogarithm,
2

. . (1 1 T
LIQ(Z) = —L12 <Z> — 5 IOgQ(—Z) — E

for z & (0,1), we obtain

1 1_. dx
mz(x‘f‘y‘*‘l):% S §Ll2<\1+1’\2)?
lz[=1, |[z+1]<1
1 1., o w2\ dx
lz|=1, |z+1]|>1
1 2
= — | L12(|1+a:|)—+3
lz[=1, |[z+1]|<1
47/3
1 . 2 9 7'('2
=5 S L12<4cos <2>>d0+9.
2m/3

Notice that

on _ tan6 (2n —1 s 1 91
Scos 0do = 5 o1 ; yon—i (9] _ 1)(21_2) cos™ 6

-1
1 2n —1
NEWCIIN
In particular,

2m/3 n—1
om — 1 1 1 /on—1
80082”0d9——\/§<n > n (” )g

iy 22n\ np—1 . (2[+1)() 22n—1\ n -1

OM

Now we use the identity for the sum of the inverses of Catalan numbers,

213« 1
A =AC R )
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in order to get

zns/s g V3 (2n — 1) i 1

/3 zrin=1) e+ n()

Note that
1

B(l+1,l+1)= Ssl(l—s)lds.
0

mn!
(20 + 1)

Thus the above sum may be written as

oo 1 1,

1—35)"
S {1 sy Sud&
1—s(1-ys)

l=n0
Putting everything together yields

47/3

(3) % | L12<4cos2<z>)d9+7;2

2m/3

711:1712 n—1)21—-s(1-5s) 9

V3iX 1 (2n s"(1—s)" 2
= - ds + —

W(S)Z_:ln2<n>1—s(l—s) 5

At this point, we need the following

LEMMA 12. For |t| < 1/4, we have
2k 1— T4 14+ T -4\ \?
4 A STVS T
0 2 (V) ()
k=1
Proof. We start from the series
> 2k> 5 > (—1/2) 5 1
S ()= 3 (V) Cap e e
— ( k =\ k 1—4t
convergent for |t| < 1/4. By integration, we have
o (2K t*
> L) = —2log(1+ V1 —4t) + 2log 2.
k=1

By integration again, we obtain the result. =
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Now, if we set ¢t = s(1 — s), we obtain (1 —+/1 —4¢)/2 = s. Then the
quantity (3) becomes

\/31 9 ds 2
Y2 (2Lis(s) — log?(1 — §)) —— 4+ —
27r§( 2(s) —log”(1 =s) T— a5+
V3 S ds1 dss ds
= T 1 e 1 _ 2
T 0<s1 <sy<s<1 s1—1 s9 1—s5+s
V3 dsy dss ds 2
T S 8—18—11—8+82+§
0<s1<sa<s<1 1 2
But

111 1
l—s+s2 §\/3\s—w s—w)’
where w = (1 +4+/3)/2. Thus, the above equals
7 d81 dSQ( 1 1 >
P dsp( 11\,
T s1—1 s9 \s—w s—w

0<s1<52<s<1
; 2
) dsy dss 1 1 T
i S P
T s1—1so—1\s—w s—w 9
0<s1<s2<s<1

. _ . . _
= ;(ng,l(w,w) — Lis (@, w) — Lij 1 1(1, w, @)

7'(‘2

—+ Li1,171(1,w,w)) + 6,

where we have written the result in terms of polylogarithms.

Now
5im3
LiLl,l(l,w,w) — Li17171(1,w,w) = 7;7{ ,
Tim3
Lig 1 (@, w) — Lig 1 (w, @) = 1%

(see for example [2]), and note that

T2 bn? g2 _ 572

162 81 ' 9 54

The result should be compared to Smyth’s formula

33
m(z+y+1) = . L(x-3,2) = L'(x-3,—1).
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3.2. ma(l+z+y(l—2x))
THEOREM 13.
ma(1+z+y(l—x))
= (Lig(—%,—%) — Lig1(4,4)) + — (—Lig 1(—4,1) 4+ Lig 1 (4, —1))

7¢(2)  log2
16 *

Proof. In order to apply the formula from Remark 9 (for the variable y)
we need to have a rational function that is monic in y. Therefore, we divide
by the factor 1 + x:

(5)  ma(l -2 +y(l+12))

an<(1;i>+y)+2m<<112>+%1+x>+n@ﬂ+x)

For the first term, we have

m2<<;z>+y>_(2;¢)z ) ) log®

ly|=1|z|=1

N\ de
i

+ 2 (= Liaa(1,1) + Liga (1,~4)) - L(x-1,2).

