Ramanujan J (2011) 26:257-294
DOI 10.1007/s11139-010-9278-6

Higher Mahler measure for cyclotomic polynomials
and Lehmer’s question

Matilde Lalin - Kaneenika Sinha

Received: 26 May 2010 / Accepted: 22 September 2010 / Published online: 29 April 2011
© Springer Science+Business Media, LLC 2011

Abstract The k-higher Mahler measure of a non-zero polynomial P is the integral
of logX | P| on the unit circle. In this note, we consider Lehmer’s question (which is a
long-standing open problem for k = 1) for k > 1 and find some interesting formulas
for 2- and 3-higher Mahler measure of cyclotomic polynomials.
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1 Introduction

Definition 1 Given a non-zero polynomial P(x) € C[x] and a positive integer k, the
k-higher Mahler measure of P is defined by

mi(P) = 5— log"|P(x)[—,
Tl J|x|=1 X
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or, equivalently, by
1
mi(P) ::/ logk|P(e2”i9)|d9.
0

We observe that for k = 1, m(P) is the classical (logarithmic) Mahler measure
given by

n n
m(P) :=loglal+ Y log" |rj|. for Px)=a[[(x—r)
j=1 i=1

where logt ¢ = logmax{1, t} for a non-negative real number ¢. This object first ap-
peared in a 1933 paper by Lehmer [9] in connection with a method for constructing
large prime numbers. A generalization to multivariable polynomials appeared in a
work by Mahler [10] (who was interested in tools for transcendence theory) about 30
years later. The generalization to higher Mahler measures was recently considered in
[6] for the first time.

Higher Mahler measures of polynomials are usually very hard to compute, even
for simple linear polynomials in one variable. However, the investigation carried out
in [6] reveals direct connections between these measures and special values of zeta
functions and polylogarithms. In the case of the classical Mahler measure, analogous
relations with special values of L-functions have been explained by Deninger [4] and
others in terms of evaluations of regulators in the context of Beilinson’s conjectures.
One of the motivations for considering higher Mahler measures (in addition to classi-
cal Mahler measures) is that they yield different periods from the ones that we obtain
from the usual Mahler measure, thus revealing a more complicated structure for the
regulator (see [7] for more details).

One of the tools for studying general k-higher Mahler measures is the following:

Definition 2 For a finite collection of non-zero polynomials Py, ..., P; € C[x], their
multiple Mahler measure is defined by

1 dx
m(Py, ..., P) = i N 110g|P1(x)|--~10g|Pl(x)|7.
e

Our main interest in this note is the case of P(x) € Z[x] but we consider other
cases as well. We recall the following well-known theorem of Kronecker [5]:

Theorem 3 Let P(x) = ]_[?21 (x —r;) € Zlx]. If |rj| <1 for each j, then the r; are
zero or roots of unity.

An immediate consequence of Kronecker’s theorem is that for a non-zero polyno-
mial P(x) € Z[x], m(P) =0 if and only if P is monic and is a product of powers of
x and cyclotomic polynomials.

Lehmer [9] asked the following question: Given € > 0, can we find a polynomial
P(x) € Z[x] such that 0 <m(P) < €?
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Higher Mahler measure for cyclotomic polynomials 259

This question is still open.! The smallest known measure greater than 0 is that of
a polynomial that he found in his 1933 paper:

m(x'0 4+ x% —x7 —x0 — x> —x* — ¥ +x +1) =0.1623576120. ...

A polynomial P (x) is said to be reciprocal if P(x) = +x?P(x~!) where d = deg P.
Notice that the above polynomial is reciprocal. Lehmer’s question was answered neg-
atively by Breusch? in [1] for non-reciprocal polynomials.

Lehmer’s question has attracted considerable attention in the last few decades, as
it has connections beyond number theory, such as to entropies of dynamical systems
and to polynomial knot invariants.

In this note, we explore the analogue of Lehmer’s question for my for k > 1. We
investigate lower bounds and limit points for higher Mahler measures and the value
of my and m3 at cyclotomic polynomials.

Our main results are the following:

Theorem 4 If P(x) € Z[x] is not a monomial, then for any h > 1,

72\h , . .
)", if P(x) is reciprocal,
man(P) = { -

2
Z—S)h, if P(x) is non-reciprocal.

This theorem is significant because the lower bound it provides is general and
unconditional. Unlike well-known results regarding the lower bound for m(P), the
above theorem is not restricted by the behavior of the coefficients, degrees, or the re-
ducibility properties of P (x). In particular, this result implies that Lehmer’s question
has a negative answer for myj,.

A careful study of the proof of Theorem 4 reveals that m,(P) for P reciprocal
is minimized when P(x) is a product of monomials and cyclotomic polynomials.
Therefore, it is of interest to find out explicit values of 2-higher Mahler measures of
cyclotomic polynomials. In this direction, we prove the following theorem.

Theorem 5 For a positive integer n, let ¢, (x) denote the nth cyclotomic polynomial
and ¢ Euler’s function. Then

7'[2 (m’ n)(p([m7 n])(_1)r(m)+r(n)2r((m,n))
— H p’

(G (x), ¢ () = 5 [m. n]?

plmn, pt(m,n)

where r(x) denotes the number of distinct prime divisors of x and the product is taken
over prime numbers p. In particular, for m = n, we get

7w p(n)2" "

ma(¢n(x)) = 2 .

ISee [13] for a recent general survey on the status of this problem.

2Later Smyth worked on this problem independently in [12] and found the best possible constant.
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This theorem allows us to compute m;(P) for P any product of cyclotomic poly-
nomials. This naturally leads us to investigate the 3-higher Mahler measure of such
polynomials. We therefore prove the following theorem which relates m3(P) to ¢(3)
and the polylogarithm.

Theorem 6 If P(x) has all its roots on the unit circle, in other words, if P(x) has
the form

n

P(x)= l_[(x —eZNi“-f),

Jj=1

with0<o) <---<ay <1, then

3
m3(P) = —§n2§(3) —3n Y C3(2m(an — )

1<k<l<n

=37 Y S(2m(or — o)) (nley — o) — (1 = k),

1<k<l<n
where
o0 o0 .
cos(nt) sin(nt)
Ce(t) = d Se(t) =
() ; —— and S,(1) ; —

are the Clausen functions given by real and imaginary parts of the classical polylog-
arithm Lig(e*™") defined by

o Zn
Lie@ =) —
n=1
in the unit disk.
Lehmer’s question can be rephrased as whether O is a limit point for values of m.

We generalize Lehmer’s question by asking if O is a limit point for values of moj1
for h > 1. In this context, we prove the following.

Theorem 7 Let P,(x) = £=L. For h > 1 fixed,

=
lim mapq1(Py) =0.
n—o00

Moreover, this sequence is nonconstant.

We obtain, in this way, a positive answer for Lehmer’s question for mop 1.

Section 2 contains a proof of Theorem 4, which relies upon a lower bound for
my for products of cyclotomic polynomials. We obtain some explicit formulas for m,
for cyclotomic polynomials and their products in Sect. 3, thereby proving Theorem 5.
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Higher Mahler measure for cyclotomic polynomials 261

Section 4 contains some partial results toward m3 for cyclotomic polynomials. In par-
ticular we prove Theorem 6 in this section. Section 5 presents results about limiting
points for my. We first consider an m3-version for Theorem 7 in Sect. 5.1. A fun-
damental ingredient in the proof of Theorem 7 is a theorem of Boyd and Lawton
which shows that the Mahler measure of a multivariable polynomial arises as a limit
of Mahler measures of polynomials of one variable. In Sect. 5.2 we discuss a gener-
alization of Boyd—Lawton theorem and prove the limit of Theorem 7. In Sect. 5.3 we
prove that these sequences are non identically zero. Finally, Sect. 6 includes a discus-
sion about future questions and a table with values of m,(P) for the reciprocal non-
cyclotomic polynomials P of degree less than or equal to 14 and m(P) < 0.25. We
observe that all the polynomials in the table have lower values of m, than Lehmer’s
degree 10 polynomial.

