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Mahler measure of multivariate polynomials
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Several-variable case?
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Boyd, Deninger, Rodriguez-Villegas (1997)
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Beilinson’s conjectures
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Global information from local information through L-functions

special value of LX ∼ � ∗

∫

γ
r(ξ)

�
X Arithmetic-geometric object

�
ξ ∈ K Finitely-generated abelian group

�
r : K → smooth differential forms

(E.g. Dirichlet class number formula, F real quadratic,
ζ ′
F
(0) ∼ � ∗ log |ε| ε ∈ O∗

F
)



An algebraic integration for Mahler measure

Deninger (1997) : General framework.



An algebraic integration for Mahler measure

Deninger (1997) : General framework.

Rodriguez-Villegas (1997)
P(x , y) ∈ C[x , y ]

m(P) = m(P∗) − 1

2π

∫

γ

η(x , y)

η(x , y) = log |x |d arg y − log |y |d arg x
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We want to apply Stokes’ Theorem

η(x , 1 − x , y) = dω(x , y)

ω(x , y) = −D(x)d arg y
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+
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3
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We want to apply Stokes’ Theorem again.
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We want to apply Stokes’ Theorem again.

ω(x , x) = dL3(x)

L3(x) = Re

(

Li3(x) − log |x |Li2(x) − 1

3
log2 |x | log(1 − x)

)

Maillot: if P ∈ R[x , y , z ],

Γ = S ∩ {|x | = |y | = 1, |z | ≥ 1}

∂Γ = γ = {P(x , y , z) = P(x−1, y−1, z−1) = 0} ∩ {|x | = |y | = 1}

ω (re)defined in

C = {P(x , y , z) = P(x−1, y−1, z−1) = 0}



C = {x = y} ∪ {xy = 1}

π

π

π

_

π_

m((1 − x) + (1 − y)z) =
1

4π2
8(L3(1) −L3(−1)) =

7

2π2
ζ(3)



We solved

x ∧ y ∧ z =
∑

ri xi ∧ (1 − xi) ∧ yi

in
∧3(C(S)∗) ⊗ Q.



We solved

x ∧ y ∧ z =
∑
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in
∧3(C(S)∗) ⊗ Q.

Same as

{x , y , z} = 0

in KM
3 (C(S)) ⊗ Q.
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F field,
B2(F ) := Z[P1

F ]/ 〈[0], [∞],R2(x , y)〉
We solved

[x ]2 ⊗ y =
∑

ri [xi ]2 ⊗ xi

in (B2(C(C )) ⊗ C(C )∗) � .
Goncharov: zero element in gr

γ

3K4(C(C )) ⊗ Q (?).



Big picture

· · · → K4(∂Γ) → K3(S , ∂Γ) → K3(S) → . . .

∂Γ = S ∩ T3

· · · → (K5(Q̄) ⊃)K5(∂γ) → K4(C , ∂γ) → K4(C ) → . . .

∂γ = C ∩ T2



Open: use method to explain/compute

�
n-variable cases (n > 3)

�
non-exact cases