By applying Remark 9, this equals

1 1 1-—
- S - Lig -
2711 2 14z
|z|=1, [1—z|<|1+2|

1 1 1+2]* da
= il 5 bl
+2m' S 2 12(’1—$ >x
lz|=1, 1—z[>[1+|
1 1—z|dx
o | log? —
1 14+z| z
lz|=1, 1—z[>[1+z|
1 1-z|*\d
TN (LAY
2mi 1+x x
|lz|=1, [1—z|<[1+z|
1 1—xz|dx
— log? —.
5w ) R
lz|=1, |1—x|>|1+z]
For the second term in (5) we obtain
S B
m x
1+ Y,
1 1-— dx dy
= i)? Sf S log <1+ >+ylog|1+x| .
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By Jensen’s formula with respect to the variable y, this equals

1 T
SlJrl—i-a:

log |1+ 2| &
— O O x| —
271 & & €T

|z|=1

1 l—x dz
= — S log | ——|log |1 + | —.
1+ z

je|=1,]1-2|>|1+a|

Then (5) becomes

(6) (I—z+y(l+2)=— | Lo (|12 ) %
— [ pp— 1 JE—
At T YT = o \1+z| )@
z|=1, |[1—z|<[1+=]
1 dx 2
+— | (logQ\l—x\—log2]1—|—x\)——|—@.
i T 2
|z|=1, |1—z|>|1+z|
For the first term on the right-hand side,
1 1-z*\d
— S Lis x ar
271 14z T
|lz|=1, [1—z|<[1+=]
9 w/4 4 w/4
== | Lig(tan®0)df = = | (Liy(tan6) + Liy(— tan)) do.
7r
—7/4 —7/4

After the change of variables y = tan 6, this becomes

gl
p | (Liz(y) + Lia(—y))
0

dy
y? +1

1

4 . . 1 1
= 11080 + L) (1 + gy ) @

4
= — (i Lig 1 (¢, —4) + i Lig 1 (—4, —i) — i Lig 1 (—4,4) — i Lig 1 (¢,4)).
7r

For the second term in (6), we have

1 d(L’
5 S (logQ\l—x\—log2]1+x\)?
|z|=1, |1—z|>|1+z]|
(ke B4
-y 1(kl) 2 | cos(2mko) cos(2ml) do
k,I>1 1/4
B Z 1 — (—1)kF R (—1)hH) N PP (1 — (=1)kh
2mkl k+1 k—1

EI>1
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i (1 _ (_1)k+l)l~k+l i Z (1 _ (_1)k+l)ik+l
- 2 T 2
Ll kl TS (k+ 1)1
N % (1 . (71)k+l)ik—l B % Z (1 _ (71)k+l)z'k’—l
(k=) ™ k2
k>1>1 k>1>1

= % (Li1 (4) Liz(é) — Liy (=) Lig(=7) — Liz1(1,4) + Lig1(1, =)

- % <z log 2L(x—4,2) — 71% ¢(2) — Lig(1,4) + Liga (1, i))

+2(02) G~ Lina(=4.0) + Lina i) ).

Putting everything together in (6), we obtain the final result

mo(l—xz+y(1+2z))

= (Lig,1 (=1, —3) — Lia1(¢,4)) + - (— Lig1(—1,1) + Lig 1 (4, —1))
’ 7¢(2 log 2
+ % (= Lig(1,4) + Lig1 (1, —i)) — 41(6) 28 (s, 2). w

The previous result should be compared to (see [6])

m(l -z +y(1+2)) = % L(x-1,2).

4. Zeta Mahler measures. In this section, we consider zeta Mahler
measures. We compute some examples and apply them to the computation
of higher Mahler measures.