2 A lower bound for 2/#-Mahler measures

In this section, we prove Theorem 4. In order to do this, we first find a lower bound
for my of products of cyclotomic polynomials.

Theorem 8 If P(x) is a product of cyclotomic polynomials and monomials, but is
not a single monomial, then
=
m —.
D)
Before proving this, recall the following theorem from [6] (Theorem 7):

Theorem 9 For0<a <1,

. 2 1
m(l —x,1 —ezn’o‘x)z %(az—a+ 6)

We also need the following property:
Lemma 10 If P(x) has all its roots on the unit circle, in other words, if P(x) has the
form

n

P(x) = l_[(x _627Ti01j)’

j=1
with0 <a; <1, then
2

1
my(P) =" Y ((aj — o) — lorj — ol + 5>.

1<jk<n
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Proof By applying Theorem 9, we can express m(P) in terms of the arguments «;:

my(P) = Z m(l — iy 1 — ezmo‘kx) = Z m(l —x,1— ezmla/_“"lx)

1<j.k=n 1<j.k<n
2
T 1
2 : 2
:7 ((aj—otk) —la]_ak|+g>
1<jk<n O

Proof of Theorem 8 Since log |x| = 0 on the unit circle, the monomial factors do not
change the value of m,(P). Thus, we may assume that P (x) can be written as

2n
Px)=(x—-D"x+ l)b H(x _ e27riaj)

j=1

withO <a; <--- <ap, <land o; =1 — az,41-;. In addition, a, b € {0, 1} as they
account for the fact that we may have an odd number of factors x — 1 and/or x 4+ 1 in
the product. Using that m(x + 1,x — 1) = —’2’—; and Lemma 10, we obtain

my(P) =amy(x — 1) +bmo(x + 1)+ 2abm(x +1,x — 1)

2n n
+2am (x -1, H(x — 627”“/)> +2bm <x +1, n(x - eZ"i“j)>

j=1 j=1

+mo (ﬁ(x — ezf”'“f))

Jj=1

2 2n
n“fa+b—ab ’ 1
2n 1 1 2n
2
+2bz<(aj—§) — aj—§‘+g>+4n2aj
j=1 j=1
2n?
- Z (2O‘jak+|aj_ak|)+T
1<j,k<2n
a+b—a
= ( +2(a+b)2a —2aZa1—4b Z aj+bn
j=n+1
2n 2n
+4nZa -2 Z ajak—221a1+22(2n+1—J)a1
1<j,k<2n
2n(n+a+b)>
+f .
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Higher Mahler measure for cyclotomic polynomials 263

Because of aj =1 — ap,41-j, we have that Z?"Zl aj = n. This implies that

my(P) = (2(a+b+2n)Za —4b Z aj—4Z]a,

Jj=n+1

n(2n —4a +5b a+b—ab
+2n(n+1)+ ( )+ )

3 6

Leta:=ajwithl <j<nsothat0 <o < % In this case, we define

g@)=2(a+b+2n) (e + (1 —a)?) —4(ja+ @n+1—j+b)(1—a))
=4a+b+2n)a>+4(1—-2j —a)a +4j +2a —2b—4n — 4.
Since we have a quadratic equation, the minimum of g(w) is achieved at o =
+2j—1
2(aa+b]+2n) - Thus

2j —1)2
g(a)z—% Y4 +2a—2b—4n—4

We use the bound on g(«) in order to obtain

2 “ (a+2j—1)> _
J— > R — — —
nzmz(P) > ;:1:( . +4j+42a—2b—4n 4)

n2n—4a+5b) a+b—ab
3 + 6

_Z 42 +4(b+2n+1)j (a —1)2
o a+b+2n a+b+2n a+b+2n

n(dn —2a+ b + 6) +a+b—ab

+2n(n+1)+

3 6
_ 2n(n4+D)@n+1) 2420+ Dn(n+ 1) (a—1)*n
3(a+b+2n) a+b+2n a+b+2n
ndn—-2a+b+6) a-+b—ab
- +
3 6
_2n(n+D@Bb+4n+2)  (a—1’n
B 3(a+b+2n) a+b+2n
nd4n—2a+b+6) a-+b—ab
- +
3 6
1
=

where the last equality is valid for any of the four cases with a, b € {0, 1}.
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Thus,

2
my(P) > % ~(.8224670334 . ... .

Remark 11 Observe that the previous proof only uses the fact that P is reciprocal
with roots on the unit circle. Therefore, Theorem 8 applies to this family of polyno-
mials.

In order to prove Theorem 4, we extend Theorem 8 to reciprocal polynomials:

Theorem 12 [f P(x) € Z[x] is reciprocal, then

2

Py >
" n?
2=

We will need the following result which is Remark 9 in [6]:
Lemma 13 Fora,beC,

3 ReLiy(ab) if lal, 16l < 1,
m(l —ax, 1 —bx) = | 3 ReLis(b/a) iflal = 1,1p] <1,
3 ReLix(1/ab) +loglallog|b| iflal, [b| = 1,

where Liy is the dilogarithm function.

Proposition 14 Let 71, ..., tp be fixed real numbers in [0, 1) and cy,...,cpy > 0.
The function

Y cos(27mr,)

M 00
fOLoom =) Gy F—m—
j=1 n=l

attains its minimum in [0, 11™ at a point where y; € {0, 1} for each i.

Proof For a fixed T € [0, 1), we first study the function

oo n 2
2(y) = Z y cosn(znnr)

n=1
in the interval [0, 1]. In this interval, g(y) attains its minimum either at the end points

or at g’(y) = 0. However,

1 <y cos(2mnt 1 .
gy = —ZM = ——log|1 — ye>™'7|.
n y

n=1
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Higher Mahler measure for cyclotomic polynomials 265

Thus, we get a critical point when |1 — ye?™T| = 1, that is, when
2 . 2
(1 — ycos(an)) + (y sm(an)) =1

and therefore, yg = 2cos(27 7). We need to determine what kind of point yq is. Ob-
serve that

1 ) 1 yeZJ'[iT
1" _ _ 2wt .
g = 2 10g|1 ye +y2 Re<1_y62nir)'

Thus,

g (o) = yigRe(yoezm(l ~ yoe 7)) = yig(yo cos(2r7) — y3) = —% <0.

Then, yp is a (local) maximum point for g(y). Therefore, the minimum for g(y)
in [0, 1] is either at y = 0 or y = 1. Since each ¢; > 0, we conclude that in the

interval [0, 11, f(1, ..., yy) attains its minimum at a point where each y; is either
Oorl. 0
Remark 15 From the above analysis it also follows that if f(yi,...,yy) >

f(ai,...,ay) forall (y1,...,ym) € (0, DM then each q; € {0, 1}.

Proof of Theorem 12 Let P(x) be a reciprocal polynomial in Z[x]. If P is not monic,
we can write P(x) = C Q(x) with C € Z and

my(P) =log? C +2log Cm(Q) + m2(Q) > m2(Q),

where we are using that C > 1 in the inequality.
Therefore we can assume that P is monic. Thus we write

J
P(x)=(x— D%+ 1P l—[(x —r)(x — rj_l)

j=1

where |r;| < 1. We write r; = pje?™*i with 0 < p; < 1. Here we need to clarify
that for p; = 0 the product (x —7;)(x — rj*l) should be interpreted as the product
x - 1. It is important to understand that Lemma 13 is still valid in these cases since
Li>(0) =0.

In addition, a, b € {0, 1} as they account for the fact that we may have an odd
number of factors x — 1 and/or x + 1 in the product.

