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Mahler measure of multivariate polynomials

P € C[x{, ..., x ], the (logarithmic) Mahler measure is :
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mP) = o [ toglPGa ) T
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Mahler measure of multivariate polynomials

P € C[x{, ..., x ], the (logarithmic) Mahler measure is :
1 dxq dx,
P) = —— log |P e — ...
mP) = o [ toglPGa ) T
T"=S'x...x St
d
P(x) = a4 H(X — Qp)
n=1
d
m(P) = log |aq| + ) _ log™ |a|
n=1

Several-variable case?



Smyth (1981)
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Smyth (1981)

3v3
m(l+x+y)=-—L(x-32) = L'(x-3,-1)

0 () 1 n=1mod3
L(x—3,s) = Z X3 x-3(n)=4¢ —1 n=—1mod3
0 n=0mod3

ml+x+y+z)= 2L7r2§“(3)

)=

n=1



Boyd, Deninger, Rodriguez-Villegas (1997)
1 1
m <X-|—— +y+ - +1> ;L/(E,O)
X y
E elliptic curve, projective closure of

1 1
X+=+y+=+1=0
x y



L.(2003)
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L.(2003)

m (10 (52 (52) a02) - Zeo)

1-— 1-—
m{l+ all Xn z | = nice formula
1+x 1+ x,




Hyperbolic manifolds) <€—> Mahler measure <«—> Regulator

Beilinson’s conjectures
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Global information from local information through L-functions



Philosophy of Beilinson's conjectures

Global information from local information through L-functions

special value of Lx ~q- f"{ r(§)

» X Arithmetic-geometric object
» ¢ € K Finitely-generated abelian group
» r: K — smooth differential forms



Philosophy of Beilinson's conjectures

Global information from local information through L-functions

special value of Lx ~q- f"{ r(§)

» X Arithmetic-geometric object
» ¢ € K Finitely-generated abelian group
» r: K — smooth differential forms

(E.g. Dirichlet class number formula, F real quadratic,
CH0) ~o- logle| €€ OF)



An algebraic integration for Mahler measure

Deninger (1997) : General framework.



An algebraic integration for Mahler measure

Deninger (1997) : General framework.

Rodriguez-Villegas (1997)
P(x,y) € C[x,y]

m(P) = m(P*) ~ 5= [ n(x.y)

n(x,y) = log|x|dargy — log |y|d arg x



The three-variable case

L.(2005): Smyth's example

P(X7y7z):(1_x)_(1_y)z
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The three-variable case
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The three-variable case

L.(2005): Smyth's example
Pxy,2) =(1=x)=(1-y)z

1 1—x
P)=ml—y)+ s | I
m(P) = m(1—y) + oo [ tog|z—1—
1 dx dy
= logt e
(271)? /Tz 8 Xy

—_i_/bp%ﬂ
T mE BNy

Fr=sSn{lx[=lyl=11z =21}  S={P(x,y,z) =0}

dxdy dz

Xy z

Z —

1—x

1-y



1
= _W[_U(X7Yaz)

1 1
n(x,y,z) = §A1t3 (Iog x| <§d|og ly| Ndlog|z| —dargy A dargz>>



We want to apply Stokes' Theorem

77(X>1 _Xay) = dW(X,y)

w(x,y) = —D(x)dargy

1
—1—5 log |y|(log |1 — x|d log |x| — log |x|d log |1 — x])



We want to apply Stokes' Theorem

77(X>1 _Xay) = dW(X,y)

w(x,y) = —D(x)dargy

1
—1—5 log |y|(log |1 — x|d log |x| — log |x|d log |1 — x])

D(x) = Im(Lix(x)) + log | x| arg(1 — x)

[e.e] n

Lia(x) = Y %

n=1



InT,

1—x
-y

(120 +(1=)2) =~ [ byl =2 —n(xy.1-)



InT,

1—x
-y

m((1 —x)+(1-y)z) = n(x,y,1=x) —=n(x,y,1 —y)

)
iy r

— a7 [ Sl el



We want to apply Stokes’ Theorem again.
w(x, x) = dL3(x)

L3(x) = Re <Li3(X) — log |x|Lia(x) — % log? | x| log(1 — x)>



We want to apply Stokes’ Theorem again.
w(x, x) = dL3(x)
L3(x) = Re <Li3(X) — log |x|Lia(x) — % log? | x| log(1 — x)>
Maillot: if P € R[x, y, ],

F=Sn{lx| =1yl =1, |z[ = 1}

o =v={P(x,y,2) = P(x ",y 1, z7") =0} n{|x| = |y| = 1}
w (re)defined in

C={P(x,y,z) = P(x Ly t,z71) =0}



C=ix=yijUuixy =1}

i

m((1 —x) +(1-y)z) =

N

iy

8(L3(1) — L3(—1)) =

212

¢(3)



We solved

x/\y/\z:Zr,- xi AN (1 —x;) Ay

in A3(C(S)*) ® Q.



We solved

x/\y/\z:Zr,- xi AN (1 —x;) Ay

in A*(C($)") ® Q.

Same as

{x,y,z} =0
in K/(C(S)) @ Q.



w(x,y) = —D(x)dargy

1
+§ log |y|(log |1 — x|d log |x| — log |x|d log |1 — x])



w(x,y) = —D(x)dargy

1
+§ log |y|(log |1 — x|d log |x| — log |x|d log |1 — x])

Releo) =W+ W1+ 1= 91+ [ 1] + |12 | -

inZ [P,
F field,

Ba(F) := Z[PE]/ {[0], [o<], Ra(x, ¥))



w(x,y) = —D(x)dargy

1
+§ log |y|(log |1 — x|d log |x| — log |x|d log |1 — x])

R2<x,y)=[x1+[y]+[1—xy1+[“X}[FY]:

1—xy 1—xy
inZ [P,
F field,
B(F) = Z[PE]/ ([0], [oc], Ra(x, ¥))
We solved

x2®y = Z rilxilo ® x;

in (B2(C(C)) ® C(C)*)q.
Goncharov: zero element in grKa(C(C)) ® Q (?).



Big picture

or=snTt3

RN (K5(@) D)Ks5(07) — Ka(C,0v) — Ka(C) — ...
oy = CNT?



Open: use method to explain/compute

» n-variable cases (n > 3)

» non-exact cases