4.1. Z(s,x —1). As usual, we start with the linear polynomial x — 1.

THEOREM 14.

1 © Nk _ ol—k
Z(s,x—1)= S (2sin76)® df = exp (Z (=D = 2 77)¢(k) sk>

0 k=2

around s = 0.

This result is a particular case of a formula obtained by Akatsuka [1].
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Proof. First we show that
I'(s+1) s! s
Z - 1 == = =
(47 =1) = 7o = v~ o)
where s! = I'(s 4+ 1). In fact,

1/2
Z(s,x—1) =251 S (sinm®)® df.
0

After the change of variables t = sin? w6 this becomes

25 ¢

e LA () iy )
T

0

so we have obtained the beta function:
2 p(r1 1) 2 IO > 1)

Z(S,l'—l):? 5 ,5

Hence, by using
F<3+ 1> _ I'(s) gl—s1/2 _ I(s+1) 95 71/2,
r(s+1)

2

we conclude that

I'(s+1)
r(s+1*
On the other hand, the product expression

R (I

(7) Z(s,x—1)=

yields

Z(s,m—l):ﬁW:e ( {2log< 28n>—log<1+2)}>
(5 S b))

:exp<§’: (_1]ik—1 it )

k=2

:ﬂ%§«MM—T%mggJ

k
k=2

I
o)
"

ol

An analogous idea for evaluating Z(s, P) appears in [5].
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4.2. my(x —1). We can now use the evaluation of Z(s,x — 1) to recover
the formula for my(x — 1). From Theorem 14,

(@) o (B) g, T 4, )

2oz~ 1) = exp

1 T
) ¢(3)
=l st s
7¢4) | <(2)?
+< 32 T 3 )84+"'

On the other hand, by construction,
1
Z(s,x—1)=14+my(x —1)s+ 5 mo(x —1)s>

+ L (@ — 1)+ = (e — D)t +
6m3:v 24m4x

Putting both identities together, we recover the result from Theorem 3. In
particular,

mi(z—1) =0,
ms(zx —1) = —3<2(3),
mate 1) = 2 (7¢(0) + ) = 20

5. A computation of higher zeta Mahler measure. We compute
the simplest example of a higher zeta Mahler measure and apply it to mul-
tiple higher Mahler measures.

THEOREM 15.

1
(i) Z(s,t;x— 1,2+ 1) :S|28in779\3\2(:os710|td9

0

B I'(s+1)I'(t+1)

S rE+nrE+nrEt

s't'

()1(3) (5!
ﬁ o) (LF

t
L) (1
T+ +s

n=1
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(i) Z(s,t;x—1,2+1)

o \k
= exp <Z (;) CRY{(1 —27F) (" +tF) —27F(s + t)k}>

k=2
€ Q[r*,¢(3),¢(5), .- l[s, 1]

around s =t = 0.

(iii)) m(xz—-1,...,2—1L z+1,...,2+1)

k l

1
= S (log |2 sin 76))* (log |2 cos 7A])! d
0

belongs to Q[n2,((3),¢(5),((7),...] for integers k,1 > 0.

Proof. (i) By definition,
1
Z(s,t;e—1l,x+1) = 28+t8 (sin76)*|cos 76" df

0

1/2

= gstitl S (sin76)*(cos 76)" db.

0

By the change of variables u = sin® 70,

1

23+t
Z(s,tix—1,x+1) = 7Su(5—1)/2(1 — u)(t—l)/Q du
T

We now use again the identity

r<221> _geq2 LEAD

to get

r(3+1)r(;
:ﬁ (L4 5) L+ 55) (L + 55)
n=1 (1+% (1+%)
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(ii) The above expression yields

Z(s,t;x— 1,2+ 1)

- eXp<§{1°g<1 + 2871) +10g<1 + 22) +log<1 + 3;:)
} ) —10g<1+2> log<1+
: @ Z{( ) () (3 -()-

B

n=1
= ( — (k{2 tk—|—2_k(s—|—t)k—sk—tk})
k=2
= exp <Z — 27 WP (1 —27Fyek — 27k (s + t)k}>.
k=2
This power series belongs to Q[72,¢(3),¢(5),¢(7),...][[s, t]].