Then

my(P) =amy(x — 1) +bma(x + 1)+ 2abm(x +1,x — 1)

J
+2aZm(x—1,x—rj)
j=1
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266 M. Lalin, K. Sinha

-1
+2me(x—l,x—rj )+ Z mx —rj,Xx —rj)
Jj=1 1<ji,ja=J
-1 —1
+ Z x—r x—rj2)+2 Z m(x—rjl,x—rjz).
1<ji1,2=J 1<j1.2=<J

Using that m(x + 1,x — 1) = —g—i and applying Lemma 13,

2 J
ma(P) = (a+b— ab)% +(a+b) Y ReLix(r))
j=1

+ Y (2ReLiz(rj,7;) + loglry, |log |ry )-
1=<ji,j2=d

By writing the dilogarithm in terms of its power series, we get

2

j=ln=1

) Z ZpJIpIZCOS(Zan('u“ I‘sz)) 1)

2
1<j1,j2=J n=1

Thus, the problem of minimizing m» (P) reduces to the problem of minimizing the
terms in the above expression. First let us fix the arguments ;. As a consequence of
Proposition 14 and Remark 15, we see that the last term involving a series reaches
its minimum when p; € {0, 1}. This condition also minimizes the other term involv-
ing a series, although that term can be ignored if @ = b = 0. This means that there
are no roots with absolute value greater than 1. This also minimizes the first term
m(P)? which is non-negative for P (x) monic and zero if all the roots of P (x) are of
absolute value (less than or) equal to 1. Now if we allow the arguments 1 ; to vary,
the minimum m; (P) is still attained when all the roots have absolute value in {0, 1}.
Since P is reciprocal and its roots have absolute value 1, we can apply Theorem 8
and Remark 11 to conclude that

72
ma(P) = 7 O

In order to prove Theorem 4 we need to say what happens when P is not recipro-
cal.

Lemma 16 If P(x) € Z[x] is non-reciprocal, then
2

m
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Higher Mahler measure for cyclotomic polynomials 267

Proof Let d = deg P, and consider Q(x) = x¢P(x~1). Thus P(x)Q(x) € Z[x] is
reciprocal. Moreover, mo(P) = m»(Q) =m(P, Q), thus,

ma(P Q) =ma(P) +2m(P, Q) + ma(Q) = 4mz(P).

We obtain the desired bound by applying Theorem 12 to P Q. U

Remark 17 While the inequality in Theorem 12 is sharp (as my(x — 1) = 717—;), we do
not know what happens with the inequality in Lemma 16. The best polynomial we
were able to find is

ma(x +x + 1) =0.3275495729... .,
while Z3 = 0.2056167583 ...
We will use the bound for m,(P) in order to find a bound for myj (P).

Proposition 18 For any non-zero polynomial P(x) € C[x],
1.

map(P) = my(P)",

map(P) = m(P)*".
Proof Part 1. For any positive integer &, let f and g be functions such that

1 d 1 d
- f|h—x<oo and — |g|h/(h*1)—x<oo.
2mi lx|=1 X 2mi |x|=1 X

Then, by Holder’s inequality, we get

1 dx\" 1 , dx
7l lfgl— ) =\ = Lf1"—
Tl lx|=1 X 2mi lx|=1 X
1 Cndx\"!
(g [ _pen ) o
Tl J)x|=1 X

In particular, taking f(x) = log2 |P(x)| and g(x) =1, we get
ma(P)" < ma, (P).

Part 2. On the other hand, by taking f(x) =log|P(x)| and g(x) = 1, and taking
2h instead of & in (2) we get

m(P)*" < my, (P). O
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268 M. Lalin, K. Sinha

Proof of Theorem 4 By combining Theorem 12, Lemma 16, and Part 1 of Proposi-
tion 18 we obtain,

2Nk . .

)", if P(x) is reciprocal,
map(P)=my(PY! > 1"

Z)",if P(x) is non-reciprocal. O

Remark 19 By Part 2 of Proposition 18, if we assume that the lowest positive value
of m(P) is for Lehmer’s degree 10 polynomial, then for any P(x) € Z[x] with
m(P) >0,

ma(P) > (0.1623576120...)%> = 0.0263599941 . ...
However, Theorem 4 provides us with an unconditional and stronger lower bound
0.2056167583 ... for ma(P) (and mop (P)).

Analogously, we can use the result of Smyth to find a different bound in
Lemma 16. Smyth [12] proved that for P € Z[x] non-reciprocal,

m(P) >m(x> —x —1)=0.2811995743....
This can be combined with Part 2 of Proposition 18 to obtain

ma(P) > (0.2811995743 ...)% = 0.0790732005 ... .,

. . 2
but this bound is less than Z—S and therefore weaker.

3 Explicit formulas for 2-Mahler measures of cyclotomic polynomials

While the classical Mahler measure for products of cyclotomic polynomials is unin-
teresting, we have seen that the same is not true for higher Mahler measures. In this
section we show how to evaluate m,(P) for such polynomials. We notice that any
product of cyclotomic polynomials can be written as

N

P(x)= H(xd" — l)ei,

i=1

where we allow negative exponents. Therefore, we can compute m,(P) if we under-
stand m(x® — 1, x? — 1).

We start by proving the following useful result, which is also of independent in-
terest.

Proposition 20 For any two positive coprime integers a and b,

a—1b—1

S(a, b) ::ZZ

j=0k=0

j|_2a*b* —3ab+a*+b* -1
B 6ab '

a

k
b

Proof First we observe that the term inside the absolute value is positive when é < %.

For fixed j, this happens for k =b — 1,..., |2 | + 1, that s, for b — [ % | — 1 values
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Higher Mahler measure for cyclotomic polynomials 269

of k. On the other hand, it is negative when k =0, ..., L%J, that is, for L%J +1
values of k. Thus, é appears with negative sign for b — L%’J — 1 values of k and with

positive sign for L%J + 1 values of k. Putting this into the equation (together with
the same analysis for k), we obtain

S(a,b):Lli;(zv J+2 b>+l§§( VkJJrz—a)

j=0 k=

b—1
_2-ba-1 (2—a)(b—1) 2 ak
— 5 + Z { JUZ"bJ-

k=0

Assume without loss of generality that a > b. Let j; be such that L%J =/ and

|2U=D y— 7 1. Then 0= jo < j1 <--- < jo—1 < jb =a. Thus,

-1

2N (b | 2% Jak | 2R b 2% | ak
M A ENI E AL D O E AR F
=0 k=0 I=1 j=ji_ k=0
Ji—1 b 1
:_2(1—1) doi+s Z kaJ
J=Ji-1
2y i\ (i), 2%, | ak
=2xa-0((2)-(5)+ 24 7]
=1 k=0
2 a\ 2o 2520 1 ak
7(“"”(2)‘E(D)W%"M'

b(ji—1) bji
_— <l< —_—
a a

Notice that for / > 0,

’

which implies that j; = L%ZJ + 1. Thus, the above computation equals

> LI

Because of Y 7~ L‘”J = W, the above equals

b—1 2 b—1
a@a-nDB-1) 1 ak 2 ak
(a—l)(b—l)—i——ZL—J += /{—J
2a ai= b bk:O b
_<a—1><2a—1><b—1>_1”‘1< ak |_aky', 1y ik
N 2a a =\ b b a = 2
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270 M. Lalin, K. Sinha

Observe that because (a, b) = 1, as the term k runs through all the residues mod-
ulo b, so does the term b(% — L%J). Thus, the above expression is equal to

b—1 b—1
@—1)QRa—1b-1 1 , a 5
- — YK+ %

24 ab? 1;) T 1;)

_(@a—1)Qa—-1(b-1) N @-Hb-H2b-1)
o 2a 6ab ’

Finally,

@@= +B-1)=2a—1)b-1)
2
(@a—1)(b—1)8ab—a—b—1)
+ 6ab ' m

S(a,b) =

From the above proposition, we deduce the following theorem:

Theorem 21 For any two positive integers a and b,

72 (a, b)?
12 ab

m(x“ —1,xb = 1) =

Proof First assume that (a, b) = 1. Applying Lemma 10, we observe that

7.[2‘1_”7_1
m(x“ — l,xb—l) = 722( 5

Therefore, applying Proposition 20, we have

b 7% (2a*h?* +a* +b* —3ab  2a’b* —3ab+a® +b* -1
m(x?—1,x"—1)=— —
2 6ab 6ab

7.[2

~ 12ab

For general a and b it suffices to notice that the change of variables y = x@?) will
not affect the Mahler measure, and thus

m(x“—l,xb—l)zm(xﬁ—l,xﬁ—1). O

From Theorem 21, we deduce the following proposition.
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Higher Mahler measure for cyclotomic polynomials 271

