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Mahler measure of multivariable polynomials

P e C[x{!, ..., xF1], the (logarithmic) Mahler measure is :

rn

1 1
m(P) = /0 /0 Iog‘P(ez’”el,...,ezme”)

df; ...do,




Mahler measure of multivariable polynomials

P e C[x{!, ..., xF1], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 Iog‘P<e2m‘91,...,e2m‘9")

By Jensen's formula,

m (a H(X - a,-)) = log|al + Z log max{1, |a;|}.

df; ...do,




Higher Mahler measure

For k € Z>g, the k-higher Mahler measure of P is

1 1
mg(P) ::/ / logk ‘P (ezmel, s ,e27”9")
0 0

and

dé; - -

-df,.



The simplest example

my(l—x) = C(22):71r:

ms(l—x) = _342(3)'

ma(l— x) = 3((2)242214(4) _ 129;;4.
ms(1—x) = - 155(2)C(32) +45((5)
mo(l=x) = DCEP+



Zeta Mahler measure

Akatsuka (2007):

Z(s,P):/01.../01(P(e2“191,...,

o0

Z(s, P) :ka

k=0

Akatsuka (2009): Z(s,x + k), Z(s,x + x71

. s
e27r19,,)

+ k)

dé; ..

.do,.



An example

Theorem

Zox_1) — p(i 1_21 “)(k) & )

k=2

around s = 0.



1 s 1
Z(s,x—1) = /’1—e2’ﬁ9 d0z/(25in7n9)5d0
0 0

1/2
2stt / (sin 76)°d6.
0
t = sin’ 70: )
_ 2 [ - o
™ Jo




Weierstrass product:

o0

Ms+1)t=¢" H (1 + %) e n

n=1

yields

Z(s,x—1) — MNs+1) :ﬁ




Z(s,x — 1) =exp (i (_1)k(1 — 21_/()((/‘) Sk>

k=2 k
7r2
my(x—1) = C(22) =5
my(x —1) = —3C§3).
3¢(2)* +21¢(4) _ 197*
b= 1) = 4 T 240
me(x—1) = —12C(R)(3) +45¢(5)

2



Examples in two variables

Theorem

1. - .
my(l+x+y) = ;(le,l(w,w) — Lip1(@,w)
: Nt i, w2
—L117171(1, w, w) + L11’1’1(1,w,w)) + E

o
54

) men

Liz1(x,y) = Z 2

0<m<n

Smyth (1981)

3v3
m(l+x+y)=-—L(x-32)



Theorem

4i . .. L
ma(1+x +y(1 = x)) = —(Liza(—, ~1) - Liza (i, 1))
6i

—|—;(Li271(i, —i) — Li271(—i, 1))
i R y _ 16(2) | log?2
+;(L1271(1, —i) — Lip1(1,1)) — 1(6) + - L(x-4,2)
Smyth (1981)
2
m(1+x+y(1-x)) = —L(x-4,2)



Multiple Mahler measure

Let P1,...,Px € C[x{, ..., xF] be non-zero Laurent polynomials.
Their multiple higher Mahler measure is defined by

1 1
m(Pla'--,Pk) = / / |og‘P1 (627”91,"' 76271'10,,)
0 0

-+ log ’Pk <62”191, e ,e2”19”) dfy - --db,

m(Pl) o m(Pk) = m(Pl, ey Pk)

when the variables of P;'s are algebraically independent.



Multiple Mahler measure for simple polynomials

Theorem
For0<a<1

2
; 1
m(l—x,l—ezmax):%(042—044——).

6
Examples
2
T
1-x,1 = -
ml-x1+x) = —2,
2
T
1—x,14i = ——
m(1 — x, ix) %6
. 3+v3
m(l—x,1—e*%) = 0sa= \/_



Cyclotomic polynomials and Lehmer’s question

my(x") =0

2
ma(P) > % ~ 0.822467033...

if P product of cyclotomic polynomials and x", P # x".



Cyclotomic polynomials and Lehmer’s question

ma(x") =0

2
ma(P) > % ~ 0.822467033...

if P product of cyclotomic polynomials and x", P # x".

ma(P) > L2 ~ 0.0263599941...

assuming Lehmer's question for the usual Mahler measure, P # x".



Jensen’s formula for multiple Mahler measure

m(1

m(l—ax,1-0x) =

0 if la] <1,
) =9 Joglal if o] > 1.
2 ReLiz (af) if lal,16] < 1,
L ReLiz (125) if |o| > 1,10 <

L ReLiy (122, ) +loglallog|8] if [al,[8] > 1.

afB?




Higher zeta Mahler measure

S1

1 1
Z(Sl,n-gsk;Pl;u-’Pk) = / / "Dl (6271’191’_” ,627”9")
0 0
. . S
B (e )[4,

The Taylor coefficients yield multiple higher Mahler measure.



Theorem

Z(s,t;x —1,x+1)
M(s+1)r(t+1)
FE+1)r(E+1)r(=t+1)
= exp (Z (_kl)kg(k) ((1 — 2 RY(sK 4 tR) — 27 K(s + t)k)>

k=2

mx—1,...,x—1,x+1,...,x+1)
k /
belongs to Q[r2,¢(3),¢(5),¢(7),...] for integers k, 1 > 0.




®
4’

mx—1,x—1x+1)

)

<)
.

m(x—1,x+1,x+1)

_X06)
2

msz(x — 1)



Properties of zeta Mahler measures

e A >0,
Z(s,A\P) = X°Z(s, P)

o PeCl,....xF ] P=P A <1/||P|lco:

S = 3 s k
Z(s,1+\P) ;) (k)Z(k, P)NK,
— (—1)<! K
m1+AP) = Y ——Z(k, P)AX.

More generally,

mi1+AP) = jl Y S 2k PN



Let ¢ > 2.

Z(s.x+y+c) = c5i<s/,2>2clj(2_j>.

where the generalized hypergeometric series 35 is defined by

a1, az, a _ = (a1)j(a2)j(as); J
3F2< L Z)-Z(bi)j(bi)jﬂjz’

by, by =

with the Pochhammer symbol defined by
(a)j=a(a+1)---(a+j—1).



In particular, we obtain the special values

<2

m2(X+y+2): 2 )

ms(x 4y +2) = 2 (10g2)((2) ~ . ¢(3).



Why do we get such numbers?
Is there an explanation in terms of regulators?



Why do we get such numbers?
Is there an explanation in terms of regulators?

Lehmer's question