(iii) From (ii), we see that
okl

dskotl
which is simply

Z(0,0;x — Lz +1) € Q?,((3),¢(5), ¢(7), ...},

mx—1,...,.20—1L,z+1,...,2+1)

k

1
= S (log |2 sin 76])*(log |2 cos 70])! df. w
0

ExaMPLE 16. In order to compute examples, we compare the terms of
lowest degrees in the two expressions of Z(s,t;x—1,x+1). On the one hand,
we have

Z(s,t;x—1,x+1)

<2 <i (s + 1) — % (s + t)2>

(83 +13) — é (s + t)3> + (degree > 4)>

= exp<C(2) (s + 12 — st) — C(83) (253 4 2t3 — 5%t — st*) + (degree > 4)>



288 N. Kurokawa et al.

On the other hand,
Z(s,t;x— 1,z +1)
=1+ (im@-1Laz-1)s>+im@+1Lz+ 1) +m(x+ 1,z — 1)st)
+ (%m(:ﬁ—l,x—l,x—1)33+%m(x+1,:v+1,x+1)t3
+im(e— Lo — Lo+ 1)s’t+ im(z — 1L,z 4+ 1,2 + 1)st?)
+ (degree > 4).

We obtain:
1
9 2
m(z—1,z4+1) = Slog|25in7n9| log |2 cos 8| df = —C(4) = _%7

0
1

m(z — 1,2 — 1,2 +1) = | (log|2sin m6|)* log |2 cos 76| df = 24(83) - C(43)’
0
1

m(z — 1,2+ 1,2 + 1) = | log[2sin 76| (log [2 cos 70])* df = 2“83) - C(f)
0

Note that the calculation
s
Z(s,0;x—1 H=2Z2 —1) =
(.0 = L 1) = Zso 1) = )

yields mg(x — 1) again.
We also remark that we have another relation:

Z(s,s;x—lx+1)=Z(s,x —1) = Z(s,z + 1).

6. Further examples
6.1. The case P=xz+z ' +y+y ' +¢

THEOREM 17. For ¢ > 4,

) 2
1 /2

Zs,z+a t+y+y t+e)=c <S><]>
27) c21\ j

where the generalized hypergeometric series 3Fo is defined by

ai,az,as = (a1)j(a2)j(as);
3F2 z = —,Z‘j,
( b1, b2 ) ; (b1);(b2);"

with the Pochhammer symbol defined by (a); = a(a+1)---(a+j —1).
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Proof. We first write

- _ r+at+y+y?
m—{—x1+y—|—y1—+—c:c< cy Y +1).

Since ¢ > 4, (x+ax ' +y+y1)/e+ 1 is a positive number in the unit
torus. Hence, we may omit the absolute value in the computation of the
zeta function. Therefore we may write

Z(s,z+ax ' +y+yt+o)

1 dz dy
= @i | @+t ryty 4o —
lyl=1 |z|=1
-
@ it e ¢ vy
B r+ " +y+y dz dy
(W ) )

ly|=1 |z|=1

2 s\ 125\
:Cs N K .
;0 (27) c* <J>

The last equality is the result of the following observation. The number
k 4z dy
z Yy

1 -1 -1
)2 S S (x+2 +y+y )
ly|=1|z|=1

is the constant coefficient of (z + = 4 y + y~1)*. This was observed by
Rodriguez-Villegas [4] who studied this specific example as part of the com-
putation of the classical Mahler measure for this family of polynomials.

The expression in terms of the generalized hypergeometric function is
derived from (2‘?) (25)! = 22j(—§)j (%) ~and (2j)! = 2%(3 ) j!. Note that
the series 3 F»(z) converges in |z| < 1, Wthh is compatible Wlth the condition
¢ > 4 in the statement of the theorem. m

6.2. Properties of zeta Mahler measures. The proof of Theorem 17 may
also be achieved by combining the following elementary properties of zeta
Mahler measures:

LEMMA 18.

(i) For a positive constant A, we have Z(s,\P) = X5Z(s, P).