Proposition 22 For a positive integer n, let ¢, (x) denote the nth cyclotomic polyno-
mial and |1 be the Mdbius function. For any two positive integers m and n,

2 dy, d>)?
m(¢zn(x)v ¢n(x)) = 7;_2 Z M(%)“(%)%
dilm,dy|n

Proof We recall that for any positive integer n,

=1 :Hq)d(x).

din

Thus, by the multiplicative Mobius inversion formula, we get

¢n(x) — n(xd _ 1)#("/(1)

din

From the above and from Theorem 21,

m(fn (D), gu) = Y M(%)M(%)m(xdl —1a® 1)

di|m,dy|n
n? m n\ (di,d>)?
-5 T w(in(E) S
il doln 1 ) 1d>2 0O

Proposition 23 Let p be a positive prime. We have the following transformations:

1. Fork>1>1and p{tmn,

2 1
m(d)pkm(x)v d’p’n(x)) = F(l - ;)m(¢m(x)» ¢n(x))

2. Fork>1and ptmn,
1 1
Mt (X), Pu (X)) = —F<l - ;)m(qﬁm(x), $n(x)).

Proof Part 1. Using Proposition 22, we have

2 k 'n\ (di, d»)?
m(¢pkm(x),¢pln(x)) = 711_2 Z M(%)“(%)%

di|pkm, dy| p'n

It is clear that only the terms with p*~! | d; and p'~! | d; are non-zero, since

otherwise the Mobius function factors yield zero. We write d; = p*~le; and dr =
p'~les. Thus
(¢ ), b1, ( )) w2 Z pm pn (61,62)2
m X), X)) =— — — | —.
phm p'n 12 " el H er ) ejer pk!
erlpm,ez|pn
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If p divides both e and e> or p does not divide either of them, we get terms of the

form
() et
il f2) fifapk!
with p 1 fi.
If, on the other hand, p divides exactly one of the ¢;, we get terms of the form
—M<ﬁ>ﬂ(£) (f1, )
fi 2] fifapktHl
with p1 f;.
Putting all of these ideas together, we obtain

72 2 1 m n\ (fi. f)?
ki (), @yl (X)) = ——— |1 — = 2 L U
m(¢p m(-x) ¢[7 (x)) 12 pk l( p)f1|mz,;2|nu(fl>'u<f2> fle
2

1
=== (1 - ;>m(¢m<x), 9u ().

which proves the first part of the proposition.
Part 2. Once again, by Proposition 22, we can write

’ ¢ dy. dr)?
o=y 3 () (E) G

di|pkm, da|n

As before, it is clear that p"‘_1 | di in the non-zero terms, and we can write d; =

Pkl
M(ﬁ) <£>(f1,d2)2
fi # dr) fidapk

If p | e1, we obtain

with pt f7.
If p{e;, we obtain

<m n\ (er,dr)?
H el H dr ) erdrp*=1"
Thus,

nz 1 l m n (e ’d )2
o) =5 (1-3) 2 (i)

eylm,dy|n
= _% (1 - l>m(¢m (%), & (x)),
p 4
proving the second part of the proposition. O
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Proof of Theorem 5 We write the prime factorizations of m and n as m =

plf o phr q{” gl and n = pll1 ol t{'---1}", where all the exponents are posi-

tive integers and the primes ¢ are different from the primes ¢. Thus r =r((m, n)). By
applying Proposition 23, we obtain

m((pm(x)’ ¢n(x))

4 1 1 “ 1 1
= (o (-5)) T (=0-7)
v 1 1
Sy et
i=1 i

r mm{k Jid ou

2r( 1)u+vl_[ mdx{kl l_[ z Htjz H( )

=1 ql i=1"% plmn
122r((m Dyt s . ) l_[qzl_[h H( )
= i=1 plmn p

B n_22r(<M»">>(—1)f<m>+’(">(m,n)( I p) @(lm, n])

12 [m, n] ol i) [m, n] .

4 Explicit formulas for 3-Mahler measures of some particular polynomials

In this section, we address the case of m3(P) for P a product of cyclotomic polyno-
mials. Our starting point is Remark 10 from [6], which is the following statement:

Proposition 24 We have

Z cos2n((k+1)B —la)

m(l—x,l—ezmo‘x,l—ezmﬂx):— WG]

cos2m ((k +m)a —mp)
km((k + m)

Z cos2m(la +mp)
Im(+m)

First, we express the above formula in terms of Clausen functions.

Proposition 25 For 0 <a, 8 < 1, we have
Zm(l —x, 1=y 1 — ezmﬂx)
=S1(27 (B — ))S227B) + S2(27(B — @)) S1(27B)
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— C327a) + Si (27 (@ — B)) S2(27a)
+ 8227 (e — B))S1 2rer) — C3Q27p)
+ 8127a)S$227) + S22 ) $1 (27 B) — C3(27 (B — ).

Proof Our starting point will be the following elementary identity:

| I | | i
TimAm) (1(1 T2 +m)> * (m(l T mia +m)>

1+1
Pm  Im?2)

Z cos2m(la +mpB) Z cos 2w ((I + m)a — mp)
I(I +m)? 12(+m)

Notice that

1<l,m

_ Z cos2n(l(a — B) + (U +m)B) n Z cos 27 ((I +m)(a — B) +1B)
n I(l +m)? 12(1 +m)

1<l,m

1<l,m 1<l,m

. Z cos2m(l(ox — B) + kB) _ Z cos 27 (ka)

2 3
1<,k Ik 1<k k

Using the fact that cos2m(I(e¢ — B) + kB) = cosrl(e — B))cos(Qmkp) —
sin2ml(o — B)) sin(2wkpB), we can rewrite the previous identity as

cosrl(a — B)) cos(2mkpB) sin(2rl(a — B)) sin(2w kB)
Z i Z 2 - Z i Z k2
1<i 1<k 1<i 1<k
cos(2mka)
- Z i3
1<k

=C\(2n (@ — B))C2Q27p) — 51 (21 (@ — B))S227) — C3(27e).
By exchanging 8 and « — § and adding, we obtain

cos2m(la + mp) cos2m(la +mp)
Y e, 5 odnlle tn)

2 2
S, la4m) 2(+m)

1<l,m

cos 2w (I +m)a — mp) cos2w (I + m)a —mp)
2 10+ m)? 2 20 +m)

1<l,m
=C1(2n(a — B))C2(27B) — S1(27 (e — B)) $2(27B)
+ C2(2n(a — B))C1(27B) — $2(27m (o — B)) S1 (27 B) — 2C3 (27 ex).

1<l,m
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Analogously we obtain

Z cos2m(la +mp) Z cos2m(la +mpB)
m(l +m)? m2(l +m)

1<l,m 1<l,m

cos2m((l+m)B —la) cos2m (I +m)B —la)
+ ];m m(l +m)? I;m m2(l 4+ m)

= C1(2n(/3 — a))Cz(Znot) -5 (271(,8 — a))S2(2rrot)
+ (27 (B —))C1Q2ra) — $2(27 (B — @))S1 2w a) — 2C3(27P),

and

Z cos2n((I +m)p —la) Z cos2m ((I +m)B —la)

I(I +m)? 121 +m)

1<l,m I<l,m

cos2n ((I +m)a — mp) cos2n ((I +m)a —mp)
" 1;;11 m(l + m)? Z m*(l +m)

= C12na)C2(27B) + S1 27 a) S22 B)
+ C2(2n@)Ci 21B) + S22 @) S1 27 f) — 2C3 (27 (B — @)).

