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Mahler measure of multivariable polynomials

P ∈ C[x±1
1 , . . . , x±1

n ], the (logarithmic) Mahler measure is :

m(P) :=

∫ 1

0
. . .

∫ 1

0
log
∣∣∣P (e2πiθ1 , . . . , e2πiθn

)∣∣∣dθ1 . . . dθn

By Jensen’s formula,

m
(
a
∏

(x − αi )
)

= log |a|+
∑

log max{1, |αi |}.
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Higher Mahler measure

For k ∈ Z≥0, the k-higher Mahler measure of P is

mk(P) :=

∫ 1

0
. . .

∫ 1

0
logk

∣∣∣P (e2πiθ1 , . . . , e2πiθn
)∣∣∣dθ1 · · · dθn.

k = 1 : m1(P) = m(P),

and
m0(P) = 1.



The simplest example

m2(1− x) =
ζ(2)

2
=
π2

12
.

m3(1− x) = −3ζ(3)

2
.

m4(1− x) =
3ζ(2)2 + 21ζ(4)

4
=

19π4

240
.

m5(1− x) = −15ζ(2)ζ(3) + 45ζ(5)

2
.

m6(1− x) =
45

2
ζ(3)2 +

275

1344
π6.



Zeta Mahler measure

Akatsuka (2007):

Z (s,P) =

∫ 1

0
. . .

∫ 1

0

∣∣∣P (e2πiθ1 , . . . , e2πiθn
)∣∣∣s dθ1 . . . dθn.

Z (s,P) =
∞∑

k=0

mk(P)sk

k!
.

Akatsuka (2009): Z (s, x + k), Z (s, x + x−1 + k)



An example

Theorem

Z (s, x − 1) = exp

( ∞∑
k=2

(−1)k(1− 21−k)ζ(k)

k
sk

)

around s = 0.



Z (s, x − 1) =

∫ 1

0

∣∣∣1− e2πiθ
∣∣∣s dθ =

∫ 1

0
(2 sinπθ)sdθ

= 2s+1

∫ 1/2

0
(sinπθ)sdθ.

t = sin2 πθ:

=
2s

π

∫ 1

0
t

s−1
2 (1− t)−1/2dt.

=
2s

π
B

(
s + 1

2
,

1

2

)

=
2s

π

Γ
(

s+1
2

)
Γ
(

1
2

)
Γ
(

s
2 + 1

) =
Γ(s + 1)

Γ
(

s
2 + 1

)2



Weierstrass product:

Γ(s + 1)−1 = eγs
∞∏

n=1

(
1 +

s

n

)
e−

s
n

yields

Z (s, x − 1) =
Γ(s + 1)

Γ
(

s
2 + 1

)2
=
∞∏

n=1

(
1 + s

2n

)2

1 + s
n

= exp

( ∞∑
n=1

(
2 log

(
1 +

s

2n

)
− log

(
1 +

s

n

)))

= exp

( ∞∑
k=1

(−1)k−1

k

∞∑
n=1

(
2

(
1

2n

)k

− 1

nk

)
sk

)

= exp

( ∞∑
k=2

(−1)k(1− 21−k)ζ(k)

k
sk

)
.



Z (s, x − 1) = exp

( ∞∑
k=2

(−1)k(1− 21−k)ζ(k)

k
sk

)

m2(x − 1) =
ζ(2)

2
=
π2

12
.

m3(x − 1) = −3ζ(3)

2
.

m4(x − 1) =
3ζ(2)2 + 21ζ(4)

4
=

19π4

240
.

m5(x − 1) = −15ζ(2)ζ(3) + 45ζ(5)

2
.

. . .



Examples in two variables

Theorem

m2(1 + x + y) =
i
π

(Li2,1(ω, ω̄)− Li2,1(ω̄, ω)

−Li1,1,1(1, ω, ω̄) + Li1,1,1(1, ω̄, ω)) +
π2

9

=
5π2

54

Li2,1(x , y) =
∑

0<m<n

xmyn

m2n

Smyth (1981)

m(1 + x + y) =
3
√

3

4π
L(χ−3, 2)



Theorem

m2(1 + x + y(1− x)) =
4i
π

(Li2,1(−i,−i)− Li2,1(i, i))

+
6i
π

(Li2,1(i,−i)− Li2,1(−i, i))

+
i
π

(Li2,1(1,−i)− Li2,1(1, i))− 7ζ(2)

16
+

log 2

π
L(χ−4, 2)

Smyth (1981)

m(1 + x + y(1− x)) =
2

π
L(χ−4, 2)



Multiple Mahler measure

Let P1, . . . ,Pk ∈ C[x±1 , . . . , x
±
n ] be non-zero Laurent polynomials.