(i) Let P € Claf!, ...,z be a Laurent polynomial that takes non-
negative real values in the unit torus. Then we have the following
series expansion for |A| < 1/max(P), where max(P) is the mazi-



290 N. Kurokawa et al.

mum of P on the unit torus:

Z(s,1+ \P) = i <Z> Z(k, P)AF,

— (—1)F! k
m(1+AP) =Y ~—— Z(k,P))\".
More generally,
. (—1)ki—d k;
(1 P)=j! —Z(k;, P
mj(1+AP) = Z ki (kj, P)A™
0<ky <--<kj

(iii) Z(s,P) = Z(s/2, PP), where we put P = Y Gax~% for P =
Yo @ax®. Note that PP is real-valued on the torus.

Therefore, in principle, the knowledge of m(1+ AP) yields enough infor-
mation to determine Z(s,1 + AP).

Proof. (i) and (iii) are obvious. For (ii), we may use the Taylor expan-
sions in A,

o0

(L+AP) =Y (Z) APF log(1 4+ AP) Z L akph
k=0 k=1
In particular, we may write
k
pS(s—=1)---(s—k+1)
Z(s,14+ \P) = ka + AP) k, ZZk:P)\ I .
k=0

In other words, the coefficients with respect to the monomial basis are the
k-logarithmic Mahler measures my(1 + AP), while the coefficients with re-

spect to the shifted monomial basis are the (special values of) zeta Mahler
measures Z(k, P)\F.
Combining these observations, we obtain the three equalities. m

6.3. The case P = x+y+ c. Now we apply these ideasto P=z+y+c¢
with ¢ > 2.

THEOREM 19. Let ¢ > 2. Then

v e BOTA(),

1o (2K 1
.s _ 2
(ll) mg(x—i—y+c) = log C+2kg_1 <k>k262k’
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(iii)  ma(z+y+o)
k-1

3 2k 1 3 2k 1
= log’ C+10g02( >k202k Z( )kQCQkZ

In particular, we obtain the special values

(v) mala+y+2) = 2,
) ma(e +y+2) = 2 log 20(2) = - ¢(3).

Proof. (i) In this case, the polynomial is not reciprocal, so we first need
to consider (z +y +¢)(z7! +y~ ! +¢). Then

Z(s,x+y+c)=2(s/2,(x+y+c)(z ™ +y 1 +¢)

— (2;)2 |V (@t+y+oE@+y +0)
ly|=1|z|=1

52 4T dy
Yy
) (Hflﬂfl)s”dwdy

c T Yy

= 1
(271'1 +=
Iyl 1 \II 1

EROD

J=

- oty (et o dy
27i)? c Ty

Iyl 1 val 1

5 (7) = 0)

The last identity was obtained, as in the case of x + ' 4+ y + vy~ + ¢, by
computing the constant coefficient of the product of powers of polynomials
in the integrand.

Formulas (ii) and (iii) are consequences of (i) and Lemma 18.

If we set t = 1/4 in the equation of Lemma 12, we obtain ¢(2) — 2log® 2.
Combining this with (ii), we get the result of (iv).

For the last formula (v), it is enough to prove the following identity:

I
M —

k— 1

k
Z(Q >k214k = _*log 2 —2¢(2 )10g2+gC(3)‘

We have

i (2:)12’; :2L12<1— 21—415) ~ <10g<1+\/21—74t>>2'

k=1
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Now we turn the left-hand side into a double series:
00 K k=2 o) k k-1
k) k24 k) k2 z—1
k=2 =0 k=2
1 (1 —/1— 4at 1+ 1 — 42t \?
=——|2Lisg{ ———— ) — ( log —

z(x—1) 2

() - (e (M) ),

In particular, by evaluating at ¢ = 1/4, we obtain
k—2
2k 1
( k ) k:24k Zx]
k=2

R =)y

L c2) - 21082 2).

r—1
Integrating from 0 to 1, we obtain the double series that we wish to evaluate:
=1y

_ ; (Qk) k214k Z

(s 47) - (7))

L (¢(2) = 21082 2)) dz.