1<l,m

On the other hand, we have

2 2
Z cos 2t (lae + mp) n Z cos2m(la +mp)

’m Im?
1<l,m 1<l,m

cos(2mla) cos(Qmmp) sin(2mla) sin(2rmp)
=) 2 -2 >

m 12 m
1<i 1<m 1<l 1<m

cos(2mla) cosQmmp) sin(2rla) sin2rmp)
+2 > -2 >

m? m?
1<i 1<m 1<l 1<m
=CQ2ra)C1(2nB) — $2(2ra)S1 (27 B) + C1 2ra) C2 (27 B)
— 8§12 a) S, (27 B).

As before, we can obtain similar identities by exchanging 8 and @ — § and « and
B —«.

By combining the previous results, we obtain the desired formula:

B Z cos2m((k+1DB —la) B Z cos2m ((k +m)a —mp)
o kl(k+1) s km(k 4+ m)
_ Z cos2m(la +mpP)
Im(l + m)

1<l,m

=25 (27(B — ) 2(27P) + 28, (27 (B — @) $1 (27) — 2C3 (27 x)
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+ 281 (27 (e — B)) S22 ar) 4+ 25, (27 (o0 — B)) S1 27w er) — 2C3(27B)
+2851Qra)$r(27B) + 282w a) S (27B) — 2C3 (2w (B — a)). O

We are now ready to prove Theorem 6:

Proof of Theorem 6 We express m3(P) in terms of the arguments «;:

m3(P): Z m(l_627Ti(x]'x’l_eZJTiOth’l_eZTL’iDl]x)
1<j.kl=<n
= Z m(l —x, 1 —e¥rile—aj)y e2ﬂi(“’_“f)x).

1<j,k,l<n

We now apply Proposition 25.

2m3(P)
=— Z (C3 (Zn(ak — aj)) + C3 (Zn(al — ak)) + C3(2n(aj — oq)))
1<j.k,l<n
+ Z (Si (271(0[1 — ak))S2(2rr(oq — Olj))
1<j,k,l<n

+ $2(27 (g — o)) S1(27 (o1 — )
+ 51 (27T(Oék — Ot[))Sz(ZT[(Olk - Olj)) + Sz(ZJT(Otk — Oll))S] (27‘[(0(k — Olj))
+ 8 (2n(ak — aj))Sz(Zn(al — aj)) + Sz(Zn(ak - aj))S1 (271(0:1 — aj))

=-3n Y C3(2m(oy — )

1<k,l<n

+3 > (S1(2m (o — ) S2 (27 (o — )
1<j,k,l<n

+ $2(27 (g — o)) S1(27 (o1 — ¢)))
=-3n Y C3(2m(ey — )

1<k,l<n

+6 Y S(2mer —a) Y Si(2m (o — ).

1<k,l<n j=1
We will use the following formula:

—n(y—%), O<y<l,
$1@Qry)=4 —ny=0, y=0, 3
—n(y+3), —l<y<0,
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which can be deduced from the fact that S; (27 y) = Im(—log(1 — ¢**?)). Thus,

2
—gma(P)=n > Ci(2m(o — )

1<k,l<n

n 11 _l
+ 27 Z Sz(271(otz—(xk))(X:(oq—Olj)_T_i_n2 )

1<k,i<n j=1

Notice that lek,ISn S>(2m(op — ag)) = 0 because S» (27 (o; — ay)) cancels with
S> (27 (o — ;). Then

2
—3m3(P)=n Z C3(27 (a1 — )

1<k,l<n
- I-1 n—I
2 S7(2 — - P——
+ 27 Z 2( 7 (a otk))(nal Zal 5 + 5 )
1<k,l<n j=1

=n Z C3(2n(a1—ak))+271 Z S2(2n(a1—ak))(nal—l).

1<k,<n 1<k,l<n
By exchanging & with [ and taking the semi-sum, we obtain

2
—ms(P)=n > Ca(2m(ar — )

1<k,l<n

+m Y S(2m(ar — o)) (nler — ) + k —1)

1<k,l<n
=n*t@B)+2n Y C3(2m(ar — )
1<k<l<n
+or Y S(2m(er — o) (n(er — ) — (L — k). -
1<k<l<n

Theorem 26 Let (a, b, c) = 1. For integers d,m, let d,, = (ddT) and mg = (dm—m)' Let

n be another integer such that (d,m) | n. Then we denote by [dnjln]md the unique
integer between O and my — 1 such that it is the solution to the equation d,x =
n (mod mg). With this notation we have

—Zm(xa —1,xb—1,x = l)

1 1 1
:“bc<[a,b]3 Tt [c,a]3>“3)

—1 _1
T > cot(mw 1y Jogch b]:“ Ch) T > cot(mw 1a; Jegbh C]:” bh)
 2¢(a, b) ]X_; h2  2b(a, c) — h2
batch calbh
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e cot(rr[ £ 3:" h) T X cot(w [ba a]:"Ch)
2a(b, c) 1; h2 ~ 2¢(b,a) /; h2
cptah apfch
T > cot(w leq ;f”bh) T > cot(w < ]f‘*ah)
" 2b(c,a) X_; h2 " 2a(c, b) h; 2
actbh betah

Proof First notice that the assumptlon that (a b,c) =1 is not restrictive, since
m(x®—1,xb —1,x¢ - 1)—m(x<“b¢> -1, xW”) -1, x@ho — 1).
By applying the same ideas as in Lemma 10,

2m(x“ —1,xP—1,x = 1)

a—1b—1c—1

= ZZZZW[(] _ eZm‘j/ax, . eZﬂik/bx, 1— eZm'l/cx)

j=0k=01=0

a—1b—1c—1

— Zzzzm(l —x,1— eZﬂik/b—Zﬂij/ax’ 1— eZﬂil/c—Znij/ax)

j=0k=0 =0

a—1b—1c—1

=YD > SG.kD).

j=0k=0 =0

By applying Proposition 25, we obtain that each term in the sum is
) I j Ik kK j
S, k, 1) =827 -—= Si| 27| - — = +Si( 27 - — =
c a c b b a
k1 kK j 1
+Sz<2ﬂ(- )b (2”(- “2)e(-2))
b ¢ b a a c
ik i [k
+ S| 27| = — -+ Si{2n{=——-) )+ S| 27| -— -
b c c b
I j k1 J k
-G\ 2n{-—=))-C3(2n|(-—-) ) —-C3|2n|=——] ).
c a b a b
We will apply formula (3). First assume that % > % > é Then
I j l ]
S kD) = —JTS2<271<— - i)) (- _L 1)
¢ a c a
(2 k1 k1 s(2 J k J k
S G b ¢ b ¢ e a b a b
l i k1 ik
—os(2n( =LY —csf2n (2 =) ) —csfan(L = 2)).
c a b ¢ a b

9}
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Lok _Jogel ko )
Nowassumethatc>b_aorc_b>a.Then

crs(or(3-D) (o35 (3. 1))

ers(or(L-2)) (- 2) = (22))
S e (en(2-4)

j=0k=0

eafo(E- ) )

where, Hy(5, ) for & < % denotes the number of rational numbers of the form %

with m € Z that belong to the interval [%, %] with the following conventions: the cases
in which % = ¢ and % = ¥ are counted with weight % instead of 1, and Hy(3, §) :=

—Hy (%, ). Itis not hard to see that

(g g) LT - L - T
— 5 :

We will also use the following notation:

{ahr:i=a

el +e] _{a—LaJ—%, a¢Z,
2 0, o €,

whose Fourier series is

1 o0

(= -1 Z sin(27'roth).

