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Mahler measure

P € C[a;lil,...,az,,%l], the (logarithmic) Mahler
measure is .

1 1 . .
m(P) = /o /o log |P(e?™1, . e2™%)|dey ... db,

dz dx
/nlog|P(gB1,... Tn)|— L=z
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Examples in several variables

Smyth (1981)

3v3
m(l+az+y) = 4—\7/T_L(X—3,2)=L’(x—3,—1)

mi+ety+z) = 5 5003)
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Beilinson’s conjectures



Examples in several variables

L (2003)
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Examples

on (14 (150) (G552) (152) 7
14+ x4 14 2o 14 x3

= 241 (x_4,4) + m2L(x_4,2)

7T4m(1—|—<1_$1>...<1_x4>z>
1—|—x1 1—|-$4

— 62((5) + %w%(s)

4 1l — 21 1l — x> o
0 m<1—|—:v—|— (1_'_331) (1_'_332) (1+y)z>—93<(5)



Polylogarithms

The kth polylogarithm is

OOx’n,

Lig(z) := ) — reC, |z|<1

k
n=1 n

It has an analytic continuation to C\ [1, c0).

Zagier:
k 2iB,; -
Pk(a:) = Rek Z . (|Og |CU|)‘7|_I]€_J(33)
j=0 I
B; is jth Bernoulli number, Lig(z) = —3,

Re,. = Re or Im if k is odd or even.

One-valued, real analytic in P1(C)\ {0, 1, oo},
continuous in P1(C).



P, satisfies lots of functional equations

1 _ _ _
P(o) =DM IR@ R@ = (D)
Bloch—Wigner dilogarithm (k = 2)

D(x) :=Im(Lix(x)) + arg(1l — z) log |z]

Five-term relation

D(z)+D(1—zy)+D(y)+D (11 —Y >+D ( L-o ) =0
— Y 1l —xy




Philosophy of Beilinson’s conjectures

Global information from local information
through L-functions

e Arithmetic-geometric object X (for
instance, X = Op, F number field)

e L-function (Lx = ()

e Finitely-generated abelian group K
(K = 03)

e Regulator map

r . K — smooth differential forms
(r=log|-|)
Conjecture: special value of Lx ~qs« f,yr(g)

(E.g. Dirichlet class number formula, F' real
quadratic, ¢-(0) ~qgx log [¢| e € O%)



An algebraic integration for Mahler
measure

Deninger (1997) : General framework.
Rodriguez-Villegas (1997) : P(x,y) € Clx,y]
N 1
m(P) = m(P") = — [ n(z,y)
™ Jy

n(x,y) = log|x|dargy — log |y|d arg x

n(z,1 —x) =dD(x)

In A2(C(C)*) ® Q,

a:/\yZZfrj zj A (1 — zj).
J
{z,y} =0 in K2(C(C)) ® Q.

[ Gy =3r; [ n(z,1-2) = X rD()lay
Y Y



Big picture

- — (K3(Q) D)K3(97) — K2(C,87) — Ko(C) — -+

Oy = C NT?

e n(x,y) is exact, then {x,y} € K3(9y). We
have 9y = () and we use Stokes’ Theorem.

~ dilogarithms ~» zeta function of a
number field.

e Oy =0, then {x,y} € K>(C). We have
n(x,y) is not exact.

~ L-series of a curve.

We may get combinations of both situations.



T he three-variable case

We follow Smyth's example

1l —=x

11—y

drxdydz

T Y z

z_

1
m(P) = m(1-y)+ 5 5 [, log

1 4+ |1 — 2 dzdy
T )2 :Jog
(2mi)= JT 1—y| z y

dxdy
e )2/ Iog|z|

1
o (27‘(‘)2 /I_ 77(557 Y, Z)

F=5n{lz| =y =1,]2| = 1}



1
n(x,y,z) = log |z ( dlog|y|dlog|z| — dargydarg z)
+ log |y ( dlog|z|dlog|z| —dargzdarg a:)

1
+log |2| ( dlog |z[dlog|y| —dargzdarg y)

d d d
dn(x,y,z)=R6< AN Z)

x Yy z
Theorem 1

77(:57 1-— xay) — dw(x7y)

where

w(z,y) = —D(z)dargy

1
+§ log |y|(log |1 —z|d log |z| — log |z|d log |1 — x|)



77(5'37% Z) — —77(5177 1 — xvy) _ 77(’97 1— yaw)

1

m((1 =)+ (1 =9)2) = 5 [ wley) +e,2)

Theorem 2

w(x, ) = dP3(x)
Want to apply Stokes’ Theorem again.