z—1
We just need to perform the integration. For that, we consider the change
of variables y = (1 — /1 —x)/2:

1/2

I= | @Lig(y) - <1og<1—y>>2>( L i—l) i

O ey =

0
1/2 J
. . 2 Y
4(¢(2) — 21log?2) (S) T

We write the expression in terms of iterated integrals, so that we can relate
the result to multiple polylogarithms:

2 Lia(y) — (log(1 — y))?
— 9

S dtl dtQ 9 S dtl dt2

t1—1ty—1
0<t1<ta<y 0<t1<t2<y
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We have

dty dty [ 4 11
[=-z S t 11t2<2 1 1_>dy
O<ti<t<y<ijz L 2 ANHT L YT Y

dt dt 4 1 1
PR 1L _dip BRI S
t1—1to—1\2y—1 y—1 gy

0<t1<ta<y<1/2

1/2
dt; dt dt dt 4d
+(2 | e L) | S
tl—ltg t1—1t2—1 2y—1

0<t1<t»<1/2 0<t1<t2<1/2 0

After some rearranging we get

dt; dt 1 1
I1=2 S L2 +—|dy
t1—1 to \y—1 gy

0<t1<t2<y<1/2

dt,  dt 11
2 S noi7 —21( —1+>dy
0<t; <t<y<1/2 | 2 4 4

dy dtl @ dy dtl dtQ

+8 | +8 '
osptizip YT m L Tl

We make the change of variables s; = 2t;, z = 2y. Then

ds; dss 1 1
I1=2 — —|d
S 81—2 S9 (Z—2+Z> &

0<s51<s82<2<1

+2 S d81 d82 1 +1 dz
z2—2 =z

S1 — 2 S9 — 2
0<s1<52<2<1

dz dsp dss dz dsp dss
4 — +4 .
+ S z—1s—2 82+ S z—18—259—2

0<z,51<s2<1 0<z,51<s2<1

Now we make another change of variables u; =1 —s;, w =1 — z to get

1 1 d d
J=—2 S (1+1>dw uzl u11
0<w<us<u;<1 w+ w — uy — 1 uy +
1 1 d d
-2 <1+1>dw 2
0<w<uz<u1 <1 w+ w = ug + 1 up +
4 S dus  dup dw 4 S dus  dup dw
UZ_]. U1+1 w 0< iy <uw, 1y <1 U2+1 U1+1 w

0<uz<w,u1<1

We may now express all the terms as hyperlogarithms, and then as multiple
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polylogarithms evaluated at +1:

I=—-21;1(-1,1,-1,1) =2 ;;(1,1,-1,1)
—2I11(-1,-1,-1,1) = 2, 11(1,-1,—-1,1)
— 46 9(1,-1,1) — 4l 1(1,-1,1) — 4 2(—1,—-1,1) — 4151 (—1,—1,1)
=2Lij11(—1,—-1,-1) +2Liy 1 1(1, -1, —1)
+2Li;11(1,1,-1) +2Li; 11(—1,1,-1)
—4Lijp(—1,-1) —4Lip; (—1,—-1) —4Lij o(1, —1) — 4Lip 1 (1, —1).
The terms involving multiple polylogarithms of length greater than 1 may
be expressed as terms involving ordinary polylogarithms (of length 1). First,
we reduce the multiple polylogarithms from length 3 to length 2 and 1 using
the following identities:
Lijga(—-1,-1,-1) = %(Lil(—l) Lij1(—1,-1) — Lip (1, —1) — Lij o(—1,1)),
Li;;1:(1,-1,-1) = %(6 Li;(—1)Lij 1 (1, —1) — 2Li; (—1) Liy 1(—1, —-1)
—Lig;(1,—1) — Lij o(—1,1)
—6Liy (—1,-1) — 6Li;2(1,1)),
Lij11(1,1,—1) = 3(Liy(—1))%,
Li;;1(—1,1,-1) = %(2 Lij(—1)Lij (=1, —1)+Liz (1, —1) + Lij 2(—1,1)).
Incorporating these identities in the expression for I, we get
I =2Lij(-1)Liy (—1,—1) — 2 Ligy(1,—1) — 2 Liy o(—1,1)
+ Liy (1) Liy1(1,—1) — 2 Liy(=1) Liy 1 (—1, 1) — § Liz1 (1, —1)
— ¢ Lit2(=1,1) = Lig1(—1, =1) = Li2(1,1) + 5(Lir(=1))’
+ 2 Liy(=1) Liy1 (=1, -1) 4+ § Lig1 (1, —1) 4+ § Liy 2(—1,1)
—4Ligo(—1,—1) —4Ligy(—1,—1) — 4Lij o(1, 1) — 4 Lig (1, —1)
= Liy(=1) Liy (=1, -1) — § Lig1(1,-1) — 3 Liz2(—1,1)
+ Lit(=1) Li1,1 (1, —1) — 5Lis1(—1,—1) — Li1 (1, 1)
+ 2 (Liy(—1))® — 4Liy 2(—1,—1) — 4 Lij o(1, —1).
Now we consider identities for multiple polylogarithms for length 2 in terms
of classical polylogarithms:
Lip1(=1, —1) = 3((Li1(~1))* — Lia(1)),
Lig (1, -1) —7(2L12(1)L11( 1) + Lig(1)),
Lij 2(—1,1) = $(3Lig(1) Liy (—1) + 2 Lig(1)),
Lip (1, 1) = §(Lii(-1))?,
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Lig i (—1,—1) = £(8Lig(1) Liy(—1) + 5Lis(1)),
Li; 2(1, 1) = Lis(1),
Li; 2( -1) = é( 12 Lig(1) Li; (—1) — 13 Liz(1)),
Li; 2( —1) = §Li3(1).