T h
h=1
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We first study the terms of (4) with C3. In this case we get

k=0 1=0
. ibii § cos(2n(— — —)n)
- n=1k=0 =0 n?
B i Zf; cos(2m k”) Yis Veos(2r l”) + Zk o sin(2m k”) Yo sin(2m l”)
o n?
-
bl v

Here we have used that Zk o sin(2m k”) = 0 for any n, Zi;(l) cos(ZJT%") =0 for
btn and Zk:o cos(2w %”) =b for b | n.
Regarding the terms of (4) with S, we obtain

35 e (D) (%] (2]

-1
=0
X DA sin@r(E — Hny((%h — (2h)
=222 g
k=0 1=0

n=1

° aky se—l I b1 k -1 Ly, \gal
_ Z Zk 0 sm(2n(b Y% Y2 D2 cosQm(L)n) =0~y sinQa(3)n) Y-y cosu()m){%}r

n2

o0 .
_ Z by cosQ@u($)n) {9y, S62) sin@r (L)~ 3070 cos@rm (¥yn) Y42 ) sin@r(Dmy (L),

n2

O -1 kyo\paky e—1 I b1 al
_ D i SInQa ()m{ G Y2 D2 2 cosQm(L)m)+> )~ 0005(271( n) Yz Osm(Zn( Im{% }2
= E —

n=1

We evaluate 2;(1) sin(Zn(]E‘)n){ % }2. If b | n we get zero. If not, we apply the Fourier
series for {-}» and obtain

S5,

b—1 o0 ak
———ZS]H( <§>n>zsm(2n h)

h=1
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> vy sin(2r(5yn) sin(2r %)

=7TZ h

h=1

_ 1 i ko (cos(3gE (n — ah)) — cos(E (n + ah)))
o 2h '

h=1

The inner finite sum is different from zero only if b | (n — ah) or b | (n + ah), in
other words, ah = £n (mod b). Notice that this is only possible if (a, b) | n. Thus,
we assume that n = (a, b)m. We write this as h = :I:[ab_lm];,a + rb, where r is an
integer that is either non-negative or positive depending on the sign for the first term.
Thus we get

b—1

> ()|,

bin,(a,b)n

=~

b 1 +§: 1 1
27 \[ay ' mly, = rba+lay 'mly,  rb—lay 'mly,

r

@by ba [aj, ' m1p, o 1
2_271(—1 M B )
.

[ab mlp, a 1 la, mly,
o

—1
= — (@b) cot(n’ Lb ml, )
2 b,

Putting all of the above together for the terms with S, we obtain

a

b—1c—1
l k l

s (-5 -15L)

k=0 (=0 2 2
B ¢ i cot( 14, m]h“) b i cot(m La 'In]"“) )
2(a, b) m? 2(a, c) m?
m=1 m=1
clm, bgtm blm, cqtm

We now write m = ch in the first term and m = bh in the second term. This can be
done since (a, b, c) = 1. Then

[aljlm]ba _ [a;I]baCh
b  ba

and analogously in the second term. Thus (5) equals

00 ] cabh

2c(a b) Z

h=1
batch

[a, ]ba ch)

cot(n cot(n

)

b (a c) g
catbh
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Finally, we get

—2m(x“ —1,xb—1,x = 1)

_ab ( 1 1 1 ) 3)
=N @ T Tiear )¢

—1
. i cot(m 18, Jo ch b]f“ Ch) T i cot(m 70]1 Phy
2c(a,b) = h?  2b(a, c) — h?
batch cafbh
o L o by Ny ch
I Z cot(w & ) B T Z cot(n —a )
2a(b,c) = h? 2c(b,a) = h?
cb%h ab?ch
—1 —1
x i cot(r ety 5 §5 cottr % Jreahy
 2b(c,a) h? 2a(c,b) = h?
a(J(bh befah
This concludes the proof of Theorem 26. O
We can immediately deduce some particular formulas.
Corollary 27 1. For positive integers a and b with (a,b) =1,
2 + a3 cot(r )
m(x“—l,xb—l,xb—l)z {()—i——z hZa
=1
a{’h
2. For an odd integer d, we have
m(x — 1,x4 — 1,x2d — 1)
1642 ¢ 16 — h2 8 — h? '
df2h dth
Here are some particular cases
m(x —1,x0 = 1,20 — 1) = —i§(3)
9 bl 2b b
2 b b 5
m(x*—1,x"=1,x"—1) = ——§(3),
m(xd—1,x" —1,x0 - 1) = ;( )+ ——L(2, x_3),

ﬁ

33 T

4 b b

-1, -1, —1)=——7-+¢(3 — L2, x_4).
m(x X X ) 16b§()+2b (2, x-4)
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Here L(s, x) denotes the Dirichlet L-series in the corresponding character y, i.e.,
Lis, x) =Y pe, L.

5 Limiting values for m

In [2], Boyd suggests a different point of view for the study of Lehmer’s question. He
proposes the study of the set

L= {m(P) : P univariate with integer coefﬁcients} C [0, 00).

(Boyd writes this in terms of the Mahler measure M (P) = e"P) put we will keep
everything in terms of the logarithmic Mahler measure for consistency.) The idea is
that Lehmer’s question can be translated as whether 0 is a limit point of L. In fact,
as Boyd points out, if 0 is a limit point of L, then L is dense in [0, co0). A negative
answer to Lehmer’s question yields a much more interesting L. Presumably, L is not
closed, since L consists of logarithms of algebraic numbers, but zop = 2771—24“ B)isa
limit point of L and we do not expect zq to be the logarithm of an algebraic number.
If the above is true and if Lehmer’s question has a negative answer, then one could
ask about other limit points for L.
In this section, we proceed to study limits of some sequences in

Lopy1 = {m2h+1 (P): P univariate with integer coefﬁcients},
with special focus on 0 as a limit point. Namely, we will show that we can obtain
certain values (including 0) as limits of sequences {m>,1(Py)}, where P, € Z[x].
By a generalization of a result of Boyd and Lawton (Theorem 30), my of any
multivariate polynomial is a limit of a sequence of my of univariate polynomials.
Therefore, the set

Ls, +1 = {m2p+1(P): P multivariate with integer coefficients},

is included in the closure of Lyj+1. We will see that Lehmer’s question has a positive
answer for myp,41 for & > 1. Thus, following Boyd, Lgh 41 cannot be a closed set.

5.1 Limiting values for m3

In order to find limit points of m3 of certain sequences of polynomials, we will need
the following result.

Lemma 28 1. Letr € Z,r #0and p € Z. Then

00 rh
T cot(r )
lim — Z — P 3.
2
p=eop h=1 B
pirh
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2. Let p € Z be odd. Then
A & cot(r i)

lim — Y sz —¢(3).

pth

Proof Part 1. Observe that cot(x) < % for 0 < x < m. Thus, for 0 < h < %, we can

( rh) p
cotlm— | < —.
)4 rhm

write

Moreover, for p 1 h, we have

( rh) p
cotlm— )| < —.
P g
Thus,
rr O o) cot(m ) g cot(wh)
T el Dl ) Dl T
h=1 I<h<? L<h
ptrh pirh
1 1
<2 ﬁ"”Z;Tz‘
1§h<g §<h

On the other hand, lim,_,q x cot(x) = 1. Given € > 0, take p large enough such

that

rh P
cotfmr— )| >—(0 —¢)
p rhm

forany 0 <h <, /p.Let H=|,/p]. Then

rr o cot(w %) rr G cot(r %) n rr o cot(r %)

o 2 T TV 2

P h P D h L h
pirh pirh pirh

., |cot(r )]

H
2a-ad -y

h=1 P h=H

pirh

A > ]

(1= 57D 32
h=1 h=H
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Taking the limit when p — oo, we conclude that

00 t rh
lim -y L ) —(3).

p=oep h=1 h
pirh
Part 2.
4_7_[ © cot(w (P‘2f'pl)h)
2
P o h
pth
ar & cot(n—(p;;)h) ar cot(n—(”;pl)h)
:7 Z T"*‘? Z 2 ©)
h=1 h=1
2|k, pth 24h, pth

For the first term, we let 7 = 2 j. For the second term, we observe that, for0 < & < p,

( (p—i-l)h) <7T hn) ( p—i—h) 2p
cot{ r——— | =cot| =+ — ) =cot| 7 < ,
2p 2 2p 2p w(p+h)

and for p1h,
' ((P-I-l)h)’ 2p
cot| m —— )| < —.
2p T

Thus, (6) equals
T cot(m (pil)j) A cot(mw (p;rpl)h) 4g . cot(m %)
» PR DX T Tyl
j=1 J I<h<p p<h
pti pth
) J )
7w cot(r <) 1 1
Iy s Y Y
= 2 2 2
P j=1 J I<h<p (p +h)h p<h h
pli pth
e cot(n /)
=2 Z + ;(2) +8 Z -
i—=1 <h
i i
Similarly, we can write
(p+Dh J 00
ap & cot(r BEhy o cor(nd) g I
by STy P Yo sy
p h=1 p j=1 J p p<h
pth pti pth
By taking the limit when p — oo and using part 1, we conclude the proof. O
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We will now compute m3 for some sequences of polynomials and take their limits.
This process will provide us with limit points for the values of m3 as well as infinitely
many polynomials P with positive and negative values of m3(P).