Their multiple higher Mahler measure is defined by

m(P1, . . . ,Pk) =

∫ 1

0
· · ·
∫ 1

0
log
∣∣∣P1

(
e2πiθ1 , · · · , e2πiθn

)∣∣∣
· · · log

∣∣∣Pk

(
e2πiθ1 , · · · , e2πiθn

)∣∣∣ dθ1 · · · dθn

m(P1) · · ·m(Pk) = m(P1, . . . ,Pk)

when the variables of Pj ’s are algebraically independent.



Multiple Mahler measure for simple polynomials

Theorem
For 0 ≤ α ≤ 1

m(1− x , 1− e2πiαx) =
π2

2

(
α2 − α +

1

6

)
.

Examples

m(1− x , 1 + x) = −π
2

24
,

m(1− x , 1± ix) = −π
2

96
,

m(1− x , 1− e2πiαx) = 0⇔ α =
3±
√

3

6
.



Cyclotomic polynomials and Lehmer’s question

m2(xn) = 0

m2(P) ≥ π2

12
∼ 0.822467033...

if P product of cyclotomic polynomials and xn, P 6= xn.

m2(P) ≥ L2 ∼ 0.0263599941...

assuming Lehmer’s question for the usual Mahler measure, P 6= xn.
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Jensen’s formula for multiple Mahler measure

m(1− αx) =


0 if |α| ≤ 1,

log |α| if |α| ≥ 1.

m(1−αx , 1−βx) =



1
2 Re Li2

(
αβ̄
)

if |α| , |β| ≤ 1,

1
2 Re Li2

(
αβ
|α|2

)
if |α| ≥ 1, |β| ≤ 1,

1
2 Re Li2

(
αβ̄
|αβ|2

)
+ log |α| log |β| if |α| , |β| ≥ 1.



Higher zeta Mahler measure

Z (s1, . . . , sk ; P1, . . . ,Pk) =

∫ 1

0
· · ·
∫ 1

0

∣∣∣P1

(
e2πiθ1 , · · · , e2πiθn

)∣∣∣s1

· · ·
∣∣∣Pk

(
e2πiθ1 , · · · , e2πiθn

)∣∣∣sk dθ1 · · · dθn

The Taylor coefficients yield multiple higher Mahler measure.



Theorem

•
Z (s, t; x − 1, x + 1)

=
Γ(s + 1)Γ(t + 1)

Γ
(

s
2 + 1

)
Γ
(

t
2 + 1

)
Γ
(

s+t
2 + 1

)
= exp

( ∞∑
k=2

(−1)k

k
ζ(k)

(
(1− 2−k)(sk + tk)− 2−k(s + t)k

))
•

m(x − 1, . . . , x − 1︸ ︷︷ ︸
k

, x + 1, . . . , x + 1︸ ︷︷ ︸
l

)

belongs to Q[π2, ζ(3), ζ(5), ζ(7), . . . ] for integers k, l ≥ 0.



m(x − 1, x + 1) = −ζ(2)

4
= −π

2

24
,

m(x − 1, x − 1, x + 1) = 2
ζ(3)

8
=
ζ(3)

4
,

m(x − 1, x + 1, x + 1) = 2
ζ(3)

8
=
ζ(3)

4
.

m3(x − 1) = −3ζ(3)

2
.



Properties of zeta Mahler measures

• λ > 0,
Z (s, λP) = λsZ (s,P)

• P ∈ C[x±1
1 , . . . , x±1

n ] P = P∗, |λ| ≤ 1/||P||∞,

Z (s, 1 + λP) =
∞∑

k=0

(
s

k

)
Z (k,P)λk ,

m(1 + λP) =
∞∑

k=1

(−1)k−1

k
Z (k ,P)λk .

More generally,

mj(1 + λP) = j!
∑

0<k1<···<kj

(−1)kj−j

k1 . . . kj
Z (kj ,P)λkj .



The case P = x + y + c

Let c ≥ 2.

Z (s, x + y + c) = cs
∞∑
j=0

(
s/2

j

)2 1

c2j

(
2j

j

)
.

= cs
3F2

(
− s

2 ,−
s
2 ,

1
2

1, 1

∣∣∣∣ 4

c2

)
,

where the generalized hypergeometric series 3F2 is defined by

3F2

(
a1, a2, a3

b1, b2

∣∣∣∣ z) =
∞∑
j=0

(a1)j(a2)j(a3)j

(b1)j(b2)j j!
z j ,

with the Pochhammer symbol defined by
(a)j = a(a + 1) · · · (a + j − 1).



In particular, we obtain the special values

•

m2(x + y + 2) =
ζ(2)

2
,

•
m3(x + y + 2) =

9

2
(log 2)ζ(2)− 15

4
ζ(3).



Further questions

Why do we get such numbers?
Is there an explanation in terms of regulators?

Lehmer’s question
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