Applying the previous identities to the expression for I gives
I = 3(Liy(-1))® — $ Lig(1) Liy (—1) + 2 Lip(1) Liy (—1) + 3 Liz(1)
—§ Liz(1) Liy (1) — 5 Lis(1) + 5(Liz(=1))°
—5Lig(1) Liy(—1) — 2 Lig(1) — Liz(1)
+2(Liy(—1))* + 6 Lio(1) Liy (—1) + L2 Lig(1) — J Lig(1)
= 4(Li;(—1))® + 2Liy(1) Liy (—1) + 3 Lig(1).

We may now write the expression in terms of values of the zeta function and
logarithms:

4
[=—2 log®2 — 2¢(2)log 2 + gc(s).

This shows the required identity for the formula (5). m
The previous theorem may be completed with the trivial statement
m(z +y+2) = log 2.

In fact, the motivation for setting ¢ = 2 is that this is the precise point
where the family of polynomials = + y + ¢ reaches the unit torus singularly.
In classical Mahler measure, those polynomials are among the simplest to
compute the Mahler measure, and the same is true in higher Mahler mea-
sures.

6.4. A family related with Dyson integrals. Consider the family of poly-

nomials
Th Th €5
PN(xl,...,a:N): H (1—):1_[(2__3)
1<h#£j<N i h<j Lj T
<h#j< J
= oNWV-1) H sin? (6, — 0;), xn= e2mi0n.
h<j

Then we have the following result, due to Dyson:

1 1
Z(k, Py) = S : --SPN(ezmel,...,e27ri9N)kd91 e dfn =
0 0
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Incorporating this identity into the formula for the zeta Mahler measure we
obtain
1

Z(s, 14 APy) =\--- | (1 + APy)db; - - dfy

-2 (D)t =3 () e

el 2 N
o SN N " N
= NFna

Ot/ﬂ»—\

As always, we may use the expression of zeta to compute higher Mahler
measures. By Lemma 18(ii),

m(1+ A\Py) = i (=Dt Z(k, Py)AF = i (—11{):’“—1 (Nk)! -
k=1

k
ma(14+ APy) = ; (_]j)k (1 4+ ki1>Z(k,PN))\k
- (—D)F 1\ (VE)!
_; A <1+ +k‘—1> (k')N )\k.

In particular, for N = 2,

> 1 2
m(1 + AP,) :Z (k>)\

k=1

> 1 2k\ |1

k=2

These correspond to the higher Mahler measures of 1+ A(z+z "t +y+y~1).
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