1. Consider the family of polynomials Xxp__ll . From part 1 of Corollary 27, we have

p_
m3<x 11>:m3(xp—1)—m3(x—1)+3m(xp—l,x—1,x—l)
X —

—3m(xp—1,xp—l,x—l)

B 24 p? T COt(Tf%) 3
—3(— 22 (B+5 ) 3,53

h=1

pth
9p—6-3p° 37 &, cot(r )
:%;(3)_,__2 2” )
p 2 h=1 h
pth
Thus,
h
. xP —1 ) 9p —6—3p3 37 o COt(m )
plinéom»*(x_l)—pi‘%o(T““?; &
pth
. (9p—6-3p° 3
= lim <p72p§(3)+_p§(3)) —0.
p—>00 2p 2

Thus, 0 seems to be a limit point for L3.
2. Now, let us focus on the case of (x” — 1)(x — 1). Again, we apply part 1 of
Corollary 27, in order to obtain
m3((xp - 1)(x - 1)) = m3(xp — 1) +m3(x —1) +3m(xp —1,x—1,x— 1)
+3m(xp —1,xP—1,x — 1)

2 3
=3<—;(3>— ESTOFES Y

i cot(n%) 3
22 Ehzl %) —EC@))
pth
2 3 00 h
O 0T sy Ty )
p 2o
pth

Thus,
lim mg((x” — 1)(x — 1))

p—>00

h
. —6p%2—9p—6-3p3 37 — COt(ﬂ;)
— lim ( (G)+ = >

p—00 2p? = h?
pth
. [—6p*—9p—6—13p3 3
= lim ( F—r P g(3)+—p;(3)> — _3¢(3).
p—>o0 2p 2
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Thus, —3¢(3) seems to be a limit point for L3. In addition, we obtain infinitely

many polynomials P such that m3(P) < 0.

3. We now look at the case a = 1, b =4 and ¢ = 2d with d odd. Applying part 2 of

Corollary 27 and observing that for an odd integer d, [27!]; = %

=D -1
m3( =172 )
:m3(x4 — 1) +m3(x2d — 1) —8msz(x —1)

2d

+3m(x4 — 1,x2d —1,x

+12m(x* —1,x —1,x—1)

, we get

— l)+3m(x4—1,x4—1,x2d—1)
—6m(x4—1,x4—1,x—1)

+12m(x* —Lx —1x —1) —6m(x* — 1,x* — 1,x — 1)

—2m(x* —1,x* - 1,x - 1)

3 3 15 6+3d3
=-203) - =¢tB)+12¢3) — —¢@3 3

2é“() 2C()+ £@3) 4d;“() — 753

37 o cot(mh) 99

——4(3)+67rL(2 X—4) + 4“(3)

2
4 =
dth
*2d
2a”(h
3 S cot(m ) 3p & cot(r )
4 2 T 5 2
4 h=1 h 2 h=1 h
dt2h dth
9+ 3d — 54d” — 48d°3 37 o cot(r )
= 3 6 L 2, — -
v ;()+n(><4>+4l; e
dth
ad cot(ni) 3Ir & cot(n%) 37 Cot(n(d+l)h)
2d d
+6m Z h2 4 Z w2 Z h2 ‘
h=1 h=1 h=1
2dth df2h dth
Thus
=DM -1
lim m3
—00 (x — 1)2
9+ 3d — 54d? — 484° 31 o cot(rh)
= li L. v_ - __~ a’
d;ﬁ;( v £3)+67L2 x-4)+ 7 }; e
dfh
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M oam S cot(n(d;r;)h))

© cot(m i) 37 cot(w
+ 67 Z TM — Z a2t

2 2
h=1 4 h=1 h 2 h=1 h
2dth dth dth
i 9+ 3d — 54d? — 4843 3)+ 6xLQ2 )4 3d 3
= 1um T _ —_—
d— o0 4d2 ; ' X4 4 ;

3d 3d
+12d¢(3) — §§(3) - §§(3))
27
= 61 L(2. x-4) = 5-£(3) = 1.0377764969.....

Thus, 67 L2, x—4) — 22—74(3) seems to be a limit point for L3. In addition, we
obtain infinitely many polynomials P such that m3(P) > 0.

4. Itis not generally hard to find positive limit points for m3(P), for example, one can
take the sequence (x" 4 3) (x 4 3). It is clear that m3 ((x"* +3)(x +3)) > log3 4> 0.

5.2 Limit values for higher Mahler measures

Analogously to the Mahler measure for one variable, the Mahler measure of a non-
zero multivariable polynomial P(xy, ..., x,) € C[x, ..., x,] can be defined as

d d
/ / log| Pxt, o) | T s
(27”)" [x1]=1 I |=1 Xp

This generalization can be extended to the multiple (and higher) Mahler mea-
sure. Let Py,..., P, € C[xy,...,x,] be non-zero polynomials. Then, we define
m(Py,..., P)as

m(P) :=

dx,

Xn

) og dx;
TT 1 P [ 1 P P o
( l)n ‘/|;]| 1 /|;c”| 1 | l(xl xn)i Og| 1()61 xn)|

Boyd [3] conjectured the following important statement, which was completely
proved by Lawton [8].

Theorem 29 Let P(xy,...,x,) € Clx1,...,x,landxr = (r1,...,ry), ri € Z=y. De-
fine Py(x) as

Pe(x)=P(x"", ... ,x™),
and let

n
q(r)=min} H(s):s=(s1.....5,) € Z", s#(0,....0), Y s;r; =0¢,

where H(s) =max{|s;|:1 < j <n}. Then

lim m(Pr) =m(P).
g(r)—>o0
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Itis a simple exercise to generalize the techniques of Lawton to prove an analogous
result for multiple Mahler measures. That is, under the same conditions as above, one
can show

Theorem 30 Let Py, ..., P € C[xy,...,x,], and r as before. Then

lim m(Pig,..., Pp)=m(Py,..., Pp).

q(r)—o0
As an immediate application of Theorem 30, we get for any a > 1,

lim m(x* —1,x7 —1,x” = 1) =m(x — Dma(y — 1) =0
p—>00

and

lim m(xa —1,x—1,xP - 1) =my(x — Dm(y — 1) =0.
p—>00
Thus, the limits from Sect. 5.1 follow from this. An advantage of Theorem 30 over
the techniques in Sect. 5.1 is that it gives us the limits of my of these sequences for
all values of k. For example, we immediately obtain that

. x"—1
lim mop41 =0.
n—00 x—1

We will prove in the next subsection that the above sequence (for & > 0 fixed) is
nonconstant. While O is a limit point of m»j41, what can be said about positive and
negative values? As in the case of m3, it is not hard to see that my (x +3) > logk 2> 0.
Using Theorem 30 we can see that the sequence moj 11 ((x" 4+3) (x 4+3)) has a positive
limit. As for negative limits, the sequence moj,41((x" — 1)(x — 1)) provides a good
example. To see this, we apply the following result from [6] (Theorem 3):

Theorem 31 Forl e Z>,

(-nn
m[(.x_]): E Tg(bl?"'9bj)s
bi4-+bj=l,bi>2

where

1

I<pi<--<pj P "pj
From Theorem 30, we get

Tim mope (4" = 1)0c = D) =mappr (v = D= 1)

2h+1

2h +1
=> < l+ >mi(y— Dmopy1-i(x = 1).

i=0
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Moreover, Theorem 31 tells us that m;(x — 1) < 0 for odd / and m;(x — 1) > 0 for
even [, that is, each term on the right hand side of the above equation is negative.
Thus, map41((x" — 1)(x — 1)) has a negative limit.