Maillot: if P € R|x,y, z],

O =~v={P(z,y,2) = P(z7 1,y 1, 271) =
O} N {l|z| = |y| = 1}

w defined in



(1—2)(1—z"1) .

A—pd—y 1)

C={o=y}U{sy=1}

Tt

m(P) = 2 58(P3(1) ~ P3(~1)) = 2 5((3)



In general

m(P) = m(P*) —

1
(272 /rn(fl:,y,Z)

In A3(C($)*) ®Q,
m/\y/\z:Z’ri x; AN (1 —x;) Ny;
{z,y,2} =0 in K§/(C(S)) ® Q.

Then

/rn(ac,y,z) = Z”“z/ n(z;, 1 — x4, 9;)
[ o



Need

{z}o@y =) ri{z}o®a;
in (B2(C(C)) ® C(C)*)g, where

B, (F) := Z[P%]/five term relation

Then
Lw(:c,y) = ZriLw(xi,xi) = Z”’“z‘ P3(33z')|87

The condition is {x;}> ®y; is 0 "in"
3
K7€),



Big picture II

- — K4(0IN) — K3(S,0IN) — K3(S) — - --

or = SNT3

- — (K5(Q) D)K5(97) — Ka(C,0v) — Ka(C) — -+

87=CHT2

In each step, we have the same two options
as before.



More about regulators

p: K51 (X)) — Hb(X,R())

"Hard to compute”

Example:

IogI\

KN(x) = 0% @ P2 HL (X, R(1)).

Special case 1 = j:

Hip(X,R(8) = {p € A7H(X)(i — 1) | dp =
mi—1(w),w € FI(X)} /dA™2(X)(i — 1).

AH(X)(4) smooth i-forms with values in
(27i)IR.

F*(X) holomorphic i-forms with at most log
singularities.



Polylogarithmic motivic complexes
(Goncharov)

" Explicit construction” of rp and K%}_Z.(X).

F field, define Rn(F) C Z[PL] and
B (F) := Z[Pf]/Rn(F)
R1(F) = {z} + {y} — {zy}, =z,y€ F",{0},{co})
2phy & [ B o F in23
{x}n_1 ®x ifn >3

5n({:1:})={(1:1:)/\ac ifn =2
0 if{z} = {0}, {1}, {co}

An(F) := ker ép,

Rn(F) 1= (a(0) — a(l),a(t) € An(F(t)))



Proposition 3

n(Rn(F)) =0

Bp(n) :

B (F) 3B, 1((F)QF*S . . S Bo(F)QA" 2F* 2 AnE*

6 {z}p® /\Z 1% — dp({x}p) A /\?:_fyi-

HY(Br(1)) = Ky(F)
HYBr((2)g = KPMWF)g
H2(Bp(2)) & Ko(F)
H"(Bp(n)) = KM(F)

Conjecture 4

Hi(Br(n) Q) =2 K3 (Mg



(Goncharov) X complex algebraic variety. There exist
nn(m) inducing a homomorphism of complexes

B,(C(X)) 2 B, ((C(X)eCX)* 2% ... 2% AP C(X)*
I nn(l) ! nn(2) ! nn(n)
A9(X)(n—1) & AL(X)(n = 1) 4 L A (X)) (n—1)

(AY(X)(j) = smooth i-forms with values in (27i)/R) such
that



o m(1)({z}n) = Pa(a).

In

o dnn(n)(azl/\.../\a:n)=7Tn<dx%/\.../\dﬂ).

e (M) compatible with residues (residues
are given by tame symbols).

Conjecture 5 The image of

(i) - H{(Bx(n)) — Ho(X,R(n))

coincides with the image of Beilinson’s
regulator.



Examples we studied

Smyth(1981):

w2m(1+ 24y +2) = 2((3)

Smyth(2002):

Pm( 4oty 4 (ot )2) = 2 C(3)

L (2003):

> l—xq 1l —xo J) =
7Tm<1—|_<1-|'=’101> <1+$2> ) 3

Ao (i (150 + (- (152)))

21og 2
2

{ 73
= EC(?’) +



Condon (2003):

7T2m (z — (11_;2) (1 + y)) — 25—8C(3)

D’Andrea & L (2003):
m2m (2(1 = 2y)™ " = (1= 2)™(1 - )")

= 2n(P3(¢71")—P3(—93"))+2m(P3(¢3)—P3(¢71))

w2m((1 - 2)(1 - y) — (1~ w)(1 - 2)) = ¢(3)

L (2003):

oo (152) (52)

1+ 21 14+ x>
l—xq 1l —xo

(-G b))y

210g 2
2

21 s
= ZC(3) +