On a different note, observe that ’17—; is a limiting value for m,, since, by Theo-

rem 19(iv) in [6], we have that my(x + y +2) = ’IT—; Thus

2
. n .
nh_g}omz(x +x—|—2)_—12.

5.3 A proof that certain sequences are nonconstant

As usual, Theorem 30 does not say anything about the sequence of values
Mmop+1 (f:%ll), which in principle could be constant (and therefore, identically zero).

This is precisely the case with 4 = 0.
Fortunately, we have the following result.

Theorem 32 Let h > 1 fixed and P,(x) = );n:l]. Then the sequence map4+1(Py) is
nonconstant.

The idea of this proof was provided to us by Kannan Soundararajan. We will need
some auxiliary results first.

Lemma 33 Let o, m € Z with m positive. Let

() == Z ﬁ

Lyl €lizg | 1|

L4 Al =a
Then, for o # 0,

2m71 1 m—1
T, (o) = mljﬁ I‘)‘|(1+0(1og*2|oz|)).

Proof First notice that T;, (o) = T;,(—a), so we can assume that « is positive. By
multiplying and dividing by £1 + - - - + £,,, = «, we obtain

1 G4+ ln 1 ,
Tn@=— 3 =3 Y sien) T (@ — )

L eens L€l |€1| o |£m| o J=14;€Zyo
O+l =a
=23 Sian© T (@~ 0)
o 12y
m —1 o
= —(— D Tui@=0+ )Y Tui(@—10)
o l=—00 =1
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2 00
+ Z Tn—1(a—2)+ Z Tm—l(a_e))

l=a+1 £=20+1

2m & . m
=— m—1(j) — ;(Tm—l(o) + Tn-1(@)).
j=0

Now observe that T1(«) = |;—‘ for o # 0. We proceed by induction. Assume that
the statement is true for m. Then

2 ) « 1
Ti@ = 2203 1) = P (10 4 T )
j=0

o m—1 m—1
_ 2m 4D 2" mlog L(14 0(10g™2 )

o
j=1 /

m+12"""mlog" !«

o o

(l + 0(log_2 a)).

m—1
We now replace the above sum with the integral of 12€~—*

(with exponent m — 3 for

m—1
the error term). This replacement introduces another error term of O(IOgT“). We
deduce

2" (m + 1 log™~! log" 2
Tour1(ar) = %(mg’"a + 0(%)) + 0(M>

o

m—1 m—1
2 m(’”:;)log 2 (14 0(log %))

m
= Mlogma(l + O0(log % a)). O

Proposition 34 Let j, k € Z>1. There is a positive constant C(j, k) such that

1
- %

€1l -~ 1€ 4kl
Ly, ljrk €240 I+
Litetljtnl i +o4nl j 1 =0

log/—!

= C(j,k) 21+ 0(log™" n)).
Proof We have

Ul =" Tjne) Te(—a)

o€’
o 2/ jlog/ ! na| )
_ZO;T(L}— O (log™? |nal)) Tx ().
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We only need to study the behavior when n goes to infinity. Therefore, we do not
need to have « in the error term. We write log/ ™! |na| = log/ ! |n| + O (log/ 2 |n|)
and we obtain

2 jlog/'n & T
v = 2L 25 IO (14 0 ftog ).

a=1

Notice that T (o) > 0 by construction, and so is C(j, k). O

Proof of Theorem 32 By writing the integral and using Fourier expansions, we obtain

eZnin0 -1

e2mio _ 1 ‘d@

1
map41(Py) =/ log?"™1
0

2h+1 1

=3 (P ) [ ol oot e jag
; J 0
=0

2h+1
2h+1> .
=2 7. )=
X (%)
/1< 1 Z ezmzle>j( 1 Z ezmneze>2h+l—jd9
X —_—— —_——
o\ 2, B 2 12
1€2Z 20 lr€lizg

2h+1 i+1
22h+1 7 j.2ht1=j"
j=0

J

By Proposition 34, the term with the highest weight in n is for j = 2h. Notice that
the condition / > 1 is necessary because otherwise we obtain a formula that does not
depend on n. Thus, we have

Qh+1) log?~n _
M1 (Py) = =25 C@h, D=5 (14 O(log™"n)).

log? = n

Therefore, mop11(Py,) behaves like a non-zero constant times when n goes
to infinity. This implies that the sequence cannot be identically zero. d

The discussion in this section proves Theorem 7.

6 Discussion on the values of m(P)

We will once again focus our attention on the set

Ly = {mk(P) : P univariate with integer coefﬁcients}.
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For k =2, we have

2
L, = {mz(P) : P univariate with integer coefﬁcients} C [Z—S, oo).
In this context, the first noticeable difference between m(P) and m,(P) is that the
cyclotomic polynomials are interesting in terms of my(P). We have explored this
phenomenon in this note. Many questions remain, however, and in particular, the
question of what happens with the reciprocal non-cyclotomic polynomials—the ones
that are interesting in the case of the classical Mahler measure—is presumably as
interesting and difficult as in the case of the classical Mahler measure. In particular,
(1) and Proposition 18 suggest that a natural object to study is mo(P) — m(P)2.

The following table records the non-cyclotomic polynomials of degree less or
equal than 14 with m(P) < 0.25. The data have been obtained from the generator in
Mossinghoft’s website [11]. We observe that the smallest polynomial (in the table) in
terms of m, (P) is not the degree-10 polynomial of Lehmer, but x 104 x% — x> +x +1.
In fact, all the polynomials in the table have m,(P) smaller than Lehmer’s polyno-
mial. This result comes from the fact that the term m(P)? in (1) seems considerably
smaller than the other terms, and therefore, the contribution of m(P) to the value of
my (P) is relatively small for polynomials of small m(P).

P(x) m(P) my(P)

B —xt 4341 0.2473585132 1.0980813745
B g S s GNP | 0.1623576120 1.7447964556
20— x4 x5 x4 41 0.1958888214 1.2863292447
A0 X7 453 41 0.2073323581 12320444893
K0 x84 5 —x2 41 0.2320881973 1.1704950485
OB X7+ 345241 0.2368364616 1.1914083866
04 x9 xS 4 x+1 0.2496548880 1.0309287773
W2 1008 57 x6 x5 2 x 41 0.2052121880 1.4738375004
124 104 49 364 3424 x4 0.2156970336 15143823478
22l X7 x0 5 px 41 0.2239804947 12059443050
22410457 364 xS 424 0.2345928411 1.2434560052
21246010 59 a8 o a2 p a4 3 a2 41 0.2412336268 16324129051
Ay 10 )74 x3 4 0.1823436598 1.3885013172
R e | 0.1844998024 1.3845721865
B I N U S iy | 0.2272100851 14763006621
Mt 10 59 8 T O xSt 3 41 0.2351686174 1.4352060397
B . T LIy | 0.2368858459 1.2498299096
c B x12 9 8 T 0 xZ hx 1 0.2453300143 1.3362661982
B s R | 0.2469561884 13898540050

Analogously, we can translate the speculations about L; to the case of Lo, with
. 2
h > 1, a set that satisfies Ly, C [(Z—g)h, 00).

@ Springer



294 M. Lalin, K. Sinha

On the other hand, we have proved that L, (for & > 0) has positive and negative
values. By taking powers, it is easy to build sequences of polynomials whose mj41
tend to either co or —oo. We have also seen that O is a limit point. Notice that this
last fact is related to myj;41 being nontrivial on cyclotomic polynomials, something
that is not true in the case of the classical Mahler measure.

In conclusion, we see that my(P) has very different behavior depending on the
parity of k. We expect that my (P) for k > 1 is nontrivial for cyclotomic polynomials,
and that this fact answers Lehmer’s question for k > 1.
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